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Understanding and accurately modeling the dynamics of climate-related pro-
cesses is essential for predicting and mitigating the effects of global warming.
This study introduces a fractional order atmospheric model that simultane-
ously captures the interactions among three key variables: permafrost thaw,
atmospheric temperature, and greenhouse gas concentration. The model was
formulated using the Atangana–Baleanu–Caputo fractional derivative, allow-
ing for the inclusion of memory effects that are critical in climate dynamics. To
solve the resulting nonlinear fractional differential equations, we constructed an
operational matrix of the Atangana–Baleanu fractional integral operator based
on Haar wavelets. Using Haar series expansions and operational matrices, the
system was transformed into an objective function. This objective function was
then minimized using differential evolution optimization to determine unknown
Haar coefficients. The proposed method was validated against traditional nu-
merical and predictor–corrector methods, with theoretical analysis confirming
existence, uniqueness, and a provable upper bound for the approximation er-
ror. Numerical experiments under various parameter settings demonstrated
the high accuracy, efficiency, and flexibility of the method. These results high-
light the potential of fractional order modeling as a powerful framework for
analyzing complex environmental systems and improving climate prediction
models.
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1. Introduction

The origins of fractional calculus (FC) can be
traced back to the 17th century when Newton
and Leibniz laid its foundational concepts. The
concept of derivatives of arbitrary order was for-
mally considered by Lacroix in 1819. Fractional
models are based on fractional differential equa-
tions (FDEs) that involve derivatives of non-
integer order.1 These models are widely recog-
nized for their effectiveness in capturing com-
plex system behaviors more accurately than the
classical integer-order approaches. The impor-
tance of FC lies in its ability to describe memory

and hereditary properties of various materials and
processes, which are often neglected by classical
models. Moreover, FDE-based models offer bet-
ter flexibility and precision in fitting experimental
data, leading to improved predictions and deeper
physical insights.2,3

Various definitions of fractional derivatives
have been developed over the years. Notably,
in 1967, Caputo introduced a derivative defini-
tion whose structure closely resembled that of the
classical integer-order derivative, making it more
suitable for initial value problems and real-world
applications. Since the early 2000s, there has
been growing interest in mathematical analysis,
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numerical methods, and optimization techniques
for FDEs.4 FC has proven to be especially effec-
tive in modeling phenomena across diverse do-
mains such as biology,5,6 environmental science,7

economics,

In recent years, attention has shifted
to non-singular and non-local definitions of
fractional derivatives, such as the Atan-
gana–Baleanu–Caputo (ABC) derivative.11 This
operator addresses some of the limitations of clas-
sical definitions (e.g., Riemann Liouville (RL)
and Caputo), which often involve singular (free
from singularities at the origin) and non-local (ac-
counting for the entire history of the function).
For instance, in the Rabinovich system, the ABC
fractional model delays the onset of chaos relative
to the Caputo model, reflecting different memory
accumulation and loss in the two formulations.12

Further, comparative analysis of integral oper-
ator RL vs. Caputo Fabrizio vs. ABC shows
that Atangana–Baleanu integrals, with their non-
singular Mittag–Leffler kernel, assign smoother
decays to historical contributions, offering more
flexible control over memory effects and avoiding
some of the singularities that arise in power law
kernel operators.13 Global warming poses a sig-
nificant threat to ecosystems worldwide, with one
of its most direct consequences being permafrost
thawing.14 Permafrost, which covers nearly one
fourth of Earth’s land area and is concentrated in
the northern hemisphere, including the regions of
Alaska, Russia, and Canada, consists of soil, rock,
and ice that remain frozen for at least 2 years.15

This frozen ground stores immense quantities of
undecomposed organic matter and even ancient
microorganisms 400,000 years. Above it lies a
seasonal active layer that regulates ecological bal-
ance and supports infrastructure.16 Rising Arctic
temperatures, nearly twice the global average,
are accelerating permafrost degradation, releas-
ing greenhouse gases such as methane and car-
bon dioxide that amplify global warming through
positive feedback.17 Furthermore, as permafrost
thaws, dormant pathogens and ancient microbes
preserved in the ice may become active. Some of
these biological agents have been implicated in
the death of wildlife, including muskoxen, rein-
deer, caribou, and bird population in Siberia.

Permafrost, a critical component of the
cryosphere, is increasingly vulnerable to global
climate change. Pan et al.18 demonstrated the in-
tricate dynamics of Lorenz energy cycling in the
global atmosphere, providing a framework for un-
derstanding climate-related processes that influ-
ence permafrost regions. Increasing soil temper-
atures and thaw depths significantly impact the

biodegradability of organic carbon stored within
permafrost, a phenomenon corroborated by stud-
ies such as Mu et al.19 In the Northern Hemi-
sphere, numerous human settlements built on per-
mafrost face substantial risks because thawing un-
dermines critical infrastructure. Projections in-
dicate that 20–70% of permafrost could melt by
2100, potentially releasing an estimated 10–100
Gt of carbon into the atmosphere, thereby exacer-
bating climate change. Wang et al.20 highlighted
the significant role of elevation in influencing thaw
depth and nutrient runoff, while Cui et al.21 doc-
umented infrastructure-related permafrost degra-
dation in the ecologically sensitive Qinghai Ti-
bet corridor. Recognizing these profound envi-
ronmental shifts, growing public awareness is fos-
tering increased adoption of environmentally sus-
tainable practices, although the scale of the per-
mafrost challenge requires more comprehensive
interventions.

In this study, we investigate a nonlinear at-
mospheric model22 within the ABC framework.

ABC
0 Dφ

ς f (ς) = −af (ς) + bg (ς) + α1E (ς) ,

ABC
0 Dφ

ς g (ς) =− ηg (ς) + ξf (ς)h (ς) + µf3 (ς)

+ α2E (ς) ,

ABC
0 Dφ

ς h (ς) =− σh (ς) + λf (ς) g (ς)− βh2 (ς)

+ α3E (ς) .
(1)

with initial conditions

f (0) = w1, g (0) = w2, h (0) = w3. (2)

.
In this model, the ABC fractional derivative

of order φ, where 0 < φ ≤ 1, is employed and
denoted ABC

0 Dφ
ς . The function f (ς)describes the

permafrost thaw dynamics, which can be related
to measurable variables such as thaw depth m,
soil temperature profiles, or active layer thick-
ness obtained from field data and remote sens-
ing observations. The function g (ς)represents
atmospheric temperature, expressed in degrees
Celsius (

◦
C), which is a directly measurable cli-

mate variable through meteorological stations or
reanalysis. The function h (ς) denotes green-
house gas emissions, which can be quantified in
parts per million for CO2 using atmospheric mon-
itoring records. A sinusoidal external forcing
term E (ς) has been introduced in all three com-
ponents of the model to present periodic sea-
sonal variations, such as annual cycles of so-
lar radiation or temperature fluctuations. The
model incorporates several parameters, namely,
a, b, η, ξ, µ, σ, λ, β, α1, α2, α3 which are treated as
constants. Specifically, parameter corresponds
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to the subsurface temperature at which water
freezes and forms permafrost, whereas indicates
the depth at which permafrost begins to thaw
due to increasing temperature. Coefficient ξ char-
acterizes the growth rate of the temperature,
whereas η signifies its depletion rate. The vari-
able µ accounts for the temperature increase at-
tributed to the elevated greenhouse gas concentra-
tions. Additionally, σ and λ represent the natural
rates of greenhouse gas reduction and emission, β
indicates the effectiveness of implemented mea-
sures aimed at controlling greenhouse gas emis-
sions and α1, α2, α3 are scaling coefficients repre-
senting the sensitivity of each variable to external
forcing terms.

Researchers have proposed several methods to
model nonlinear atmospheric systems. Agrawal et
al.22 employed Bernoulli polynomials to obtain so-
lutions for a fractional atmospheric model formu-
lated in Caputo sense, while Yeshwanth et al.23

employed a modified Hermit wavelet collocation
approach for similar problems. Naik et al.24 de-
signed a fractional order atmospheric model us-
ing a class of ACT-like chaotic system and de-
veloped its sliding mode chaos control. More
recently, wavelet based approaches have gained
popularity for solving nonlinear differential equa-
tions due to their ability to provide sparse and
efficient representations. For instance, Ahmed et
al.25 developed a Fibonacci wavelet method to
investigate physical problems, demonstrating its
computational efficiency. Similarly, Khan et al.26

solved scalar reaction diffusion equations with cu-
bic nonlinearity and time dependent coefficients
using the wavelet method of lines. These con-
tributions highlight the versatility and growing
interest in wavelet methods for solving complex
nonlinear systems.

Building on this progress, our study focuses
on the flexibility of wavelet theory, a powerful
mathematical tool well known for its ability to
represent continuous functions in multiple reso-
lutions. Beyond its applications in signal de-
composition and image processing, wavelet the-
ory has been successfully employed for solving
differential and fraction differential equations.27

Multi-resolution wavelets employ a hierarchical
design to build successive levels of resolution. The
fundamental elements of this vector space are
called wavelet scaling functions, which are char-
acterized by their integral basis and orthogonal
properties.28 Among the many wavelet families
introduced over time, the Haar wavelets (HWs)
are considered the simplest. First introduced by
Alfred Haar in 1910, HWs are a special case of
Daubechies wavelets of order 1 characterized by

their constant values of 1, 1, and 0. Owing to their
simplicity, HWs are widely used in various appli-
cations and offer fast, efficient, and computation-
ally attractive solutions. A major advantage of
HWs is their ability to transform differential equa-
tions into systems of algebraic equations without
the need for residual or product operational ma-
trices, thereby reducing computational complex-
ity. Kumar et al.29 used the HW method to study
the fractional Lotka–Volterra model in Caputo
sense. Khan et al.30 developed an HW opera-
tional matrix method to solve pantograph FDEs
in Atangana’s beta derivative sense. Saeed31 ap-
plied a modified HW approach to solve linear and
nonlinear variable order fractional diffusion type
equations in Caputo sense. Additional studies
on similar approaches can be found in Refs.31,32

Building on the efficiency and simplicity of HWs,
we extend their application to fractional order
modeling within the ABC framework, aiming to
address the lack of an operational matrix method
for nonlinear atmospheric systems.

Despite significant progress, most existing
fractional atmospheric models rely on integer or-
der or Caputo derivatives, which do not fully
capture long-term memory effects. Furthermore,
many available numerical methods, such as pre-
dictor–corrector method (PCM) and the spec-
tral collocation method, suffer from high com-
putational cost and are not easily adaptable to
parallel computing environments. To bridge this
gap, we develop a Haar wavelet operational ma-
trix method (HWOMM) tailored for the ABC de-
rivative. This framework reduces computational
complexity and enhances the potential for par-
allelization, making it well-suited for large-scale
nonlinear systems. The proposed method trans-
forms the governing equations into an objective
function using Haar series expansions and a de-
rived operational matrix. The objective function
is then minimized using differential evolution op-
timization to recover the unknown Haar coeffi-
cients and reconstruct the solution. The numer-
ical outcomes of HWOMM are compared with
those of PCM33 and NDSolve. We also investi-
gated theoretical properties, such as the existence
and uniqueness of the solution. Additionally, the
performance measures of the approach are evalu-
ated using statistical indicators such as the root
mean square error (RMSE), and error in Nash
Sutcliffe efficiency (ENSE).

2. Preliminaries

Definition 1 Let f ∈ Hn (a, b) , b < a and φ ∈
(n− 1, n] where a is not necessarily differentiable.
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Then, the Atangana–Baleanu fractional deriva-
tive in the RL sense, with initial point is defined
at any point as follows11:

ABR
0 Dφ

ς f (ς) =
Q (φ)

1− φ

dn

dςn

∫ ς

a
f (τ)

Eφ

(
− φ

1− φ
(ς − τ)φ

)
dτ,

(3)

where is the normalization function given by
Q (φ) = 1− φ+ φ

Γ(φ) .

Definition 2 If f ∈ Hn (a, b) , b < a and φ ∈
(n− 1, n], while is not necessarily differentiable,
then the Atangana–Baleanu fractional derivative
in Caputo sense, with initial point is defined at
any point as follows11:

ABC
0 Dφ

ς f (ς) =
Q (φ)

1− φ

∫ ς

a

dnf (τ)

dτn

Eφ

(
− φ

1− φ
(ς − τ)φ

)
dτ,

(4)

where Eφ (ς) =
∞∑
n=0

ςn

Γ(nφ+1) is the Mit-

tag–Leffler function.

Definition 3 The Atangana–Baleanu fractional
integral of order is given by Ref.11:

AB
a Iφς f (ς) =

1− φ

Q (φ)
f (ς) +

φ

Q (φ) Γ (φ)∫ ς

a
(ς − τ)φ−1f (τ) dτ.

(5)

Lemma 134 For 0 < φ ≤ 1, we have(
AB
a Iφς

ABC
0 Dφ

ς f
)
(ς) = f (ς)− f (a) .

3. Existence and uniqueness of the
solution

In this section, we establish the existence and
uniqueness of the solution to Equation (1) within
the ABC framework. We considered the atmo-
spheric model as follows:

ABC
0 Dφ

ς f (ς) =− af (ς) + bg (ς) + α1E (ς) ,

ABC
0 Dφ

ς g (ς) =− ηg (ς) + ξf (ς)h (ς) + µf3 (ς)

+ α2E (ς) ,

ABC
0 Dφ

ς h (ς) =− σh (ς) + λf (ς) g (ς)− βh2 (ς)

+ α3E (ς) .
(6)

We can formulate the proposed system as fol-
lows:

ABC
0 Dφ

ς f (ς) = L (ς, f, g, h) ,

ABC
0 Dφ

ς g (ς) =W (ς, f, g, h) ,

ABC
0 Dφ

ς h (ς) = E (ς, f, g, h) ,

(7)

where

L (ς, f, g, h) =− af (ς) + bg (ς) + α1E (ς)

W (ς, f, g, h) =− ηg (ς) + ξf (ς)h (ς) + µf3 (ς)

+ α2E (ς) ,

E (ς, f, g, h) =− σh (ς) + λf (ς) g (ς)− βh2 (ς)

+ α3E (ς) .
(8)

Lemma 2 System of FDES in Equation (7) can
be transformed into an equivalent system of inte-
gral equations by integrating both sides as follows:

f (ς) =f (0) +
1− φ

Q (φ)
L (ς, f, g, h) +

φ

Q (φ) Γ (φ)∫ ς

0
(ς − τ)φ−1L (τ, f, g, h) dτ,

g (ς) =g (0) +
1− φ

Q (φ)
W (ς, f, g, h) +

φ

Q (φ) Γ (φ)∫ ς

0
(ς − τ)φ−1W (τ, f, g, h) dτ,

h (ς) =h (0) +
1− φ

Q (φ)
E (ς, f, g, h) +

φ

Q (φ) Γ (φ)∫ ς

0
(ς − τ)φ−1E (τ, f, g, h) dτ,

(9)

For convenience, we can write Equation (9)
as:

ℑ (ς) =ρσ +
1− φ

Q (φ)
Υ (ς,ℑ (ς)) +

φ

Q (φ) Γ (φ)∫ ς

0
(ς − υ)φ−1Υ(υ,ℑ (υ)) dυ,

where

ℑ (ς) =

f (ς)g (ς)
h (ς)

, ℑ (0) = ρσ =

f (0) = ρ1
g (0) = ρ2
h (0) = ρ3

,

Υ(ς,ℑ (ς)) =

L (ς, f, g, h)
W (ς, f, g, h)
E (ς, f, g, h)

.

For ς ∈ [0, T ] ⊂ R, if ℑ (ς) is a solution to
Equation (9), it satisfies Equation (1).

Remark 1 Let M = C ([0, T ] , ∥.∥) be the
space of all continuous functions defined on the
interval[0, T ], equipped with the norm ∥.∥ . This
forms a normed vector space under the given
norm: ∥ℑ (ς)∥ = max

ς∈[0,T ]
|ℑ (ς)| .

Lemma 3 Assume that ℑ : [0, T ] × RN → R
is a sequence of continuous functions, and there
exists a constant K > 0such that ℑ satisfies the
Lipschitz condition:
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∥∥Υ(ς,ℑ (ς))−Υ
(
ς, ℑ̄ (ς)

)∥∥ ≤ K
∥∥ℑ (ς)− ℑ̄ (ς)

∥∥ ,
(10)

where ℑ (ς) , ℑ̄ (ς) ∈ R.
Theorem 1 If the specified conditions are met:
(i) Let:

ϖ = ∥ρσ∥ , U = sup
ς∈[0,T ]

∥Υ(ς, 0)∥ , and

ϕ=
1− φ

Q (φ)
+

Tφ

Q (φ) Γ (φ)
.

(ii) The function Ω (ς,ℑ (ς)) satisfies a Lipschitz
condition inℑ:∥∥Υ(ς,ℑ (ς))−Υ

(
ς, ℑ̄ (ς)

)∥∥ ≤ K
∥∥ℑ (ς)− ℑ̄ (ς)

∥∥ ,
(iii) There exist 0 < δ < 1, such that Kϕ ≤ δ < 1.
Then, Equation (1) has a unique solutionℑ (ς) ∈
M .
Proof Let us define mapping χ :M →Mby

χℑ (ς) =ρσ +
1− φ

Q (φ)
Υ (ς,ℑ (ς)) +

φ

Q (φ) Γ (φ)∫ ς

0
(ς − υ)φ−1Υ(υ,ℑ (υ)) dυ.

(11)
Let Bµ := {ℑ ∈M : ∥ℑ∥ ≤ µ}be a closed ball

in , and choose µ ≥ ϖ+Uϕ
1−Kϕ such that we can

showχBµ ⊂ Bµ. Then we have

∥χℑ (ς)∥ =

∥∥∥∥ρσ +
1− φ

Q (φ)
Υ (ς,ℑ (ς)) +

φ

Q (φ) Γ (φ)∫ ς

0
(ς − υ)φ−1Υ(υ,ℑ (υ)) dυ,

≤ ∥ρσ∥+
1− φ

Q (φ)
∥Υ(ς,ℑ (ς))∥+ φ

Q (φ) Γ (φ)∫ ς

0
(ς − υ)ς−1 ∥Υ(ς,ℑ (ς))∥ dυ,

= ϖ +
1− φ

Q (φ)
∥Υ(ς,ℑ (ς))−Υ(ς, 0) + Υ (ς, 0)∥

+
φ

Q (φ) Γ (φ)

∫ ς

0
(ς − υ)φ−1 (∥Υ(ς,ℑ (ς))−

Υ(ς, 0) + Υ (ς, 0)dυ,

≤ ϖ +
1− φ

Q (φ)
∥Υ(ς,ℑ (ς))−Υ(ς, 0)∥+ ∥Υ(ς, 0)∥

+
φ

Q (φ) Γ (φ)

∫ ς

0
(ς − υ)φ−1 (∥Υ(ς,ℑ (ς))−Υ(ς, 0)∥

+ ∥Υ(ς, 0)∥dυ,

≤ ϖ +
1− φ

Q (φ)
(Kµ+ U) +

φ

Q (φ) Γ (φ)∫ ς

0
(ς − υ)φ−1 (Kµ+ U) dυ,

≤ ϖ +
1− φ

Q (φ)
(Kµ+ U) +

Tφ

Q (φ) Γ (φ)
(Kµ+ U) ,

≤ ϖ +

(
1− φ

Q (φ)
+

Tφ

Q (φ) Γ (φ)

)
(Kµ+ U) ,

≤ ϖ + ϕKµ+ ϕU,

≤ µ. (12)

This implies that χmaps the set Bµ into itself.
Consequently, Bµ is a complete metric space.

Moreover, for any two functions ℑ (ς) and
ℑ̄ (ς)belonging to Bµ, the following holds.∥∥χℑ (ς)− χℑ̄ (ς)

∥∥ = max
ς∈[0,T ]

∣∣χℑ (ς)− χℑ̄ (ς)
∣∣

= max
ς∈[0,T ]

∣∣∣∣(ρσ + 1− φ

Q (φ)
Υ (ς,ℑ (ς)) +

φ

Q (φ) Γ (φ)∫ ς

0
(ς − υ)φ−1Υ(υ,ℑ (υ)) dυ

−
(
ρσ +

1− φ

Q (φ)
Υ
(
ς, ℑ̄ (ς)

)
+

φ

Q (φ) Γ (φ)∫ ς

0
(ς − υ)φ−1Υ

(
υ, ℑ̄ (υ)

)
dυ,

= max
ς∈[0,T ]

∣∣∣∣1− φ

Q (φ)

(
Υ(ς,ℑ (ς))−Υ

(
ς, ℑ̄ (ς)

))
+

φ

Q (φ) Γ (φ)

∫ ς

0
(ς − υ)φ−1 (Υ (υ,ℑ (υ))

−Υ
(
υ, ℑ̄ (υ)

)
dυ

≤ max
ς∈[0,T ]

∣∣∣∣1− φ

Q (φ)
max
ς∈[0,T ]

∣∣(Υ(ς,ℑ (ς))−Υ
(
ς, ℑ̄ (ς)

))∣∣
+

φ

Q (φ) Γ (φ)

∫ ς

0
(ς − υ)φ−1 max

υ∈[0,ς]
|(Υ (υ,ℑ (υ))

−Υ
(
υ, ℑ̄ (υ)

)
dυ,

≤ max
ς∈[0,T ]

∣∣∣∣1− φ

Q (φ)
K

∥∥(ℑ (ς)− ℑ̄ (ς)
)∥∥+

φ

Q (φ) Γ (φ)∫ ς

0

(ς − υ)φ−1K
∥∥(ℑ (ς)− ℑ̄ (ς)

)∥∥ dυ,
= K

∥∥(ℑ (ς)− ℑ̄ (ς)
)∥∥(1− φ

Q (φ)
+

φ

Q (φ) Γ (φ)
max

ς∈[0,T ]∫ ς

0

(ς − υ)φ−1dυ,

≤ K
∥∥(ℑ (ς)− ℑ̄ (ς)

)∥∥(1− φ

Q (φ)
+

Tφ

Q (φ) Γ (φ)

)
,

= Kϕ
∥∥(ℑ (ς)− ℑ̄ (ς)

)∥∥ ,
≤ δ

∥∥(ℑ (ς)− ℑ̄ (ς)
)∥∥ . (13)

Given that 0 < δ < 1, mapping χ is a
contraction. According to Banach’s fixed-point
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theorem,35 χ admits a unique fixed-point. Conse-
quently, Equation (6) has a unique solutionℑ (ς) ∈
M . This concludes the proof.

4. Haar wavelets and operational
matrix

4.1. Haar wavelets

The HW system over the interval [0, T ] consists of
two foundational components: father and mother
wavelets. These basis functions are formally de-
fined as follows36:

ψ0 (ς) =

{
1, 0 ≤ ς < T,
0, otherwise,

and

ψ1 (ς) =


1, 0 ≤ ς < T

2 ,

−1,
T

2
≤ ς < T,

0, otherwise.

(14)

The family of HW functions was constructed
by scaling and translating the mother wavelet.
These operations adjust the wavelet’s scaling and
translation to generate a complete set of basis
functions37:

ψi (ς) =


1, γT

2j
≤ ς < (γ+0.5)T

2j
,

−1,
(γ + 0.5)T

2j
≤ ς <

(γ + 1)T

2j
,

0, otherwise,
(15)

where i ∈ N+ and j, δ ∈ N indices i, j, and δ
are interconnected through the relationships i =
2j+γ, with constrained to the interval 0 ≤ γ < 2j .
For further details on HW functional representa-
tions, see Ref.38

The HW system is characterized by orthogo-
nal basis functions, which can be formally defined
as39: ∫ 1

0
ψi (ς)ψi′ (ς) dς =

{
1, i = i

′
,

0, i ̸= i
′
.

(16)

Anyf (ς) ∈ L2 [0, 1) can be expressed in Haar
series as follows36:

f (ς) =

∞∑
i=0

ϑiψi (ς), (17)

The function f (ς) can be approximated by
truncating the series Equation (17) after the first
terms, yielding:

f (ς) ≈
p−1∑
i=0

ϑiψi (ς) = CpΨp (ς) , (18)

where Cp = [ϑ0, ϑ1, ...ϑp−1]
T , and Ψp (ς) =

[ψ0 (ς) , ψ1 (ς) , ..., ψp−1 (ς)]
T .

Select p collocation points (CPs) across the in-
terval [0, T ] to discretize the domain for numerical
analysis ςε =

2ε−1
2p T, where ε = 1, 2, ..., p, andp =

2ϖ+1, ϖ = 0, 1, 2..., and discretized Haar matrix
Ψp×p (ς) as:

Ψp×p (ς) =


ψ0

(
1
2p
T
)

ψ0

(
3
2p
T
)

· · · ψ0

(
2p−1
2p

T
)

ψ1

(
1
2p
T
)

ψ1

(
3
2p
T
)

· · · ψ1

(
2p−1
2p

T
)

...
...

. . .
...

ψm−1

(
1
2p
T
)

ψm−1

(
3
2p
T
)

· · · ψm−1

(
2p−1
2p

T
)

 .
(19)

4.2. Atangana–Baleanu fractional integral
operational matrix

The Atagana–Baleanu fractional integral of order
for the Haar scaling function and the HW is given
as:

AB
0 Iφς Ψp (ς) = Fφp×p (ς) =

[
AB
0 Iφς ψ0 (ς) ,

AB
0 Iφς ψ1 (ς) , ...

AB
0 Iφς ψp−1 (ς)

]T
,

=

[
1− φ

Q (φ)
ψ0 (ς) +

φ

Q (φ)
0Jφ

ς ψ0 (ς) ,
1− φ

Q (φ)
ψ1 (t) +

φ

Q (φ)
0Jςφψ1 (ς)

, ...,
1− φ

Q (φ)
ψp− 1 (ς) ,+

φ

Q (φ)
0Jφ

ς ψp−1 (ς)

]T

= [Fψ0 (ς) , Fψ1 (ς) , ..., Fψp−1 (ς)]
T ,

where

Fψ0 (ς) =
1− φ

Q (φ)
+

ςφ

Q (φ) Γ (φ)
, 0 ≤ ς < T,

(20)
and

Fψi (ς) =


0, 0 ≤ ς γ

2j
T ,

g1
γ
2j
T ≤ ς γ+0.5

2j
T ,

g2,
γ+0.5
2j

T ≤ ς γ+1
2j
T ,

g3,
γ+1
2j
T ≤ ςT .

(21)

where

g1 =
1− φ

Q (φ)
+

1

Q (φ) Γ (φ)

(
ς −

γ

2j

)φ
,

g2=
1

Q (φ) Γ (φ)

((
ς −

γ

2j

)φ
− 2

(
ς −

γ + 1
2

2j

)φ)
,

g3 =
1

Q (φ) Γ (φ)

((
ς −

γ

2j

)φ
− 2

(
ς −

γ + 1
2

2j

)φ

+

(
ς −

γ + 1

2j

)φ
)
.

By substituting CPs in Equations (20) and
(21), the fractional order integration matrix
Fφp×p = Fψi (ςi) for the HW function can be de-
rived as follows:
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Fφ
p×p =


Fψ0

(
1
2p
T
)

Fψ0

(
3
2p
T
)

· · · Fψ0

(
2p−1
2p

T
)

Fψ1

(
1
2p
T
)

Fψ1

(
3
2p
T
)

· · · Fψ1

(
2p−1
2p

T
)

...
...

. . .
...

Fψp

(
1
2p
T
)

Fψp

(
3
2p
T
)

· · · Fψp

(
2p−1
2p

T
)

 .

For convenience, Fφp×p (ς) and Ψp×p (ς) can be

written as Fφp×p and Ψp×p.

4.3. Implementation of the method for
atmospheric model

This section details the computational procedure
for solving the atmospheric model, whereE (ς) =
sin (2πς) . Consider Equation (1) as follows:

ABC
0 Dφ

ς f (ς) =− af (ς) + bg (ς) + α1 sin (2πς) ,

ABC
0 Dφ

ς g (ς) =− ηg (ς) + ξf (ς)h (ς)

+ µf3 (ς) + α2 sin (2πς) ,

ABC
0 Dφ

ς h (ς) =− σh (ς) + λf (ς) g (ς)− βh2 (ς)

+ α3 sin (2πς) .
(22)

with initial conditions

f (0) = w1, g (0) = w2, h (0) = w3.

The fractional-order derivatives in Equation
(22) were numerically approximated by applying
HW series expansion.

ABC
0 Dφ

ς f (ς) = C(1)
p Ψp×p,

ABC
0 Dφ

ς g (ς) = C(2)
p Ψp×p,

ABC
0 Dφ

ς h (ς) = C(3)
p Ψp×p.

(23)

By applying the Atangana–Baleanu fractional
integral operator to Equation (23) and incorpo-
rating the initial conditions, we derive the follow-
ing result:

(
AB
0 Iφς

ABC
0 Dφ

ς f
)
(ς) = C(1)

p

(
AB
0 Iφς Ψp×p

)
,(

AB
0 Iφς

ABC
0 Dφ

ς g
)
(ς) = C(2)

p

(
AB
0 Iφς Ψp×p

)
,(

AB
0 Iφς

ABC
0 Dφ

ς h
)
(ς) = C(3)

p

(
AB
0 Iφς Ψp×p

)
.

f (ς)− f (0) = C(1)
p Fφp×p,

g (ς)− g (0) = C(2)
p Fφp×p,

h (ς)− h (0) = C(3)
p Fφp×p.

Using initial conditions, we obtain

f (ς) = w1 +C(1)
p Fφp×p,

g (ς) = w2 +C(2)
p Fφp×p,

h (ς) = w3 +C(3)
p Fφp×p.

(24)

By substituting Equations (23) and (24) into
Equation (22), we derive the following result:

C(1)
p Ψp×p =− a

(
w1 +C(1)

p Fφ
p×p

)
+ b

(
w2 +C(2)

p Fφ
p×p

)
+ α1 sin (2πς) ,

C(2)
p Ψp×p =− η

(
w2 +C(2)

p Fφ
p×p

)
+ ξ

(
w1 +C(1)

p Fφ
p×p

)
(
w3 +C(3)

p Fφ
p×p

)
+ µ

(
w1 +C(1)

p Fφ
p×p

)3

+ α2 sin (2πς) ,

C(3)
p Ψp×p =− σ

(
w3 +C(3)

p Fφ
p×p

)
+ λ

(
w1 +C(1)

p Fφ
p×p

)
(
w2 +C(2)

p Fφ
p×p

)
− β

(
w3 +C(3)

p Fφ
p×p

)2

+ α3 sin (2πς) .

(25)

We can write Equation (25) as

A =C(1)
p Ψp×p+a

(
w1 +C(1)

p Fφ
p×p

)
− b

(
w2 +C(2)

p Fφ
p×p

)
+ α1 sin (2πς) ,

B =C(2)
p Ψp×p + η

(
w2 +C(2)

p Fφ
p×p

)
− ξ

(
w1 +C(1)

p Fφ
p×p

)
(
w3 +C(3)

p Fφ
p×p

)
− µ

(
w1 +C(1)

p Fφ
p×p

)3

+ α2 sin (2πς) ,

S =C(3)
p Ψp×p + σ

(
w3 +C(3)

p Fφ
p×p

)
− λ

(
w1 +C(1)

p Fφ
p×p

)
(
w2 +C(2)

p Fφ
p×p

)
+ β

(
w3 +C(3)

p Fφ
p×p

)2

+ α3 sin (2πς) .

(26)

To resolve the system of algebraic equations
given in Equation (26), the objective function is
formulated as follows:

Ω =
1

2p2

p−1∑
i=0

(
A2 +B2 + S2

)
, (27)

The unknown HW coefficients in Equation
(27) are obtained using differential evolution op-
timization.

Example 1. Consider Equation (22) as

ABC
0 Dφ

ς f (ς) =1.8f (ς)− 1.8g (ς) + 0.01 sin (2πς) ,

ABC
0 Dφ

ς g (ς) =− 7.2g (ς) + f (ς)h (ς) + 0.02f3

(ς) + 0.01 sin (2πς) ,

ABC
0 Dφ

ς h (ς) =− 2.7h (ς) + f (ς) g (ς)− 0.07h2

(ς) + 0.01 sin (2πς) .
(28)

with initial conditions

f (0) = 1, g (0) = 1, and h (0) = 1,

Let
ABC
0 Dφ

ς f (ς) = C(1)
p Ψp×p,

ABC
0 Dφ

ς g (ς) = C(2)
p Ψp×p,

ABC
0 Dφ

ς h (ς) = C(3)
p Ψp×p.

(29)
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By applying the Atangana–Baleanu fractional
integral operator to Equation (29) and incorpo-
rating the initial conditions, we derive the follow-
ing result:

(
AB
0 Iφς

ABC
0 Dφ

ς f
)
(ς) = C(1)

p

(
AB
0 Iφς Ψp×p

)
,(

AB
0 Iφς

ABC
0 Dφ

ς g
)
(ς) = C(2)

p

(
AB
0 Iφς Ψp×p

)
,(

AB
0 Iφς

ABC
0 Dφ

ς h
)
(ς) = C(3)

p

(
AB
0 Iφς Ψp×p

)
.

f (ς)− f (0) = C(1)
p Fφp×p,

g (ς)− g (0) = C(2)
p Fφp×p,

h (ς)− h (0) = C(3)
p Fφp×p.

Using initial conditions, we obtain

f (ς) = 1 +C(1)
p Fφp×p,

g (ς) = 1 +C(2)
p Fφp×p,

h (ς) = 1 +C(3)
p Fφp×p.

(30)

By substituting Equations (29) and (30) into
Equation (28), we derive the following result:

C(1)
p Ψp×p =1.8

(
1 +C(1)

p Fφp×p

)
− 1.8(

1 +C(2)
p Fφp×p

)
+ 0.01 sin (2πς) ,

C(2)
p Ψp×p =− 7.2

(
1 +C(2)

p Fφp×p

)
+
(
1 +C(1)

p Fφp×p

)(
1 +C(3)

p Fφp×p

)
+ 0.02

(
1 +C(1)

p Fφp×p

)3

+ 0.01 sin (2πς) ,

C(3)
p Ψp×p =− 2.7

(
1 +C(3)

p Fφp×p

)
+
(
1 +C(1)

p Fφp×p

)(
1 +C(2)

p Fφp×p

)
− 0.07

(
1 +C(3)

p Fφp×p

)2

+ 0.01 sin (2πς) .
(31)

We can write Equation (31) as

A1 =C(1)
p Ψp×p

− 1.8
(
1 +C(1)

p Fφp×p

)
+ 1.8

(
1 +C(2)

p Fφp×p

)
−E,

B1 =C(2)
p Ψp×p

+ 7.2
(
w2 +C(2)

p Fφp×p

)
−
(
1 +C(1)

p Fφp×p

)
(
1 +C(3)

p Fφp×p

)
− 0.02

(
1 +C(1)

p Fφp×p

)3
−E,

C1 =C(3)
p Ψp×p

+ 2.7
(
1 +C(3)

p Fφp×p

)
+
(
w1 +C(1)

p Fφp×p

)(
1 +C(2)

p Fφp×p

)
+ 0.07

(
1 +C(3)

p Fφp×p

)2
−E.

(32)
where

E =


0.01 sin (2πς1) 0 0 0

0 0.01 sin (2πς2) 0 0
... 0

. . . 0
0 0 0 0.01 sin (2πς2p)


To resolve the system of algebraic equations

in Equation (32), the objective function is formu-
lated as follows:

Ω1 =
1

2p2

p−1∑
i=0

(
A2

1 +B2
1 + S2

1

)
, (33)

The unknown HW coefficients in Equation
(33) are obtained using differential evolution op-
timization.

4.4. Differential evolution algorithm

The heuristic optimization technique outlined by
Storn40 is highly effective. Differential evolution
is widely used among global optimizers owing to
its simplicity and powerful population-based sto-
chastic search approach for continuous domains.
The algorithm is defined by three key control pa-
rameters: scaling factor Sf, crossover constant
CR, and population size NP. These factors sig-
nificantly influence the performance of DE opti-
mization. Thus, in Ref.40, several straightforward
criteria are provided for selecting these values. In
the DE algorithm, solutions can be derived by
providing the population set, an approximation
solution, and the objective function.

98



Existence and uniqueness analysis of a fractional atmospheric system using Haar-based operational matrices

4.5. Error and convergence analysis

This section presents the derivation of inequality
pertaining to the upper bound of the ABC op-
erator. The proof follows a methodology similar
to that detailed in Ref.41. For the convergence
analysis of the HWOMM, we hypothesize the exis-
tence of a continuous and bounded function fn (ς)
on the interval [0, 1] .

Theorem 2 Assume that ABC
0 Dφ

ς f (ς) ∈
L2 [0, 1) and p = 2ϖ+1. Let f (t) denotes exact
solutions of system (1), and f̄ (ς) represent the
approximate solutions obtained using HWOMM.
The derivative fn (ς) is continuous, and ∃ K >
0, ∀ ς ∈ [0, 1) , |fn (ς)| ≤ K. Under these as-
sumptions, the exact upper bound for the ABC
derivative is as follows:

∥∥ABC
0 Dφ

ς f (ς)− ABC
0 Dφ

ς f̄ (ς)
∥∥
E

≤ KQ (φ)

(1− φ)

∞∑
ℏ=0

(
− φ

1− φ

)ℏ

1

Γ (ℏφ+ 1) (ℏφ+ 1)

1(
22(ℏφ+1) − 1

) 1
2

1

p(ℏφ+1)
.

(34)

where ABC
0 Dφ

ς f (ς) =
∞∑
i=0

ϑiψi (ς) and first p

terms are ABC
0 Dφ

ς f̄ (ς) =
p−1∑
i=0

ϑiψi (ς), ∥f (ς)∥E =(∫ 1
0 f

2 (ς) dς
) 1

2
.

Proof For complete proof, see Ref.42

Theorem 3 If f (ς) is continuous, p = 2ϖ+1, and
∃ K > 0, such that |fn (ς)| ≤ K. Then we have

∥∥f (ς)− f̄ (ς)
∥∥
E
≤ K

∞∑
ℏ=0

(
− φ

1− φ

)ℏ

1

Γ (ℏφ+ 1) (ℏφ+ 1)

1(
22(ℏφ+1) − 1

) 1

p2(ℏφ+1)

+
K Tφ

Q (φ) Γ (φ)

∞∑
ℏ=0

(
− φ

1− φ

)ℏ 1

Γ (ℏφ+ 1) (ℏφ+ 1)

1(
22(ℏφ+1) − 1

) 1
2

1

p(ℏθ+1)
.

(35)

This implies that
∥∥f (ς)− f̄ (ς)

∥∥
E

→
0 when p→ ∞.
Proof The following can be easily derived from
Lemma 1 and Equation (35):

∥∥f (ς)− f̄ (ς)
∥∥
E

=
∥∥∥IφABC

0 Dφ
ς f (ς)− IθABC

0 Dφ
ς f̄ (ς)

∥∥∥
E

=
∥∥∥Iφ (ABC

0 Dφ
ς f (ς)− ABC

0 Dφ
ς f̄ (ς)

)∥∥∥
E

=
−
( )

( )
−( )

−
−









 +( ) +( )=

∞

+( )

∑1

1

1

1

1 1

1

2

0

2 1

ϕ
ϕ

ϕ
ϕ

ϕ
ϕ ϕ ϕ

ϕ

Q

QK

h

h

h

h hΓ

−−( )































+
( ) ( )

−( )

+( )

−

1

1
1

2

1

1

0

p

Q

hϕ

ηϕ
ϕ ϕ

ς τ
Γ

ςς

ϕ

ϕ
ϕ

ϕ
ϕ ϕ ϕ

∫

∑( )
−( )

−
−









 +( ) +( )

−( )

=

∞

+( )

KQ

1 1

1

1 1

1

2 1

0

2 1

1

h

h

h

h hΓ

22

1

1

p

d

E

hϕ

τ
+( )























,

=

−
−









 +( ) +( )

−( )

+

=

∞

+( )
+( )

∑K ϕ
ϕ ϕ ϕ

ϕ

ϕ
ϕ

1

1

1 1

1

2 1

1

0

2 1

1

2

1

h

h

h

h

h hΓ

p

KK

Q

p

ϕ ϕ
ϕ

ϕ ϕ ϕ

ϕ

( ) ( )
−

−








 +( ) +( )

−( )

=

∞

+( )

∑Γ Γ1

1

1 1

1

2 1

1

0

2 1

1

2

h

h

h

h h

hhϕ

ϕς
ϕ+( )1

E

,

≤ K

∞∑
k=0

(
− φ

1− φ

)k 1

Γ (ℏφ+ 1) (ℏφ+ 1)

1(
22(ℏφ+1) − 1

) 1
2

1

p(ℏφ+1)

+
K Tφ

Q (φ) Γ (φ)

∞∑
ℏ=0

(
− φ

1− φ

)ℏ 1

Γ (ℏφ+ 1) (ℏφ+ 1)

1(
22(ℏφ+1) − 1

) 1
2

1

p(ℏφ+1)
.

This confirms the desired result.

Theorem 3 presents an inequality
that depends on known parameters
K, T, Q (φ) , Γ (kφ+ 1) and φ with p as the
sole variable parameter. As a result, the up-
per bound of the error is determined based on
p. Specifically, as p increases, the upper bound
of the error decreases, leading to a smaller com-
puted error. From this observation, we conclude
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Figure 1. Comparison of the Haar wavelet operational matrix method (HWOMM) with the
predictor–corrector method (PCM)33 and numerical results for atmospheric components f (ς) , g (ς) and h (ς)
at φ = 1, p = 32, and time ς = 2 days
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Figure 2. Solution of atmospheric components f (ς) , g (ς) , and h (ς) using the Haar wavelet operational
matrix method different fractional orders for p = 16 and ς = 1
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Figure 3. Comparison of the Haar wavelet operational matrix method with the predictor–corrector method33

and numerical results for atmospheric components f (ς) , g (ς) , and h (ς) at φ = 1, p = 32, and time ς = 3 days
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Figure 4. Graphical illustration of the variation in water freezing rate and the resulting of permafrost (a)
formation
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Figure 5. Graphical illustration of the variation in the rate of permafrost thaw and collapse (b)
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Figure 6. Graphical illustration of the variation in the temperature growth rate coefficient (ξ)
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Table 1. Comparison of the Haar wavelet operational matrix method (HWOMM) with the
predictor–corrector method (PCM)33 for thawing permafrost f (ς), atmospheric temperature g (ς), and
greenhouse gases h (ς) at φ = 0.99 at

ς fHWOMM fPCM gHWOMM gPCM hHWOMM hPCM
0 1.0167 1.0266 0.7973 0.7054 0.9258 0.8834
0.2 1.2314 1.2619 0.3003 0.2728 0.6285 0.5939
0.4 1.6473 1.6910 0.1651 0.1530 0.4236 0.3961
0.5 2.2583 2.3186 0.1351 0.1265 0.2991 0.2753
0.7 3.1210 3.1987 0.1545 0.1500 0.2392 0.2171
0.9 4.3123 4.4093 0.2575 0.2544 0.2608 0.2366
1.1 6.0291 6.0297 0.5317 0.5814 0.3822 0.4485
1.3 8.0889 8.0608 1.6162 1.6368 1.3384 1.3693
1.5 10.1585 10.0962 5.8277 5.3312 5.7517 5.1985
1.7 9.6666 10.1541 17.7634 16.9436 19.4748 18.3494
1.9 2.3773 2.4100 18.664 21.0066 24.2421 26.5627

Table 2. Comparison of the Haar wavelet operational matrix method (HWOMM) with the
predictor–corrector method (PCM)33 for thawing permafrost f (ς), atmospheric temperature g (ς), and
greenhouse gases h (ς) at φ = 0.97

ς fHWOMM fPCM gHWOMM gPCM hHWOMM hPCM
0 1.0369 1.0377 0.7224 0.7253 0. 8887 0. 8758
0.2 1.2989 1.2803 0.2964 0.2679 0.6044 0.5897
0.4 1.7606 1.7258 0.1807 0.1552 0.4202 0.3964
0.5 2.4350 2.3742 0.1592 0.1345 0.3129 0.2817
0.7 3.3688 3.2812 0.1904 0.1651 0.2705 0.2311
0.9 4.6709 4.5250 0.3403 0.2868 0.3362 0.2670
1.1 6.7621 6.1771 0.8277 0.6677 0.6252 0.5334
1.3 8.9209 8.1985 2.6892 1.9152 3.9962 2.5881
1.5 10.0874 10.0141 11.4057 6.2856 17.2382 14.5080
1.7 6.5764 9.2540 20.8604 18.0806 23.7243 25.4811
1.9 0.8064 2.1521 8.7632 16.3396 14.6575 22.0811

Table 3. Root mean square error (RMSE), Nash–Sutcliffe efficiency (NSE), and convergence rate for the
atmospheric model

ρ
ERMSE ENSE Rc CPU

time
(s)f g h f g h f g h

4 9.369 ×102 5.507 ×102 1.769 ×102 1.013 ×102 1.465 ×101 6.429 ×102 – – – 0.765
8 2.324 ×102 1.599 ×102 4.542 ×103 5.814 ×104 7.939 ×103 3.928 ×104 1.859 1.251 1.544 0.812
16 5.801 ×103 4.170 ×103 1.150 ×103 3.560 ×105 4.801 ×104 2.478 105 1.924 1.567 2.002 3.246
32 1.449 103 1.054 103 2.888 104 2.213 106 2.977 105 1.555 105 1.962 1.764 1.865 7.769
64 3.733 103 4.318 103 7.801 104 1.380 107 1.857 106 9.727 106 1.981 1.876 1.918 12.96

that:

lim
p→∞

∥∥f (ς)− f̄ (ς)
∥∥
E
= 0.

4.6. Performance measures

To evaluate the performance of HWOMM, the
performance measures RMSE, ENSE, and the
rate of convergence are mathematically defined as:
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RMSE =

√√√√ 1

2p

p−1∑
i=0

(
fi,HWOMM − f̄i,NDSolve

)2
,

(36)

NSE = 1−


p−1∑
i=0

(
fi,HWOMM − f̄i,NDSolve

)2
p−1∑
i=0

(fi,HWOMM )− 1
p

p−1∑
i=0

(fi,HWOMM )2

 ,

ENSE = |1−NSE| .
(37)

Rc (p) =

log

(
E( p

2 )
E(p)

)
log (2)

.
(38)

where fi,HWOMM and f̄i,HWOMM represent
HWOMM solution and numerical solution, re-
spectively, p denotes the number of CPs.

5. Results and discussion

The nonlinear atmospheric model described in
Equation (1) was numerically investigated us-
ing HWOMM. In the absence of analytical solu-
tions, the HWOMM outcomes were benchmarked
against those derived using the NDSolve and
PCM.33 Figure 1 provides a comparative graph-
ical representation of the results obtained using
HWOMM, PCM,33 and NDSolve, clearly demon-
strating that the proposed HWOMM maintains
close agreement with both reference methods.
Figure 2 explores the dynamic behavior of each
model component across different fractional or-
der values φ = 0.97, 0.95, and 0.93. Notably,
as the fractional order decreases, the response
of permafrost compartment becomes more pro-
nounced, particularly around ς = 1 . This be-
havior suggests that the atmospheric system is
highly sensitive to variations in the fractional or-
der. Because permafrost thawing releases green-
house gases, this increased thaw leads to further
atmospheric warming and accelerates the degra-
dation of permafrost layers. Figure 3 presents a
direct comparison between the results obtained
by HWOMM and those obtained using PCM and
NDSolve at φ = 1, and ς = 3 days, showing that
the proposed HWOMM achieves close agreement
with benchmark methods, thereby confirming the
accuracy and reliability of the method. Addition-
ally, the results in Tables 1 and 2 clearly exhibit
that HWOMM maintains stability across differ-
ent fractional orders φ = 0.99 and 0.97, for ς = 2
days, whereas PCM becomes unstable or diverges
as the fractional order decreases. Moreover, the
quantitative comparison highlights HWOMM su-
perior accuracy and consistency. Figures 4–6

further delve into the impact of varying model
parameters. Figure 4 depicts that increasing the
rate at which water freezes and forms permafrost
a leads to a simultaneous decrease in permafrost
thawing f (ς) , atmospheric temperatureg (ς) ,
and greenhouse gas concentration h (ς) , implying
a stabilizing effect on the environment. Figure 5
shows that an increase in the rate of permafrost
thaw and collapse contributes to higher levels of
permafrost thaw, elevated atmospheric temper-
ature, and increased greenhouse gas emissions,
thereby reinforcing the feedback loop derives cli-
mate change. Figure 6 illustrates the influence
of the temperature growth coefficient ξ. Initially,
higher values of this parameter cause permafrost
thaw to decrease f (ς) while atmospheric tem-
perature g (ς) and the greenhouse gases h (ς)
level rise. However, after a certain threshold, all
three components began to decrease, suggesting
a nonlinear feedback mechanism. Finally, Table
3 presents performance metrics, the convergence
rate, and computation central processing unit
time in seconds.

6. Conclusion

In this work, we studied a fractional-order atmo-
spheric model that simultaneously incorporates
temperature, greenhouse gas concentration, and
permafrost thaw, formulated using the ABC frac-
tional derivative to capture memory and hered-
itary effects in climate dynamics. To efficiently
solve the resulting nonlinear system, we developed
an operational matrix for the ABC fractional in-
tegral operator based on HW.

The theoretical framework of the proposed
method was established by proving the exis-
tence and uniqueness of the solution under suit-
able Lipschitz conditions. Numerical experiments
were conducted and validated through compar-
isons with the PCM and numerical solutions ob-
tained using NDSolve. The results confirmed
that HWOMM yields highly accurate solutions
with faster convergence and reduced computa-
tional cost. Error analysis demonstrated that the
approximation error decreases with higher reso-
lution levels, confirming the convergence of the
method. Finally, performance metrics, including
RMSE, ENSE, and convergence rate, further val-
idated the robustness and precision of the pro-
posed method. The HWOMM exhibited strong
adaptability across different parameter values and
fractional orders, making it a promising and com-
putationally efficient tool for modeling complex
atmospheric and environmental phenomena.

Nonetheless, the HWOMM has some intrinsic
limitations. Given HWS are piecewise constant,
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the method may require higher resolution levels
to accurately capture steep gradients or highly os-
cillatory behaviors, which can increase computa-
tional effort. Future work will focus on extending
the method to other fractional operators, higher
dimensional partial differential equations, and hy-
brid optimization strategies to further enhance
scalability, convergence speed, and applicability
to more complex climate systems.
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