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Abstract: This research deals with constructing second order mixed model, from Exponential (q), and Gamma 

(3,q), where the mixing proportions are 1,
1 1

 α 
  α + α +   

.

The p.d.f. is derived, and also CDF and reliability function. Then the parameters are estimated by method of 
moments and maximum likelihood as well as some proposed method. Where from Table 1 we find the first best 
fuzzy hazard rate is moment estimator with percentage and the second one proposed while the third best one is 
maximum likelihood estimation. We observe that the first best fuzzy hazard rate estimator is proposed one, and 
the second best one is maximum likelihood estimation and finally the moment estimator is best, according  to the 
results of fuzzy hazard rate function, we find that the first best is the proposed one, while the second best one is 
moments estimator, and finally the third one is maximum likelihood estimation. All the derivation required are 
explained, and results of comparison are explained in tables.

Key words: Maximum likelihood estimation, moment estimation, proposed method estimation, second order 
mixed model.

Introduction

The reliability of system can be considered as the 
probability that the system, must be strong enough 
to overcome the stress imposed on it. Bamber (1975) 
discussed the ordinal dominance graph and the area 
below the receiver operating graph, and published his 
paper in the Journal of Mathematical Psychology . The 
problems of estimating reliability as well as hazard rate 
function have attracted much attention from researchers, 
for example, Mom and Cheng (1991) introduced fuzzy 

system reliability analysis for components, using 
different types of membership function. and explained 
fuzzy system and sets. Cai et al. (1991) introduced fuzzy 
reliability depending on the fuzzy variable as a basis 
for a theory of fuzzy reliability and its applications of 
fuzzy sets and system, while Cheng and Mom (1993) 
introduced fuzzy system reliability analysis using fuzzy 
number. While Chen (1994) introduced an analysis 
of fuzzy system reliability, applying fuzzy number 
arithmetic operation and working on estimating fuzzy 
reliability of different types of system. 
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Jiang and Chen (2003) introduced a numerical 
algorithm of fuzzy reliability in Reliability Engineering 
and system safety. 

Wang and Shih (2008) introduced fuzzy reliability 
for systems with triangular fuzzy numbers based on 
statistical data, as well as fuzzy probability distribution 
for reliability of concrete structures. The Rayleigh 
distribution has a number of applications in settings 
where magnitudes of normal variables are important 
(Chansoo and Keunhee, 2009).

Mahmoudi and Zakerzadeh (2010) worked on the 
generalized Poisson-Lindley distribution and presented 
various methods for estimating and comparing the 
results through reliability optimization of a parallel 
series system. Ristić and Balakrishnan (2011) introduced 
a new distribution generated by gamma random variables 
and showed that the distribution contains as a special 
case of lower record value from random variables from 
a population with exponential distribution.

Also Shanker and Mishra (2013) introduced a 
research about quasi lindley distribution. El-Damcese 
and Ramadan (2015) investigated some statistics 
properties of the mixture generalised linear failure rate 
distribution (or MGLFRD) and MGLFRD with fuzzy 
parameters methods. Formulas of a fuzzy reliability 
function, fuzzy hazard function and their α-cut set are 
presented.

Hussian and Essam (2016) estimated models for 
strength stress, models under fuzzy environment of 
exponential random variables with different parameters.
An application for the Rayleigh distribution is the 
analysis of wind velocity (Pessanha et al., 2016). 
Zeghdoudi and Nedjar (2016) worked on deriving 
gamma Lindley Distribution and studied its properties 
by simulation.

Shafiq and Veirtl (2017) studied generalised 
estimators for the parameters and hazard rates proposed 
for bathtub failure rate distributions to model fuzzy life 
time data effectively.

The mixture distributions have vital role in practical 
applications for researches that deal with economics, 
medicine, agriculture, life testing, and reliability for 
classical reliability theory. There are several methods 
and models in which the parameters are assumed to be 
precise. Nevertheless, there are difficulties in handling 
reliability and hazard functions in the real world due 
to the vague, random distribution of fuzzy parameters 
in lifetime distribution. Many researchers have worked 
on fuzzy reliability and developed this field. In their 
study, Hussian and Essam (2017) discussed about 
fuzzy exponential distribution and how to compute 

reliability in case of stress-strength model and ranked 
set sampling.

Jasaim and Saleemah (2018) compared different 
fuzzy estimators for hazard rate function under mixed 
quasi – Lindely distribution. These estimators are 
maximum likelihood, moments, and frequency ratio 
method.

Theoretical Part
This part of research deals with defining the random 
variable (×1), which is distribution as exponential with 
parameter (q), where its probability density function pdf 
and cumulative distribution function CDF, are explained 
in equations (1) and (2).

While the second random variable (×2) is distribution 
as Gamma (3, q), and its pdf and CDF, are explained 
in equations (3)and (4).

Let x1 be r.v. ~Exponential (q) with p.d.f and CDF, 
given as:

	 f (x1) =	θe–θx	 (1)

	 F(x1) =	1 – e–θx	 (2)

While ×2 is r.v~Gamma(3,θ)
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While the cumulative distribution function of this 
second order mixed model is:

Fx(x) = ( )
2 211 1 1

1 ( 1) 2
x x xe e x−θ −θ  α θ

− + − + θ +   α + α +    
			  (6)

And corresponding Reliability function is

	 Rx(x) =	1 – Fx(x)

 	= 
2 21 1

( 1) 2( 1)
x

x
xe x

e
−θ

−θ

 α θ
+ + θ +  α + α +  

	 (7)

And the hazard rate function
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Therefore, the function to be estimated is fuzzy hazard 
rate function ( ( ))i ik h x  were 
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where q,a are estimated by moments, and maximum 
likelihood, and proposed one.

After the second order failure to time model is 
derived from exponential and Gamma and its mean 
and variance and Reliability function, and hazard rate 
function are derived, we introduce, estimation methods 
to estimate (a,q) and then compare different fuzzy 
estimators of hazard rate function.

Estimation

This section deals with estimating the two parameters 
(q,a) of second order failure to time model, by methods 
of maximum likelihood, and moments as well as 
proposed one.

Maximum Likelihood Estimation (MLE)
Let x1, x2,….xn be a r.s from fx(xi, θ, α) 

	 L =	
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While from 

    
2

1 2

log 1
( 1)

2

n

i
i

L n

x=

∂ −
= +

∂α α +  θ
α + 
 

∑

     

12
2

1

ˆ
ˆ

ˆ( 1) 2

n

i
i

n x
−

=

 θ
= α +  α +  
∑

     12
2

1

ˆ( 1)
ˆ

ˆ
2

MLE
n

ii

n

x
−

=

α + =
 θ
α +  
 

∑
	 (15)

Solving equation 12 numerically gives ˆ( )MLEθ  but for 
a, we have 
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Which is an implicit function solved numerically to find  
ˆ( )MLEα  from simplified equation below
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Moments Method Estimation (MOM): 
The estimation by moment’s method depend on
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Proposed Method Estimation (PROP):
Since the studied (compound distribution) have one 
shape parameter (a) and one scale parameter (q), we 

can use some non-parametric proposed estimator like 
(Median estimator) where 

( )
ˆ ( )i iMin x xθ = =

and		  ˆ ln 2 / ln ˆ
Me α =  θ 

 

also we can use probability weighted moment (PWM) 
estimator of a where
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where y(1)<y(2)<…y(n) order observation of sample and 
the scale parameter 

( 1)ˆ
ˆ

y +
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α

Simulation Procedure

The comparison fuzzy hazard rate function of second 
order model is done through simulation, where 
(n = 25, 50, 75) and take the values of 0 < ti < ∞

	1.	 Generate the random variable according to (Quasi 
Lindley) with two parameters (a, q) using method 
of rejection and acceptation.

	2.	 Generate random variable ui ~uniform (0, 1)
	3.	 Generate two random variables vi~ exp (θ), and wi 

~ Gamma (3, θ).

	4.	 If 
1iµ p α

≤ =
α +

 then xi = vi otherwise xi = wi.

Third step
Estimate second order fuzzy hazard rate function using    

ˆˆ ,α θ  and given values of (ki) (fuzzy parameter) as well 
as values of random variables (xi).
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Table 1: Estimators of fuzzy hazard rate function when α =  0, 4, θ = 0.7, = 0.3k  

Best
 propHMomHmleHRreal HitiN

Prop0.52620.54430.58320.55001.5

25

MOM0.62030.60510.63360.60002.5
MOM0.66340.61240.66860.63233.5
MOM0.67210.64430.69270.65624.5
Prop0.68220.67280.70830.67425.5

MOM0.72030.71860.72340.68896.5
MOM0.73840.73210.73350.70037.5
MOM0.74550.74210.74390.70828.5
MOM0.75550.75040.75250.71769.5
MLE0.76210.76440.75780.724210.5
MOM0.56420.54280.56350.55001.5

50

MLE0.61420.60190.61220.60002.5
MOM0.64680.63990.64680.63233.5
MOM0.67100.66360.67030.65624.5
MOM0.68900.68670.68840.67425.5
Prop0.70240.70250.70280.68896.5
Prop0.71210.71340.71410.70037.5

MOM0.72330.72190.72330.70828.5
MOM0.73090.72880.73070.71769.5
MOM0.73740.73650.73710.724210.5
MLE0.57370.60640.55570.55001.5

75

Prop0.60160.64260.60610.60002.5
MLE0.65420.67360.63820.63233.5
Prop0.67720.70420.68140.65624.5
MLE0.69460.71920.68940.67425.5
Prop0.69360.73190.69930.68896.5
Prop0.70810.74310.71300.70037.5
Prop0.70890.75040.72430.70828.5
Prop0.71880.75740.73330.71769.5
Prop0.72770.76230.74620.724210.5

From Table 1 we find the best first estimator for fuzzy hazard rate function is ˆ ( )mom ih t  with percentage 14 47%
30

  = 
 

 while 

ˆ ( )prob ih t  is best with 11 37%
30

  = 
 

 while MLE best with 16%
30

 
 
 

. So we prefer the estimation by moments first and 

then by proposed and finally by MLE.

Summary of initial values are α>-1, θ>0

α θ
ik n = 25, 50, 75

0.4 0.7 0.3
0.25 0.6 0.6
0.25 0.8 0.3

Conclusions

So finally we can conclude that first best fuzzy hazard 
rate function estimator is proposed one and second best 
is moment and Maximum Likelihood is third best one. 
According to the values of fuzzy hazard rate function 
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Table 2: Estimators of fuzzy hazard rate function when a = 0.25, q = 0.6, = 0.6k

Best
 propHMomHmleHRreal HitiN

MOM0.57370.60640.57320.5511.5

25

Prop0.62160.65060.62260.6022.5
Prop0.65420.68260.66460.6333.5
Prop0.67730.70320.68270.65724.5
Prop0.69460.71920.70880.67505.5
Prop0.70820.73290.72350.68886.5
Prop0.71890.74210.73480.70127.5
Prop0.72670.75020.74390.70198.5
Prop0.73250.75640.75150.71679.5
Prop0.74050.76220.76340.723110.5

MOM0.55360.54420.56350.5511.5

50

Prop0.60250.62020.61330.6022.5
MOM0.63420.62620.64660.6333.5
Prop0.65860.66120.67040.65724.5
Prop0.67200.67880.69180.67505.5

MOM0.69470.67050.70450.68886.5
Prop0.70660.71520.71260.70127.5
Prop0.71560.72280.72510.70198.5
Prop0.72210.72830.73340.71679.5
Prop0.72840.72940.73870.723110.5
MLE0.56880.56880.55570.5511.5

75

MLE0.60820.61760.60620.6022.5
MLE0.64120.65120.63940.6333.5
Prop0.66330.67450.66450.65724.5
Prop0.66220.67430.67140.67505.5
MLE0.69570.69150.68240.68886.5
MLE0.70440.70310.69340.70127.5
MLE0.71560.71240.70540.70198.5
MLE0.72410.72230.71410.71679.5
MLE0.72840.74630.72210.723110.5

It is clear from Table (2) that  the first  best  estimator of  fuzzy hazard rate function is 16ˆ ( ) *
30prop i ih k t = 100=0.53%=53% 

while ˆ ( ) 0.2666 27%MLE i ih k t = = while ˆ ( ) 20%Mom i ih k t = .

using three methods, which are Maximum Likelihood 
estimator and Moment estimator and Proposed 
estimator one, we note that the best first estimator for 
fuzzy hazard rate function is ˆ ( )mom ih t  with percentage 

14 47%
30

  = 
 

 while ˆ ( )prob ih t  is best with 11 37%
30

  = 
 

 

while MLE best with 5 16%
30

  = 
 

 (shown in Table 

1). So we prefer the estimation by moments first and 
then by proposed and finally by MLE. Table 2 clearly 
shows that the first best estimator of fuzzy hazard rate 
function is 16ˆ ( ) 100 0.53% 53%*30prop i ih k t = = =  while 

ˆ ( ) 0.2666 27%MLE i ih k t = = while ˆ ( ) 20%.MOM i ih k t =

Table 3 shows the result of fuzzy estimator of 
hazard rate function ˆ( )i ih k t . We find that the first 
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Table 3: Estimators of fuzzy hazard rate function when α = 0.25, θ = 0.8, 3= 0.k

Best
 propHMomHmleHRreal HitiN

Prop0.57370.60640.58210.55111.5

25

Prop0.62260.65260.63340.6002.5
Prop0.64520.68260.66760.66743.5
Prop0.65320.69310.70860.69274.5
MLE0.69460.69940.72460.69385.5
MOM0.70820.70940.73580.70026.5
Prop0.71880.72380.75050.70827.5
Prop0.72680.73450.74430.74468.5
Prop0.72780.74330.75750.75259.5
Prop0.73250.75760.76340.757810.5
Prop0.55590.56240.56990.55111.5

50

Prop0.60590.61320.61880.6002.5
Prop0.63940.64680.65430.66743.5
MLE0.66330.67200.66250.69274.5
MLE0.68240.68840.66840.69385.5
MLE0.79620.70390.70280.70026.5
MOM0.70540.70420.71420.70827.5
MLE0.72560.72330.72430.74468.5
Prop0.72420.73740.72510.75259.5
Prop0.72970.73940.73250.757810.5
Prop0.55230.55380.55820.55111.5

75

Prop0.60320.62450.60870.6002.5
MLE0.63650.63520.64270.66743.5
Prop0.65490.65860.66530.69274.5

MOM0.69130.67620.68280.69385.5
MOM0.70240.68890.69640.70026.5
MLE0.71150.70080.70750.70827.5
MOM0.71920.70570.71660.74468.5
Prop0.71820.71520.72460.75259.5

MOM0.72650.72260.74030.757810.5

Table (3) shows the result of fuzzy estimator of hazard rate function ˆ( )i ih k t . We find that the first best one is 
17ˆ ( ) *100 57%
30prop i ih k t = = while 6ˆ ( ) *100 20%

30Mom i ih k t = =  and 7ˆ ( ) *100 23%
30MLE i ih k t = =  so the first best estimator 

of fuzzy hazard rate function of second order failure to time model is proposed one and then MLE is second best, while 
moments is best with third degree.

bes t  one is  17ˆ ( ) 100 57%*30prob i ih k t = =   whi le 
6ˆ ( ) 100 20%*30MOM i ih k t = =  a n d  ˆ ( )MOM i ih k t = 

7 100 23%*30
=  so the first best estimator of fuzzy 

hazard rate function of second order failure to time 
model is proposed one and then MLE is second best, 
while moments is best with third degree.
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( )
ˆ

ixh Table (1) Table (2) Table (3)

MLE 16% 27% 23%
Moments 47% 20% 20%
Proposed 37% 53% 57%
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