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Abstract

In machine learning, multi-view data involve multiple distinct sets of attributes
(“views") for a common set of observations; when each view has the same attributes
considered in different contexts, the data are said to contain multiple views of
homogeneous format, which can be conceptualized as a tensor. In this article, we
describe a novel approach for integrating multiple views of heterogeneous format
into a common latent space using a workflow that involves non-negative matrix and
tensor factorization (NMF/NTF). This approach, which we refer to as the integrated
sources model (ISM), consists of two main steps: Embedding and analysis. In the
embedding step, the views are transformed into matrices with common non-
negative components. In the analysis step, the transformed views are combined into
a tensor and decomposed using NTF. We also present a variant of ISM; the integrated
latent sources model (ILSM), which offers significant advantages over ISM in terms
of computational power and in cases where the views are highly unbalanced with
regard to the number of attributes per view. Noteworthy, ISM can be extended to
process multi-omic and multi-view datasets even in the presence of missing views.
We provide a proof-of-concept analysis using five examples, including the UCI Digits
(the University of California Irvine Pen-Based Recognition of Handwritten Digits)
dataset, a public cell-type gene signatures dataset, and a multi-omic single-cell
dataset. These examples demonstrate that, in most cases, multi-view clustering is
better achieved with ISM or its variant ILSM than with other latent space approaches.
We also show how the non-negativity and sparsity of the ISM model components
enable straightforward interpretations, in contrast to other approaches that involve
latent factors of mixed signs. Finally, we present potential applications to single-cell
multi-omics and spatial mapping, including spatial imaging, spatial transcriptomics,
and computational biology, which are currently under evaluation. ISM relies on state-
of-the-art algorithms invoked through a simple workflow implemented in Python.

Keywords: Principal component analysis; Non-negative matrix factorization; Non-
negative tensor factorization; Multi-view clustering; Canonical correlation analysis;
Common principal components; Multidimensional scaling
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1. Introduction

In machine learning, multi-view data involve multiple
distinct sets of attributes (“views”) for a common set of
observations. In the special case where each view has the
same attributes but is considered in different contexts, the
data are a multidimensional array of order three that can
be conceptualized as a tensor. For example, an RGB image
has three color channels: Red, green, and blue, each being
a non-negative two-dimensional (2D) matrix in which the
intensity of the respective color is stored for each pixel.
Non-negative tensor factorization (NTF) is a powerful
latent space representation technique designed to analyze
non-negative multidimensional arrays of order three or
more. In the RGB image example, NTF captures both color
and spatial information using non-negative factors, which
can be used for various tasks such as image compression,
enhancement, segmentation, classification, and fusion.

Unfortunately, NTF cannot be applied to multi-view
data when the views have heterogeneous content with
distinct sets of attributes. For example, a text document
can be mapped to different views, such as bag-of-words,
topic modeling, or sentiment analysis, each with a different
set of attributes. Another example is the transformed the
University of California Irvine Pen-Based Recognition of
Handwritten Digits (UCI Digits) dataset analyzed in this
article. In this dataset, the original bitmaps of handwritten
digits, extracted from a preprinted form, have been
subjected to various transformations (e.g., Fourier, profile
correlations, Karhunen-Love coefficients, pixel averages
of images from 2 x 3 windows, Zernike moments, and
morphological features), resulting in views with very
different formats unsuitable for the direct application
of NTE Numerous algorithms have been proposed for
handling such heterogenous multi-view data, some of
which have become popular in the machine learning
community. For example, the MVLEARN package uses
the scikit-learn API to make it easily accessible to Python
users,” while the Multi-Omics Factor Analysis (MOFA and
MOFA+) Bioconductor packages** are widely used for
the analysis of multi-omics datasets. However, since these
algorithms assume a heterogeneous data structure, they
do not incorporate NTF’s explicit factorization of a three-
dimensional (3D) array.

Other methods first convert each view into a similarity
matrix between the observations, using techniques
such as cosine similarity, Euclidean distance, transition
probability, or self-representation learning. Since all views
refer to the same observations, the similarity matrices
have the same shape regardless of the view they originate
from, resulting in a tensor of similarity matrices. Multi-
view clustering (MVC) is performed on these similarity

matrices, sometimes using tensor-based approaches.’*
However, these clustering approaches cannot be applied
to other tasks, such as dimensionality reduction. This is
because the representations of such similarity matrices do
not project the data from multiple views into a common
latent space with a small number of common attributes,
such as underlying factors or concepts.

Another strategy, which allows the use of tensor
decomposition techniques, starts by selecting representative
points from the data, known as anchor points. These
anchor points act as intermediaries to derive transition
probabilities from samples to clusters. Within each view,
an anchor graph estimates the probability transition matrix
from the observations to the anchor points, typically
by imposing a sum-to-one constraint on non-negative
similarity indices over all anchor points for each point.
Within each view, the probability transition matrices from
anchor points to clusters and from observations to clusters
need to be estimated, together with the clustering labels of
the observations. For this purpose, NTF is applied with an
orthogonality constraint on the cluster indicator matrices.
A shadow p-norm constraint ensures that the cluster labels
are consistent across views.”” This approach is primarily
designed for MVC, as it requires a special algorithm to
select the anchor points that are best distributed across the
clusters. It should be noted that many MVC approaches do
not involve tensor decomposition techniques. For example,
fuzzy-model-based robust clustering on multivariate
t-mixture distributions (F-MB-T)* uses a t-mixture model
in the expectation-maximization algorithm, resulting in
more robust clustering. Unsupervised multi-view K-means
or fuzzy C-means'"'* consider a K-means-like membership
architecture across different views. To eliminate the need
for a predefined number of clusters, these methods add
penalty terms to construct an unsupervised regularization
structure. Starting with each data point forming its own
cluster, an agglomerative process allows such approaches
to be initialization-free.

This article introduces the integrated sources model
(ISM), which allows NTF to analyze non-negative
heterogeneous views, albeit indirectly, by means of a
preliminary embedding of the data in a latent space
common to all views. To this end, each view is subjected
to non-negative matrix factorization (NMF), using a
simple process that ensures consistency between the NMF
components across all views. This consistency ensures
that the embedded views share the same (synthetic)
attributes, forming a non-negative 3D array that can
be analyzed by NTE Our goal in pursuing this strategy
is to directly benefit from the proven performance and
convergence properties of the NMF and NTF algorithms,
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whose availability in powerful MATLAB, Python, or R
packages ensures scalability, as will be shown in the results
section (Section 3), and accessibility for the vast majority
of the machine learning community. In addition to the
NTF components, a view-mapping matrix is estimated to
obtain an interpretable link between the dimensions of the
latent space and the original attributes from each view. It is
worth noting that there are some commonalities between
ISM and the anchor-based approaches mentioned above,
which are discussed further in the discussion section
(Section 4).

The ISM belongs to the class of multi-view latent
space representation methods,”** which aim to capture
underlying factors or concepts that characterize the data in
the latent space while filtering out noise and redundancy.
For MVC applications, performing cluster analysis in
the latent space generally results in more accurate and
consistent cluster partitioning.** It is noteworthy that these
approaches allow newly collected data (i.e., data that are
not part of the data used to train/learn the model) to be
embedded in the latent space, thus extending beyond the
purpose of MVC. Some of the latent space representation
methods generate NMF-based latent factors** using
regularization parameters that ensure sparsity and
consistency between model parameters across different
views. The originality of ISM lies in its simple workflow
involving NMF and NTF steps. As a result, ISM produces
latent factors whose interpretation is greatly facilitated by
the non-negativity of the attribute loadings that define
them, since they cannot cancel each other out. The
interpretability of latent factors is of critical importance if
they are to be used by an investigator as a follow-up tool,
for example, in a clinical trial comprising several surveys
with heterogeneous content.

Finally, we show that embedding the views in a 3D
array has broader implications in a number of areas, such
as parallelization, federated computing, and distributed
computing, further illustrating the scalability and
versatility of ISM, which extends well beyond the scope of
multi-view data analysis.

2.Data and methods
2.1.Data

Five datasets, all with labeled observations, are considered

in this article. The labeling will be used for the evaluation

of the clustering performance of ISM and other methods.

Details of the five datasets are as follows:

(i) UCI Digits dataset: This dataset, available in the
UCI machine learning repository* (https://archive.
ics.uci.edu/dataset/72/multiple+features),  contains
six heterogeneous views of handwritten digits: 76

Fourier coefficients of the character shapes, 216 profile
correlations, 64 Karhunen-Love coefficients, 240-pixel
averages of the images from 2 x 3 windows, 47 Zernike
moments, and six morphological features. Each class
of digits (0 - 9) contains 200 labeled examples.

(ii) Signature 915 data: This dataset is available in the
GitHub  repository  (https://github.com/Advestis/
adilsm/tree/main/examples/data) in the file “abis_915.
csv? It comprises expression data of 915 marker genes
in four patients and 16 cell types). There are four views
of 915 gene markers (one view per patient) measured
across 16 different cell types.®

(iii) Reuters dataset: Available in the GitHub repository
(https://github.com/mbrbic/Multi-view-LRSSC/tree/
master/datasets) in the file “Reuters.mat,” Reuters
dataset contains features of documents in five different
languages over a common set of six categories.” All
documents are represented in the bag-of-words
format. Each of the six classes contains 100 documents,
resulting in a dataset of 600 documents. The word
counts in each view are 21,526, 24,892, 34,121, 15,487,
and 11,539 words, respectively.

(iv) Prokaryotic phyla dataset: Found in the GitHub
repository  (https://github.com/mbrbic/Multi-view-
LRSSC/tree/master/datasets) in the file “prokaryotic.
mat,” prokaryotic phyla dataset contains 551
prokaryotic species described with heterogeneous
multi-view data,® including textual data (438
features), proteome composition encoded as relative
frequencies of amino acids (three features), and gene
repertoire (393 features) encoded as presence/absence
indicators of gene families in a genome. Each provided
view contains the principal components explaining
90% of the variance.”? Each species in the dataset is
labeled with its phylum, resulting in four unbalanced
categories ranging from 35 to 313 species.

(v) TEA-seq multi-omic single-cell dataset: This
dataset, available in the figshare repository (https://
figshare.com/s/1b13e12f33e83{tf7e0e) in the file
“tea_preprocessed.h5mu,”  consists of human
peripheral blood mononuclear cells. It includes paired
profiling of scRNA-seq (2,500 features), scATAC-seq
(15,000 features), and surface proteins (46 features).”
As the dataset did not come with cell annotations, an
annotation was derived from the clustering of cells
using MOFA+ with 15 components,” resulting in
seven major cell types: CD4 effector and memory T
cells, B cells, CD4+ naive T cells, monocytes, CD8+
T cells, Mucosal-associated invariant T (MAIT) cells,
and natural killer (NK) cells.

Of note, the UCI Digits and Signature 915 datasets
cover both aspects of sparsity (because the Signature 915
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dataset contains the expression of marker genes) and
redundancy (because the UCI Digits dataset contains
redundant information in the nature of the images). For
this reason, special emphasis is placed on the analysis of
these datasets.

2.2. Methods

2.2.1. Outline of ISM and comparison with other latent
space approaches

Before delving into the details of the ISM workflow, we
present the main underlying ideas with an illustrative
figure (Figure 1A) and compare ISM with other latent
space approaches (Figure 1B). The different views are
represented by heatmaps on the left side of both panels,
with attributes on the vertical axis and observations on the
horizontal axis.

(a) ISM

In the central part of Figure 1A, each non-negative
view Xv is decomposed into the product of two non-
negative matrices, H and W, using NME. Each W matrix
corresponds to the transformation of a particular view v
to a latent space common to all transformed views. ISM
ensures that the transformed views, W, share the same
number and type of latent attributes, as explained in the
detailed description. This transforming process, which
we call embedding, results in a 3D array, or tensor. The
corresponding H, matrices contain the loadings of the
original attributes on each component. We refer to
these matrices as the mapping between the original and
transformed views.

In the right part of Figure 1A, the 3D array is
decomposed into the tensor product of three matrices: W*,
H* and Q* using NTE W* contains the meta-scores — the
single transformation to the latent space common to all
views. H* and Q* contain the loadings of the latent
attributes and views, respectively, on each NTF component.
Each row of Q* is represented by a diagonal matrix, where
the diagonal contains the loadings for a particular view.
This allows for each view of the tensor to translate the

tensor product into a simple matrix product W'(H'Q))"
as seen in Figure 1A.

(b) Other latent space approaches

In the right part of Figure 1B, each view v is decomposed
into the product of two matrices, H and W, using the
latent space method algorithm. As with ISM, W contains
the meta-scores — the single transformation in the latent
space common to all views.

(c) Comparison between ISM and other latent space
approaches

If we multiply each mapping matrix H by H*Q* in
Figure 1A, we obtain a representation similar to that in
Figure 1B. This shows that ISM belongs to the family of
latent space decomposition methods. However, view
loadings are a constitutive part of ISM, whereas in other
models, they are derived separately. For example, the
MOFA+ method uses variance decomposition by factor.?

(d) Important of ISM’s

embedding

implications preliminary

As will be detailed in the workflow description, ISM
begins by applying NMF to the concatenated views.
Importantly, NMF can be applied to each view X separately,

leading to view-specific decompositions X, =W H"""
before ISM itself is applied to the m NMEF-transformed
views W’ . In this case, the view mapping returned by

ISM, H™", refers to the NMF components of each W™ .
However, by embedding the w in a 3D array, ISM
allows fm to be mapped back to the original views
through simple chained matrix multiplication such that:
X,=W'H," with H,=H" H""H'Q, . We refer to this
alternative approach as integrated latent source model
(ILSM). As shown in the results (Section 3) and discussion

(Section 4) sections, ILSM offers important advantages in
several respects.

2.2.2. Compared methods

In this article, we compare ISM and ILSM with multi-view
multidimensional scaling (MVMDS),>"* MOFA+,>* group
factor analysis (GFA),"® and Multi-Omics Wasserstein
inteGrative anaLysls (MOWGLI).?! Below is a brief
description of each of these methods.

(a) MVMDS: After computing and double-centering
the Euclidean distance matrices for each of the
views, MVMDS estimates the common principal
components of the matrices in a manner similar to the
generalization of principal component analysis (PCA)
for multiple covariance matrices

MOFA+ and GFA: Both models are formulated in
a probabilistic Bayesian framework, where prior
distributions are placed on all unobserved variables of
the model, using a standard normal prior for the factors
W and sparsity priors for the mapping matrices H,
MOWGLI: This model is a multi-view generalization
of NME using optimal transport instead of the
Frobenius cost function and regularization parameters
that ensure sparsity and consistency between model
parameters across different views. A sum-to-one
constraint is applied to the common factors W to give
them a probabilistic interpretation.

(b)

(o)
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Figure 1. Comparison between integrated sources model (A) and other latent space approaches (B). Note: The image was created using elements provided
by Servier Medical Art (https://smart.servier.com/citation-sharing/).
Abbreviations: NMF: Non-negative matrix factorization; NTF: Non-negative tensor factorization.

2.2.3. Detailed workflows

In this section, we present three workflows. The first
workflow consists of training the ISM model to generate a
latent space representation and view-mapping. The second
workflow enables the projection of new observations
obtained in multiple views into the latent space. The third

workflow contains the detailed analysis steps for each
example.
(a) Workflow 1: Latent space representation and view-
mapping
The training of the ISM model can be divided into
five units, as described in Figure 2. The first four process
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Figure 2. Training of the integrated sources model

units enable the discovery of the latent space within an
“embedding” space. Once the latent space is identified,
it is assimilated with the embedding space. During the
fifth “straightening” unit, the latent space remains fixed,
while the sequence of Units 3, 4, and 2 is repeated to
further parsimonize the view-mapping until the degree of
sparsity remains unchanged. The theoretical foundations
of combining NMF and NTF during the embedding and
latent space discovery steps are discussed at the end of this
section. The sizes of the embedding space and the latent
space are discussed in the section describing the third
workflow.

(i)
An NMF is first performed on the matrix X of the m
concatenated views X, 1 < v < m, resulting in

the decomposition: X =WH" + E,W e R™* , H e R**,

Unit 1: Initialization

EeR™ where W represents the transformed data, the

columns of H contain the loadings of the d :zv<mdv

attributes across all views on each component, de is the
embedding size, and # is the total number of observations.

Unit 1. Initialization

Input: m views {X,, X }, X, € ]R’fdv where 7 is the number of rows

common to all views and d, is the number of columns in the v view
(it is assumed for each column that its values lie between 0 and 1 after
normalization by the maximum row value).

Output: Factoring matrices W ¢ R”jdc , He R'f"v where d_is the

embedding dimension, and is the sum of the number of columns in all
views and d = sz d, the matrix of concatenated views X.

1: Concatenate the m views: X = |:Xl,u~, Xm], XeR™,;

2: Factorize X using NMF with d components:

X=WH" +E,W e R"™ HeR** ,EcR™,

(ii) Unit 2: Parsimonization

The initial degree of sparsity of H is crucial to prevent
the embedding dimensions from being overly distorted
between the different views during the embedding process,
as will be seen in the next section. This is achieved by
applying a hard threshold to each column of the H matrix.
The threshold is based on the reciprocal of the Herfindahl-
Hirschman index (HHI),*® which provides an estimate of
the number of non-negligible values in a non-negative
vector.

For columns with strongly positively skewed values,
the use of the L2 norm for the estimate’s denominator can
lead to excessively sparse factors, which in turn can lead
to an overly large approximation error during embedding.
Therefore, the estimate is multiplied by a coeflicient whose
default value was set at 0.8, after testing with simulated
datasets using the simulation framework described in
Fogel et al *!

Unit 2. Parsimonization

Input: Factoring matrix

Output: Parsimonized factoring matrix H € R*“ (since the initial H is
not used outside parsimonization, we use the same symbol for the sake
of simplicity).

1: for each component h, of H do

2: Calculate the reciprocal of the Herfindahl-Hirschman Index to
estimate the number of non-negligible entries in /,:

(Zfsdh[i’k])z _ hkf .

i Zisdh[i’k:lz _h’é

3: Enforce sparsity on hk using hard thresholding:

Ifrank (h [i, k]) < 7, x A then set h [i, k] = 0 where A is a sparsity
parameter (0 < A < 1, the default value A = 0.8 was chosen as it led in
many trials to better results than the original index
a too strict filter);

4: end for

(iii) Unit 3: Embedding

Tk

7,, which may be

The matrices W and H are further updated along each
view, yielding matrices W, e R”* of common shape
(number of observations n x factorization rank d)
corresponding to the transformed views.
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NMF multiplicative updates are used during view
matching to leave the zeros in the primary H matrix
unchanged. Further optimizations of the simplicial cones
H, e R%** for each view v are therefore limited to the non-
zero loadings so that they remain tightly connected. This
ensures that the transformed views W, v < m, form a tensor.
Multiplicative updates usually start with a linear rate of
convergence, which becomes sublinear after a few hundred
iterations.” By default, the number of iterations is set to 200
to ensure a reasonable approximation to each view, as
required for the latent space representation described in the
next section.

Unit 3. Embedding

Input: m views {X, ..., X } and factoring matrices W < R*fdn He Rixdf .
Output: view-specific factoring matrices W, e R’f”f , H, e R‘}“« and
tensor A.

1: for each view v do
2: Define H, e R*** as the part of H corresponding to view v;

3: Factorize X, into view-specific W, e R”* and using H, e R**

NMEF multiplicative updating rules and initialization matrices

WeR™ H eR*

X,=WH'+E,W,eR"™ H eR** E eR"™

4: Normalize each component of W, by its maximum value and
update H accordingly;

5: Define tensor slice: A (5,:,v)=W, ;

6: end for

(iv) Unit4: Latent space representation and view-mapping

The resulting tensor A is analyzed using NTE, which
leads to the decomposition: A=W*QH*®Q*+e where
W eR™, H eR*%, Q eR™, g cR™ ", and d,is
the dimension of the latent space. The components W*, H*,
and Q* enable the reconstruction of the horizontal, lateral,
and frontal slices of the embedding tensor. The loadings of
the views on each component are contained in the matrix
Q*. The integrated multiple views, or meta-scores, are
contained in the matrix W*. The matrix H* represents the
latent space in the form of a simplicial cone contained in
the embedding space. Finally, the view-mapping matrix H
is updated by applying steps 3 — 8 of Unit 4. Its sparsity is
ensured by further applying Unit 2 (parsimonization).

Unit 4. Latent space representation and view-mapping

Input: view-specific factoring matrices H L€ R‘f“’f and tensor A.

Output: NTF factors W' e RT"’,H* € R?Xd’,Q* € Riﬂd’ and

view-mapping matrix H € R™% .

1: Define view-mapping matrix H ¢ R** as the concatenation of
H, e R'fx'j" :

2: Factorize A using NTF with d, components: A = W*QH*®Q*+ ¢
where W* e R7*, H e RY,Q e RT,EeRT*"

3: Update view-mapping matrix H e R™ . g ¢ HH*;

4: for each view v do

5:Update H: H < H o Q*[v,:];

6 end for

7: Update view-mapping matrix H e ]R‘fd' as the concatenation of
updated H ;

8: Parsimonize view-mapping matrix H e R‘f"' by applying Unit 2;

(v) Unit 5: Straightening

The sparsity of the view-mapping matrix H can be
further optimized together with the meta-scores W* and
the view-loadings Q* by repeating Units 3, 4, and 2 until
the number of zero entries in H remains unchanged. To
achieve this, the embedding is restricted to the latent space
defined by the simplicial cone formed by H*. In this
simplified embedding space, H* becomes the identity
matrix I, when the updating process of W*, H*, and Q*

starts. In other words, the embedding and latent spaces are
assimilated during the straightening process. Optionally,
for faster convergence, H* can be fixed to I, , at the cost of
a slightly higher approximation error, as observed in
simulated experiments, due to only small deviations from
I

d

Unit 5. Straightening

Input: X, A, H, W*, HY, Q*
Output: NTF factors W*, H*, Q* and updated view-mapping matrix H.

1. H =1 4 Set where d, is the size of the latent space;

2: do until the number of 0-entries in H remains unchanged

3: Apply Unit 3 to embed X using the embedding size d=d,
initialization matrices W™ € R™ and view-mapping matrix
H e R** found in the previous iteration;

4: Apply Unit 4 to factorize A and update the view-mapping matrix
He ]Ri“’l , using embedding size d =d, initialization matrices W*,

H*, Q* obtained in the previous iteration and fixed H =1, ;

w

: end for

(vi) Theoretical foundations of combining non-
negative matrix and tensor factorization

From a more theoretical perspective, NMF estimates,
for each view, the transformed data in the form of a matrix
W, and a view-mapping matrix H, which allows the
reconstruction of the original view. Following a geometrical
interpretation from Donoho and Stodden,” we consider
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the simplicial cone I',  contained in the positive orthant
of R" and generated by the columns of W, In this simplicial
cone, each view-attribute corresponds to a point, with
coordinates found in the corresponding row of H. To
identify a consensus simplicial cone between the I', ,

NTF decomposes the tensor formed by the W, into a sum
of rank-1 tensors (Unit 4). However, for such a
decomposition to be meaningful, the dimensions defined
by the columns of the W, must be consistent from one view
to another. This implies a strong overlap between the
simplicial cones T, . Such consistency is achieved by the
multiple zeros found across the columns of H, when
starting the embedding process (Unit 3). These are
“inactive” attributes, as their zero status cannot be changed
by multiplicative update rules. They can be interpreted as
anchors ensuring that the W do not deviate significantly
from their common ancestor W, estimated in the
preliminary NMF over concatenated views (Unit 1). The
parsimonization process (Unit 2) is designed to ensure that
there will be a sufficient number of anchor attributes to
rein in the multiplicative updates.

(b) Workflow 2: Projection of new observations

For new observations Y comprising k views, k < m, ISM
parameters H*, Q*, and the view-mapping matrix H can
be used to project Y onto the latent ISM components, as
described in Workflow 2.

Workflow 2. Projection of new observations

Input: New observations Y (k views, k < m),
NTF factors H*, Q* and mapping matrix H.
Output: Estimation of Y*.
1: Disregard any views in Q% H that are absent in Y;

2: Apply Unit 3 of Workflow 1 to embed Y with W initialized with

ones and with fixed mapping matrix H;

3: Apply step 2 of Unit 4 of Workflow 1 to calculate W* with fixed
NTF factors H*, Q* and define the projection of Y on the latent
spaceas Y* = W*;

Abbreviation: NTF: Non-negative tensor factorization.
(c) Workflow 3: Proof of concept analysis

Each dataset is analyzed using ISM, ILSM, NME
MVMDS, GFA, MOFA+, and MOWGLI. PCA is also
applied to the concatenated views of the UCI Digits and
Signature 915 datasets, mainly to show the added value of
alternative approaches over this widely used method.

To facilitate interpretation, the transformed data
are projected onto a 2D map before being subjected to
K-means clustering, where k is the known number of
classes (K-means clustering was chosen for its versatility
and simplicity, as it only requires the number of clusters

to be found, and this number is known for our example
datasets). Within each cluster, the class that contains the
majority of the points, that is, the main class is identified.
If two clusters share the same main class, they are merged
unless they are not contiguous (the ratio of the distance
between the centroids to the intra-cluster distance between
points >1). In this case, the non-contiguous clusters are
excluded because they are assigned to the same class,
which should appear homogeneous in the representation.
Similarly, any cluster that does not contain an absolute
majority is not considered clearly representative of the
class to which it is assigned and is excluded from the study.
A global purity index is then calculated for the remaining
clusters using Workflow 3. To enhance clarity, the clusters
are visualized using 95% confidence ellipses, while the
classes are represented using distinct colors. In addition to
the proportion of classes retrieved and the global purity
index, the adjusted rand index (ARI),** normalized mutual
information (NMI) index,* and Fowlkes-Mallows score
(FMS)* are also included, along with the factor specificity
index (FSI) and view-mapping sparsity (VSI) defined as
follows:

The FSI reflects the level of factor specificity with
respect to a given class: A value close to 1 means that only
one factor contributes significantly to the explanation of
the class; while a value close to 0 means that the class is
explained by a large number of factors. This index was
proposed in Huizing et al.,* but in its original definition,
it measures the level of specificity of each factor relative to
the class. The FSI is defined as the ratio of the maximum
specificity observed across all factors over the number of
significant factors. To estimate the number of significant
factors, we use the inverse HHI of all factor indices.

The VSI reflects the level of the sparsity of the mapping
matrix H. To obtain the VSI: (i) Estimate, for each view and
each ISM component, the number of significant loadings,
using the inverse HHI; (ii) for each view, define the view-
sparsity as the average sparsity over all ISM components;
and (iii) define VSI as the average view-sparsity over all
views.

Multidimensional scaling is applied to achieve the 2D
map projection. MDS uses a simple metric objective to find
a low-dimensional embedding that accurately represents
the distances between points in the latent space.” MDS is,
therefore, agnostic to the intrinsic clustering performances
of the methods that we want to evaluate. Effective
embedding methods, for example, uniform manifold
approximation and projection (UMAP) or t-distributed
stochastic neighbor embedding, are not as optimal for
preserving the global geometric structure in the latent
space.”® For example, a resolution parameter needs to
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be defined for the UMAP embedding of single-cell data,
whereby a higher resolution leads to a higher number of
clusters. In addition, the subtle differences between some
cell types from one family can be smoothed out if the
dataset contains transcriptionally distinct cell types from
multiple families, as is the case with immune cells for the
Signature 915 dataset.

Latent space methods require that the rank of the
factorization is determined in advance. ISM benefits
from the advantages of the NMF and NTF workflow
components, that is, the choice of the correct rank is less
critical than with other methods (we will come back to this
point in the results [Section 3] and discussion [Section 4]
sections). This allows, even if we expect some redundancy
in the latent factors - for instance, due to the proximity
of certain digits in the first dataset - to set the rank to the
number of known classes.

The dimension of the ISM embedding space must also
be determined during the discovery step. A natural choice
is the dimension of the latent space since both spaces are
merged at the end of the ISM workflow. Nevertheless, by
examining the approximation error for an embedding
dimension in the neighborhood of the chosen rank, it is
possible to further optimize the ISM representation.

The rank for PCA, MVMDS, GFA, and MOFA+ is set
by inspecting the scree plot of the variance ratio.

The analysis of the Signature 915 dataset also examines
the biological relevance of the distance between clusters in
each latent multi-view space. Of the five datasets analyzed
in this article, only the Signature 915 dataset is a 3D array;
therefore, NTF is also directly applied to this particular
dataset.

Detailed analysis steps are provided in Workflow 3.

Workflow 3. Analysis steps

Input: 2D map projection of the data transformation in the latent space.
Output: Cluster purity index.
1: Perform K-means with k equal to the number of known classes;

2: For each cluster, identify the main class related to the cluster, that
is, the class corresponding to the majority of observations in the
cluster;

3: Merge contiguous clusters that refer to the same class or ignore
them if not contiguous;

4: for each cluster do

5: p,=proportion of the main class in relation to all elements in the
cluster;
p,=proportion of the main class in cluster c in relation to all
elements of the same class;

6:If p, < 0.5 then

7: Disregard cluster as the main class does not constitute an absolute
majority in relation to all elements of the same class;

8: Else

9: p=p xp,=purity corrected for cluster representativity for the main
class;

10: end for

11: Calculate the global purity=sum of corrected purities over all
retained clusters, divided by the number of known classes;

2.3. Implementation

Scikit-learn* was used for K-means, ARI, NMI, MDS, and
PCA. The mvlearn (https://pypi.org/project/mvlearn/)
package was used for MVMDS. NMF and NTF were
performed with the package adnmtf (https://pypi.org/
project/adnmtf/). ISM was implemented in Python and
was invoked from a Jupyter Python notebook available
on the Advestis GitHub (https://github.com/Advestis).
GFA was performed with the Python package gfa-python
(https://github.com/mladv15/gfa-python). MOFA+ was
performed with the Python package mofapy2 (https://
github.com/bioFAM/mofapy2). ~ Matplotlib  (https://
matplotlib.org/stable/tutorials/pyplot.html) was used to
create the clustering figures. Treemaps were obtained with
the Graph Builder platform from JMP® (Version 17.2.0.
SAS Institute Inc., USA). The distinctipy package (https://
pypi.org/project/distinctipy/) was used to generate colors
that are visually distinct from one another.

3. Results

We first present a synthesis of the calculated metrics across
all datasets (Table 1) and provide some general observations.
We then present more detailed results for each dataset.

3.1. Synthesis of calculated metrics over all datasets

Based on the average index across all seven indices, ISM
ranks first in the UCI Digits, Signature 915, and Reuters
datasets, while ILSM ranks first in the prokaryotic dataset
and the TEA-seq multi-omic single-cell dataset (although
very close to ISM for the latter dataset, 0.80 vs. 0.79,
respectively). It is easy to explain why ILSM performed
much better than ISM on the prokaryotic dataset
(0.52 vs. 0.37, respectively): Since ISM first performs
a global factorization over concatenated views (Unit 1
of Workflow 1), it tends to ignore the smallest views
when they are extremely unbalanced, as is the case in
the prokaryotic dataset. However, when using ILSM,
separate factorizations are applied to each view, and ISM
itself is applied to transformed views of equal size. As a
result, the original views with the smallest size are given
equal weight. Among the criteria used, the proportion of
classes retrieved, purity, and sparsity indices are the most
discriminative. It is noteworthy that NMF performs as
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Table 1. Metrics comparing latent-space methods on five datasets

Dataset Method  Nrclasses Embedding (ISM) rank  Proportionof  Purity ARI NMI FMS Sparsity Specificity Overall
classes retrieved

UCIDIGITS MVMDS 10 10 0.70 041 049 061 0.54 0.62 0.21 0.51
ISM 10 (9,10) 1.00 0.58 057 0.67 0.62 0.87 0.43 0.68
ILSM 10 (10,10) 0.80 041 045 058 0.51 0.50 0.48 0.53
GFA 10 10 0.90 045 048 061 0.54 0.32 0.15 0.49
MOFA+ 10 10 0.70 029 036 046 0.44 0.34 0.13 0.39
MOWGLI 10 10 0.80 0.46 051 0.65 0.57 0.60 0.58 0.60
PCA 10 10 0.40 019 044 057 051 0.73 0.38 0.46
NMEF 10 10 0.90 058 059 0.68 0.63 0.46 0.34 0.60

Signature 915 MVMDS 16 10 0.75 0.70 097 095 0.97 0.56 0.21 0.73
ISM 16 (16,16) 0.88 072 098 095 098 0.93 0.83 0.90
ILSM 16 (16,16) 0.75 062 093 091 0.94 0.93 0.74 0.83
GFA 16 12 0.81 073 098 096 0.98 0.30 0.08 0.69
MOFA+ 16 13 0.81 076 094 093 0.95 0.56 0.19 0.73
MOWGLI 16 16 0.63 0.44 087 089 0.89 0.89 0.82 0.77
PCA 16 10 0.56 040 094 089 0.95 0.57 0.23 0.65
NMF 16 16 0.81 055 094 089 0.95 0.91 0.88 0.85
NTF 16 16 0.69 052 094 089 095 0.98 0.75 0.82

Reuters MVMDS 6 4 0.50 0.19 019 030 0.37 0.93 0.28 0.39
ISM 6 (6,6) 0.50 023 025 034 041 0.98 0.37 0.44
ILSM 6 (6,6) 0.33 0.16 021 031 0.39 0.97 0.30 0.38
GFA 6 3 0.17 0.03 001 0.09 0.39 0.94 0.21 0.26
MOFA+ 6 - - - - - - - - -
MOWGLI 6 6 0.08 0.04 001 020 0.28 0.10 0.86 0.22
NME 6 6 0.33 0.14 021 032 041 0.96 0.36 0.39

Prokaryotic =~ MVMDS 4 4 0.50 022 018 023 0.50 0.68 0.67 0.43
ISM 4 (4,4) 0.25 0.14 0.00 0.00 0.63 0.66 0.88 0.37
ILSM 4 (4,4) 0.75 036 028 031 0.54 0.55 0.88 0.52
GFA 4 6 - - - - - - - -
MOFA+ 4 4 0.75 036 029 032 055 0.53 0.42 0.46
MOWGLI 4 4 0.25 0.14 0.10 0.10 0.60 0.39 0.63 0.32
NMEF 4 4 0.25 0.14  0.00 0.00 0.63 0.47 0.88 0.34

TEA-seq MVMDS 7 7 0.71 0.60 089 086 0.92 0.67 0.48 0.73
ISM 7 (7,7) 0.71 0.57 087 084 0.90 0.76 0.88 0.79
ILSM 7 (7,7) 0.86 072 088 085 0.91 0.75 0.67 0.80
GFA 7 15 0.71 061 091 089 093 0.45 0.25 0.68
MOWGLI 7 7 0.43 023 052 060 0.64 0.39 0.62 0.49
NMF 7 7 0.71 0.61 088 086 0.91 0.70 0.90 0.80

Abbreviations: ARI: Adjusted rand index; GFA: Group factor analysis; FMS: Fowlkes-Mallows score; ILSM: Integrated latent sources model;
ISM: Integrated sources model; MOWGLI: Multi-Omics Wasserstein inteGrative anaLysIs; MVMDS: Multi-view multidimensional scaling;
NMF: Non-negative matrix factorization; NMI: Normalized mutual information index.

well as ILSM in the TEA-seq multi-omic single-cell data a superior representation in terms of biology. In addition,
in terms of average performance (0.80). However, we will NME retrieves only one class in the prokaryotic data due to
show in the detailed analysis of this dataset that ISM finds the extreme imbalance in the number of features per view
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and the fact that NMF runs on the concatenated views,
thus tending to ignore the smallest ones. Although GFA
and MOFA+ are closely related, MOFA+ fails to recover
common factors in the Reuters dataset, while GFA fails in
the prokaryotic dataset. MVMDS performs relatively well
on all datasets, in most cases with lower factor sparsity
and specificity than ISM or ILSM. MOWGLI could only
be run on a fraction of the data for the Reuters and TEA-
seq multi-omic single-cell data due to its extremely high
computational time. The poor performance observed can,
therefore, be attributed to the sampling itself.

3.2. Detailed results
3.2.1. UCl digits dataset

PCA, MVMDS, MOFA+, and MOWGLI wuse a
10-factorization rank, while GFA uses a 9-factorization
rank. ISM uses a primary embedding of dimension 9 and
a 10-factorization rank. The Karhunen-Love coefficients
contain data with mixed signs, so the corresponding view
is split into its positive part and the absolute value of its
negative part when applying the non-negative approaches
ISM, NMF, and MOWGLI. The clusterings of the digits are
shown in Figure 3. ISM outperforms the other methods
with 10-digit-specific clusters. It should be noted that NMF
performs slightly better than ISM in terms of purity index,
ARI, NMI, and FMS. However, digits 5 and 3 are mixed
together, resulting in one less digit being recognized. PCA
is far behind all other approaches, recognizing only four-
digit classes.

Figure 4 shows how the views affect the individual ISM
components using a treemap chart. For each component,
each view corresponds to a rectangle within a rectangular
display, where the size of the rectangle represents the
loading of the view. It is noteworthy that some components
are supported by only a few views, for example, component
1 (2 views) and component 8 (3 views), while others involve
most views, for example, component 5 (6 views). As each
component is associated with a digit, this emphasizes the
specifics and complementarity of the image representations
thatare dependent on the respective digit. It is also interesting
to note that for some components, the loadings of the views
are diametrically opposed to the respective number of
attributes. For example, for component 8, the view of 240-
pixel averages has the lowest loading, while the view of six
morphological features has the highest loading. This clearly
shows that the views are evenly balanced regardless of their
respective number of attributes when using ISM.

3.2.2. Signature 915 data

Before the analysis, each marker gene was normalized
using the mean of the four highest expression values. PCA

and MVMDS use a 10-factorization rank, GFA uses a
12-factorization rank, and MOFA+ uses a 13-factorization
rank. ISM uses a primary embedding of dimension 16 and
a 16-factorization rank. The clusterings of the marker genes
are shown in Figure 5. ISM outperforms the other methods
with 14 cell type-specific clusters and higher metrics.

Regarding the positioning of the clusters on the 2D map,
MVMDS places classical monocyte (monocyte C) and non-
classical and intermediate monocytes (monocyte NC+I)
opposite of each other, contrary to all other approaches and,
more importantly, against biological intuition. ISM and
GFA methods outperform other methods on this dataset as
they reveal close proximity between transcriptionally and
functionally similar cell types of the major immune cell
families. Indeed, three cell types from the myeloid lineage,
including monocytes C, monocytes NC+I, and myeloid
dendritic cells (mDC), are grouped together. A similar trend
is observed for three cell types from the B cell family, where
only ISM and GFA revealed close proximity of naive B cells,
memory B cells, and plasmablasts, out of the eight methods
considered. The most challenging cell types were in the T
cell family, where only ISM was able to identify clusters for
three cell types (CD4+ effectors, naive T cells, and V82+
T cells [VD+] gamma delta non-conventional T cells) and
place them in close proximity. VD+ gamma delta non-
conventional T cells share some similarities with NK cells
in terms of the expression of certain receptors, and only the
ISM method was able to recognize both cell types and place
them in close proximity, highlighting their similarity. The
ISM method also captured subtle similarities between two
types of dendritic cells, mDC, and plasmacytoid dendritic
cells (pDC), which correspond to antigen-presenting cells.

Figure 6 shows the impact of the four patients on the
individual ISM components using a treemap chart. In this
chart, each patient corresponds to a rectangle within a
rectangular display, where the size of the rectangle represents
the loading of the patient. In contrast to the UCI Digits
data, most components are supported by three patients
(three components) or four patients (11 components). Two
components involve only two patients.

The loadings of the view-mapping matrix are shown in
Figure 7 using a treemap chart. Recall that each attribute of
this dataset is a combination of a patient and a cell type, in
which the expressions of 915 marker genes were measured.
For each component, such a combination corresponds to
a rectangle within a rectangular display, where the size of
the rectangle represents the loading of the combination.
ISM components 1 and 2 are both associated with the same
cell type, pDC, while component 15 is simultaneously
associated with CD8-activated, VD2-, and VD2+ cells.
In the final clustering, the cluster comprising these three
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Figure 3. UCI Digits data: Clustering of digit images along ISM, MVMDS, NMFE, PCA, MOFA+, and GFA components in 2D scatterplots of the MDS
projection of transformed data.

Abbreviations: ISM: Integrated sources model; MDS: Multidimensional scalingg MOFA+: Multi-Omics factor analysis; MVMDS: Multi-view
multidimensional scaling; NMF: Non-negative matrix factorization; NTF: Non-negative tensor factorization; PCA: Principal component analysis.

cell types has no main type and is therefore discarded, are associated with only one cell type, illustrating the
resulting in 14 identified cell types. All other components sparsity and interpretability of ISM components. Notably,
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Figure 4. UCI Digits data: Treemap of integrated sources model view weights

all non-negative approaches yield a high view-mapping
sparsity index (i.e., 0.93, 0.89, 0.91, and 0.98 for ISM,
MOWGLI, NME, and NTE respectively), as opposed to
mixed-sign approaches (i.e., 0.56, 0.30, 0.56, and 0.57 for
MVMDS, GFA, MOFA+, and PCA, respectively).

3.2.3. Reuters data

MVMDS and MOWGLI use a 6-factorization rank, while
MOFA+ and GFA use a 10-factorization rank. ISM uses a
primary embedding of dimension 6 and a 6-factorization
rank (equal to the number of known categories). Overall,
ISM outperforms the other methods, identifying three out
of six categories and achieving higher metrics, followed by
MVMDS. However, all performance indices are relatively
low, as previously observed in Brbic and Kopriva.?? MOFA +
fails to identify a common structure between the different
views. It should be noted that MOWGLI was performed
on only 20% of the samples due to its extremely high
computational time, despite using an activated graphics
processing unit (GPU). The poor performance observed
can, therefore, be attributed to the sampling itself.

3.2.4. Prokaryotic data

MVMDS, MOFA+, and MOWGLI use a 4-factorization
rank, while GFA uses a 6-factorization rank. ILSM uses a

primary embedding of dimension 4 and a 4-factorization
rank (equal to the number of known categories). Since
the provided views contain the principal components
explaining 90% of the variance, they need to be split into
their positive part and the absolute value of their negative
part when applying the non-negative approaches ISM,
NME and MOWGLI. Overall, ILSM outperforms the other
methods, identifying three out of four categories (missing
the category which the smallest size) and achieving higher
metrics.

3.2.5. TEA-seq multi-omic single-cell data

MVMDS and MOWGLI use a 7-factorization rank, while
GFA uses a 15-factorization rank. ISM uses a primary
embedding of dimension 7 and a 7-factorization rank
(equal to the number of categories). MOFA+ metrics
are not presented for this particular dataset since the
corresponding clustering was used to annotate the cells.?!
We used a UMARP projection because the size of the dataset
makes MDS impractical (Figure 8).

The ILSM outperforms the other methods, identifying
six out of seven cell types, missing only MAIT T cells,
which are too close to CD4 effector and memory T cells to
be identified as a separate cluster.
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Figure 5. Signature 915 Data: Clustering of cell type marker genes along ISM, MVMDS, NME, NTE, MOFA+, and PCA components in the 2D scatterplots
of the MDS projection of the transformed data.

Abbreviations: Basophil LD: Low-density basophil; ISM: Integrated sources model; MAIT: Mucosal-associated invariant T cell; mDCs: Myeloid dendritic
cells; MOFA+: Multi-Omics Factor Analysis; Monocyte C: Classical monocyte; Monocyte NC+1I: Non-classical + intermediate monocytes; MVMDS:
Multi-view multidimensional scaling; Neutrophil LD: Low-density neutrophil; NK: Natural killer cell; NMF: Non-negative matrix factorization; NTF:
Non-negative tensor factorization; PCA: Principal component analysis; pDCs: Plasmacytoid dendritic cells; VD2: V82+ T cells.

split in the corresponding UMAP projections. In the ISM
UMAP projection, we annotated the smaller split near

Other methods, including ISM, revealed heterogeneity
in the CD4+ naive T cell population, which appeared to be
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Figure 6. Signature 915 data: Treemap of integrated sources model view weights

CD8+ T cells and found that it actually represents CD8+
naive T cells. We then verified that the split observed in
the other UMAP projections was also consistent with this
cell type. In particular, the distance between CD8+ naive
T cells and CD8+ T cells is minimal with ISM, consistent
with biology. In contrast, CD8+ naive T cells are closer to
CD4+ naive T cells and not to CD8+ T cells in the NMF
UMAP projection, contrary to biological intuition. One
possible reason is that NMF does not take advantage of
the complementarity of different views by indiscriminately
concatenating them.

Interestingly, and in contrast to other multi-view
approaches, ISM allows the direct identification of
factors and views that are discriminative with respect to
a particular cell type (e.g., CD8+ naive T cells). From the
factor specificities, we found two specific ISM latent factors
with positive factor specificities with respect to CD8+
naive T cells (0.50 and 55, respectively). In all three multi-
omic modalities, these factors have close loadings in the
view-weights matrix Q* (13.09/9.00 in the RNA-seq view,
10.82/8.04 in the ATAC-seq view, and 11.45/8.94 in the
ADT view, respectively), highlighting the contribution of
the three modalities to specifically distinguish CD8+ and
CD4+ cell subpopulations among naive T cells.

It should be noted that MOWGLI was performed on
only 20% of the samples and 20% of the scATAC-seq
features due to its extremely high computational time,
despite using an activated GPU. The poor performance
observed can, therefore, be attributed to the sampling itself.

3.3. Further insights regarding the model

3.3.1. Model’s potential dependency on embedding
dimension and rank

In this section, we evaluate how ISM performance might
be affected by changing the embedding dimension and
the rank in the neighborhood of the chosen values.
First, we examine the relative approximation error for an
embedding dimension in the neighborhood of the chosen
rank to select an optimal value, as described in the analysis
workflow. Second, we examine the relative error, number
of found classes, and purity for a rank in the neighborhood
of the chosen embedding dimension.

For the UCI Digits data, where the chosen ISM rank s 10,
an embedding dimension of 9 clearly minimizes the relative
error—0.52 versus 0.72 or higher for other dimensions.
The number of classes found and the purity index are
also significantly higher (Table 2, upper part). The relative
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Figure 7. Signature 915 data: treemap of integrated sources model loadings of the view-mapping matrix

error associated with a rank is not as critical if it exceeds
the number of known classes. Compared to a 10-rank ISM
model, a 12-rank model also finds 10 classes and gives a
slightly higher purity index (6.24 vs. 5.81), despite a larger
relative error (0.60 vs. 0.52) (Table 2, bottom part). The final
part of this section discusses this point further.

For the Signature 915 dataset, where the chosen ISM
rank is 16, the relative error does not change significantly
for neighboring embedding dimensions: 0.33 for a
15-embedding and 0.34 for a 17-embedding (Table 3,
upper part). Choosing an embedding dimension equal to
the rank is more consistent with the ISM workflow, where
the embedding and latent spaces are united during the
straightening process. Therefore, we chose an embedding
dimension of 16. In terms of purity, a 17-rank ISM model
gives results that are slightly superior to the 16-rank ISM
model (Table 3, bottom part).

Overall, these results confirm that ISM provides
relatively stable estimates in the neighborhood of the

chosen rank, in line with its parent methods, NMF and
NTE

3.3.2. About changing the sparsity coefficient

We have already mentioned that the initial degree of
sparsity of H returned by NMF is a critical part of ISM,
as zero-loading attributes are anchors that maintain
consistency between view components during the
embedding process. However, it is extremely difficult to
predict how sparse an NMF representation will be, as this
depends on the dataset under analysis.”> To ensure that a
sufficient number of anchors will guide the embedding,
only significant loadings are retained, while other loadings
are set to 0. ISM uses the inverse of the HHI to identify
significant loadings, but an additional sparsity parameter is
provided to allow this index to be relaxed. This parameter
is set to 0.8 by default. In this section, we examine the effect
of changing this parameter in the UCI Digits and Signature
915 experiments (Tables 4 and 5, respectively).
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Abbreviations: GFA: Group factor analysis; ILSM: Integrated latent source model; ISM: Integrated sources model; MAIT: Mucosal-associated invariant
T cell; MOWGLI: Multi-Omics Wasserstein inteGrative anaLysls; MVMDS: Multi-view multidimensional scaling; NK: Natural killer cell; NMF: Non-
negative matrix factorization; UMAP: Uniform manifold approximation and projection.

@)

Several key observations are summarized as follows:
The use of a sparsity parameter slightly >1 (e.g., 1.1)
severely degrades performance across all metrics
due to increased relative error and can even lead to
computational errors, as observed in the UCI Digits
dataset. Therefore, using a sparsity parameter too close

(ii)

to 1 poses a significant risk. To err on the conservative
side, we choose the default value of 0.8.

The proportion of classes retrieved is not significantly
affected by a low sparsity parameter. For example,
eight out of 10-digit classes and 11 out of 16 cell types
are still recognized with a sparsity parameter of 0.
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Table 2. Relative error and other metrics as functions of the embedding dimension and rank (UCI Digits dataset, 10 classes)

Embedding (ISM only) rank used Relative error Proportion of classes retrieved Purity ARI NMI FMS Sparsity Specificity Overall

(8,10) 0.84 0.60 0.27 038 0.50 0.44 0.86 0.24 0.47
(9,10) 0.52 1.00 058 057 0.67 0.61 0.87 0.20 0.64*
(10,10) 0.72 0.30 0.14 032 045 0.40 0.84 0.20 0.38
(11,10) 1.20 0.80 047 051 0.62 0.56 0.91 0.32 0.60
(12,10) 0.91 0.70 032 037 053 044 0.90 0.21 0.50
(9,8) 0.7 0.70 032 040 0.55 047 0.86 0.22 0.50
(9,9) 0.52 0.80 036 041 0.55 047 0.86 0.21 0.52
(9,10) 0.52 1.00 058 0.57 0.67 0.61 0.87 0.20 0.64*
(9,11) 0.62 0.90 042 044 0.58 0.50 0.87 0.19 0.56
(9,12) 0.61 1.00 0.62 0.60 0.67 0.64 0.88 0.21 0.66

Note: “The most performant combinations.
Abbreviations: ARI: Adjusted rand index; FMS: Fowlkes-Mallows score; ISM: Integrated sources model; NMI: Normalized mutual information index.

Table 3. Relative error and other metrics as functions of the embedding dimension and rank (Signature 915 dataset, 16 classes)

Embedding (ISM only) rank used Relative error Proportion of classes retrieved Purity ARI NMI FMS Sparsity Specificity Overall

(14,16) 0.36 0.63 055 092 091 0.93 0.94 0.70 0.80
(15,16) 0.33 0.75 0.69 095 0.94 0.96 0.94 0.74 0.85
(16,16) 0.34 0.88 072 098 0.95 0.98 0.93 0.83 0.90*
(17,16) 0.34 0.81 0.67 092 091 0.93 0.94 0.74 0.85
(18,16) 0.38 0.81 075 095 0.94 0.96 0.94 0.74 0.87
(16,14) 0.39 0.69 0.60 096 0.94 0.97 0.92 0.76 0.83
(16,15) 0.34 0.88 073 098 0.96 0.98 0.93 0.84 0.90
(16,16) 0.34 0.88 072 098 0.95 0.98 0.93 0.83 0.90*
(16,17) 0.31 0.88 076 096 0.94 0.96 0.93 0.79 0.89
(16,18) 0.31 0.63 055 095 0.92 0.95 0.93 0.76 0.81

Note: “The most performant combinations.
Abbreviations: ARI: Adjusted rand index; FMS: Fowlkes-Mallows score; ISM: Integrated sources model; NMI: Normalized mutual information index.

Table 4. Effect of changing the sparsity parameter in the UCI Digits experiment (10 classes), with embedding dimension=9 and
rank=10

Sparsity parameter ~ Relative error ~ Proportion of classes retrieved ~ Purity = ARI NMI  FMS  Sparsity  Specificity = Overall

1.1 0.98 0.10 0.00 0.07 0.13 0.22 1.00 0.17 0.24
1 0.70 0.70 0.27 0.35 0.52 0.42 0.94 0.16 0.48
0.9 0.55 0.90 0.37 0.39 0.54 0.46 0.90 0.17 0.53
0.8 0.52 1.00 0.58 0.57 0.67 0.61 0.87 0.20 0.64
0.7 0.62 1.00 0.59 0.59 0.68 0.63 0.84 0.24 0.65
0.6 0.69 1.00 0.55 0.54 0.65 0.59 0.80 0.20 0.62
0.5 0.71 0.80 0.53 0.56 0.67 0.61 0.73 0.24 0.59
0.4 0.71 0.90 0.51 0.54 0.65 0.58 0.39 0.23 0.54
0.3 0.48 0.9 0.53 0.56 0.67 0.61 0.62 0.27 0.59
0.2 0.53 0.9 0.60 0.60 0.71 0.64 0.59 0.27 0.62
0.1 0.56 0.8 0.41 0.47 0.60 0.54 0.56 0.28 0.52
0 0.76 0.8 0.50 0.54 0.64 0.59 0.51 0.31 0.55

Abbreviations: ARI: Adjusted rand index; FMS: Fowlkes-Mallows score; NMI: Normalized mutual information index.

Volume 1 Issue 3 (2024) 106 doi: 10.36922/aih.3427


https://dx.doi.org/10.36922/aih.3427

Artificial Intelligence in Health

ISM: A new multi-view space-learning model

Table 5. Effect of changing the sparsity parameter in the Signature 915 experiment (16 classes) with embedding dimension=16

and rank=16

Sparsity parameter  Relative error  Proportion of classes retrieved Purity ARI NMI FMS Sparsity Specificity = Overall
1.1 - - - - - - -

1 0.36 0.81 0.70 0.98 0.95 0.98 0.93 0.80 0.88
0.9 0.34 0.88 0.71 0.98 0.95 0.98 0.93 0.83 0.89
0.8 0.34 0.88 0.72 0.98 0.95 0.98 0.93 0.83 0.90
0.7 0.34 0.63 0.50 0.96 0.92 0.96 0.93 0.83 0.82
0.6 0.33 0.81 0.67 0.97 0.93 0.97 0.93 0.79 0.87
0.5 0.34 0.63 0.54 0.96 0.92 0.96 0.92 0.83 0.82
0.4 0.34 0.69 0.61 0.96 0.94 0.97 0.93 0.72 0.83
0.3 0.33 0.75 0.65 0.97 0.94 0.97 0.93 0.72 0.85
0.2 0.34 0.75 0.67 0.95 0.94 0.96 0.93 0.72 0.85
0.1 0.33 0.81 0.70 0.94 0.93 0.95 0.92 0.72 0.85
0 0.31 0.69 0.61 0.91 0.90 0.92 0.92 0.74 0.81

Abbreviations: ARI: Adjusted rand index; FMS: Fowlkes-Mallows score; NMI: Normalized mutual information index.

This is due to the inherently high percentage of zero
loadings in H when running standard NMF (on an
average of 51% for the UCI Digits dataset and 92% for
the Signature 915 dataset).

(iii) No metric shows an advantage of running ISM with a
low sparsity parameter. For example, with the default
sparsity parameter, higher sparsity and higher factor
specificity are observed in the UCI Digits and Signature
915 experiments, respectively. To ensure a sufficient
percentage of zero loadings regardless of the dataset,
we recommend maintaining the default value of 0.8.

3.3.3. Evolution of the relative error over the course of
model training

In this section, we evaluate how each main factorization
step performed in the ISM workflow contributes to the final
approximation error. Specifically, we examine the relative
error obtained after (i) the preliminary NME, (ii) the first
call to NTF before the straightening process, and (iii) the
last iteration of NTF in the straightening process.

While the increase in relative error is very small for
the Signature 915 dataset (0.35 vs. 0.30), we observe a
large increase for the UCI Digits dataset (0.53 vs. 0.36).
This increase is mainly due to the straightening process
(0.53 vs. 0.39 before). Recall that this process iteratively
parsimonizes the view-mapping matrix H. The highly
sparse nature of the Signature 915 dataset explains the
difference in behavior between the two datasets: for
the denser UCI Digits dataset, the increased sparsity of the
view-mapping matrix induced by the straightening process
significantly inflates the relative error, as more of the
smaller values in the original views are filtered out. Unless

the zero attribute loadings in some of the ISM components
are relevant to digit class identification, this is not an issue.
In fact, if we bypass the straightening process to achieve a
smaller relative error, the performance of ISM is reduced;
only nine-digit classes are found instead of 10, and the
purity is 0.18 instead of 0.17, indicating that the model
becomes overfit. This illustrates how ISM manages to filter
out the specific part of the signal that is irrelevant to the
main mechanisms in the data and hinders their recovery.

3.3.4. Computational time

In this section, we discuss the computation time required
to analyze the TEA-seq dataset, which is a very large dataset
(Table 6). The processing times for NMFE, ISM, ILSM, and
MVMDS are relatively short (0.55,1.17, 1.31, and 5.31 min,
respectively, on a computer equipped with an 11" Gen
Intel® Core™ i7 processor and 16 GB of RAM, without the
GPU activation). In contrast, GFA and MOFA+ require
about 20 min with the GPU activated (7.9 GB available).
MOWGLI is extremely slow, even with the GPU activated.
For this reason, we had to consider only a 20% random
sample of the Reuters and TEA-seq multi-omic single-cell
datasets.

4, Discussion

The performance metrics used for our proof-of-concept
analysis demonstrate that ISM performs as well as or better
than other methods. The ISM workflow uses algorithms
with proven performance and convergence properties,
such as NMF and NTE, which is consistent with the good
performance of ISM observed in our examples. In addition,
the low computational time for large datasets indicates that
this approach is highly scalable.
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Table 6. Computational time observed in the TEA-seq
multi-omic single-cell data

Method Time (min)
MVMDS 5.31

ISM 1.17

ILSM 1.31

GFA 23.14
MOFA+ 19.38
MOWGLI (20%) 82.31

NMF 0.55

Note: The parallelization of separate factorizations was not activated for
ILSM, hence the slightly higher computational time compared to ISM.
Abbreviations: GFA: Group factor analysis; ILSM: Integrated latent
sources model; ISM: Integrated sources model; MOFA+: Multi-Omics
Factor Analysis+; MOWGLI: Multi-Omics Wasserstein inteGrative
anaLysls; MVMDS: Multi-view multidimensional scaling;

NMF: Non-negative matrix factorization.

However, the proportion of known categories retrieved
and other metrics depend on the data being analyzed.
For example, for the Reuters data, only three out of six
categories are recognized at best using ISM or MVMDS,
suggesting that latent-space-based methods may not be the
most effective approaches with bag-of-words data.

In contrast to the other approaches studied, MVMDS
and ISM are the only approaches that perform relatively well
on all the datasets analyzed, demonstrating their versatility.
The main advantages of ISM over MVMDS are its speed
and increased sparsity in the latent-space representation.
Regarding missing data, the ISM implementation uses
an NTF package that can handle missing data, unlike
MVMDS.

To the best of our knowledge, ISM is the first approach
that uses NMF to transform heterogeneous views into
a 3D array and then uses NTF to extract consistent
information from the transformed views. However,
apparent commonalities with anchor-based MVC methods
(A-MVC) are worth mentioning to further illustrate the
originality of ISM:

(i) Inthe first step, ISM relies on anchors, akin to A-MVC.
ISM anchors correspond to zero-loading attributes in
the latent spaces defined by the H, whereas A-MVC
anchors are observations well distributed over existing
clusters. Both act as intermediaries to derive either a
latent space or cluster labels shared by all views.

(ii) In the second step, ISM applies NTF on the embedded
views. A-MVC applies NTF on a tensor of anchor
graphs, albeit with added constraints that ensure
orthogonality and consistency in the cluster labels
across all views.

A-MVC requires a specialized algorithm to select the
anchor points that are best distributed across clusters.
Since clusters must be sufficiently populated with A-MVC
anchors for the method to work, the number of anchors
must be set higher than the number of clusters. In contrast,
ISM attribute anchors are found automatically through the
process of parsimonization. This process requires the setting
of a sparsity parameter to relax the reciprocal of the HHI,
which may otherwise lead to excessive sparsity. In the
examples considered in this article, this value is experiment
independent and is set to 0.8. Further reducing the sparsity
parameter risks a lack of overlap between the simplicial
cones, potentially rendering the tensor decomposition
ineffective. Therefore, until more experience is gained with
ISM, we do not recommend changing this parameter.

Just as NMF and NTF factors are more interpretable
and meaningful due to the non-negativity of their
loadings, ISM produces latent factors whose interpretation
is greatly facilitated by the non-negativity and sparsity of
the attribute loadings. This is illustrated by the example
of the Signature 915 dataset. It is noteworthy that all non-
negative approaches result in a high sparsity index of the
view-mapping, in contrast to the mixed-sign approaches.

The ISM has only three hyperparameters, which are
very few compared to alternative methods: The sparsity
coefficient, the embedding dimension, and the rank
dimension. As mentioned, the sparsity coeflicient should
be kept at its default value of 0.8. Regarding the rank and
embedding dimensions chosen for the ISM model, an
objective and natural choice was the known number of
classes for our examples, as we expect each factor to be
distinctly assigned to a particular class. The only exception
was the UCI digit dataset, where reducing the embedding
dimension by one unit significantly reduced the error rate.
However, this is only possible in a supervised setting where
classes are known. More generally, as with all factorization
methods, the factorization rank must be determined in
advance.

This raises the issue of the subjectivity of the choice
made, especially in an unsupervised setting where cross-
validation cannot be used. For PCA, MVMDS, MOFA+,
and GFA, setting the rank by inspecting the scree plot of
the variance ratio is indeed a subjective choice due to the
variety of possible criteria that can be used to identify
an “elbow” in the scree plot. We tried a range of values
around the “observed” elbow. The observed changes in
the close neighborhood metric had no impact on the
conclusions about the performance of ISM relative to other
approaches (Tables S1 and S2). Since GFA and MOFA+
include automatic rank detection (ARD), increasing
the rank should not adversely affect performance, as
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it can be automatically reduced if the ARD criteria are
met. Notably, for both experiments, increasing the
chosen rank decreased performance in terms of cluster
association with known classes. This again illustrates
the difficulty of choosing the “right” rank. However,
non-negative factorization-based methods, including
ISM, are not subject to orthogonality constraints and
can, therefore, create a new dimension by, for example,
splitting a given component into two parts to disentangle
close mechanisms that are otherwise intertwined in that
component.* For this reason, the rank could be set to the
number of known classes in a more logical and objective
way. Finding the correct rank is, therefore, less critical
than with mixed signed factorization approaches such as
singular value decomposition (SVD), where low-variance
components tend to represent the noisy part of the data.
However, multiple solutions have been proposed, among
which the cophenetic correlation coeflicient is widely
used to estimate a rank that provides the most stable
clustering derived from the NMF components.* A similar
criterion, named concordance, has been proposed,’
where extensive simulations showed that NMF finds the
most stable solutions around the correct rank, even if
the latent factors are strongly correlated. While such an
approach could be used with ISM to determine the best
combination for the preliminary embedding and latent
space dimensions, it would become too computationally
intensive. However, in line with the fact that embedding
and latent spaces are later merged in the ISM workflow,
it can still be applied in the case where the model
imposes the same dimensions for both parameters. As
demonstrated in the proof-of-concept analysis of our
examples, the embedding dimension can be further
optimized by examining the approximation error in the
neighborhood of the chosen rank.

Redundancy in the latent factors is a known issue for
NME-based techniques, as identified and illustrated early
on with Donoho’s swimmer dataset, where a ghost torso
appeared in all basis vectors representing body parts in
different orientations.” L1 regularization techniques,
such as using Hoyer’s sparsity index*>** or appropriate
initialization like non-negative SVD (NNSVD),* can help
mitigate these problems. Notably, in our ISM workflow
implementation, the HHI used in the embedding step is
mathematically equivalent to Hoyer’s sparsity index, and
NNSVD is used for NMF and NTF initialization.

ISM’s intrinsic view loadings also enable the automatic
weighting of views within each latent factor. This allows
the simultaneous analysis of views of very different sizes
without the need for prior normalization to give each view
the same importance, as is necessary with methods like

consensus PCA. However, this property reaches its limits
when view sizes are extremely unbalanced, as seen in the
prokaryotic dataset. In such cases, it is recommended
to use ILSM, as ISM is applied to transformed views of
equal size, giving equal weight to the original views with
the smallest size, whereas global factorization tends to
ignore them at initialization. In addition, ILSM requires
significantly less computational time due to parallelizable
view factorizations.

Recently, graph transformers and deep learning
approaches have been proposed for the inference of
biological single-cell networks.* The preliminary NMF
in Unit 1 of Workflow 1, which combines the data before
the application of NTE, is somewhat reminiscent of the
“attention” mechanism used in transformers before the
application of a lightweight neural network.* This could
explain why ISM can outperform NTF when applied to
a multidimensional array, even if the data structure is
suitable for the direct application of NTE, as shown by
the clustering of marker genes achieved in the Signature
915 dataset example. This also explains why, in the first
two examples, although NMF is close to ISM in terms of
purity index and other metrics, ISM outperforms NMF in
terms of the number of classes detected and, in the second
example, by generating a better positioning of the detected
cell types on the 2D map projection. Likewise, in the multi-
omic single-cell TEA-seq dataset, only ISM identifies and
places a naive cell subtype next to the most biologically
relevant one.

Like other latent space methods, ISM is not limited to
the purpose of MVC. The ISM components and the view-
mapping matrix can be used for data reduction on newly
collected data (i.e., data that is not part of the data used
to train/learn the model) by fixing these components in
the ISM model. Data reduction for newly collected data
remains feasible even if some of the views contained in
the training data are missing, as the ISM parameters are
compartmentalized by views.

The ISM is not limited to views with non-negative data.
Each mixed-signed view can be split into its positive part
and the absolute value of its negative part, resulting in
two different non-negative views, as illustrated in the UCI
Digits and prokaryotic data examples.

An important limitation of ISM and other multi-
view latent space approaches is the requirement for the
availability of multi-view data for all observations in the
training set. For financial or logistical reasons, a particular
view may be missing in a subset of the observations,
and this subset may vary depending on the view under
consideration. We are currently developing a variant of
ISM that can process multi-view data with missing views.
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In this approach, sets of views with enough common
observations are integrated with ISM separately. Using the
model parameters, the transformation into the latent ISM
space can be expanded to all views over all observations
in the set, resulting in much larger transformed views
than the original intersection would allow. This expansion
process enables the integration of the ISM-transformed
data from the different view sets, again using the ISM.
Interestingly, a similar integrated latent space approach
has already been proposed to study the influence of social
networks on human behavior.”” After masking a large
number of views, the dataset of UCI Digits dataset was
analyzed using this approach. A more detailed description
of the expansion process (Workflow S1, Figure S1)
and preliminary results (Figure S2) can be found in the
Supplementary Materials.

Importantissues such as the handling of highly dynamic
or rapidly updating datasets have not yet been investigated.
This will be addressed in a future article.

It is worth noting that by replacing NMF with NTF in
the initialization unit of the ISM workflow, ISM can be
easily extended to multi-view data where the views are
themselves tensors of order three or higher, provided that
all dimensions except the attribute dimension are shared
between the views. Interesting applications include the
analysis of longitudinal multi-view data or the integration
of multiple X-ray views. These topics will be the subject of
dedicated articles.

Finally, the extension of ISM to the ILSM approach, as
described in the methods section (Section 2), is achieved
by a simple chained matrix multiplication — an example of
ISM inheriting the simplicity and compactness of the NTF
model, made possible by embedding views in a 3D array.
This has important advantages:

i.  Performance

e Independent view factorizations can be achieved
using parallel computing.

e The number of attributes in each transformed
view is reduced to its factorization rank, allowing
ISM to be performed on a much smaller dataset.

Versatility

e ILSM can be applied to compute NMF on big
data in a federated or distributed way. To this
end, smaller slices are constructed at random,
with each slice considered a particular view
that is submitted to ISM. Preliminary results
indicate significant performance improvements
(Workflow S2 and example in the Supplementary
Materials).

ii.

While ILSM does not claim to outperform all alternative
approaches in every context, this illustrates the scalability

and versatility of ILSM, extending far beyond the scope of
multi-view data analysis.

5. Conclusion

The proof-of-concept analysis results provide strong
preliminary support for the proposed new method. As a
next step, we will perform a comprehensive comparison of
ISM with state-of-the-art alternative methods, including
those considered in this article, and report the findings in
a follow-up article.

To further illustrate ISM’s key benefits and broad
applicability, we will conclude by presenting some potential
applications currently under evaluation, with results to be
published in future articles.

In longitudinal clinical studies, where participants are
followed up later, the ISM model can be trained at baseline
and applied to subsequent data to calculate meta-scores.
The interpretability of the associated components makes
ISM meta-scores more appealing to clinicians compared
to the mixed-sign latent factors from other factorization
methods.

Consider complex multidimensional multi-omics data
from one and the same set of cells (single-cell technology).
There is a growing amount of single-cell data corresponding
to different molecular layers of the same cell. Data
integration is a challenge as each modality can provide a
different clustering stemming from a specific biological
signal. Therefore, data integration and its projection into
a space must: (i) preserve the consensus between two
clusterings and (ii) highlight the differences each modality
may bring. ISM view loadings can address these two key
requirements: components with similar contributions from
each molecular layer highlight a consensus that can be
inferred from clustering based on the ISM meta-scores of
such components. In contrast, components with differing
contributions from each molecular layer highlight each
modality’s specificities, which can be inferred from clustering
based on the ISM meta-scores of such components.

The area of spatial mapping, including spatial
imaging and spatial transcriptomics, is expanding at an
unprecedented pace. An effective method for integrating
different levels of information, such as gene or protein
expression and spatial organization of cell phenotypes, is
an unmet methodological need. We believe that ISM can
integrate these different levels of information, as shown
in the analysis of the UCI Digits data, to capture the
constituents that allow spatial patterns to be distinguished
across all levels.

The identification of new chemotypes with
biological activity similar to that of a known active
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molecule is an important challenge in drug discovery,
known as “scaffold hopping”* In this context, we are
currently analyzing the fingerprints of the docking of
10 of 1000 of molecules to dozens of proteins, with
protein-associated fingerprints forming the different
views of each molecule. The goal is to use the ISM-
transformed fingerprints to predict scaffold-hopping
chemotypes. Given the enormous size of the dataset -
each fingerprint contains more than 100 binary digits —
the ILSM strategy is being evaluated as a possible way to
reduce computational problems, as smaller sets of views
can be analyzed on smaller subsets of observations
before integrating them in their entirety.
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