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Despite the proven effectiveness of measles vaccines, suboptimal coverage and
changing public behavior continue to pose challenges for eradication efforts
worldwide. This study develops a fractional-order compartmental model to
capture measles transmission dynamics while accounting for memory effects
and adaptive behavioral responses to vaccination campaigns. Using Caputo
fractional derivatives, the model reflects the non-local and history-dependent
nature of disease spread more realistically than classical integer-order mod-
els. Four time-dependent control strategies—early newborn vaccination, adult
catch-up immunization, administration of a second vaccine dose, and early
treatment of exposed individuals—are incorporated and optimized through
Pontryagin’s Maximum Principle adapted for fractional systems. A sensitivity
analysis of the basic reproduction number shows which parameters have the
biggest effect on the potential for an outbreak. Numerical simulations demon-
strate that fractional dynamics significantly modify infection peaks, outbreak
duration, and total intervention costs compared to classical models. The re-
sults emphasize that integrating memory effects and behavioral feedback can
enhance the design of vaccination programs and inform more cost-effective
public health policies for measles mitigation.
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(co) I

elimination status, which highlights the fragility
of herd immunity. 4©

Vaccine hesitancy, i.e., delay in the adop-
tion or refusal of vaccination even where they

1. Introduction

Measles remains among the most contagious
vaccine-preventable viral diseases, and an ongo-

ing risk to public health globally, even with the
availability of safe and effective vaccines. In 2018
alone, there were over 140,000 measles-attributed
deaths, primarily among children under the age of
five. 1 Although massive vaccination drives have
significantly reduced measles cases worldwide, oc-
casional outbreaks still occur due to suboptimal
immunization coverage rates, low health system
capacity, and the increasing reality of vaccine
hesitancy. 2® Widespread outbreaks have been
reported even in regions that had already achieved
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are available, has emerged as a key determi-
nant for measles eradication. © Misinformation,
perception of low disease risk, lack of trust in
health authorities, and sociocultural factors only
add strength to the position and create feedback
mechanisms influencing behavior around vaccina-
tion over time. ® Thus, sophisticated modeling
schemes that can capture not just the biologi-
cal dynamics of measles transmission but also the
adaptive behavior response of the population to
vaccination policy are a pressing necessity.
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Mathematical modeling plays a central role
in the investigation of disease transmission and
the support of evidence-based public health inter-
ventions. Classical compartmental models formu-
lated by integer-order differential equations have
been extensively used to study measles trans-
mission and evaluate immunization measures. %1
The models generally rely on the assumption that
the rate of change depends solely on the cur-
rent state, without accounting for memory and
hereditary features that exist in biology and hu-
man behavior. To overcome this limitation, re-
searchers have proposed fractional-order models
as effective alternatives that incorporate mem-
ory features and long-range time correlations, re-
flecting the more realistic conditions of actual
processes. 1116

Fractional-order  differential  equations—
especially the Caputo type—have gained increas-
ing interest over recent years in modeling in-
fectious disease, for which non-locality effects
and memory play an important role. 72! For
measles and other diseases, waning immunity,
variations in uptake of vaccination, and changes
in behavior due to perceived risk have been out-
lined as the major parameters highlighting the
necessity of accounting for such phenomena in
predictive models. 22?® The Atangana-Baleanu—
Caputo derivative and other fractional operators
have proved increased capacity for describing
sub-exponential growth and multi-dimensional
transmission patterns in epidemics. 2324 Nev-
ertheless, the majority of existing fractional-
order models of measles do not consider the ex-
plicit inclusion of behavioral reactions to vac-
cination, despite visible evidence that behavior
plays a significant role in the determination of
immunization coverage. "82° Furthermore, al-
though optimal control theory has widely been
employed to construct cost-saving intervention
strategies in conventional models, 26728 its ap-
plication to the context of fractional-order sys-
tems with adaptive feedback for behavior is quite
understudied. 1213,18,29

Current studies on COVID-19, Human im-
munodeficiency virus, Dengue, and Monkey-
pox diseases have demonstrated the usefulness
of combining fractional-order behavior with op-
timal control strategies and behavioral fac-
tors to more suitably assessing intervention
effectiveness under uncertainty and resource
constraints. $1430-33 Quch approaches enable the
balance of health impacts and economic costs and
facilitate decision-making for public health plan-
ning.
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Inspired by gaps in existing research, this pa-
per presents a new fractional-order model for
measles transmission that includes memory ef-
fects and dynamic behavioral responses due to
vaccination. The primary inquiry of this study
is the impact of fractional-order dynamics and
adaptive human behavior on the efficacy and cost-
effectiveness of vaccination and treatment inter-
ventions in practical contexts. The model aims
to help public health planners design vaccina-
tion schedules and treatment interventions that
account for time delays, vaccine hesitancy, and
long-term immunity. The model employs the
Caputo fractional derivative of order a € (0, 1]
to encapsulate the hereditary characteristics of
measles transmission. Four control strategies are
introduced and optimized over time as follows:
newborn immunization, adult catch-up vaccina-
tion, second-dose vaccination, and early treat-
ment of exposed individuals. These strategies are
optimized using a modified version of Pontrya-
gin’s Maximum Principle (PMP) for fractional
systems. The basic reproduction number, Ry, is
calculated and examined using sensitivity analy-
sis to determine the most important factors that
affect the risk of an outbreak. Numerical sim-
ulations are conducted using a forward-backward
sweep algorithm to compare different intervention
strategies and show how fractional dynamics and
behavioral feedback can significantly impact in-
fection peaks, outbreak duration, and interven-
tion costs. Therefore, this work connects mathe-
matical modeling with practical policy by showing
how memory effects and behavioral dynamics can
be integrated into cost-effective vaccination plan-
ning. The main contributions of this work are the
expansion of classical models through the use of
Caputo fractional derivatives, which better cap-
ture the non-local and history-dependent nature
of disease transmission, and the modeling of how
individuals’ behavior changes in response to vac-
cination policies, including vaccine hesitancy and
behavior changes during outbreaks. It also uses
PMP for fractional systems develop and improve
the four control strategies: immunizing newborns,
giving adults a second dose of the vaccine, and
treating people who have been exposed to the
virus early. The work also includes a comprehen-
sive cost-effectiveness analysis that considers both
the economic and health impacts of vaccination
and treatment strategies, which is advantageous
in public health planning. Furthermore, the study
performs simulations to compare how fractional
dynamics and behavioral feedback affect infection
peaks, outbreak duration, and intervention costs,
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showing the importance of including memory ef-
fects in epidemic models. Consequently, this work
provides a framework for improving measles vac-
cination strategies by accounting for real-world
complexities like behavioral changes and memory
effects, ultimately guiding the creation of more
cost-effective public health policies.

We organize the rest of this paper as fol-
lows: in Section 2, some preliminary knowledge
on fractional calculus is presented, including the
basic definitions and elementary properties that
are required by the paper. In Section 3, the
memory-based and behavioral response process
is included to develop a fractional-order com-
partmental model for measles transmission, and
the main epidemiological features, including the
disease-free and endemic equilibria and the basic
reproduction number, are analyzed. In Section
4, we address the optimal control problem, which
includes the control system, the objective func-
tional, and the Pontryagin necessary optimality
condition formulated in the fractional sense. The
numerical solutions of the fractional differential
equations and corresponding simulation scenarios
with comparisons are given in Section 5. Scien-
tific interpretations of the results and policy en-
vironmental implications are discussed in Section
6, and the model outcomes are compared with
equivalent classical approaches in integer orders.
Finally, in Section 7, we conclude with a review
and discuss possible perspectives.

2. Mathematical preliminaries

In this section, we revisit fundamental concepts
and symbols related to fractional integrals and
derivatives, which we utilized in this work.

Definition 1. Let o« > 0. The left-sided
Riemann—Liouville fractional integral of a func-

tion y(t) is given by: 343°
1 t
ty() P(Oz) /0( S) y<3> S, > ( )

where T'(+) is the Gamma function.

Definition 2. For a > 0, the left-sided Riemann—
Liowville fractional derivative of order o of a
function y(t) is defined as: 343°

I n—a—
T(n —a) din /0 (t—s) Ly(s)ds
(2)

where n = [« is the smallest integer greater than
or equal to o.

"Dify(t) =

Definition 3. Letn € N and a € (n—1,n). The
left-sided Caputo fractional derivative of order «
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is expressed as follows: %43°

CT& _ 1 ! n—o— n
DY ult) = Fra [ (= 9" ) ds

3)

In particular, for a € (0,1) we obtain:

DY) = g | =9V s (@)

Definition 4. Let o« > 0 and 0 < t < T. The
right-sided Riemann—Liouville fractional integral
is defined by: 3435

T
R%ywzr(la) / (s — 12 Yy(s)ds  (5)

Definition 5. Let o > 0 and n = [a]. The right-
sided Riemann—Liouville fractional derivative of
order o is: %437

_1)n dn T
RDS (1) = ( / ¢ n—a—1 d

(6)

Definition 6. Let o > 0 andn = [a]. The right-

sided Caputo fractional derivative is expressed
as: 343°

D" a1, (g gs
)/t< Hymely ) (5) d

“Dry(t) = Tn-a
(7)

Lemma 1. Assume that the function y belongs
to the space C™[0,T], where n — 1 < o < n.Then,
the following identity holds: 3637
n—1 (k)
o cpa ¥ (0)
LDy = y(r) — 3 L (®)
k=0

Key properties:

For a, 8 > 0 and functions y1,y2 € L[0,T], the
following basic properties are satisfied: 3637

e Linearity:

Dy (ay1 (t) + byz(t)) = a°D{ y1(t) + b°DE yao(t)
(9)
e Composition of integrals:
RIE T y(t) = " y(e)

e Commutativity:
TR y() = T MRy (1)
These concepts and properties constitute the
mathematical basis for applying fractional cal-
culus to optimal control and integro-differential
equations. Later sections use these tools to refor-

mulate optimal control problems into nonlinear
programming formulations.

(10)
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3. Fractional dynamics of measles
transmission model

In this section, we present a new fractional-order
mathematical model for the transmission dynam-
ics of measles that incorporates memory effects
through Caputo fractional derivatives and behav-
ioral reactions to vaccination. Fractional calcu-
lus has become an effective mathematical tool for
modeling real-world biological systems with mem-
ory and hereditary characteristics. In the context
of infectious disease dynamics, fractional-order
derivatives are particularly suitable for represent-
ing long-term immunity, delayed behavioral re-
sponses to vaccination, and non-local infection ef-
fects that depend on past states. These memory-
driven features make fractional-order modeling
more realistic than classical integer-order ap-
proaches. Therefore, we generalized the integer-
order measles model of 3® into a fractional-order
framework using Caputo derivatives of order o €
(0,1], defined in Equation (4). This generaliza-
tion allowed the model to capture both the hered-
itary nature of measles transmission and the dy-
namic behavioral responses of individuals, such as
vaccine hesitancy or accelerated vaccination dur-
ing outbreaks. Both these influences were explic-
itly incorporated into the model, which also en-
abled the formulation of an optimal control prob-
lem aimed at determining cost-effective vaccina-
tion and treatment policies. As a result, the new
fractional control system was formulated as fol-
lows:

U% °DES(t) = (1 — u1)A — ugS — BSI — S
Ull,a DEV(t) =urA+uzS —usV —ef VI—pV
011,& DY BE(t) = BSI +eBVI —nE —uwE — puE
&%CD?I(t) =nE —~I — ul

Jl% “Df R(t) = usV + usE +~vI — uR

(12)

The description of model variables and con-
trols, as well as the interpretation and values of
model parameters, is provided subsequently in
Tables 1 and 2. The initial values:

(So, Vo, Eo, I, Ro) = (444422, 888844, 80, 60, 9134223)
(13)
are also referenced from the primary source. 3%
Following the introduced approach in, 39 the aux-
iliary parameter ¢ was employed to ensure that
both sides of the fractional equations in Equation
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(12) possess the same dimension. This adjust-
ment maintained the dimensional consistency of
the fractional system in Equation (12). The dia-
gram of model Equation (12) is given in Figure 1.

3.1. Stability analysis and basic
reproduction number

For verifying the stability of the measles transmis-
sion model, we considered the following system
without control:

1
s D¢ S(t) = A— BST — uS
1 (3 pYe?
o DEV(t)=—epVI—puV
1
s DY B(t) = BST + £ BVI — nE — uE
]' [} pYet
s D I(t) =nE —~I —ul
1 (O} pYe?
g DY R(t) =~vI — uR

(14)
3.1.1. Existence of disease-free equilibrium
To obtain the disease-free equilibrium (DFE)
of the fractional-order system (14), we set the

derivatives equal to zero and assumed F = 0 and
I = 0. The algebraic system obtained is:

0=A—uS (15)
0= —uV (16)
0=V —uR (17)
From Equation (15), we get:
A
S = m (18)
The Equation (16) yields:
V=0 (19)
and from the Equation (17), we obtain:
R=0 (20)

Therefore, the DFE is:

A
(S, V,E,I,R) = <,0,0,0,0) (21)
I
This equilibrium represents a population en-
tirely susceptible, with no exposed, infectious, or
recovered individuals.
3.1.2. Calculation of the basic reproduction
number

The basic reproduction number R is a threshold
parameter that determines whether an infectious
disease can invade and persist in a population.
It is the mean number of secondary cases pro-
duced by a single infectious individual in a com-
pletely susceptible population over the infectious



Fractional dynamics and cost-effective control strategies for measles transmission

Table 1. Description of model variables

Variable Interpretation

S(t) Number of susceptible individuals at risk of infection

V(t) Number of individuals who received the first vaccine dose with partial immunity

E(t) Number of individuals exposed to the virus but not yet infectious

1(¢) Number of infected individuals who are infectious and spreading the disease

R(t) Number of recovered individuals or those fully immunized by the second dose or treatment
uy(t) Proportion of newborns vaccinated with the first dose (early immunization at birth)

ua(t) Vaccination rate of susceptible adults (delayed or catch-up immunization)

us(t) Administration rate of the second vaccine dose ensuring full immunity

ug(t) Treatment rate of exposed individuals to prevent progression to infectious stage

Table 2. Interpretation and values of model parameters 38

Parameter Interpretation Value Unit
. . o 10467629 e .
A Rate of recruitment (birth of new individuals) 587 % 12 individual /time
Ié; Effective transmission coefficient 3.0251 x 1076 1 /(timexindividual)
1
Natural talit, t — 1/ti
1 atural mortality rate YT /time
€ Vaccine ineffectiveness factor (first dose) 0.07
30
n Rate of progression from exposed to infectious class 11 1/time
¥ Recovery rate of infectious individuals 1.579 1/time
y’

(1—u)A | s | BSI

(V1
Uz S ﬂ

N

Figure 1. The transmission diagram of measles dynamics

period. To compute Ry for the fractional-order At the DFE, we have:
measles model without controls, we applied the A
next-generation matrix method, where we took S = ;7
the infected compartments: E(t) and I(t). Let F

represent the rate of new infections, and let V de-

to (E,I) at the DFE are:
note the rate of transfers between compartments: o (E, 1) at the are

0 0

f:[b’suaﬁvq v:[ (n+ pE ] JFZ[O BS +eBV

0 —nE+ (y+u)l
(22)
-n Yt u
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V=0

-

ooy )

0
0

y

A
K Y
q

(23)

The Jacobian matrices of F and V with respect

(24)
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The next-generation matrix is:
K = JrJy,*! (25)

By calculating J, ! and performing the multi-
plication, we determine the basic reproduction
number as the spectral radius of K by:

n(BS)
Rog= — "2 26
T+ +p) (26)
Substituting S = f, we get:
nBA
Ro = 27
O+ iy + ) (27)

It is evident from the above equation how
transmission rate, progression rate, recovery rate,
and natural death rate affect the spread of the
infection within the population.

3.1.3. Stability of the disease-free equilibrium

To examine the local stability of the DFE, we
linearized the fractional-order measles system in
Equation (14) at the DFE. The Jacobian matrix
for the system described in Equation (14) at the
DFE is as follows:

—u 0 0 —5% 0
_ A
JDFE = 0 0 (n+n) /BM 0
0 0 7 —(v+wp 0
0 O 0 % —l
(28)

To focus on the dynamics of the infected com-
partments, we defined the infected subsystem
(E,I). We considered the corresponding 2 x 2 Ja-
cobian block Jgj, extracted from Jppg in Equa-
tion (28). The dynamics of the infected subsystem
(E, I) were ruled by the 2 x 2 block as follows:

~(n+p) B4
A —(v % w) @)
The characteristic equation of Jgy is:
M4 ad+ag=0 (30)
where:
a1 =(n+p)+(y+p) >0, ag=(n+p)(y+p) —(nﬁ,;
31

From the definition of the basic reproduction
number in (27), we have ag > 0 if and only if
Ro < 1. Therefore:

o If Ry < 1, then ag > 0 and all eigenval-
ues of Jgr have negative real parts, so the
DFE is locally asymptotically stable.

o If Ry > 1, then ag < 0 and the DFE is
unstable.
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For the parameter values considered, Ry ~
0.0064 < 1, all the eigenvalues have negative real
parts, and thus the DFE is locally asymptotically
stable.

3.1.4. Endemic equilibrium point

To determine the endemic equilibrium point
(EEP) of the fractional-order measles model, we
considered system (14) and set the derivatives to

ZEro:
1 1

ﬁ CD? S(t) = O7 0-1—06 CDta V(t) - 0
1 . 1
—— "Dy E(t) =0 ‘DYI(t)=0
ol—a t ( ) ) ol—a t ( )
1 «
F CDt R(t) - 0
(32)

This leads to the algebraic system:
0=A-pB5I—uS (33)
0=—eBVI—uV (34)
0=pSI+epVI—(n+pnkE (35)
0=nE—(y+ul (36)
0=9I —pR (37)

From Equations (33) and (36), we obtained:

LA g
BT+ p 7
From Equation (34), assuming I > 0, we deter-

mined V' = 0. Substituting Equation (38) and
V = 0 into Equation (35) gives:

(38)

T+p
I-(n4+pu)——1I1=0 39
Boral - 1) (39)
Since I > 0, dividing both sides by [ yields:
A
BA _ (n+mwhr+u) (40)
BT+ p 7
After rearranging, we obtain:
BAn
Bl +p=———— 41
URDICED 0
and therefore:
BAn  _ m
I = (77+M)(VI;‘#) (42)

Using the definition of the basic reproduction
number from Equation (27), we can rewrite Equa-
tion (42) as:

j p(Ro — 1)

p
Thus, if Rg > 1, then I > 0 and an endemic equi-
librium exists, whereas if Rg < 1, then I < 0 and
no endemic equilibrium exists. Finally, the EEP

(43)



Fractional dynamics and cost-effective control strategies for measles transmission

is given by:

(S,V,E,I,R) — < A 02 ER g 71)

Bl +u' 7 I

(44)
where the variable I is defined in Equation (43),
and it is greater than zero if and only if Rg > 1.

3.2. Sensitivity analysis of the fractional
measles transmission model

The basic reproduction number R is one of the
determinants of the threshold behavior of infec-
tious diseases. In the case of our fractional-order
measles model, the DFE is locally asymptotically
stable whenever Ry < 1, and unstable whenever
Ro > 1. 4041 Therefore, lowering Ry below unity
is a principal objective for control of epidemic out-
breaks. The expression of Ry obtained in Equa-
tion (27) of Section 3.1.2 is composed of effects
of some relevant model parameters such as re-
cruitment parameter A, transmission coefficient
B, death rate u, recovery rate 7, and controls w1,
uo, us, and uyg. To evaluate their relative impli-
cations, we conducted a local sensitivity analysis.
The sensitivity index of Ry with respect to a pa-
rameter p is represented by the following dimen-
sionless formula:
9Ro P
dp  Ro
This equation expresses how the relative
change in parameter p affects the relative change
in Rg. A positive sensitivity index means that
Ry increases as the parameter increases, whereas
a negative sign means an inverse relation. Fig-
ure 2 is a bar plot of global sensitivity analysis of
the basic reproduction number Ry with respect to
the model parameters. A bar is the normalized
sensitivity index of a parameter, illustrating its
relative influence clearly. The highest bars rep-
resent the recruitment rate A and transmission
rate B, both with normalized sensitivity indices of
1.0. This graphic demonstrates a direct propor-
tionality between these two parameters and Ry,
confirming that an increase in either will result in
an equivalent increase in disease transmission po-
tential. On the other hand, the bar representing
u1, which is newborn vaccination, is negative and
is the lowest of all, illustrating the strongest in-
verse effect on Rg. Moderate negative bars were
observed for recovery rate v and natural death
rate p, which suggests that these parameters are
suppressing disease transmission, although to a
lesser extent. The remaining control functions us
(behavioral intervention), us (second-dose vacci-
nation), and uy (exposed individual treatment)
had smaller negative contributions. These results

(45)

Sensitivity index =
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point out the value of a synergistic intervention
strategy, in which infant immunization takes the
lead and is supported by complementary inter-
ventions in treatment, awareness, and follow-up
vaccination. Table 3 provides a quantitative view
through sensitivity indices. Both parameters A
and 8 had sensitivity indices of 1.0000, i.e., an ex-
actly proportional dependence on Ry. This sug-
gests that a 10 % increase in either of the pa-
rameters would lead to a 10 % rise in Rg, once
again confirming their predominant influence on
epidemic dynamics. The control parameter wu;
had the most sensitive inverse effect, with a sen-
sitivity index of —3.5519. This substantial nega-
tive value suggests the high effectiveness of new-
born vaccination in reducing disease transmission.
Other parameters, like recovery rate v and nat-
ural death rate p, exhibited relatively negative
indices, implying enhancement of recovery or de-
creasing life expectancy by a small measure helps
in epidemic control. Behavioral interventions wo,
and partially ug and wuy4, also had negative indices,
affirming their ancillary role in lowering R, al-
beit weaker than that of u;. Based on the ob-
servations in Figure 2 and Table 3, it is clear
that focusing on newborn vaccination (u;) is the
most efficient way to lower Rg. This argument
is qualitatively asserted by the high-magnitude
negative sensitivity index value (—3.5519) and vi-
sually corroborated in the bar chart by the pre-
vailing negative bar. Additionally, the statuses
of § and A as positively impacting parameters
confirm the need to contain transmission chan-
nels and population recruitment in the outbreak
setting. Although single parameters such as 7,
W, w2, uz, and uy showed only moderate impact,
their combined effect from joint implementation
is feasible. Therefore, public health interventions
need to focus on high vaccination coverage supple-
mented by behavioral change and prompt treat-
ment to suppress the disease from successfully
spreading and push Rg below the threshold. Fig-
ure 3 is a contour plot of the combined effect of
significant control parameters on the basic repro-
duction number Ry. Level curves on the plot
were constant with Rp, and color gradients on
the plot indicate the magnitude of variations in
matched control measures. This graphical tool
makes several significant observations. First, con-
tour lines were densely packed and steeply slop-
ing as wuq rises, affirming newborn vaccination as
the most efficacious intervention for reducing Ry.
Second, contour curvature suggested strong inter-
actions among controls—namely, between u; and
us, and between uqy and u3. These interactions
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Sensitivity Index

T
Uy

T T T
us tz Uy

Figure 2. Sensitivity analysis of the fractional-order measles model

indicate that concurrent implementation of vac-
cination and behavioral interventions has a syn-
ergistic effects; hence, Ry can be decreased at a
faster rate than by applying each strategy indi-
vidually. The second striking observation is the
flatness of contours over regions dominated by uo
and w4, meaning that such controls, while valu-
able, must be altered quite significantly to real-
ize a comparable reduction in Ry. Policymak-
ers can therefore use such contour maps to iden-
tify cost-effective intervention regions—regions in
which modest investment in key controls (such
as wuy) results in extensive epidemic suppression.
Figure 4 presents a set of surface plots examin-
ing the impact on the basic reproduction num-
ber Rg of different combinations of the four con-
trol interventions: u; (newborn vaccination), usg
(behavioral intervention), ug (second-dose vacci-
nation), and u4 (treatment of exposed individu-
als). Here, we can observe how, with rising levels
of u; and wg, we experienced a decreasing value
of Ro—and that for relatively modest elevations
of either variable. A forceful public behavioral
response-poster synergism was evident, showing
that, according to a surface of negative slope,
comparatively slight elevations of these interven-
tions may have extremely substantial epidemio-
logic effects. In subplot 4bb the combined influ-
ence of u; and ug is shown. Both controls lowered
Ro, but the slope of the surface showed decreasing
returns with higher levels of u3. This conclusion
implies that second-dose vaccination on its own is
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less effective unless combined with universal first-
dose immunization by u;. Subplot 4cc investi-
gates the interaction between u; and u4. Here,
the decline in Ry was obvious but less extreme;
hence, while treatment of exposed individuals is
a complementary intervention, it alone will not
be sufficient to control the spread of disease un-
less newborn vaccination is actually in progress.
The last subplot, Figure 4dD, graphs the curve
between us and ug. The surface decreased in Ry
modestly as each parameter increased; hence each
has individually favorable effects but not strongly
multiplicative ones. Worldwide, the finding con-
firms that w; will be most effective in reducing
Ro, especially when reinforced by either a behav-
ioral intervention or a secondary complementary
vaccination tactic. The finding is important in
planning the best and most cost-effective public
health policy. Figure 5 illustrates the influence of
key epidemiological parameters on Rg, focusing
particularly on combinations of recruitment rate
(A), natural death rate (), transmission rate (53),
and recovery rate (y). In Figure 5A, when A rises
and p falls, Rg rises steeply. This suggests that
high population inflow with low mortality sus-
tains transmission, the significance of which is em-
phasized through early-age vaccination in growing
populations. Figure 5B also demonstrates that 3,
the transmission rate, is a primary driver of Ry,
especially when mortality 4 is low. Any interven-
tion that can lower S—mask wearing, isolation, or
mobility restriction—can therefore substantially
limit outbreak potential. Figure 5C investigates
the relationship between p and . Increasing ~
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(recovery) reduces Ry, as expected, and this ef-
fect was amplified when increasing p. This illus-
tration shows the complementary nature of sur-
vival time and treatment effectiveness in clearing
the disease. These plots reinforce the fact that,
although control variables are central to interven-
tion design, biological and demographic param-
eters significantly impact the underlying disease
dynamics and must be accounted for in long-term
planning.

4. Optimal control for measles
transmission model

Here, we illustrate our proposed control mech-
anism to minimize the transmission of measles
through an optimal intervention process. We in-
tend to decrease the number of patients having
measles. We will step-by-step demonstrate how
the Hamiltonian equation’s requirements solve
the problem. We will reformulate this process to
maximize the decrease in measles cases.

4.1. Problem formulation for the optimal
control problem

The general objective of this work is to de-
termine the optimal intervention measures for
measles outbreak control and minimize the re-
lated costs. Intervention measures were ex-
pressed in the form of four time-dependent con-
trols wy(t), ua(t), us(t), usa(t), which are efforts in
vaccination and treatment at different levels of
the disease. The controls were directed at max-
imizing vaccination rates and efforts and mini-
mizing the related costs of implementing these
efforts. To obtain the optimal control problem, a
cost functional was taken into consideration that
included intervention cost and the cost of disease
burden. The cost functional J is defined as:

[T 2 2 2
J = / [(Cyui(s) + Cous(s) + Caus(s)
0

+Cyul(s) + Cs1(s)ds

(46)

where C; for i = 1,2,3,4,5 are positive constants
that guarantee the balance of each component in
the objective function. The first four components
in Equation (46) denote the cost of newborn vac-
cination, first-dose adult vaccination, second-dose
vaccination, and medical treatment, respectively.
The last component in Equation (46) denotes the
cost of the high number of infected individuals in
the field, such as media campaign cost, economic
cost, etc. The objective was to minimize the cost

functional J in Equation (46) by selecting the op-
timal control strategies wj(t),ua(t), us(t),uq(t),
while adhering to the fractional-order system of
equations presented in Equation (12) and the
initial conditions specified in Equation (13).

4.2. Application of pontryagin’s maximum
principle

To determine the conditions for optimal control
of the fractional-order measles model, we applied
PMP for systems controlled by Caputo fractional
derivatives. The principle allowed us to rewrite
the optimal control problem as a boundary value
problem in terms of the state equations, the ad-
joint equations, and characterization of the opti-
mal controls. 1142745 We defined the Hamiltonian
function H as follows:

H = (C1uf + Couj + Csuj + Cyuj) + Cs1
+ A1 [(1—up)A —uaS — BST — puS]
+ Ao [u1 A + ugS —ugV — VI — uV]
+ X3 [BSI 4+ eBVI —nE — usE — pE)|
+ A [NE — I — pl]
+ A5 [ugV + waE + I — pR]

According to the fractional version of PMP, the
adjoint variables satisfy the Caputo fractional dif-
ferential equations of the form:

R, OH
CDT )\1 (t) = %

(47)

= —Ai(u2 + BI + p)

+ Aoug + A3pI
on
oV

gl—a

1
0'1*05 CD% )\2(t) -

= —Xo(us + e8I + )

+ A3eB1 + Asus
oi
oF

1
0'1*05 CD% )\3(t) =

= —A3(n + ug + )

+ A+ Asug

1o oH
‘D A(t) = I

= 705 — )qﬁS — )\QE/BV

+ A3(BS +eBV) — My + p) + A5y

1 e OH
D As(t) = R

gl—a

gl—a = ,U)\5
(48)
with the transversality conditions for the co-state

equations:
Xi(T)=0, foralli=1,...,5 (49)

The method for obtaining the partial deriva-
tives of the Hamiltonian function with respect to
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Figure 3. Contour plot of R against key control parameters
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Figure 4. The influence of u1, us, uz, and uy on Rg
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Table 3. Sensitivity indices of Ry with respect to model parameters

(a) Ro as a function of A and p.

each costate variable is as follows:

1
o.l—a

1 [0 Y24
ia Dy V(¢)

1
o.l—oz
1 CTyo
Py Dy I(t)
1

Dy S(t)

DY B(t)

[0} pYe?

DY R(t)

0-1—0:

Parameter Index Parameter Index
A 1.0000 5 -0.9894
8 1.0000 n -0.5922
€ 0.3429 Ul -3.5519
n 0.1021 U -0.2867
u3 -0.1169
Uy -0.1025

=
12 &

0.00010 0.00010

(b) Ry as a function of 8 and p.

0.00010

3.0

(c) Ro as a function of u and ~.

Figure 5. The influence of A, p, 5, and v on Ry

By differentiating the Hamiltonian function

_9H _ (1= un)A — S — BST — pS with resp§ct to the ('Jontrol variables, we obtain
O\ the following expressions:
H
_oH =u A+ ugS —uzV —eVI—pVv
OAg
= oH =pBSI+epBVI—nE —usFE — ukE
O3
OH
=_—=nE—~yI —ul
g n v 2
OH
=— =u3V +usll +~I — uR 215
A5

(50)
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0H

— = 2C u1 — AX + Ao
8U1
OH
(97 = 202’&2 - S)\l + S)\Q
87“[‘; (51)
- = 203u3 - V)\Q + V)\5
(9’11,3
H
87 =2C4uy — EX3 + E X5
(9’U,4

Equating each derivative to zero and applying
control bounds, the optimal controls are obtained

as:

. ) [ AM — A
ui(t) = min {max _0, (21012)} ,1}
u5(t) = min { max |0, S = A) ,1

205
- (52)

uz(t) = min < max |0 Ve = A5) 1

3 I ) 203 ’

. ) [ E(A3— A
uy(t) = min {max _0, ( 2304 5)} ,1}

5. Numerical technique

This section presents a numerical approach for
solving the fractional system dynamics given in
Equations (50) and (48), which were derived from
the application of PMP to the fractional-order op-
timal control problem in Section 4, by proceeding
forward and backward in time. To present this
numerical method, we considered a fractional dif-
ferential equation in the following form:

1 o
ﬁth y(t) = F(y),

€ (0,7
(53)
To solve Equation (53), we used the equivalent

integral form based on the Caputo definition:

y(t) = o' (yo 4 F(la) /0 . s)a_l]:(y(s))ds>

(54)

We discretized the interval [0, T] into n equal
subintervals of length h = % and defined the time
nodes as t; = jh for j = 0,...,n. Applying
the trapezoidal quadrature rule to approximate
the integral in (54), we obtained the numerical
scheme:

j
y(ty) =o' (yo + F(ha) kzzowg'k(ty

F(y(te)) + Ej(y)

y(0) = yo,

(55)
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where wj;, = % ifk=0ork=j, and wj, = 1 oth-
erwise. Furthermore, the error term E;(y) satis-
fies the bound:

T
Then, the resulting numerical scheme was:
weet (yo " (e Z“’Jk — k)" 1f(yk)>
j=1,...,n
(58)

This recursive nonlinear system was solved at
each time step using Newton’s iterative method
to obtain y; as the approximation of y(t) at t;.
The forward-backward sweep solution method se-
quentially solved the state and co-state equations
derived from the Hamiltonian form of the opti-
mal control problem. Within this procedure, the
state Equation (50) is solved forward in time with
the initial condition Equation (13), while the ad-
joint Equation (48) was solved backward in time
with the transversality condition Equation (49).
The control functions wu;(t) were then adjusted
according to optimal conditions after minimizing
the Hamiltonian function, as in Equation (52).
The convergence and stability of the proposed nu-
merical algorithm for the fractional-order differen-
tial system have been examined thoroughly in, 46
thereby ensuring accordingly the reliability of the
process in approximating the controlled dynamics
of the measles. The subsequent algorithm’s steps
provide a brief outline of this numerical method.

Algorithm 1. [1] Set control functions uy, ug,
usz, and uy. Solve the Equation (50) with initial
condition (13) using the same numerical method
introduced in this section for the state trajecto-
ries in forward time. Solve Equation (48) with
transversality condition (49) using the same nu-
merical method but in backward time for co-state
variables. Correct the control function according
to Equation (52) from the actual state and co-
state variables. Verify convergence. If the new
state, co-state, and control functions have suffi-
ciently converged to their previous values, termi-
nate; otherwise, go to Step 2.

6. Simulation and comparative results

For the numerical simulations, we employed the
approach presented in Section 5, with implemen-
tation carried out in the Python 3.14 software and
simulations executed in Visual Studio Code (VS
Code v1.105.1).
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6.1. Simulation scenarios and cost analysis

We considered six scenarios with varying levels of
control to study the impact of control interven-
tions on measles transmission dynamics. All the
simulations were carried out using a fractional-
order model for various values of the fractional
derivative o € {1.0,0.95,0.85,0.75,0.65}. For
each scenario and for each value of «, the cost
functional J was computed to compare the infec-
tion burden with the intervention efforts.

Scenario 1 (No control): All control func-
tions were set to zero: wy(t) = wa(t) = usz(t) =
uq(t) = 0. Figure 6 depicts the trajectories of the
states of the fractional-order measles model with-
out control interventions for different fractional-
order values of . The dynamics of the sus-
ceptible S(t), vaccinated V (t), exposed E(t), in-
fectious I(t), and recovered compartment R(t)
are discussed. This discourse provides informa-
tion regarding the influence of memory effects in-
trinsic to the fractional-order model on disease
progression when there is no mitigation strat-
egy. For the vulnerable fraction S(t), the results
show a more precipitous decline in larger values
of «, indicating faster loss of the susceptible class
as the system approaches classical behavior (i.e.,
a — 1). Lower values of « slowed down the rate
of loss of susceptibility, which is a feature captur-
ing non-local memory effects of fractional dynam-
ics. The exposed class E(t) initially increased,
and then decreased. Higher values of o produced
a sharper peak and earlier onset of the infectious
class, whereas for lower «, the latency period was
longer, leading to a delayed peak and spread of the
infection. This behavior is in accordance with the
fact that fractional derivatives capture long past
exposure effects. Within the ineffective compart-
ment I(t), peak height was delayed and ampli-
tude reduced as « decreases. This pattern shows
that memory effects possess the ability to lessen
outbreak magnitude, but at the cost of increased
disease persistence in the population. The stan-
dard case (o = 1) provides the maximum peak,
highlighting the role played by fractional-order to
control an epidemic. The vaccinated group V (t)
did not change as a result of the lack of control,
and the recovered fraction R(t) grew with a rate
that is very much dependent on a. With greater
«, there was faster accumulation of the recov-
ered, which agreed with increased recovery and
spread of the epidemic. Thus, Figure 6 empha-
sizes the central role played by fractional-order
« in determining temporal disease transmission
patterns. In the absence of intervention, lower

a-systems had slow, long-drawn epidemics with
a more gradual peak, while those with « close
to 1 followed a faster trajectory. These observa-
tions establish the necessity for adjusting control
in fractional-order systems since the presence of
memory significantly affects the strength and tim-
ing of optimal interventions.

Scenario 2 (Full optimal control): All control
variables were active and optimally determined
using PMP. Figure 7 depicts the state trajectories
of the measles transmission model under the full
optimal control strategy for various values of the
fractional-order «. In this scenario, all control
inputs w1, ug, uz, and uy were active and derived
from the PMP. The state variables S(t), V(t),
E(t), I(t), and R(t) were observed over time to
understand how the system behaves when sub-
jected to optimal intervention, particularly in
relation to the memory effect introduced by the
fractional derivative. The susceptible population
S(t) exhibited a swift initial decline, subsequently
reaching a state of stabilization, with the rate of
decrease intensifying as « rises. For higher «,
the impact of controls was more immediate, lead-
ing to faster reduction in the susceptible pool.
The decline was slower at lower « levels, which
means that the memory effect slowed down the
system’s immediate response to changes. For the
exposed class F(t), higher a values resulted in
a sharp peak followed by a quick drop, reflect-
ing swifted isolation and vaccination responses.
As « decreases, the peak shifts to the right and
became flatter, implying delayed and more pro-
longed exposure dynamics due to the fractional
memory. The infectious population I(t) was sig-
nificantly reduced across all values of «, showcas-
ing the effectiveness of the optimal control strat-
egy. Nevertheless, lower a values led to a slightly
longer infection period with a broader peak, while
a = 1 produced the quickest suppression of the
epidemic. The vaccinated compartment V' (¢) in-
creased sharply in all cases, more so for higher «,
as the optimal control intensified initial vaccina-
tion efforts. This behavior reflects a memoryless
system that quickly implements large-scale vacci-
nation, whereas systems with lower « apply con-
trol more gradually. The recovered class R(t) also
accumulated more rapidly for higher «, indicating
a shorter overall epidemic duration. For smaller
a, recovery was slower but smoother, again due to
the lingering influence of past states. In summary
Figure 7 shows that the full optimal control strat-
egy works very well to delay the spread of disease
across all fractional-orders. However, its effective-
ness and timing were modulated by the order a:
higher « accelerates intervention impact, while
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Figure 7. State trajectories for Scenario 2 under different values of «

lower « requires sustained efforts over a longer
time horizon. These findings highlight the neces-
sity of tailoring control implementation based on
the memory characteristics of the system. Fig-
ure 8 is a comparison of model state trajectories
under Scenario 1 (no control) and Scenario 2 (op-
timal control in all) for a given fractional-order
« 0.95. The comparison indicates the sig-
nificant effect of implementing optimal control
measures on disease transmission dynamics. In
the vulnerable group S(t), Scenario 2 showed a
considerably more gradual decline compared to
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Scenario 1. The outcome revealed the effective-
ness of vaccination and campaigns for behavior in
checking the susceptible individuals’ interaction
with infection. Without any control measures,
Scenario 1 rapidly depleted the vulnerable popu-
lation due to unrestricted transmission. For the
exposed class E(t), the peak was lower in Sce-
nario 2 and sooner, reflecting that the optimal
control policy effectively reduces the rate of new
exposures and accelerated transition through the
incubation period. In Scenario 1, the higher and
later peak of E(t) is a reflection of uncontrolled
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spread and a longer latent period. The ineffec-
tive population I(t) presented the most dramatic
contrast. In Scenario 1, the ineffective population
accumulated to a high peak, resulting in a severe
outbreak. Under best control (Scenario 2), not
only was this peak reduced greatly, but it was
also achieved earlier, indicating both control and
time delay for the epidemic peak. The vaccinated
compartment V' (¢) was constant in Scenario 1, as
one would anticipate when there is no vaccina-
tion. In Scenario 2, V(t) increased rapidly over
time, demonstrating the significance of proactive
immunization in repressing epidemics. Finally,
the recovered population R(t) rised more slowly
in Scenario 2, as fewer individuals go through
the infectious phase due to effective prevention.
Scenario 1, however, experienced a sharp increase
in R(t) after the peak of infection, illustrating
natural recovery in a largely uncontrolled epi-
demic. This comparative visualization confirms
that the enforcement of an entire optimal con-
trol plan significantly alleviates rates of infec-
tion, delays or reduces peak outbreaks, and limits
extended-duration outbreaks of the disease, even
in fractional-order models with o = 0.95.

Scenario 3 (Newborn vaccination only):
Here, newborn first-dose vaccination alone was
utilized, i.e., ui(t) # 0, ua(t) = us(t) = ua(t) = 0.
Figure 9 represents state trajectories of the model
under Scenario 3 using only newborn vaccination
u1, and the others us,us, us were equal to zero.
The trajectories were traced for different values
of the fractional-order «, displaying how mem-
ory affects the system response to partial con-
trol. The class of susceptible S(t) decreased with
time in all cases but with certain a dependence.
Larger values of « resulted in a steeper initial
drop of S(t), corresponding to faster vaccination
response, and smaller values resulted in a delay
induced by stronger memory effects. This phe-
nomenon indicates that fractional systems have
longer time frames before control actions may
have their fullest impact. The population at risk,
denoted as E(t), had a higher «, resulting in a
steeper and lower-peaked curve; in contrast, the
flat delayed peak produced by a smaller « in-
dicates the influence of memory on controlling
incubation dynamics of measles. The ineffec-
tive population, denoted as I(t), remained sig-
nificantly greater than the corresponding popu-
lation under complete control; however, it even-
tually dropped below the level of uncontrolled
I(t). Tts peak depended considerably upon «: in-
creased order lessen it sooner and more strongly.
The vaccinated class V(t) increased over time due
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to newborn vaccination. This compartment in-
creased faster for bigger «, confirming that classi-
cal dynamics increase the vaccination effect. Con-
versely, the increase in V(t) became slower and
took longer for fractional-orders smaller than 1.
The recovered population R(t) was growing at a
slower rate under smaller «, with faster growth
for a = 1. Overall, the graph verifies that new-
born vaccination on its own can be quantita-
tively beneficial, but its efficacy is regulated by
the fractional-orders and is not potent enough to
manage the outbreak completely. Figure 10 shows
a side-by-side plot of Scenario 3 (only newborn
vaccination) and Scenario 1 (no control), both
under a = 0.95. The side-by-side plot was used
to isolate the epidemiological advantage of having
only one control component implemented. In the
susceptible class S(t), Scenario 3 declined more
slowly than Scenario 1, indicating that fewer in-
dividuals were entering the exposed class due to
effective newborn vaccination. In Scenario 3, the
exposed population E(t) reached its highest point
earlier and at a lower level. This shows that the
timing and severity of transmission were better
controlled. The infectious population I(t) also
showed marked improvement: the peak was much
lower and occured earlier in Scenario 3. This
trend reflects the contribution of newborn vacci-
nations to directly reducing the reservoir of sus-
ceptible individuals and indirectly lowering the
infection burden. The vaccinated compartment
V(t) was flat in Scenario 1 but rose in Scenario
3, indicative of the direct impact of the interven-
tion. Meanwhile, the recovered population R(t)
rose less in Scenario 3, in proportion to the fewer
infections. In general, the comparison supports
that even one-component interventions like new-
born vaccination may provide tangible epidemi-
ological dividends. However, their limited fo-
cus serves to demonstrate the value of combined,
multi-component control methods for more com-
prehensive epidemic control.

Scenario 4 (Exclusive adult vaccination):
Only adult catch-up vaccination was considered:
UQ(t) 75 0, ul(t) = U3(t) = U4(t) = 0. Figure 11
represents the state trajectories of the model for
Scenario 4, where only adult vaccination ug was
turned on and all other controls ui,us,us were
zero. The trajectories were traced for various
values of the fractional-order «, illustrating the
effect of memory effects on the epidemic dynamics
for this partial control strategy. The susceptible
population S(t) decreased slowly for all values of
«, but more rapidly for higher . This effect is
a sign of the moderate impact of adult vaccina-
tion compared to newborn immunization. Due to
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Figure 9. State trajectories for Scenario 3 under different values of «

its delayed nature and low coverage, adult vacci-
nation alone is not sufficient to cause an abrupt
reduction in susceptibility. For the exposed popu-
lation E(t), the curve rose and fell. Larger values
of o produced a steeper peak, while smaller val-
ues of o postponed the epidemic. This behavior
is akin to the memory effect of fractional-order
models and the least contribution of uz in re-
ducing exposure. In the infectious compartment
I(t), adult vaccination led to a reduction in peak
height; however, this reduction was not as promi-
nent as that seen with newborn vaccination or
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full control. Greater values of « still possess su-
perior infection reduction to smaller values, but
with less dramatic contrast due to the moderate
effectiveness of us. The immunized compartment
V(t), in this case, representing adult vaccination,
increased slowly over time. The rate of growth
was higher for larger values of a;, and the system
response also increased accordingly. The pop-
ulation recovered R(t) rose slowly in all three
instances but more quickly for @ = 1, meaning
a quicker transition from infection to recovery
in the classical case. Overall, Figure 11 reveals
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that while adult vaccination does contribute to
disease mitigation, its isolated application has a
limited impact. The effectiveness of us was fur-
ther attenuated under fractional dynamics with
lower «, which prolonged disease persistence and
reduced control sensitivity. Figure 12 juxtaposes
Scenario 4 (us only # 0) and Scenario 1 (no con-
trol) state variables for « = 0.95. Juxtaposition
ailms to quantify the epidemiological benefit of
vaccinating adults as an isolated intervention. In
the susceptible compartment, denoted as S(t),
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Scenario 4 showed a slight decrease in the re-
duction of new exposures compared to Scenario
1, which is consistent with the minor reduction
in new exposures resulting from late vaccination.
The revealed class F(t) had a marginally earlier
and lower peak in Scenario 4, suggesting some
decrease in early transmission dynamics. The in-
fectious population I(¢) in Scenario 4 had a lower
peak height than Scenario 1, but not as spectacu-
larly as in previous scenarios with newborn vacci-
nation or combined interventions. This indicates
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that adult-only vaccination moderately represses
but does not control outbreaks. In Scenario 4,
the population of vaccinated individuals, denoted
as V(t), rose continuously, while in Scenario 1, it
remained constant, as predicted. The population
of recovered individuals R(t) rose at comparable
rates in both scenarios, though slightly lower in
its terminal value in Scenario 4 due to fewer in-
fections. Finally, Figure 12 confirms that adult
vaccination achieves moderate epidemic control
gains, especially compared to no intervention.
However, adult vaccination alone is insufficient to
achieve the target of substantial disease suppres-
sion, highlighting the importance of combining it
with other public health interventions.

Scenario 5 (Only treatment of exposed in-
dividuals): In this scenario, only the control uy,
that is, treatment or quarantine of infected in-
dividuals, was activated, and all other controls
were set to the zero level. The aim was to deter-
mine the separate effect of post-exposure inter-
ventions on the global dynamics of measles trans-
mission. Figure 13 illustrates the dynamics of
the state variables under Scenario 5 with only
the control uy (treatment of exposed individu-
als) applied, while all the other controls uy, ua, us
were zero. Simulations were carried out for vari-
ous values of the fractional-order «, and the be-
havior of the system under partial intervention
in fractional-order dynamics was observed. The
susceptible population S(t) declined with time in
both cases, and the slopes increased more for big-
ger .. Such a behavior displays a faster process
of exposure and infection in less memory-intensive
populations. However, since the variable uy does
not directly affect the susceptible population S(t),
its contribution is marginal and indirect. The
exposed class E(t) had a moderately dampened
peak for larger «, showing that early treatment
of the exposed can retard progress to infection.
As « is reduced, the peak of E(t) was more de-
layed and broader, as one would expect for the
memory effect prolonging the influence of previ-
ous states. The infectious class I(t) was indirectly
truncated by efficient control of E(t). However,
since no vaccination or behavioral controls were
implemented, the suppression is partial. A lower
value of «a resulted in a later peak that was less
pronounced, whereas a higher value of « led to a
shorter epidemic duration but a more pronounced
peak. The vaccinated population V(¢) was con-
stant during this scenario because vaccination was
not in effect. The recovered population R(t) in-
creased gradually, with increasingly fast accumu-
lation for increasing «, as would be the case from
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increasingly fast progress through the infectious
class. Overall, Figure 13 shows that treatment of
the exposed has a quantifiable but moderate im-
pact when utilized alone. The system’s memory
also restricted its effectiveness, demonstrating the
value of combining it with forward-looking con-
trols such as vaccination. Figure 14 shows the
model dynamics under Scenario 5 and Scenario 1
(no control) for a fixed fractional-order av = 0.95.
We compared the epidemiological effect of imple-
menting only the control us. The susceptible pop-
ulation S(t) declined slightly more slowly in Sce-
nario 5, reflecting a slight delay in transmission
due to less movement from exposed to infectious.
The class that has been exposed to E(t) in Sce-
nario 5 had a smaller and sooner peak, and the
result implies that targeting this class can limit
their development into active infection. The infec-
tious class I(t) experienced a moderate decline in
Scenario 5 with a smaller peak and shorter infec-
tious duration. Lack of vaccination and behavior-
oriented interventions limited the overall effect.
Constant in both scenarios was the class that has
been vaccinated V'(t). The recovered population
R(t) increased slowly in Scenario 5, since fewer in-
fections occurred due to exposed individuals being
treated on time. Despite some gains, the compar-
ison indicates that it does not provide effective
protection on its own. In summary, Figure 14
validates that exposing individuals being treated
provides modest gains but is not sufficient to im-
pact overall epidemic prevention and needs to be
combined with other controls for optimal effect.

Scenario 6 (Full optimal control strategy):
In this case, a two-dose vaccine strategy was im-
plemented by activating both infant vaccination
u; and adult (second-dose) vaccination ugs, and
setting the other controls ws and wu4 to zero.
This setup corresponds to the real-world scenario
where vaccination programs try to vaccinate the
population in two steps, both infants and adults.
Figure 15 displays the evolution of the state vari-
ables under Scenario 6 for different values of the
fractional-order a.. The goal was to evaluate how
this dual vaccination strategy influences disease
transmission under various memory conditions.
The susceptible population S(t¢) exhibited a pro-
nounced decline as « increased, indicating a swift
decrease in susceptibility under classical dynam-
ics. Smaller values of a delayed depletion, illus-
trating the memory effect of fractional systems in
delaying the impact of control policies. The ex-
posed class E(t) had smaller and earlier peaks as
« increased. This indicates that two-dose vaccina-
tion effectively suppresses exposure, particularly
in memory-less systems, while memory delays the
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Figure 13. State trajectories for Scenario 5 under different values of «

response. The infectious class I(t) showed a sig-
nificant reduction for all « cases. The infection
peak decreased and narrowed for increasing «,
confirming the strong impact of early and re-
peated vaccination in managing disease spread.
The vaccinated class V (¢) increased over time and
developed faster for larger «, as the system re-
acted faster to vaccination campaigns. On the
other hand, fractional memory introduced a delay
for a vaccination to happen. The recovered class
R(t) increased more quickly with larger «, con-
sistent with a shorter infectious period and larger
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recovery flow. Smaller o cases have slower but
more gradual growth. Figure 15 thus shows the
benefit of combining w; and wus: infant protec-
tion initially and follow-up vaccination in older
individuals resulted in substantial epidemic re-
duction over memory values. Figure 16 com-
pares the state variables in Scenario 6 and Sce-
nario 1 (no control), when the fractional-order
a = 0.95 is fixed. This comparison describes the
epidemiological advantage of a two-dose vaccine
approach. The susceptible population S(¢) de-
clined more gradually in Scenario 6, reflecting the
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Figure 15. State trajectories for Scenario 6 under different values of «

shielding impact of sustained immunization cover-
age. Scenario 1 showed susceptibility exhaustion
at a faster rate owing to uncontrolled exposure.
The exposed class E(t) peaked earlier and lower
in Scenario 6, reflecting reduced incidence of ex-
posure from the onset of the epidemic. Similarly,
the infected population I(¢) in Scenario 6 was sig-
nificantly lower than in Scenario 1, and its peak
was lower and earlier. The vaccinated popula-
tion V(t) increased linearly in Scenario 6 and re-
mained constant in Scenario 1, as it ought to. The
recovered class R(t) had a more gradual buildup
in Scenario 6 due to the prevention-based strat-
egy rather than natural recovery. Finally, Fig-
ure 16 confirms that the combination of u; and
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ug significantly improved epidemic control, even
for fractional-order dynamics with o = 0.95. The
strategy diminishes infection burden, flattens epi-
demic peaks, and suggests the effectiveness of an
exhaustive vaccination campaign.

6.1.1. Comparative summary of scenarios

Table 4 presents a detailed comparison of six dif-
ferent intervention strategies based on three met-
rics: the maximum number of infectious individ-
uals (Imax), the time at which this peak occurs,
and the total cost functional (J) for fractional-
order o = 0.95. Scenario 1 (no control) yielded
the worst outcomes, with the highest infection
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Figure 16. Comparison of the state variables under Scenario 6 versus Scenario 1 for a = 0.95

burden and maximum cost. Scenario 2 (full con-
trol), on the other hand, had the lowest infec-
tion peak (Imax = 74.77), the earliest outbreak
suppression (peak at 0.23 months), and a very
low cost (J = 2637.74). This shows how effec-
tive it is to use all control measures at the same
time. Among the individual strategies (Scenarios
3-5), Scenario 5 (only treatment of exposed indi-
viduals) performed better than vaccination-only
approaches, reducing both infection burden and
cost. Scenario 3, which included only newborn
vaccination (u1), showed minimal improvement
over no control. Scenario 6, which combined new-
born and adult vaccination (u; and ug), offered a
practical middle ground. It achieved a moderate
reduction in Iy (85.17) and cost (J = 14559.73),
suggesting that multi-dose vaccination is a cost-
effective alternative when full control is not fea-
sible. In summary, this table highlights the im-
portance of combined interventions—particularly
full or two-dose vaccination strategies—as opti-
mal approaches for mitigating the spread and cost
of infection under fractional-order dynamics.

6.2. Impact of behavioral response on
control strategies

To mimic more natural human behavior dynam-
ics under an epidemic outbreak, the vaccination
function w;(¢) and the behavioral control func-
tion wug(t) were assumed to be decreasing sigmoid
functions of the infectious population I(t) as:
(1) un(t) = T2 (59)

T 1+ pol(t)

U1, max

T 1+l
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Here, parameters p; and ps modulate the sensi-
tivity of the control functions to infection inten-
sity and thus can account for behaviorally driven
effects such as fear-induced vaccine avoidance or
reactive health seeking. Figure 17 depicts how
the ineffective population I(t) develops for differ-
ent values of p. With larger values of p, implying
greater behavioral resistance, the success of the
vaccination campaign is compromised, leading to
higher peak infections and longer-duration out-
breaks. This confirms that strong negative behav-
ioral feedback can highly undermine disease con-
trol. Figure 18 plots the shape and dynamics of
the behaviorally responsive control function uy (t).
For small values of p, the function remains near
its elevated level for long times, characterizing
stricter and longer public obedience. However, for
high values of p, u1(t) rapidly drops in response to
higher infections, showing the way misinformation
or fear can decrease inoculation rates at the mo-
ment when it is most urgently needed. The eco-
nomic impact of such behavioral effects is summa-
rized in Figure 19, where the total cost functional
J is plotted as a function of p. An increasing
cost was observed as p increases, demonstrating
how negative behavioral feedback not only exac-
erbates the health burden but also places a heavy
economic burden. The findings emphasize the
importance of public health communication in-
terventions to mitigate fear-based resistance and
build trust in vaccination campaigns.
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Table 4. The spiral movement of piles in soil during the driving process

Scenario Active controls [,

Peak Time (month) .J (Cost)

1 None 86.49 0.69 46163.37
2 ui,us, us, g TATT 0.23 2637.74
3 Uy 86.46 0.68 37004.58
4 U3 85.19 0.54 15652.38
5 Uy 75.63 0.26 6041.84
6 Uy, U3 85.17 0.53 14559.73
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Figure 17. Impact of behavioral response on I(t) for different values of p
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Figure 18. Impact of behaviorally responsive control function w;(t) under varying p

6.3. Cost functional analysis

In this section, we estimated the economic ef-
ficiency of different intervention strategies by
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means of cost-effectiveness analysis. It is a crucial
method for guiding public health decisions un-
der stringent resource constraints to achieve max-
imum benefit for each cost. We estimated the in-
cremental cost-effectiveness ratio (ICER), which
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Table 5. ICER for selected scenario pairs with o = 0.95

Scenario A Scenario B Ja—Jp Ig™ — IF™ ICER

2 (Full control) 1 (No control) —43525.63 11.72 —3712.69
6 (u1, ug) 1 (No control) —31603.64 1.32 —23942.00
6 (u1, ug) 2 (Full control)  11921.99 —10.40 —1146.35
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Figure 20. Comparison of total cost J for different control scenarios across various fractional

orders «

we set as:

_ Ja—Jp

~ 7max max
IB - IA

where J represents the overall cost functional,
while ™% denotes the maximum number of in-
fected individuals. The ratio is the incremen-
tal cost of avoiding one additional infection when

ICER(A4, B) (60)
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there is a switch from strategy B to A. Table 5
presents ICER values estimated for selected strat-
egy pairs, with Scenario 1 (no control) as the ref-
erence and comparison with Scenarios 2 and 6,
and a comparison between Scenario 6 and Sce-
nario 2. Absolute and relative cost-effectiveness
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information can be derived from these. From Ta-
ble 5, it is evident that Scenario 2, with com-
plete control, provided the greatest reduction in
infections at the lowest cost involved, captur-
ing a highly negative ICER (3,712.69) and show-
ing high cost-effectiveness. Scenario 6, imple-
menting a two-dose vaccination protocol (uq, us),
also captured cost-effectiveness but with an even
more negative ICER (23,942), although the mar-
ginal reduction in infection was lower. When
we compared Scenario 6 with Scenario 2, we ob-
served that even though Scenario 6 was less ex-
pensive, it also suffered a smaller reduction in in-
fections, yielding a negative ICER (1,146.35) due
to the reverse comparison direction. This means
that Scenario 6 is more cost-saving but less ef-
fective. Overall, the analysis reveals that both
full control and targeted multi-dose vaccination
strategies offer substantial cost-effectiveness ben-
efits compared to no intervention. Full control is
still the best way to avoid infections for the least
amount of money. However, Scenario 6 stands out
as a practical, mid-cost strategy that still yielded
substantial epidemiological benefits—potentially
appealing in settings with limited resources. Fig-
ure 20 complements this analysis by illustrating
the evolution of total cost J across various frac-
tional orders « for all control scenarios. The to-
tal cost decreases with higher intensity of control
and lower memory effects (larger a). Scenario 2
consistently exhibited the lowest cost across all
values of «, followed by Scenario 6, confirming
their favorable cost-effectiveness observed in the
ICER Table. The shape of the curves further em-
phasizes how memory effects in fractional systems
amplify or reduce the cost gap between strategies.

7. Conclusion and future directions

This study presented a novel fractional-order
compartmental model for measles transmission,
enriched with multiple intervention strategies
including time-dependent behavioral response
functions. Our research enhances conventional
integer-order models by integrating memory ef-
fects characteristic of fractional calculus, thereby
more accurately representing the non-local and
history-dependent dynamics of infectious disease
transmission. Such memory-driven formulations
have demonstrated improved accuracy in epidemi-
ological modeling, especially for diseases with
complex, long-term dynamics. 3> Through a se-
ries of comprehensive numerical simulations, we
demonstrated that the fractional-order a has
an important effect on the dynamics of disease
spread. Lower values of « reflect stronger memory
effects, resulting in delayed epidemic peaks and

228

modified control responsiveness. In our compari-
son of six control scenarios, Scenario 2 (full opti-
mal control) consistently reduced both the num-
ber of infected people and the total cost. How-
ever, Scenario 6, which implements a two-dose
vaccination strategy, also demonstrated high ef-
ficiency and cost-effectiveness, making it a com-
pelling alternative when resources are scarce.
These insights align well with findings from re-
cent literature. For instance, the studies 2223
showed that the Atangana—Baleanu—Caputo and
Caputo fractional operators better capture real
measles dynamics than classical models. Aldila
et al. 8 explored the effectiveness of community-
driven awareness campaigns, which complements
our behavioral response approach. Furthermore,
Pang et al. ! focused on vaccination and cost
considerations in optimal control, while our work
advances the subject by integrating fractional
dynamics and cost-effectiveness metrics such as
ICER. Beyond these classical comparisons, our
methodology resonates with recent advances in
combining collocation methods and metaheuris-
tic optimization algorithms for solving optimal
control problems. Jajarmi et al. 47 introduced
a coronavirus metamorphosis optimization algo-
rithm with the collocation method to address
COVID-19 vaccination control, demonstrating
the strength of nature-inspired solvers in epidemic
models. Ebrahimzadeh et al. 16 employed a flood-
based metaheuristic optimizer in conjunction with
collocation methods for a multi-strain COVID-
19 model. Recent applications of hybrid frac-
tional frameworks, such as those in, "'® and deep
learning-enhanced epidemic modeling, ¥ show
the potential for further innovation. Their suc-
cess motivates us to augment our model with
evolutionary-based optimizers to improve policy
design in the face of uncertainty. Overall, our
model presents a flexible and realistic tool for
evaluating measles mitigation strategies under
both epidemiological and economic constraints.
It provides significant direction for health poli-
cymakers, especially in reconciling disease control
with manageable implementation expenses.

For future research, we recommend enrich-
ing the model by considering heterogeneous
population structures, vaccination hesitancy, 7
time delay in response functions, and stochas-
tic effects. 2° Integrating spatial diffusion pro-
cesses or network-based interactions may further
enhance predictive accuracy. Finally, calibration
with real-world incidence data through Bayesian
or data-driven estimation techniques would im-
prove the model’s practical relevance for disease
forecasting and policy design.
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