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We present a Lyapunov-based framework for analyzing continuous-time accel-
erated optimization dynamics with time-dependent inertia and damping. By
explicitly designing Lyapunov functions that account for varying inertia, we rig-
orously characterize convergence rates of the objective function, achieving ex-
ponential or polynomial acceleration beyond the classical O(1/ 152)7 even in the
absence of strong convexity. Building on this foundation, we introduce a vari-
ational extension using conformable (fractional) derivatives in the Lagrangian
formulation, replacing the classical velocity term with a time-weighted frac-
tional velocity. This approach systematically modulates the system’s effective
inertia and damping, providing a principled mechanism to balance acceleration
and stability, reduce oscillations, and interpolate smoothly between strongly
damped gradient flows and momentum-driven dynamics. The resulting frame-
work unifies Lyapunov analysis and fractional variational modeling, offering
flexible, theoretically grounded design principles for fast and stable acceler-
ated optimization.

(co)

1. Introduction

and critical phenomena in gradient-based tech-
niques.

The shift toward analyzing gradient methods
within a continuous-time framework offers a pow-
erful lens for understanding optimization algo-
rithms and their convergence behavior. In this
setting, gradient flows are described by differen-
tial equations that naturally capture the under-
lying dynamics of optimization processes. This
perspective establishes a robust analytical foun-
dation for exploring the principles that govern
these algorithms. By abstracting away the dis-
cretization artifacts typical of iterative meth-
ods, continuous-time models provide an effective
means of examining stability, convergence rates,
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The work of by Su et al.! marked a signif-
icant advancement in interpreting optimization
algorithms through this lens. A particularly
important contribution of continuous-time mod-
els lies in their ability to describe accelerated
methods, such as Nesterov’s accelerated gradient
(NAG) descent. Continuous analogs—including
the Bregman Lagrangian and Polyak’s heavy-
ball method—expose the geometric structure and
intricate dynamics of these techniques. Build-
ing on this, Su et al.! paved the way for
subsequent research aimed at developing uni-
fied frameworks that encompass a wide range
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of algorithms.PP2PiP3  Among these, the Breg-
man-Lagrangian approach? stands out for em-
ploying the Euler-Lagrange formulation to de-
rive a general equation unifying multiple methods.
Other works have focused on sharpening the char-
acterization of convergence dynamics for accel-
erated optimization algorithms, leading to more
precise descriptions of their time evolution.*®

Mathematically, the shift toward continuous-
time formulations provides greater flexibility in
the analysis and design of optimization algo-
rithms, machine learning (ML), and deep learning
(DL), owing to the rich theory of ordinary dif-
ferential equations (ODEs) and their widespread
use in physical modeling. This perspective en-
ables the incorporation of constraints, structural
modifications, adaptation mechanisms, and re-
design of the underlying dynamical systems. For
instance, Weinan® and Le et al.!? demonstrated
that deep neural networks (DNNs) can be inter-
preted as discretizations of continuous dynamical
systems. From this viewpoint, new possibilities
emerge: adaptive step sizes can be associated with
adaptively selected layers, higher-order or implicit
discretization schemes can be employed, and ad-
vanced numerical techniques can be integrated
into DNN training. Moreover, continuous-time
analysis sheds light on the convergence of adap-
tive algorithms to critical points in both convex
and nonconvex landscapes, as well as the condi-
tions necessary to avoid saddle points and local
maxima. !l 12

Given the importance of continuous-time mod-
eling, a substantial body of work has focused on
developing more accurate formulations that cap-
ture the true dynamics of optimization methods
while also designing iterative algorithms that pre-
serve these dynamics. Symplectic discretization
has recently emerged as a promising approach in
this direction.® 1314

Beyond providing analytical insights, these
frameworks foster the development of novel op-
timization strategies by incorporating tools from
dynamical systems theory. Notable examples in-
clude the use of Lyapunov functions and invari-
ants to study stability and convergence,!®16 as
well as the synthesis of accelerated algorithms
through state-dependent dynamics.'”1?.  Addi-
tionally, time-dependent and time-scaling tech-
niques have been proposed to further enhance al-
gorithmic performance.?%-23

In control theory, Lyapunov analysis plays a
fundamental role, offering a powerful framework
for establishing the stability of dynamical systems
by examining how a chosen Lyapunov candidate
decreases along system trajectories. Within the
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context of optimization and gradient descent al-
gorithms, the incorporation of suitable Lyapunov-
like functions enables one to bound errors and
guarantee convergence of the optimization trajec-
tory to a local or global minimum, provided cer-
tain conditions—such as convexity or strong con-
vexity—are satisfied.

Beyond stability analysis, Lyapunov theory in-
troduces a valuable dimension to the design of op-
timization methods. By constructing appropriate
time-dependent Lyapunov-like energy functions,
it becomes possible not only to analyze conver-
gence rates but also to redesign algorithms to
achieve improved performance. This perspective
has led to the development of enhanced conver-
gence guarantees and accelerated schemes.?428

In recent years, the study of convergence
behavior and stability conditions in optimiza-
tion and ML algorithms has become increasingly
critical, as these factors are central to ensur-
ing performance quality, reliability, and robust-
ness. Drawing on fundamental stability notions
from control theory—such as Lyapunov stabil-
ity and input-to-state stability—offers a powerful
framework for both analyzing and designing such
algorithms.??-30

From the perspective of optimization, control-
theoretic tools provide insights into key proper-
ties, including convergence rates, long-term dy-
namics, and robustness to uncertainties in state
variables or gradient evaluations. In the ML set-
ting, incorporating control theory has proven par-
ticularly useful in addressing challenges in neu-
ral network training and reinforcement learning,
where it helps uncover the dynamic nature of
learning algorithms and their sensitivity to fluc-
tuating hyperparameters or system noise. More-
over, assessing algorithmic performance requires
understanding its behavior around critical points
of the loss function. Stability, in this context, is
tied to whether the algorithm converges toward
minima and how the surrounding geometry influ-
ences its trajectory.

Variational principles and generalized calcu-
lus have long provided powerful tools for model-
ing and controlling complex dynamical systems,3!
with fractional calculus in particular proving
effective in capturing memory and hereditary
effects.?? Building on these insights, this work in-
troduces a fractional-order differential equation
as a continuous-time analogue of the gradient
descent optimization algorithm. The formula-
tion arises from a fractional extension of the
Euler-Lagrange equation, with the objective of
investigating whether the dynamics induced by
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fractional operators can achieve performance be-
yond Nesterov’s accelerated scheme by leveraging
their inherent flexibility.”

This study proposes two continuous-time dy-
namical frameworks that extend NAG method to
achieve faster and more stable convergence. The
first approach introduces a time-dependent iner-
tia term into the ODE formulation of Nesterov’s
method and leverages Lyapunov theory to sys-
tematically design the inertia—time weighting and
vanishing damping functions required for conver-
gence rates faster than the classical O(1/t?). This
Lyapunov-based formulation provides an elegant
and rigorous mechanism for constructing higher-
order acceleration in optimization dynamics. The
second approach employs the conformable deriv-
ative within a Bregman—Lagrangian framework,
yielding a generalized Euler-Lagrange equation
that naturally incorporates time-weighted dy-
namics. This conformable framework offers a sys-
tematic way to tune damping, allowing an explicit
trade-off between convergence speed and stability
of the optimization trajectory. Together, these re-
sults establish a unified foundation for designing
next-generation accelerated algorithms that out-
perform classical schemes in both rate and robust-
ness.

The remainder of the paper is structured as
follows. Section 2 introduces the required defi-
nitions and preliminaries. Section 3 reviews the
differential equation used for modeling Nesterov’s
accelerated gradient method (NAG). Section 4
introduces a modified NAG method as an ap-
proach toward higher rates of convergence. In
Section 5, we present the conformable Bregman
flows as a consistent method for deriving a time-
weighted inertia term in the NAG model by ex-
tending the Euler-Lagrange framework with the
conformable derivative. Section 6 presents numer-
ical experiments on benchmark optimization func-
tions, comparing the proposed approach against
standard and accelerated gradient methods. Fi-
nally, Section 7 concludes the paper.

2. Preliminaries

In this section, we recall several fundamental no-
tions that will be employed throughout the pa-
per, including the Bregman Lagrangian, convex-
ity, and the conformable derivative.

2.1. The Bregman divergence

Definition 1. Let ¢ : R" — R be a strictly con-
vex and continuously differentiable function, often
referred to as a distance-generating function.?#
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The associated Bregman divergence between two
points x,y € R™ is defined as:

Ry(z,y) = ¢(x) — d(y) — (Vo(y), z —y) (1)

Remark 1. Ry(p,q) is a non-negative operator
when ¢(x) is conver.*

Remark 2. Unlike a metric, Ry is generally
not symmetric and does not satisfy the triangle
inequality. Nevertheless, it serves as a power-
ful measure of discrepancy between points, tightly
linked to the geometry induced by ¢. For instance,
when ¢(x) = L||z|13, the Bregman divergence re-
duces to the squared Euclidean distance.”®

2

Bregman divergences play a central role in
modern optimization, particularly in the design
of first-order methods.?® They provide the foun-
dation for mirror descent algorithms,> 3% where
updates are performed relative to a non-Euclidean
geometry tailored to the problem structure. They
also arise in Bregman proxzimal methods, vari-
ational inequalities, and information geometry,
where specific choices of ¢ (e.g., negative entropy)
yield divergences such as the Kullback—Leibler
divergence. In accelerated methods and varia-
tional formulations, Bregman divergences natu-
rally appear as Lagrangian potentials that en-
code problem-dependent geometries, enabling al-
gorithms to exploit curvature beyond the Eu-
clidean setting. 3

2.2. Convexity

Definition 2. A function f : R® — R is said
to be convex if its domain is a conver set and if,
for all x1,x9 € dom(f) and for all 6 € [0,1], the
following inequality holds:4°

fOx1 4+ (1= 0)x2) < Of(x1) + (1 - 0)f(z2) (2)

Definition 3. A function f : R® — R is called
convex if its domain is conver and Vri,xo €

dom(f)A4?
f(@2) > f(z1) + (Vf(21), 22 —21),  (3)

Remark 3. This first-order characterization
states that the graph of a convezr function always
lies above its supporting hyperplanes. Convezity
ensures that any local minimum of f is also a
global minimum, a property that underpins much
of modern optimization theory.

2.3. The Conformable derivative

The conformable derivative offers a local approach
to fractional differentiation that is simpler in
structure than classical fractional derivatives, yet
preserves many of their key analytical features. It
is particularly useful in modeling systems where
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memory effects or non-integer order dynamics are
present, but where a simpler, more tractable de-
rivative is desired.

For a function f : [0,00) — R and order
v € (0,1], the conformable derivative provides
a smooth interpolation between the classical de-
rivative and fractional derivatives. Intuitively, it
modifies the increment in the standard difference
quotient by a factor that depends on the current
point, which allows it to capture scaling proper-
ties inherent in fractional dynamics.

Definition 4. Let f : [0,00) — R be a function.
The conformable v-th derivative at a point t > 0
is defined by the limit:4!

. f+et) = f(t

L,(7)(t) = i L DIy
e—0 €

This definition generalizes the classical derivative,

as for v =1, it reduces to the ordinary derivative

of f att.

Lemma 1. If f is differentiable at t, the con-
formable derivative can be rewritten in a form that
directly involves the standard derivative:A4!

1,000 =L 6

Proof. For completeness and to make the ar-
ticle self-contained, we briefly outline the proof
(See Ref.4D) Introducing h = et' =¥, which implies
e = t""1h, we acquired:

ett—v) —
T, (f)(t) = lim flt+et : )~ f(1)
J(t+1) — 1)
htv=1
S0 - 1)
h

= lim
h—0

=t lim
h—0

df
e 6
L), (6)
which completes the proof. O

Remark 4. This formulation allows a straight-
forward extension of classical calculus rules. For
instance, the chain rule for the conformable de-
rivative takes the form:4?

nwwmzkﬁywzgnmm<n

which provides a systematic method for comput-
ing the derivative of composed functions in the
conformable fractional calculus framework.

Overall, the conformable derivative serves as
a bridge between classical and fractional calculus,
offering a flexible tool for analyzing systems that
exhibit both local and scaling behaviors.
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3. A Differential eEquation for
modeling Nesterov’s Accelerated
Gradient method

Nesterov’s seminal work?? introduced an acceler-
ated gradient scheme defined by the coupled re-
cursions:

Xm = Ym—1 — th)(ym)7

m—1 (8)

Ym = Xm + m(Xm - Xm—l)
where h > 0 denotes the step size. For the spe-
cific choice h = 1/L., with L. denoting the Lip-
schitz constant of V®, the method achieves the
optimal convergence rate in the first-order oracle
model.*+46 The acceleration effect arises from the
inclusion of the momentum term y;, —Xm—1, com-

bined with the carefully tuned coefficient m=% =

m—+2
1- 32,
m
Su et al.! demonstrated that the discrete
scheme Equation (8) admits a continuous-time
approximation governed by the second-order dif-
ferential equation:

. 3 .
X(t)+ ZX@ +VO(X(t) =0 (9)
with the correspondence between the discrete step
size and continuous time given by h = m+/t.

The recursion in Equation (8) may also be
rewritten as:

:m_1Xm_mel
m+ 2 Vh

Xm+1 — Xm

Vh

- \/qu)(ym)
(10)

By introducing the interpolation X(t) =
Xt/vh = Xm) with X (¢ +vh) = Xm+1, and apply-
ing Taylor expansions, one obtains:

Xm+1 — Xm .
o = X(t
Vi )

Xm — Xm—1
Vh

+1Xt)Vh+0Wh),
= X(t) - 1X@t)Vh+0Wh), 1)

VhV®(y,) = VAVO(X(t) + O(Vh)

Substituting these expansions into Equation
(10) yields the continuous formulation:

Xt +Lix@vh

= (1-28) (X () - $X()Vh) - VR V(X (1))
(12)
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In general, a family of Nesterov-type acceler-
ated schemes can be described by the continuous
model:

X(t) + %X(t) V(X)) =0, (13)

where r > 0 is a damping parameter. For com-
parison, the standard gradient descent method:

Xm+1 = Xm — MV‘P(Xm), (14)

corresponds in the continuous limit to the first-
order system:

X(t) + VO(X(t)) = 0. (15)

4. A modified Nestrov model for
Accelerated Gradient methods:
Toward higher rates

4.1. Problem formulation

To formulate the problem setting, consider the
unconstrained optimization problem:
min

min  f(z), (16)

where f : R"™ — R is the cost function. The fol-
lowing assumptions are introduced:

Assumption 1. The function f is assumed to at-
tain its minimum value f* = f(z*) = min f(z) >
—oo at z* € R", d.e., f*> —00

Assumption 2. The objective function f : R™ —
R is convex; that is, for all x,y € R",

f(y) 2f(11)+<Vf(33), y—l’), Vl‘,yEdOHl(f)
(17)

Remark 5. This convexity assumption ensures
that any local minimum of f is also a global min-
imum, thereby allowing the use of convex opti-
mization methods to efficiently find the optimal
solution.

We investigated the convergence properties
of continuous-time accelerated optimization mod-
els under general conditions on the damping
and time-scaling coefficients. Our analysis was
grounded in a newly formulated Lyapunov frame-
work, which enables a rigorous characterization
of the rate of convergence of the objective func-
tion values. In particular, we focused on a modi-
fied continuous-time model incorporating a time-
dependent inertia term. The introduction of this
inertia term effectively enhanced the system dy-
namics, enabling exponential convergence of the
objective function values and allowing the Lya-
punov design to achieve polynomial rates surpass-
ing the classical O(1/t?) associated with NAG
method,** even in the absence of strong convex-
ity assumptions. By explicitly tailoring the Lya-
punov function to account for the time-varying
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inertia, the proposed approach ensures stabil-
ity while attaining these accelerated convergence
rates.

The dynamics of the ODE in Equation (13)
can be interpreted as a continuous-time dissipa-
tive system, in which the inertia is initially unity,
the damping coefficient diminishes over time, and
the gradient functions as a nonlinear restoring
force. To attain accelerated convergence, we ex-
tended this framework by introducing a time-
dependent mass (inertia) term into the dynamical
equation, thereby modulating the system’s effec-
tive inertia throughout its evolution.

m(t)X + u(t)X + Vf(X) =0, (18)

where the coefficients m, p @ [to, +00) — R
represent the inertia and viscous damping coef-
ficients, respectively, and are continuously differ-
entiable time functions.

Remark 6. The well-posedness of the corre-
sponding Cauchy problem associated with FEqua-
tion (18), given the initial conditions x(tg) =
xg € R", &(ty) = 9 € R", is ensured. Provided
that V f is Lipschitz continuous over bounded do-
mains and the coefficients are continuously dif-
ferentiable, the local existence of the solution fol-
lows directly from the nonautonomous form of the
Cauchy—Lipschitz theorem.then analyzed

We then analyzed the convergence behavior of
the proposed dynamics using Lyapunov theory.
The goal was to construct a time-varying energy
function whose decay rate guarantees a desired
convergence speed.

4.2. Convergence rate: A lyapunov
approach

In this section, Lyapunov theory is used to de-
rive new results by establishing a set of inequal-
ities whose solutions guarantee a desired rate of
convergence. This approach not only enhances
the theoretical understanding of accelerated op-
timization but also guides the development of
more powerful and faster algorithms. With suit-
ably designed Lyapunov functions, one can obtain
explicit convergence rates and provide theoreti-
cal guarantees for the proposed modifications to
NAG.
Define the following energy-like function:

V = cOlf £+ ol —a] + (o), (19)

where ¢(t) : [tg, +00) = R>¢ is an increasing time
function, and o(t),n(t) are time-scaling factors.
We aimed for f — f* to have a rate of conver-
gence of O(1/c(t)) to ensure an upper-bounded
energy function. We differentiated the Lyapunov
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function with respect to time:

V =ct)i"Vf(x)+ @) [f - f]

oo -2 - 10

mit
Lo(t) [au) i) — )

&'V f(z)

)77
77()

)
p(t)
+o(tnt)i' (z —a*) — (t)m( )

) [a(t) i) — () “(’3] ]

(t
(20)
Applying the convexity property ((Equa-
tion 17) and setting all mixed terms in (Equa-
tion 20) to zero, one obtains:

n(t)

v<lon-ot G- e
subject to:
o)+ i6) = n(e) 2 =
n(t)
ét) — UW <0, (22)
_n(t)?
C(t) - m(t)a

a(t)=0
Theorem 1. If the function [ satisfies Assump-
tions 1 and 2, given the inequalities in (Equa-
tion 22), the convergence rate of the algorithm
given in (Equation 18) is:
1
c(t)

Fa(t) - mi 7(o(0) = O

Proof. Note that ¢(t) = 0 implies that o is con-
stant, while the second and third equations can

(23)

be combined into ¢ < O’% Thus, under the de-

rived conditions in (Equation 22), the energy-like
function V(-) is nonnegative and nonincreasing.
Therefore, for all ¢ > ¢y, V(t) < V(tp), which

implies:
cOIf = f1=Vit) = f-F = O<C(1t)>
(24)

g

The derived inequalities provide a foundation
for designing time-dependent parameters that
achieve faster convergence, as discussed next.

4.3. Higher convergence rates by design

One of the most significant parameters influenc-
ing the behavior of accelerated gradient methods
is the inertia term, which determines the influ-
ence of past gradients on future updates. Classi-
cal NAG formulations employ a fixed momentum
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f@)" (x — %)

coefficient, which is not necessarily ideal for all
problem structures. However, recent studies re-
veal that using adaptive momentum schemes can
improve both stability conditions and the conver-
gence rate.

Introducing a time-weighted inertia into the
dynamics of NAG model for convex optimization
allows one to obtain higher convergence rates than
the classical O(1/t?). Time-weighted inertia dy-
namically adjusts the acceleration constant based
on the optimization trajectory.

Interestingly, the differential inequalities in
Equation (22) can be solved for the scaling factor
n(t) and the inertia-weighting time function m(t)

to satisfy a predesigned convergence-rate function
¢(t) such that:

1

Fa(®) - i f(a(0) = 0 1)
Consider a polynomial rate of convergence, we
designed our convergence rate based on c¢(t) = t*,
where p > 2. Upon solving the inequalities in
(Equation 22), one finds the required scaling fac-
tor such that f — f* = (’)(t%). By selecting
n(t) = Zt, the time-dependent inertia term can

(25)

be expressed as:

2
m(t) = (‘;) $2-¢ (26)
The damping term can then be designed as:
ity +o _oPlp+1) 4
w(t) =m(t = P, 27
0 =mn™ . (27)

The combination of Equations (27) and (26)
satisfies the coupled differential inequality in
(Equation 22). In Nesterov’s theory of acceler-
ated methods, one key property for achieving fast
convergence for a general convex function f is that
the dynamics involve an asymptotically vanishing
damping coefficient, i.e., D(t) — 0 as t — oo,
where D(t) is the damping term defined as:

Dy = B0 _ i) +o
m(t) n(t)
Now, to design an exponential rate of con-
vergence, we set c(t) = e, where A > 0, such
that f — f* = O(e~*). Upon choosing the factor
n(t) = rt, the inertia scaling becomes:

2
mit) = n@)” _

c(t)
The next section introduces a consistent way
to modulate the inertia dynamics via the con-
formable Bregman flow, which modifies the Breg-
man Lagrangian with a time-weighted derivative
of the state variable within the Euler—Lagrange
variational framework, providing a systematic

(28)

2t2 —At

(29)
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way to control the trade-off between fast conver-
gence and the corresponding oscillatory behavior.

5. Time-weighted derivatives: A
variational model of accelerated
methods in optimization

In this section, we introduce a variational frame-
work for accelerated optimization dynamics based
on time-weighted (fractional) derivatives defined
through the conformable derivative operator. By
replacing the classical first-order velocity term in
the Lagrangian formulation with a conformable
fractional derivative, we obtained a generalized
Euler-Lagrange system that naturally extends
traditional continuous-time models of Nesterov-
type acceleration. This fractional velocity term
introduces an adaptive, time-dependent scaling
of the damping coefficient, effectively modulating
the system’s inertia in a systematic and analyt-
ically consistent manner. As a result, the pro-
posed model provides a principled mechanism to
balance acceleration and stability, mitigating the
oscillatory behaviors often observed in classical
accelerated methods while preserving their fast
convergence characteristics. Moreover, this for-
mulation offers a unified variational perspective
from which inertial effects can be tuned continu-
ously via the fractional order, enabling a smooth
interpolation between strongly damped gradient
flows and momentum-driven dynamics.

5.1. Conformable bregman flows

The Bregman divergence employs a strictly con-
vex function ¢(x) to measure the distance be-
tween two points p and ¢, defined as:3

Rg(p,q) = d(p) — ¢(q) — (Vé(q),p —

where (-, -) denotes the inner product.

q), (30)

Building on this concept, Wibisono et al. 3 in-
troduced the Bregman Lagrangian, a continuous-
time variational principle that unifies a broad
class of accelerated optimization methods. For
time-dependent scaling «(t), damping 5(t), and
weighting (t), the Bregman Lagrangian associ-
ated with a convex objective f is:?

L(X,V,t) =

() +(?) [R¢(X +e Wy, X) - eﬂ(t)f(X)]

(31)
Here X € R", V is the velocity, and ¢ is the
continuous-time variable.
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We extended the Bregman Lagrangian to a ve-
locity term of fractional order v:

L(X,To(X),1)
e [ Ry(X + e T (X), X) -

)]
(32)
where 7, (-) denotes the conformable fractional de-
rivative of order v.
Defining the function:

J(X) :/TE(XJ;(X),t) dt

we investigated the continuous model describ-
ing the Nesterov scheme (see Equation 10) using
the fractional Euler-Lagrange equation:*248

(33)

oL oL
s "omim) =0 o
The partial derivatives are:
gfc — 1 [TP(X + T (X)) — VO(X)
— T (X)VER(X) — *VF(X)]
(35)
and
oL __ N [VO(X + e Ty (X)) — VO(X)]
Ty (X) Y
(36)
Evaluating the second term in the FEu-

ler-Lagrange equation equation, Equation 36
gives:

(o7)
= T, (e)|ve X+e—at7;(X))—v<1>(X)}

L eNVID(X + e‘“fﬁ(X)){ﬁ(X)
Tole™™) T(X) + € T,Ty(X) }

- e%v2<1>(X)7;(X)
(37)
Substituting Equations 35-37 yields:

T To(X) + e T, (X) [T — MV?®(X)]
+ e T (X) [To(e) — MV?®(X)]

—f—/\/lea*'(eat - 6_%7;(6%)) [V@(X—}—e_a*’ﬁ(X))
— VO(X)] + M2 f(X) =0. (38)

where:
M= [V2O(X +eT(X)N]" (39

In Euclidean space, V2®(X) = Z, hence:
T To(X) + e To(X) [To(e7) +1]

+Me™ (e — e Ty (™)) [VO(X +e T (X))
— VO(X)] + M2V f(X) = 0. (40)
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Using the scaling condition and chain rule
(Equation 7),

et = e T, (e) =ty (41)
Equation 40 becomes:
TTX) + T O [T(e ™) +1] )

+ MePH2ugf(X) =0

Incorporating Equations 6 and 7, Equation 42
can be rewritten as:
(2K + VX [(1L = )t =t + e]
+ My (X)) =0
(43)

tQ—QVX + [(1 _ y)tl—QV o t2_2ydt + eattl—u] X

+ MeP2uyf(X) =0
(44)

We considered a subfamily of Bregman La-
grangians parameterized by a positive scalar p >
0, with coefficients defined as oy = logp — vlogt
for By = By + vplogt for By and v = o + plogt
where p > 2 is a constant characterizing the rate
of convergence. These time functions satisfy the
ideal scaling conditions of Equations 41 and 50.

The resulting Euler—Lagrange Equation 44
takes the form:

272X 4 (p+ DX 4+ pHPTI MY F(X) =0
(45)
One can notice that for p = 2,v = 1, Equa-
tion 45 reduces to the classical NAG. This method
provides a rigorous, systematic way to tune the
damping coefficient, achieving a principled trade-
off between convergence speed and stability of the
optimization trajectory.

5.2. Convergence rate

To study convergence, we adopted a Lyapunov
function approach. By defining the energy func-
tion:

Fr =Dy(X*, X + e “T,(X))

cog -y 9
its conformable time derivative is:
To(F) = To(B)e™ (f = £7)
FHTOVIE) =Ty,

+(TAVH(X + e ™ Ty(X))),
X —-X*+ e*atTy(X)>
The inner-product term satisfies the Eu-

ler-Lagrange condition (Equation 42), therefore,
Equation 47 becomes:

ToF) = =Ry (X7, X)

48
+ (To(Be) — ) (f = ) e
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Since f is convex, R;(X*,X) > 0 the first

term non-positive. Recalling 7, (h) = tl_”%, we
have:

dF 1

— = " e PR (X, X

o £ ) (49)

+ (tl—yﬁ‘t o eat)tu—leﬁt (f _ f*)
For the negativity of the second term, we in-
troduced the second scaling condition:

By =t < e,
dF

(50)
thats ensures < 0. Hence, the convergence
rate of the modified variational model with con-
formable time-weighted velocity is:

f=f <o) (51)

6. Results and discussion

We evaluated the effectiveness of the proposed
Lyapunov-based accelerated optimization method
on several benchmark functions, including the
Sphere, Trid, and 10-dimensional Rosenbrock
functions. All simulations were performed using
pre-designed convergence rates dictated by the
Lyapunov framework. Figures 1 and 2 present
the trajectories and convergence behavior of the
Sphere and Trid functions, respectively, with a
designed polynomial convergence rate of O(1/t3).
The results show that the proposed method sig-
nificantly accelerated convergence compared with
the classical NAG approach. In particular, the
Lyapunov-based design ensured a systematic re-
duction in the objective function gap while pro-
viding predictable and stable convergence pat-
terns. Figure 3 illustrates the performance of
the proposed method under an exponential con-
vergence design, O(e "), demonstrating even
faster attraction toward the minimizer with re-
duced oscillatory behavior compared to classical
NAG. Figures (4 and 5) extend the analysis to the
10-dimensional nonconvex Rosenbrock function
and the Rastrigin benchmark function, respec-
tively, using a Lyapunov-designed convergence
rate of O(1/t*). The proposed approach main-
tained accelerated convergence while handling the
nonconvexity of the landscape. The results high-
light the method’s ability to control oscillations
while preserving rapid convergence, illustrating
the trade-off inherent in accelerated optimization:
higher convergence rates can induce overshooting
and oscillatory behavior due to reduced damping,
whereas slower convergence provides smoother
trajectories but at the cost of speed. To ad-
dress this trade-off, we introduced a fractional-
order conformable derivative in the optimization
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Figure 1. Comparison of the classical Nesterov’s accelerated gradient (NAG) method and
the proposed approach with a designed rate of O(1/t%) on the Sum of Squares function. (A)
Trajectory of the state norm x as function of time. (B) Convergence of the function value gap
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Figure 2. Comparison of the classical Nesterov’s accelerated gradient (NAG) method and the
proposed approach with a designed rate of O(1/t3) on the Trid function. (A) Trajectory of the
state norm x as function of time. (B) Convergence of the function value gap f — f*
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Figure 3. Comparison of the classical Nesterov’s accelerated gradient (NAG) method and the
proposed approach with a designed rate of O(e~°5%) on the Trid function. (A) Trajectory of
the state norm x as function of time. (B) Convergence of the function value gap f — f*
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Figure 4. Comparison of the classical Nesterov’s accelerated gradient (NAG) method and the
proposed approach with a designed rate of O(1/t*) on the 10-dimensional nonconvex Rosen-

brock function. (A) Trajectory of the state norm x as function of time. (B) Convergence of the
function value gap f — f*
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Figure 5. Comparison of the classical Nesterov’s accelerated gradient (NAG) method and the
proposed approach with a designed rate of O(1/t*) on the 10-dimensional nonconvex Rastrigin
function. (A) Trajectory of the state norm x as function of time. (B) Convergence of the
function value gap f — f*
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Figure 6. Effect of the fractional order v on convergence behavior compared with classical
Nesterov’s method on the ill-conditioned 10-dimensional Ellipsoid function. Smaller v values
yield less oscillation and greater stability in the optimization trajectory.

241



Osama et al. / IJOCTA, Vol.16, No.1, pp.232-245 (2026)

dynamics, which modulates the effective damp-
ing in a systematic manner. Figure 6 shows
simulations on the ill-conditioned 10-dimensional
Ellipsoid function for various fractional orders
v € (0,1). As v decreased, the trajectories ex-
hibited reduced oscillations and enhanced stabil-
ity while retaining fast convergence. This demon-
strates that the fractional time-weighted term ¢=%
acts as a tunable damping mechanism, allowing a
principled balance between acceleration and sta-
bility.

Overall, the results confirm that the proposed
Lyapunov-based design provides accelerated con-
vergence across convex and nonconvex bench-
marks while offering predictable behavior. Incor-
porating fractional derivatives further enhances
stability, mitigating oscillations and overshooting
in ill-conditioned problems, without sacrificing
convergence speed. These findings highlight the
flexibility and robustness of the proposed frame-
work in controlling both convergence rate and
stability in continuous-time accelerated optimiza-
tion.

7. Conclusion

In this work, we proposed and analyzed two
dynamical-system—based approaches for acceler-
ating optimization beyond the classical NAG
method. The first approach employed a
Lyapunov-based design by introducing a time-
dependent inertia term into the continuous-time
ODE formulation. This allowed us to systemati-
cally construct new convergence rates that exceed
those of the classical Nesterov scheme, as con-
firmed by our simulations on ill-conditioned con-
vex and non-convex benchmark functions, includ-
ing the 10-dimensional Ellipsoid and Rosenbrock
functions.

The second approach leveraged a conformable
derivative within a Bregman—Lagrangian frame-
work, incorporating a time-weighted velocity
term. This method provides a rigorous, system-
atic way to tune the damping coefficient, achiev-
ing a principled trade-off between convergence
speed and stability of the optimization trajectory.
Our numerical experiments show that, for frac-
tional orders v < 1, the conformable dynamics
significantly reduce oscillations while maintaining
fast convergence, particularly on challenging land-
scapes such as the Rastrigin function, where the
convergence rate approaches 1/ 4,

Overall, these results highlight the power of
variational and generalized-calculus frameworks
in designing accelerated optimization methods.
The Lyapunov-based approach offers a clear
path to new, faster convergence rates, while the
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conformable-derivative approach enables fine con-
trol of the trade-off between speed and stability,
suggesting a promising direction for the develop-
ment of next-generation accelerated algorithms.
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