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Abstract

Recent advancements in nanofluids have significantly enhanced heat and mass
transfer performance in complex engineering systems. In particular, hybrid nanofluids
combined with non-Newtonian models have emerged as effective solutions for
improving thermal efficiency under diverse physical conditions. The current study
presentsacombinedinvestigation of Carreau hybrid nanofluid flow overan expanding
cylinderwithviscousdissipation, thermalradiation,and simultaneoushomogeneous-
heterogeneous reactions, providing a unified framework for analyzing coupled heat
and mass transfer characteristics. Olive oil is employed as a biocompatible base fluid
due to its high bioavailability and stability, while yttrium oxide (Y,0;) and zirconium
oxide ZrO, nanoparticles are introduced to enhance thermophysical properties.
The Carreau model is used to capture the shear-thinning behavior of the non-
Newtonian fluid. The governing partial differential equations are transformed into
a system of ordinary differential equations via similarity transformations and solved
numerically using MATLAB's boundary value problem solver (bvp5c). The influence
of key parameters, including the Weissenberg number, curvature parameter, Prandtl
number, Schmidt number, Brownian motion, and thermophoresis, on the velocity,
temperature, and concentration profiles was thoroughly analyzed. Results reveal that
hybrid nanofluids significantly outperformed conventional nanofluids in heat and
mass transfer efficiency, particularly under high curvature and viscoelastic conditions.
The enhanced thermal performance and controllable diffusion characteristics of the
hybrid nanofluid make it a promising candidate for applications in biomedical drug
delivery systems and advanced thermal management technologies.

Keywords: Carreau hybrid nanofluid; Expanding cylinder; Heat transfer; Viscous
dissipation; Homogeneous-heterogeneous reactions; Brownian motion;
Thermophoresis; MATLAB bvp5c

1. Introduction

Hybrid nanofluids composed of a base fluid containing more than one type of nanoparticle
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exhibit enhanced thermal conductivity, stability, and
heat transfer performance compared to conventional
nanofluids. Their exceptional capabilities have made them
valuable in various applications such as electronic cooling
systems, solar collectors, and heat exchangers, where
nonlinear convective flows play a critical role."* Numerous
experimental and numerical studies have demonstrated
that hybrid nanofluids outperform mono-nanofluids in
terms of heat transfer, boiling performance, and thermal
energy storage.*” Among the available non-Newtonian
fluid models, the Carreau model is selected in the present
study because of its ability to describe shear-dependent
viscosity over a broad range of shear rates. The model
captures the limiting Newtonian behavior at low and high
shear rates while representing shear-thinning behavior in
the intermediate regime. Although Casson and Williamson
models are also widely employed for non-Newtonian flow
analysis, their rheological descriptions are more restricted
to particular classes of shear-dependent fluids. Hence, the
Carreau model provides greater flexibility for describing
the complex rheological characteristics of the hybrid
nanofluid considered in the present investigation.® This is
particularly important in complex flow environments such
as biomedical systems, where fluids experience varying
shear rates” When nanoparticles are introduced into
Carreau fluids, the resulting Carreau nanofluid exhibits
enhanced thermal performance while maintaining its non-
Newtonian rheology.® The inclusion of magnetic fields,
thermal radiation, and slip conditions further enriches the
physical complexity of such flows, making them suitable
for advanced simulations.”°

Recent studies have explored magnetohydrodynamic
(MHD) Carreau nanofluid flows over stretching surfaces,
highlighting the importance of Brownian motion and
thermophoresis effects on heat and mass transfer.!'"
These effects are particularly relevant in microscale and
biomedical systems, where particle migration significantly
influences thermal behavior.!** Researchers have also
investigated the impact of activation energy, chemical
reactions, and heat generation/absorption on Carreau
nanofluid flows in porous and deformable media.'**®

A unique and promising area of research involves
combining Carreau hybrid nanofluids with homogeneous-
heterogeneous chemical reactions. These reactions, which
occur simultaneously in both the bulk and surface phases,
are highly relevant in catalytic systems and porous media.""
1 Such systems have been studied over various geometries,
including stretching sheets and curved surfaces, to simulate
real-world applications such as polymer extrusion, coating
processes, and drug delivery.?*%

The MHD second-grade nanofluid flow over a stretching

circular cylinder was investigated with chemical reaction
and slip effects, revealing that the magnetic parameter
reduces velocity, while slip effects enhance temperature and
concentration profiles.” Computational analysis of steady
and oscillating heat and mass transfer in MnZnFe,O,-
water nanofluid was performed considering exothermic
reaction, solar radiation, magnetic field, and activation
energy. The results showed that increasing buoyancy force
and nanoparticle volume fraction enhance heat and mass
transfer, while a stronger exothermic reaction increases
temperature oscillations. Activation energy, solar radiation,
reaction rate, and nanoparticle concentration substantially
influence the oscillating nanofluid flow.”” Mixed convection
heat and mass transfer of graphene oxide-water Maxwell
nanofluid over a radiating cylinder was investigated under
steady and unsteady conditions. The results showed that
the Maxwell parameter increases velocity, temperature,
and concentration, while radiation intensifies oscillations
in velocity and temperature.® MHD Oldroyd-B fluid
flow over a stretching polymeric surface was investigated
considering viscous dissipation, variable density, Soret and
Dufour effects, and convective boundary conditions. The
results showed that increasing the magnetic field enhances
temperature, whereas increasing the Prandtl number (Pr)
reduces it. Higher convective heat-transfer parameters also
increase skin friction and mass-transfer rates.”’

Carreau ternary hybrid nanofluid stagnation-point
flow over a stretching cylinder incorporating thermal
diffusion and molecular motion effects, confirming
enhanced thermal and solutal transport over conventional
nanofluid models, a finding consistent with the recent
study’s approach.** Homogeneous-heterogeneous surface
reactions and magnetic retardation in an A,Os-Cu hybrid
nanofluid over a stretching cylinder significantly intensify
species depletion at the catalytic wall, a mechanism
analogous to the Damkohler-number-driven pollutant
degradation modeled has been investigated.*! The internal
heat generation and nonlinear buoyancy forces jointly
amplify thermal transport in porous medium flows, a
finding consistent with the role of the heat generation
parameter observed in the present penta-hybrid nanofluid
system.*> The penta-hybrid nanofluids composed of five
distinct nanoparticles in a blood-based fluid under MHD
squeezing flow deliver superior thermal performance
compared to lower-order hybrid formulations, validating
the motivation for adopting a penta-hybrid nanofluid.*

Olive oil is selected as the base fluid for the current
Carreau hybrid nanofluid because of its biocompatibility,
low toxicity, thermal stability, and potential relevance
to biomedical heat-transfer applications. Yttrium oxide
(Y,0,) and zirconium oxide ZrO, nanoparticles are
incorporated to enhance thermal transport and mass
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diffusion characteristics. Although previous studies
have examined Carreau nanofluids, hybrid nanofluids,
and homogeneous-heterogeneous reactions separately,
their combined effects over an expanding cylinder
remain insufficiently explored. Therefore, the present
study investigates the nonlinear convective flow of a
Y,05-ZrO,/ olive oil Carreau hybrid nanofluid over an
expanding cylinder, considering viscous dissipation,
thermal radiation, Brownian motion, thermophoresis, and
homogeneous-heterogeneous reactions. The study aims to
clarify the coupled momentum, heat, and mass-transfer
characteristics, thereby addressing the identified research

gap-
2. Mathematical formulation

We considered the steady, axisymmetric flow of a Carreau
hybrid nanofluid over a stretching cylinder in the presence
of a uniform transverse magnetic field. The mathematical
model incorporated viscous dissipation, Brownian motion,
thermophoresis, and  homogeneous-heterogeneous
chemical reactions. The Buongiorno model was adopted
to characterize nanoparticle transport by accounting for
Brownian diffusion and thermophoretic effects. Figure
1 shows the materialistic representation and coordinate
system. Table 1 shows the important thermal properties of
selected nanoparticles used in the study.

A single-step isothermal reaction was considered
between species A and B, governed by first-order kinetics
(Equations 1 and 2).

A+2B — 3B, rate =d ab’ (1)

Table 1. Important thermal properties of selected
nanoparticles used in the study***

Thermal properties

Nanoparticles c, (Jkg"K" ) p(kgm > ) B (Wm’lK’l )
Y,0, 0.466x10° 5,010 145
Zr0O, 0.502x10° 5,680 1.7

H, 2,000 920 0.168

Abbreviations: Y,0,: yttrium oxide; ZrO,: Zirconium oxide.

On the catalyst surface, a first-order single-reaction
process was thermodynamically proceeding.
A— B, rate=d a )
The concentrations of chemicals A and B for the species
combination were expressed as a and b, respectively, while
the rate constants d_and d_were indicated, assuming that
both were isothermal reaction processes. The model’s

governing equations were constructed after applying the
common boundary-layer approximations.

0 0
2 ()42 ()0 3)
ax(m) r(rv)
n-1
N 2\ 2"
(2,0t (00, (2]
ox Or p,, ror or or (4)

n=3
o ? 1> o, B
ST A ’:(‘l”J 1+r2(‘l”] il i
Py or-\ or or Pns

Figure 1. The materialistic representation and coordinate system
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or  or  ky a[ 6T} {
Uu—=rv—=—F——"""-——— +7

p, 20T Dy [6Tﬂ’ 5)

ox  or r(pCﬁ )M orl or Poror T, or
2 A A
N =D, a—er% +DA6—Q+&£—d‘,abz, (6)
o or or-  or or T, or
2
%, R a—i’+% +D, %+D—6—T+dab (7)
Ox or or- or L or T, or

Based on Equations 3-7, the boundary conditions are
stated as follows (Equation 8):

u=u(x),v=0, D, G —=d.a, Dy— b _ —d_a,
*or Bor
8
rn0 D 5, BT g )
*or or or T, or

u—>0,T->T,a—>a,bo>b atr—>w

The stretching velocity of the cylinder is defined as
u(x) — ™ where u, denotes the characteristic stretching
velocity, and / is the characteristic length. The velocity
components u and v represent the axial and radial
velocities, respectively. The concentrations of the chemical
species 4 and B are denoted as « and b, while D,
and D, denote their respective mass diffusivities. The
thermophysical properties of the hybrid nanofluid include
density p,,, dynamic viscosity u,,, kinematic viscosity
v, » Specific heat capacity c, ) s » volumetric heat capacity
(»C,),, thermal conductivity &, , and thermal diffusivity
a@,, - The parameter n denotes the power-law index in
the adopted constitutive model. At the cylinder surface,
the zero nanoparticle mass-flux condition is imposed
to account for Brownian diffusion and thermophoretic
migration.

2.1. Effective thermophysical properties of the
hybrid nanofluid

The effective thermophysical properties of the
Y,0,—ZrO, /olive oil hybrid nanofluid were evaluated
using conventional mixture and effective-medium
correlations. The effective density and heat capacity were
determined from the volumetric mixture relations, while
the effective viscosity was calculated using the Brinkman-
type relation. The effective thermal conductivity was
obtained using a sequential Maxwell-type model, in which
the effective conductivity of the first nanoparticle base-
fluid suspension was calculated first and subsequently
used as the effective base conductivity for the second
nanoparticle. Accordingly, the effective properties are
expressed as follows (Equations 9-13):

o  Effective density

p U pz 3 p 3
= (1= @0, )| 1= Bro, + Prao, — |+ P, — ©)
Pr Py Py
o  Effective viscosity
My 1
= 25 (10)

Hy (1_%203 )2.5 (1_¢Zr02)
o  Effective heat capacity

(rC,)

= (1 _(per») 1_<DY,0X + @0, - * P, % (1 1)
R R A R )

o  Effective thermal conductivity

Ky ko, +2ky + 20,0, (eroZ _k/‘)

ky eroz +2k, — 2(p2r02 (ero2 —k, )

(12)
where ky = kyo, + 2k, + 20,0, (kAg _k/')
ky kyo, +2k, =20y, (kAg —k, )
khn/'
alm = 13
" (eC, )W (13)

Olive oil was used as the base fluid for the present
Carreau hybrid nanofluid, with Y,0, and ZrO,
nanoparticles dispersed in it. The nanoparticle volume
fractions of Y,0, and ZrO, were denoted by @y,
and @0, , respectlvely In the present study, both
nanoparticles were used at a volume fraction of 3%, i.e.,
Pr0, = Pz0, =0.03, these concentrations were selected
to enhance the effective thermal conductivity of the
hybrid nanofluid while maintaining stable nanoparticle
dispersions and limiting excessive particle agglomerations.
The total hybrid nanoparticle volume fraction was
therefore @, , + ¢, =0.06. When @y, =@, =0, the
hybrid nanofluid reduced to the base Carreau fluid.

The stream function ¥ (V »X ) is presented to attempt to

conclude the continuity equation (Equation 14), such that:

:lal, v:_lal (14)
r or r ox

where ¥ =\/u(x)vfx Rf(’]),

The dimensionless stream function is shown as
Equation 15:

n:ﬂ M, 9(77):

2R\ vx T, -T, (15)
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The chemical concentration calculations for species A
and B are shown in Equation 16:

b
m(”):CTO and ”(77):; (16)

The governing equations assume the following form
after integrating the designated transformation (Equations
17-20):

n-1

2D1k(1 +we’ (f”)2 )T

+D, (1+2kn) £ (14 we? fn)Z)"%l

(17)
n-3
D, (n —l)we2 (f")3 k(1+we’ (f")z)T
Dy (n=1)we* (1) f(1+we* (7)) 7 (1+2kn)
_D2Bfr_(fr)2 +ﬁw ZO,
D, (1+2kn)0" +2kD,6 + D,Prf ¢’
(18)
+(1+2kn)| N0+ N, ()" | =0,
1 " ! !
E((1+2k77)m +2km)+mf )

+%[(1+2k7})9”(n)+2k (9':|—Lmn2 =0,

O (14 2k + 2’y + 'f

Sc (20)
Nt " 4 2

# oy L+ 2km)0” () + 2k 67+ L’ =0,

The corresponding boundary conditions are shown in
Equation 21:

£(0)=0, (0)=1, 6(0)=1, m'(0) = L,m(0),

N,m'(0)+N,6'(0)=0, 6n'(0) :_LS—"(O), (1)

f(0)=0, 6(0)=0, ()=1, n(x)=1.

The curvature parameter &, the Weissenberg number
We, magnetic field parameter B, Pr, Schmidt number
Sc , ratio diffusion coeflicients s, the diffusive transport

limiting factor N,, the thermally-driven migration

limiting factor N,, and the homogeneous-heterogeneous
reactions limiting factor Ls are all constants that have no
dimensions in Equations 17-21; their typical expressions
are shown in Table 2.

Table 2. Typical expressions of parameters from Equations
17-21

Parameter Symbol Expression
Curvature 1vd
k 25
parameter R\ u,
Weissenberg We rzrjusz
number Ly,
Magnetic field 3 o5
parameter pra
Prandt]l number Pr ‘;—’
. vy
Schmidt number Sc .
D»i
Ratio diffusion s Dy
coefficients D,
Brownian D, (b, -b,)
motion limiting N,
factor v
Thermophoresis N 7Dy (Tu -T, )
limiting factor ! vT,
Homogeneous-
heterogeneous I v
. s e
reactions D,\ u,
limiting factor
Effective 1
dynamic -
viscosity b [(1*#’1)23(1*‘/’:)‘5](1*4’1){1*401+¢.%}%%
f !
parameter
1
Effective density D
parameter 2 (1-0)|1-9 + o, P +¢2&
Py Py
Effective
pC pC
heat capacity D, (1-9,) 1—¢1+¢]( p)" + z( ”)vz
parameter (p C, ) ; (Pcp ),»
Effective
thermal D ko + 2k, + 20, (k.yz —k, )
C) 4
conductivity k,, + 2k, —20, ( k,, —k, )
parameter
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Chemicals A and B typically have variables of diffusion
that are about analogous in size. Assuming that D, and
Dy are equal (i.e.,& =1); hence (Equation 22):

m(n)+n(n)=1 (22)

Equations 19 and 20 thus become Equation 23:

l((l +2kn)m" + 2km' )+ m'f
+%[(1+2k77)0"+2k9’]—Lm(1—m)2 =0

b

The boundary conditions then influence Equation 24:
m'(O):Lsm(O), m(OO)—>1 (24)

3. Physical quantities

The engineering quantities of interest, namely the skin
friction coefficient, Nusselt number, and Sherwood
number, are evaluated to analyze the flow, heat, and mass
transfer behavior. These parameters provide a quantitative
measure of the surface drag, thermal performance, and
species diffusion characteristics of the hybrid nanofluid
system.

o Coefficient of skin friction

The coefficient of boundary-layer drag C, is the pertinent
physical parameter. It describes surface drag, which is
given by the stress caused by shearing at the wall surface
7,. (Equation 25).

n-1

2 2
Tr‘r = _/’lhnf (a_uJ 1+ FZ (a_u)
’ | or or (25)

r=R

n-1

= —sz"(O)(l +we’ (f"(O))2 )T

Here, #,, is the viscous modulus of the Carreau hybrid
nanofluid, and the coefficient of boundary-layer drag is
defined as Equation 26:

2
s 2en)en )’:5 (26)
pyu(x)

Using Equations 25 and 26, Equation 27 can be
derived:

n—-1

¢ \[Re, ==2D,1"(0)(1+we* (17(0))')” @7)

«  Nusselt number

The local Nusselt number Nu is the physical amount of
significance, given by the heat transfer at the wall’s surface
4, (Equation 28):

oT
r=R

The local Nu is given by Equation 29:

Nu:% (29)
k(Tp _Tw)

Substituting Equation 28 in Equation 29, we obtained
Equation 30:

Nu
Re

X

=-D,0'(0) (30)

o Sherwood number

The local Sherwood number Sk is the pertinent physical
quantity, given by the wall's mass-motion surface g¢,,.
(Equation 31):

q,=-D (amj (31)
ar r=R

The local Sh is given by Equation 32:

U (32)
D(CP _Cw)

Substituting Equation 31 into Equation 32, we
obtained Equation 33:

Sh
Re

X

=m'(0) (33)

In Equations 27, 30, and 33, Re, represents the local
Xi
Reynolds number defined by Re, = @
/

4, Methodology

The governing Equations 17, 18, and 24 became highly
nonlinear when the boundary conditions given by
Equations 21 and 24 were applied. To address the non-
dimensionalized versions of these equations, a boundary-
value-problem approach is used, with the function serving
as the numerical method for solving them. Figure 2
illustrates the flow chart for the bvp5c process. The initial
step involves converting Equations 17, 18, and 23 into
first-order ordinary differential equations (Equation 34):
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f:ypf’:yzsf”:ypfm:y;; 92)’4, H’:yy’

4 ’ ’ " ’ (34)
0 =Vs, M= Y5, M =Yy, M :h7

Substituting Equation 34 into Equations 17, 18, and
23, they are converted to Equations 35-37:

n=1
2= yn = 2Dk (14w (1)) T =Dk (n=1)we’ (1) (1+we’ (1)) ?

 3)

H, = y; = .
Dl(]+2kr])(l+we2(y3)2)7+Dl(n—l)wezyf(]+2/m)(1+w62(y3)2)
H, =y, = =D, [2kys + Pryyys]= (14 2k)[N, ysy 1+ (14 2KV, () ] (36)
‘ D, (1+2kn)
2 N,
Lyé(l_yé) _2]9/7_y1y7_7(1+2k77)[2ky5]
H,=h = b (37)

Si(l +2kn)

With boundary conditions shown in Equation 38:

7(0)=0,7,(0)=1,,(0)=1,
¥,(0)=Ls y,(0),N,»,(0)+ N,y,(0)=0, (38)
() = 0.3, ()= 0.3, () =1.

In this case, the boundary value problem was
performed to solve Equations 35-37, along with the
corresponding boundary conditions from Equation
38. Initially, approximate initial values were selected for
¥3(0),5(0),and y,(0) as 1,1, and 1, respectively. Then,
the resulting system of first-order ordinary differential
equations was solved using the boundary value problem

Figure 2. Algorithm flow sheet of the bvp5c technique
Abbreviation: ODE: Ordinary differential equation.

technique. The solution was iterated until the residuals of
H,,H, and H, fell within the acceptable error threshold,
ensuring that the desired convergence criteria were met.

The boundary-value problem was solved using
MATLAB’s bvp5c solver (MATLAB R2024b, MathWorks,
Inc., USA) with adaptive mesh refinement. The numerical
solution was considered converged when the changes
in the computed solution and engineering quantities
between successive refinements were negligible and
remained within the prescribed solver tolerance. A mesh-
independence check was also performed by increasing the
number of computational mesh points, and no significant
variation was observed in the velocity, temperature, and
concentration profiles. The solver tolerance was maintained
at 10, ensuring satisfactory numerical accuracy and
stability. The converged solutions were subsequently used
to calculate the skin-friction coefficient, Nu, and Sh.

Table 3 shows the effect of We and k on the
performance of the nanofluid and hybrid nanofluid. The
results show that hybrid nanofluids exhibited higher heat
transfer performance than nanofluids as & and We
increased.

Table 4 illustrates the impact of the pPr with £,
Brownian motion parameter N,, and thermophoretic
parameter N, on the performance of nanofluid and hybrid
nanofluid. The hybrid nanofluid consistently performed
well across varying parameters, highlighting its enhanced
heat transfer capabilities.
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Table 3. Coefficients of skin friction for various values of We , k , and the fixed values of Sc=1.2 and Pr=6

We k Base fluid, ¢, =0, ¥, =0 Nanofluid, ¢, =0.03, @, =0 Hybrid nanofluid, @, = 0.03, @, =0.03
0.5 1.7394 1.9549 2128

0.3 0.6 1.9259 2.2073 2.2838
0.8 2.3448 2.7830 2.9040
0.5 1.9300 2.2170 2.2896

0> 0.6 2.1749 2.5603 2.6602

0.7 0.5 2.1713 2.5449 2.6357

Abbreviations: k: Curvature parameter; Pr: Prandtl number; Sc: Schmidt number; We: Weissenberg number.

Table 4. Nusselt number for various values of Pr, k, N,, N, and the fixed values of Sc=1.2 and We =3

Pr k N, N, Base fluid, ¢, =0, @, =0 Nanofluid, ¢, =0.03, #, =0  Hybrid nanofluid, #, =0.03, @, =0.03
0.5 1.5 0.5 5.4856 5.9590 7.5438
1 0.6 1.5 05 6.8702 7.5688 8.8701
0.8 1.5 05 7.4569 8.7756 9.6833
0.5 1.6 0.75 5.4956 5.9698 7.5445
2 0.5 17 0.75 6.4722 6.9244 8.2302
0.5 1.6 0.6 5.5021 5.9788 7.5450
3 0.5 1.6 0.7 6.2322 6.9342 8.1021

Abbreviations: k: Curvature parameter; N,: Brownian motion limiting factor; N;; Thermophoresis limiting factor; Pr: Prandtl number; Sc: Schmidt

number; We: Weissenberg number.

Table 5 depicts the influence of the homogeneous
parameter Ls against Sc on nanofluid and hybrid
nanofluid performance. The hybrid nanofluid demonstrated
the highest performance improvement as Ls and Sc
increase, reflecting enhanced transport properties.

The ranges of the governing dimensionless parameters
were selected based on their physical significance and the
ranges commonlyadoptedinrelated non-Newtonian hybrid
nanofluid transport investigations. The selected values were
restricted to physically meaningful regimes that preserve
the validity of the mathematical model and provide stable
numerical solutions. The parameter variations were selected
to systematically examine the individual effects of the
magnetic field, curvature, non-Newtonian characteristics,
thermal radiation, Brownian motion, thermophoresis, and
homogeneous-heterogeneous chemical reactions on the
velocity, temperature, and concentration distributions.
These ranges also enabled a meaningful assessment of the

sensitivity of the transport characteristics and engineering
quantities to the principal controlling parameters.

5. Results and discussion

MATLAB results show the effects of several factors on
temperature, concentration, and velocity profiles. Under
various physical circumstances, important outputs such as
skin friction, Nusselt, and Sh were investigated.

o Velocity profile

As k increased, both nanofluids and hybrid nanofluids
experienced a faster reduction in velocity due to more
vigorous resistance to the motion (Figure 3A). The velocity
profile ' (1) decreased by about 20% atn = 0.5 as the reaction
rate constant k rose from 0.3 to 0.5, with hybrid nanofluids
consistently showing lower velocity than conventional
nanofluids. The hybrid nanofluid demonstrated better
flow stability and improved heat transfer, highlighting
the benefits of using multiple nanoparticles for enhanced
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Table 5. Sherwood number for various values of Ls, Sc, and the fixed values of Pr=6 and We =3

Ls Sc Base fluid, @, =0, @, =0 Nanofluid, @, =0.03, @, =0 Hybrid nanofluid, @, = 0.03, ¢, = 0.03
1.0 5.4856 6.1326 8.4153
0.4 1.2 6.7237 7.2353 9.1287
1.5 7.1236 9.3120 11.765
1.0 5.5038 6.4368 7.9874
0.5
1.2 6.8974 7.6740 9.0975
0.6 1.0 5.6543 6.9875 8.9845

Abbreviations: Ls: Homogeneous-heterogeneous reactions limiting factor; Pr: Prandtl number; Sc: Schmidt number; We: Weissenberg number.

Figure 3. Effect on the velocity at (A) k and (B) We

Abbreviations: k: curvature parameter; Ls: Homogeneous-heterogeneous reactions limiting factor; N,: Brownian motion limiting factor; N;: Thermophoresis
limiting factor; Pr: Prandtl number; Sc: Schmidt number; We: Weissenberg number.

performance under varying conditions. It is noteworthy
that increased k would increase the centrifugal forces
acting on the fluid, thereby amplifying resistance and
disrupting the flow.

As We increased, the velocity decreased rapidly,
indicating greater resistance due to viscoelastic effects
(Figure 3B). The velocity gradient f ' () atn = 1.3 decreased
by about 40% when We increased from 3 to 6. Hybrid
nanofluids regularly exhibited lower values than nanofluids.
However, the hybrid nanofluid exhibited greater moment
flow stability than the nanofluid, consistent with studies
that highlight its improved heat transfer efficiency under
complex conditions. This is because a higher We reflects

excellent elasticity in the fluid, which resists deformation
and slows the flow.

o  Temperature profile

The increase in Pr resulted in a rapid decrease in
temperature (Figure 4A). At nn = 0.8, the temperature
profile (1) decreased by around 20% as the Pr rose
from 2 to 5. Hybrid nanofluids consistently maintained
lower temperatures than conventional nanofluids. The
temperature profiles of nanofluids and hybrid nanofluids
were highly similar, indicating that the hybrid nanofluid’s
thermal properties closely resemble those of the nanofluid.
The reason may be that fluids with higher Pr values tend
to have greater resistance to heat diffusion, resulting in
quicker temperature drops.
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Figure 4. The effect on temperature at (A) Pr, (B) k, (C) N,, (D) N,

Abbreviations: k: curvature parameter; Ls: Homogeneous-heterogeneous reactions limiting factor; N,: Brownian motion limiting factor; N: Thermophoresis
limiting factor; Pr: Prandtl number; Sc: Schmidt number; We: Weissenberg number.

Figure 4B shows that as the k increased, the temperature
profile decreased. The temperature profile () at n = 1.1
decreased by about 35% when the reaction rate constant
increased from 0.3 to 0.5. Hybrid nanofluids regularly
showed lower temperatures than nanofluids. This is
because a higher k enhances convective heat transfer by
promoting greater interaction between the fluid layers and
the surface. Generally, heat transfer in hybrid nanofluids
was better at lower temperatures, and vice versa.

When N, increased, the temperature decreased
rapidly. In oher words, higher N, values in hybrid
nanofluids resulted in lower temperature (Figure 4C). The
temperature profile 8(n) at 7 = 0.5 decreased by almost
60% when N, increased from 0.5 to 1.5, with hybrid
nanofluids continuously retaining lower temperatures
than nanofluids. It should be noted that the N, represents

the random motion of nanoparticles within the fluid that
enhances energy exchange between the nanoparticles and
the surrounding fluid.

Generally, the thermophoresis parameter (N)
quantifies the motion of nanoparticles due to temperature
gradients. Figure 4D shows that as the N, increased, the
temperature decreased more slowly. As N, increased, the
temperature profile drops more quickly, and the hybrid
nanofluid exhibits a thermal boundary layer thickness that
is about 18% more than that of the nanofluid. The hybrid
nanofluid consistently exhibits slightly lower temperatures
than the nanofluids. As N, increases, nanoparticles migrate
from higher- to lower-temperature regions, reducing the
local concentration of nanoparticles in hotter areas. The
results reveal that the hybrid nanofluid exhibits better heat
transfer performance.
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o  Concentration profile

Figure 5A shows the effect of Sc on the concentration
for nanofluids and hybrid nanofluids. The concentration
profile rose as Sc increased, and at Sc = 0.8, the hybrid
nanofluid showed a concentration that was nearly 10%
higher than the nanofluid. Hybrid nanofluids exhibited
slightly higher concentration values due to the presence of
multiple types of nanoparticles. Therefore, it can create a
more stable suspension with reduced agglomeration.

Figure 5B depicts the effect of Ls on the concentration
profile for nanofluids and hybrid nanofluids. The Ls
represents the influence of a chemical reaction or source/
sink term on mass transfer. As the Lewis number rose,
the concentration profile fell, and at Ls = 0.4. The hybrid
nanofluid exhibited a concentration about 5% lower than
the nanofluid. As Ls increased it suppressed mass diffusion
by opposing or balancing diffusive transport, resulting in a
slower increase in concentration.

«  Effect of k and We on skin friction

Figure 6 shows the relationship between skin friction and
k for We. A positive correlation indicated that skin friction
increased with k for all We. Higher We values led to higher
skin friction. It suggests that inertial forces dominate over
surface tension at larger We. The hybrid nanofluid exhibited
around 20% more skin friction than the nanofluid at k
=0.4 for We = 5, and the absolute value of the skin friction
coeflicient rose linearly with the permeability parameter.
At higher W, elastic forces dominated, further increasing
skin friction. The separation between curves with We
indicated its strong impact on fluid dynamics and stability.

Figure 5. Effect on concentration at (A) Sc and (B) Ls

o  Effect of k and Pr on Nusselt number

Figure 7 presents the relationship between Nu and k for
different Pr, in which Nu increased linearly with k for all
Pr values, showing a direct relationship. Higher Pr values
resulted in higher Nu values. Furthermore, the thermal
diffusivity decreased relative to the momentum diffusivity
as Pr increased. The hybrid nanofluid had a 15% higher
heat transfer rate than the nanofluid at k = 0.3 for Pr = 8,
and the Nu rose with increasing permeability parameter.
Higher Pr values indicated a reduced thermal diffusivity
relative to momentum diffusivity, enhancing heat transfer.
The growing separation between curves with Pr reflects its
more substantial influence on heat transfer.

o Effect of k and Sc on Sherwood numeral

The value of the Sh increased with k across all Sc, showing
a positive correlation (Figure 8). As Sc increased from 1.0
to 1.5 at k = 0.3, the value of Sh increased by almost 30%.
Increasing the k values enhanced convective mass transfer,
further increasing Sh values. Higher Sc values indicated
lower mass diffusivity, strengthening concentration
gradients, and further boosting Sh. The analysis of
various parameters contributes to the advancement of the
biomedical industry, potentially enabling drug delivery to
targeted sites using a base fluid.

6. Validation of the numerical and graphical
results

To establish the accuracy and reliability of the present
numerical procedure, a validation study was performed

Abbreviations: k: curvature parameter; Ls: Homogeneous-heterogeneous reactions limiting factor; N,: Brownian motion limiting factor; N;: Thermophoresis
limiting factor; Pr: Prandtl number; Sc: Schmidt number; We: Weissenberg number.
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Figure 6. Effect of curvature parameter (k) on skin friction for various values of Weissenberg number (We)

Figure 7. Effect of curvature parameter (k) and Prandtl number (Pr) on Nusselt numeral

Figure 8. Effect of curvature parameter (k) and Schmidt number (Sc) on Sherwood numeral

Volume 23 Issue 5 (2026) 12 doi: 10.36922/AJWEP026290193


https://doi.org/10.36922/AJWEP026290193

Asian Journal of Water,
Environment and Pollution

Carreau nanofluid flow over expanding cylinder

by reducing the present mathematical model to an
appropriate limiting case. The governing parameters
associated with additional physical effects were set to
zero or to their corresponding limiting values so that
the resulting problem could be compared to previously
published results. The present numerical results were then
compared to the available literature values for the relevant
engineering quantity. The comparison demonstrated close
agreement between the present results and the published
data, thereby confirming the accuracy of the MATLAB
bvp5c implementation and the reliability of the numerical
solutions obtained in the present investigation.

A comparative analysis was conducted against
a previous study by Khan et al,” which focused on
homogeneous-heterogeneous reactions under different
physical parameters, including velocity, temperature,
concentration, local skin friction coefficient, and local
Nu. In addition to another study by Benaissa et al.,** we
focused on the application of each graphical application
that contributed to wellness in the pharmaceutical and
biomedical industry for different types of nanoparticles
(Y,0,, ZrO,).

7. Conclusion

In this study, the nonlinear convective flow of a Carreau
hybrid nanofluid over an expanding exponential
cylinder was numerically investigated, accounting for
homogeneous-heterogeneous reactions, thermal radiation,
and viscous dissipation. Similarity transformations were
employed to reduce the governing equations to a system
of nonlinear ordinary differential equations, which were
solved using the MATLAB bvp5c solver. The results
show that the governing physical parameters significantly
influence the velocity, temperature, and concentration
distributions. The inclusion of Y ,0,-ZrO, Hybrid
nanoparticles enhanced the heat-transfer characteristics,
while viscous dissipation and thermal effects modified
the temperature field. The homogeneous-heterogeneous
reaction parameters substantially influenced the
concentration distribution and mass-transfer behavior.
The present findings provide useful theoretical insights
into coupled heat and mass transport in Carreau hybrid
nanofluids over expanding surfaces. Future investigations
may consider experimental validation, transient and three-
dimensional flow configurations, different nanoparticle
morphologies, and more realistic physiological conditions
to explore the potential biomedical relevance of the
proposed model.
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