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Abstract: We present a simple mathematical model for examining the role of seasonal fluctuations of volume on
self-purification of natural water bodies such asalake ecosystem. The evolution of self-purification process, activated
by natural mechanisms of flushing by clean water and degradation of pollutants by aeration, is influenced by a
number of parameters depending on lake-specific characteristics. These parameters have been identified in the
formulation of themodel. Themodel consistsof aninitial value problem which has been solved analytically. Numerical
results are presented graphically to highlight the effect of these parameters on clean-up time corresponding to all
pollution levels. Results for a few simpler situations derived as particular cases from the general solution are also

included and discussed.
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I ntroduction

Since the last few decades, many countries world-wide
have been coping with themajor crisisof scarcity of safe
drinking water on account of alarge number of natural
water bodiesreeling under unprecedented high pollution
from unrestricted entry of industrial effluents and
domestic wastes. In the long-term, high pollution levels
may cause irreversible damage to the ecosystem of the
water body and its ability to survive and sustain aguatic
life. Apparently, totally preventing or partially curbing
the entry of pollutantsisan essential step tolet thewater
body self-purify itself by aeration and flushing by clean
water. Numerous studies devoted to the problem of
pollution management have advocated natural self-
purification as an appropriate clean-up strategy to revive
natural water bodies into a clean fresh water resource.
Using the concepts of acting pollution load and bearing
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capacity of a water body, Altunin (1996) adopted the
general model of development of systems to obtain the
maximum allowable critical value of the load for
protecting thewater body from an ecological catastrophe.
Jiang and Shen (2006) in their extensive study on
restoration strategies for Lake Donghu estimated the
natural purification rate of aeutrophiclake after pollutant
removal. In a case study on the system of Selenga River
andits Delta, Makushkin and K orsunov (2005) examined
the rate of microbiological transformation of organic
matter to determine the self-purification elements of the
water currents. Ostroumov (2005) gave a systematic
account of the concepts concerning the multiplefunctions
of the biota in the self-purification of water bodies and
watercourses.

Inthis paper, we present asimple mathematical model
for examining therole of seasonal fluctuations of volume
ontheevolution of the self-purification processin natural
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water bodies such asalake ecosystem. It isassumed that
the pollutants, largely biological wastes, are removed by
flushing and bio-chemical reactions with dissolved
oxygen. The main purpose of this study isto investigate
the effect of identified parameters on the evolving
pollution level and clean-up time for partial or full
recovery when volume fluctuations are taken into
account. The direct impact of these parameters on self-
purification isdescribed by figures showing thepollution
profiles for different values of the parameters. Results
for afew limiting cases are also included and discussed
in this paper.

Model Description and Problem Formulation

The pattern of fluctuations in the volume of water in a
lake during seasonal cycles, observed and recorded over
an extended span of time can provide estimates of
maximum deviation in the volume and the periodic time
of volume fluctuations. If it varies about its mean value
V,,, from minimum value V,,,,, to maximum value V,,,,
with periodic time T, then we may express the lake
volume V(t) (km°) at timet by

V(t) =Vp,(1+bsinot), 0<b<1 1)

in which the mean volume V., frequency o (year *) and
the scalar b quantifying the extent of maximum deviation
in the volume, namely, the amplitude bV,, are known
from

1 2n 1
Vm ZE(Vmax +Vmin)’ ® z? and b=§(vmax _Vmin)

If rj, ro, rpandr, respectively denote the volumetric flow
rates (km®year™) of inflow, outflow, precipitation and
evaporation, then thewater flow balancein thelake gives

V = ri"'rp_re_ro (2)
Here dot denotes derivative with respect to timevariable
t.

For a lake system, the flow rates r;, M and r, may
separately vary with time; but if the net rate of water
accretion resulting from inflow and the excess (deficit)
of precipitation over evaporationisavery slowly varying
function of time, thenthe sumr; + (r,—r) can beregarded
to have a constant value r, say and we write

M+ (rp—ro=r 3
Equation (2) can now be written as

\]: r-r (4)

It is observed that b = 0 corresponds to the case of a
lake of constant volume V,,. Also, in this case: (i)
r, =ry =r i.e.inflow and outflow are uniform and equal,
and (ii) rp, = re i.e. precipitation is balanced by
evaporation. From equations (3) and (4), the rates of
inflow and outflow can be expressed as

rr=r(-c) and ry=r (1—¥j (5)

I’p—l'e

In which c= is introduced as precipitation-

evaporation parameter; theoretically it can assume any
valueintheinterval (—, 1).

Let x (t) andy (t) denote the concentration (tonskm)
of pollutants at time t in the inflow and the lake
respectively, and k, therate at which the pollutantsinthe
lake undergo depl etion dueto bio-chemical reactionswith
the dissolved oxygen. Assuming that (i) pollutants are
removed from the lake by outflow-flushing and bio-
chemical-aeration, and (ii) the mixing of pollutantsin
thelakeisinstantaneousand uniforminthe sense of time
scale relevant to lake dynamics, the rate of change of
concentration of pollutantsinthelakeis governed by the
following mass balance equation

d
E(W)z LX—r, y—kyVv (6)

which, on using the expressions for r; and r, from
eguation (5), takesthe form

y+(k+%)y: (1—c)rvl, @)

Equation (7) together with the prescribed initial
condition y(0) =y, constitutes an initial value problem.

Equation (7) can be solved provided the inflow-
pollution concentration x(t) is known. We consider an
X(t) of theform

x(t) =

inwhich lake parameter t (years), defined by t =V—m is
r

t
—a—

xe T, x(0)=xa=0 (8)

the residence time of water in the lake, and a is the
dimensionlessinflow-pollution control parameter which
can bevaried to regulate x(t) for achieving lake pollution
levels satisfying the primary water quality standardsfor
various uses of afresh water resource.
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We note that x, = 0 or the limit a — < implies
pollution-freeinflow whilea = 0 correspondsto aninflow
of uniform pollution level x, which can be assigned any
arbitrary value.

Introducing the following non-dimensional barred
guantities

equation (7) in non-dimensional form becomes

y+| k+ 1 7:(1_‘3)ﬁz
%7

Yo V (10)

with y (0)=1.
Here the dot denotesthe derivativewith respectto t.
In the above equation (10), x(f)=e3, V(T)=1
+bsinmt and ® is the non-dimensional frequency
parameter and k is also a non-dimensional parameter

depending on lake profile and bio-chemical depletion
rate.

Solution

Solution of the aboveinitial value problem (10) isgiven
by

y(f)= exp{—A(t‘)}[exp{A(O)}+tJB(§) d§] (11)
inwhich

s S b+ tan (ot /2)
A(t) = ki —a) 1—b2t [—rbz ]
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Figure 1. Response of pollution profilesto
deviationsin volume (b).

and

B(T)= (1- c)yﬁ;(1+ bsin®t) " exp(~af + A(T)).

This solution is bounded for T > 0 provided k < a.
Solution (11) is evaluated numerically for different
values of the parameters a, b, ¢, k, %0 and ®. The

Y
results, followed by analysisand discuss 08, arepresented
in Figures 1-6, to bring out the direct impact of these
parameters on the self-purification process.

Special Cases

Lakeof Constant Volume
The solution in this case is recovered from the general

solution by setting b = 0. This leads to ¢ = 0, A(T)

= (1+k)Tand B(T)= yﬁexp{(u k - a)t_} and the
0

pollution-concentration profiles are then given by

exp{—(1+ k) t_} +yi;(1+ k- a)_l

[exp(—af)—@(p{—(l+ k) t_}] (12)

y(t)=

I nflow of Uniform Concentration
If, in addition, the inflow has uniform pollution level x,
i.e,, a=0, the solution (12) reducesto
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Figure 2: Response of pollution profilesto variation in
frequency of volume fluctuations (@) .
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Figure 3: Response of pollution profilesto therate of inflowing pollution (a).
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Figure 4: Response of pollution profilesto excess (deficit) of precipitation over evaporation (c).
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Figure 5: Response of pollution profilesto bio-chemical reaction rate ().


http://www.pdfmachine.com?cl

Modelling the Role of Fluctuations in Volume on Self-purification of Natural Water Bodies 67

100 100
\ i
'c\ — . — - X0r0=00 IQ / i
8014 FRIaZ T R— g0 -3\ — . — . XOM0=0.0
‘.\‘ \ — — —X0/Y0=5.0 \‘\:\/ // w1 s X0MY0=1.0
\f.‘ \\ X0/Y0=7 5 W\ \ — — = X0/Y0=6.0
60 \‘_‘.‘ Y - ‘g.\ ~ . \\ X0/Y0=7 5
%N AN
P A\ \ p A4 /l' _‘|‘
o\ /ARAN N
40 XN 40 : 1% Lot
NN \ \\// 4\
AN A2
20 ANV & . \ 7 \\‘\‘
N = \
'\\\\\ X “\\
'\\\,\ = \
<~“§\-> >-.\ e,
ol e — 20 - =
= 0 )
0 1 2 t 3 0 1 2 3 T 4 5

(Yb=0

(i) b=05

Figure 6: Response of pollution profilesto theratio of initial pollution levels of the inflow and the lake.

y(0) = yﬁ;(l+ E)_l + {1— %(l+ E)_l}

exp{—(1+ k) t_} (13)

Absence of Bio-chemical Reactions
For thiscase (k =0}, and solution (13) further simplifies
to

(14

- X0 X0
t)y=z —+|1-—
y®) Yo [ Yo

Jexp{—t_}

Clean-up Time

If the concentration y(t) of the lake pollutants reducesto
p% of itsinitial valuey, in t, years, then t,, called the
clean-up time for p% reduction in pollution level, is
obtained by solving the equation

y(tp) P —_b
=, t, =—
Yo 100" P 1 (15)
For the lake concentration profile given by solution
(13), the expression for t, comes out to be

tp= t(l+ E)_llnC( p) (16)

-1
th o= 1m0 R X
with C(p) = {1— y0(1+k) HlOO yo(1+k) }

20 ¢ (1K)
Yo 100

In the absence of bio-chemical reactions, expression
(16) simplifiesto

ol

X __P

Yo 100

where

17

which, for pollution-free inflow, further reduces to the
basic result

100
t= 7 In(—]
p

used many decades ago for predicting the clean-up time
of the Great Lakes of North America-Canada.

(18)

Numerical Results and Discussion

Figures 1-6 show the plot of therelation p=100y(t),
y(t) = y(t)/ yo,t = tTfor different values of parameters
al bl Cl E,XO/yO and (T)

In the co-ordinates (t, p) of any pointona p-t

curve, called the pollution profile, the value of p isthe
non-dimensional measure of the pollution level at real

timet =1t yearsandthevaueof t = tt istheclean-up
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timeinyearsfor p% reduction inthe pollution level; one
unit of T isequivalent to T years of real time. Also, the

values of p closeto 0 imply almost total clean-up while
those close to 100 mean hardly any clean-up. The
concentration of the lake pollutants corresponding to a

definite value of pisreadily known from y(t) :% Yo-

Figures 1-6 depict the response of non-dimensional
clean-up time t corresponding to al pollution levels p,
0<p<100 (and vice-versa) to variation in one of the
parameters while the others are held fixed at their
respective characteristic values, a = 10, b= 0.5, c =0,

K =1andxyy,=5and ® =5.

Figures 1 and 2 graphically depict the role of
parameters b and @ influencing volume fluctuations on
the evolution of self-purification process.

Figures 3-6 have two parts each: Figure 3-6(i) and
Figure 3-6(ii) refer to lakes of constant volume (b = 0)
and variable volume (0 < b < 1) respectively.

Inthediscussion that follows, we assume the val ue of
T to be 20 years for the lake system under study; thisis
done for the sake of getting a definite sense of time that
elapses before the desired pollution level isachieved.

Some main results inferred from these figures are as
follows:

In a lake of constant volume, the pollution level
p decreases monotonically with increase in t,and p
assumeseach valuein theinterval 0<b <100 only once.
On the other hand, in alake of variable volume (0 < b
< 1), pollution profiles exhibit fluctuations in val ues of
p induced by changing volume. Also, depending on the
value of b, p can assume each value, lying in a definite
interval, more than once.

The profile corresponding to b = 0 (Figure 1) shows
90% reduction in the value of p in about 30 years and
total clean-up in 50 years. In alake of variable volume,
total clean-up (p = 0) isnot attainable evenin 100 years.

The percentage drop of dlightly lessthan 40% in the
valueof p, attained in 10 years, isthesamefor all values
of frequency ® lyingintherange0.1-10. For small values
of ®(®=0.1), p,decreases monotonically with T and
pollution levels p<5 are attainable in not less than
40 years. As anticipated from physical considerations,
higher values of frequency are observed to induce
fluctuations in the pollution level and retard the rate of
purification.

Sincelarger values of theinflowing-pollution control
parameter a imply a faster rate of decrease in the

concentration of pollutants entering the lake, we expect
afaster clean-up to be attained on aprofile corresponding
to alarger value of a; thisfact is confirmed in Figure 3.
In alake of constant volume, the drop in pollution level
in 20 yearsis about 35% for a = 2.5 compared to about
85% for a = 25 [Figure 3(i)]. Apparently, fastest clean-
up will be achieved when the inflow is pollution-free
For all valuesof (a — o) intherange 2.5-2.5, pollution
levels p<10 are achievablein alake of variable volume
in about 80 years [Figure 3(ii)].

It is clear from the definition of the precipitation-
evaporation parameter ¢ that ¢ > or < 0 implies that the
rateof precipitation isgreater, equal or lessthan therate
of evaporation r.. Figure 4(i) shows that precipitation
exceeding evaporation (c = 0.5) results in faster clean-
up. Also for avalue of ¢ close to one but less than one,

the pollution level is at its lowest value for all T > 0.
Thisis an expected result asc=1impliesr,—r,>>r;,
which, in turn, describes a situation where the rate of
inflow r; is subdued by a long spell of very heavy
downpours. On the other extreme, the limit c——oco
describes acondition of severe drought when the rate of
evaporation exceedsthe rate of precipitation by therate
of inflow. In this eventuality, the pollution level will
assume its highest value as corroborated in Figure 4.
The profilesin Figures 5 and 6 manifest afaster rate

of purification for higher values of k and lower values
of Xy, respectively. Thisoutcome is expected because
astronger bio-chemical reaction and an inflow of lower
pollution level will both result in reduced pollution in
the lake.

Conclusions

We have presented a simple mathematical model which
describes the natural self-purification processin alake
of variable volume. After having identified the primary
dimensionless parameters and assuming their
hypothetical values depending on the dimensional lake-
specific characteristics, an attempt is made for
theoretically analyzing the effect of these parameterson
the evolving pollution level and the rate of self-
purification. Though the predicted timefor achieving the
goal of partial or full recovery of an excessively defiled
natural water body may run into many decades, yet it is
hoped that this model will be applied to rea situations
after overcoming the hard task of successfully estimating
the values of these parameters with reliable accuracy.
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