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The Benney–Luke (BL) equation is a fundamental nonlinear evolution equa-
tion that models long-wave propagation in fluid dynamics and other nonlin-
ear dispersive media. To understand more complex wave interactions and
higher-order dispersive effects, extended forms of the BL equation have been
developed, providing improved physical realism in describing nonlinear wave
phenomena. Despite these advancements, existing studies on the extended
sixth-order BL equation remain limited in the systematic construction of exact
analytical solutions, particularly those encompassing diverse nonlinear struc-
tures such as rogue waves, lump waves, and peak-type solutions. This paper
proposes a novel roadmap of the bilinear neural network method to derive new
classes of exact solutions for the extended sixth-order Benney–Luke (BL) equa-
tion. Extended from previous models due to space-lower nonlinearities, the ex-
tended sixth-order equation incorporates additional dispersive and nonlinear
interaction terms, enabling more comprehensive modeling of wave dynamics in
fluid systems and nonlinear phenomena. Using Hirota’s bilinear operator and a
neural network-based framework, we construct a diverse spectrum of analytical
solutions, including kink, rogue, lump, and peakon-type solitons. These solu-
tions significantly expand the known solution space of the BL family and offer
deeper physical insights into nonlinear wave behavior such as wave steepening,
resonance, and dispersion. The extended equation not only bridges mathemat-
ical rigor and physical realism but also improves the computational efficiency
and adaptability of neural network-based structures in analyzing nonlinear par-
tial differential equations.
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1. Introduction

Recently, a bilinear neural network construc-
tion for a fractional Konopelchenko–Dubrovsky-
Kaup–Kupershmidt equation, a finite element
scheme for a nanoscale heat transport analysis,
a sine-Gordon expansion method for to nonlin-
ear wave equation with beta-derivatives, and re-
liable methods for the (3 + 1)-dimensional chi-
ral nonlinear Schrodinger equation have been
proposed. Long water waves, especially those

that are weakly nonlinear and weakly disper-
sive, give rise to a nonlinear partial differen-
tial equation NPDE known as the Benney–Luke
equation. By more precisely simulating bidirec-
tional wave propagation, it is an improvement
over Boussinesq-type models. Many types of so-
lutions have been obtained, such as precise trav-
eling wave solutions to nonlinear evolution equa-
tions that play important roles in mathematical
physics, science, and engineering. 1 The modified
simple equation (MSE) technique, a reliable and
useful mathematical tool, is an efficient way to
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Figure 1. Graphical abstract using bilinear neural network method for solving extended (2+1)-dimensional
sixth-order Benney–Luke equation

generate such solutions. The MSE method allows
for precise solutions to nonlinear equations with
parameters, such as the Benney–Luke and phi-
4 equations. Exact traveling wave solutions can
be used to generate solitary wave solutions when
certain values are assigned.

Using the conformable fractional derivative
framework, fractional derivatives have been added
to the spatial and temporal variables to further
extend the Benney–Luke equation. A range of so-
lution structures, including exponential, trigono-
metric, and hyperbolic functions, have been gen-
erated by combining fractional calculus with the
MSE method.3 Furthermore, accurate solutions
of the Benney–Luke equation in hyperbolic form
have been obtained using the (1/G’)-expansion
method.4 Additionally, the Tanh Ansatz approach
has been applied, which uses a straightforward
compatible wave transformation in one dimen-
sion to reduce the governing equations to integer-
order ordinary differential equations. The Ansatz
method is then used to generate precise analytical

solutions, with examples showing the impact of
selected parameter values and derivative orders.5

The novel generalised rational function method
can be used to find new solitary wave solutions
for the Benney–Luke problem and the Phi-4 equa-
tion. The stability of the governing equations is
further examined using the linear stability analy-
sis feature.6 We used the tanh–coth method to ob-
tain specific traveling wave solutions for two well-
known nonlinear Sobolev-type partial differential
equations: the higher-order improved Boussinesq
equation and the Benney–Luke equation.7

The sn-ns technique was used to generate
novel solutions for this problem. Next, we of-
fer solutions for elliptic and trigonometric func-
tions as well as hyperbolic functions that can
be found using the Tanh–Coth approach. This
method allows for the simultaneous derivation of
three different types of solutions.8 The improved
(G’/G)-expansion approach can be used to solve
the NPDE of the Benny-Luke equation, resulting
in new and more comprehensive closed-form wave
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solutions. This is one of the powerful methods
that have recently been developed to create more
accurate wave solutions for NPDEs. We have
obtained a number of novel exact solutions ex-
pressed in terms of trigonometric and hyperbolic
functions. Among these are solutions for soliton
and arbitrary parameterized periodic waves.9,10

The Benney–Luke equation is given as
follows:8,11

utt − uxx + auxxxx − buxxtt + nut(ux)
n−1uxx

+ 2 (ux)
n utx = 0, (1)

where a− b = σ − 1
3 ; n ∈ N; a, b are the specified

positive values that satisfy the requirement; and
σ represents the Bond number that regulates the
relationship between the gravitational force and
an object’s surface tension.

In another study, new solitary wave solu-
tions of their fractional order versions of two
nonlinear evolution equations from mathematical
physics and engineering—the Benny-Luke equa-
tion and the Phi-4 equation—were extracted us-
ing the (G’/G)-expansion method in combina-
tion with a modified Riemann–Liouville fractional
operator. Rational, hyperbolic, and trigono-
metric function solutions are among the exact
solutions.12 Additionally, different solutions of the
Benney–Luke equation are obtained in terms of
hyperbolic functions, traveling wave solutions,13

and soliton solutions11 utilizing the (G’/G,1/G)-
technique, Lagrangian formulation, and bilinear
neural network method. A machine learning ap-
proach is used by the BNNM14 to construct solu-
tions based on the Hirota bilinear operator.15,16

Neural network techniques, such as the mul-
tivariate BNNM17 and the physics-informed neu-
ral network method,18,19 make up the particular
structure of machine learning. The BNNM is sim-
ple, flexible, and capable of handling many ap-
proaches and solutions.20,21 Simplifying the equa-
tion is a reasonable way to reduce computational
performance. The Benney–Luke equation, which
has been studied in a (1+1)-dimensional model
in earlier research, has a limited solution for vari-
ous forms of water wave propagation. This study
aims to solve the sixth-order Benney–Luke prob-
lem generated in a (2+1)-dimensional space, of-
fering a greater variety of solutions.

To obtain the exact analytical solutions, this
work creates a new extended (2+1)-dimensional
sixth-order Benney–Luke equation22 as follows:

utt − uxx + auxxxx − buxxtt + 2utuxuxx

+ 2 (ux)
2 utx + rux.uxx + p (uxxuxxx + ux.uxxxx)

+ quxxxxxx + suyy = 0. (2)

A popular application of the performance of the
Hirota bilinear form is to find n-soliton solutions
of the integrable nonlinear equations, which helps
reduce the laborious expression of NPDEs [23].
Utilizing the Hirota bilinear expression, which is
given by:15

Dx (f · g) =
(

∂

∂x
− ∂

∂x′

)
f (x) · g

(
x′
)∣∣∣∣

x=x′
,

(3)
or, in general,

Dm
x Dn

t (f · g) =(
∂

∂x
− ∂

∂x′

)m(
∂

∂t
− ∂

∂t′

)n

f (x) · g
(
x′
)∣∣∣∣

x=x′,t=t′
,

where the Hirota derivative operator, denoted by
D, is a binary operator.
The Hirota bilinear form’s compact operator can
be written as:

Dm
x (f · g) =

m∑
r=0

(−1)r
(

m
r

)
f(r−m)x · grx, (4)

where the binomial coefficient is(
m
r

)
=

m!

r! (m− r)!
, 0 ≤ r ≤ m. (5)

The classical Benney–Luke equation is an es-
tablished bidirectional model for weakly non-
linear and weakly dispersive waves, providing
less computation and solutions. However, the
standard fourth-order formulation cannot fully
describe many physical scenarios where higher-
order dispersion, multidimensional effects, and
strong nonlinear interactions are significant. Mo-
tivated by these limitations, this work develops
an extended sixth-order (2+1)-dimensional Ben-
ney–Luke equation that incorporates additional
dispersive and nonlinear terms. These extensions
naturally arise from higher-order asymptotic ex-
pansions of the Euler equations and allow the
model to capture richer wave behaviors such as
rogue-wave focusing, multi-scale dispersion, and
peakon formation. Furthermore, classical ana-
lytic methods are often limited to specific trial
functions. The BNNM provides a flexible and
systematic framework that combines Hirota’s bi-
linear form with neural-network-style functional
construction. This motivates the present study:
to unify physical realism, high-order mathemati-
cal modeling, and neural-network-inspired exact-
solution generation to produce new classes of ana-
lytical solutions that were previously inaccessible.

2. Methodology

The method proposed in this study is con-
structed as shown in Figure 1. Figure 2 illus-
trates the general process of the neural network
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Figure 2. Neural network model at the state k

model, which consists of the input layer Xi, i =
1, · · · , n; the hidden layerHk−1, Hk, Hk+1; includ-
ing a1, a2, · · · , ak; and the active functions that
copy data from the previous state k − 1 and con-
catenate at present state t to produce the output
at state k + 1. Recurrent and intrinsic activation
is the hidden layer’s primary method of recon-
structing the input data, which is expressed as
follows:

Hk = f (Xk−1Wxk +HkWhh + bh) (6)

The neural network model’s function can be rep-
resented as a sequence indexed by the input layer
state k, which is then concatenated with the func-
tion xk. The first hidden layer, hk−1, was calcu-
lated after the weights wxh, whh were determined,
and the second hidden layer, hk, bq, represents the
processing bias. The resulting output is displayed
as follows:

xk = hk−1wxh + hkwhh + bq (7)

The BNNM was built as follows:
Step 1: NPDEs can be transformed into the

equation of Hirota bilinear form using the Cole–
Hopf transform u = 2(lnF )x by utilizing Equa-
tions (3)–(5). This step incorporates the travel-
ing transform into the necessary bilinear terms as
follows:

F (f, ft, fx, fy, fxx, fxt, fyt, · · · ) = 0 (8)

where ft, fx, fy, fxx, fxt, fyt, · · · denote the deriva-
tive in terms of t, x, y, xx, xt, yt, · · · , respectively.
Step 2 : Create the output function f sequence
in the form of Equation (6) & Equation (7) us-
ing the appropriate functions for weights and ac-
tive functions, as illustrated in Figure 2. Replace
Equation (8) with the output function, compile
the weight coefficients, and apply bias to get al-
gebraic equation systems.
Step 3 : The Hirota bilinear equation can be sat-
isfied by classifying the test functions and solving
the simultaneous equations in terms of weights
and bias.
Step 4 : The output function acquired in terms
of weight and active functions is incorporated into
the NPDE systems.
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Step 5 : Change the function in the Cole–Hopf
transform to produce accurate solutions that sat-
isfy the Birota bilinear equation as well as the
NPDEs.

3. The Hirota bilinear transform of the
Benney–Luke equation

From Equation (2), taking the traveling transfor-
mation ξ = x+ kt+ hy, we have:(

k2 − 1
)
u′′ +

(
a− bk2

)
u′′′′ + 2k

(
u′
)2

u′′

+ 2k
(
u′
)2

u′′ + ru′.u′′ + p
(
u′′u′′′ + u′.u′′′′

)
+ qu′′′′′′ + sh2u′′ = 0. (9)

Using the transformation u = 2wξ, w = ln f , and
we have

2
(
k2 − 1

)
wξξξ + 2

(
a− bk2

)
wξξξξξ + 32k (wξξ)

2wξξξ

+ 4rwξξ.uξξξ + 4p (wξξξwξξξξ + wξξ.wξξξξξ)

+ 2qwξξξξξξξ + sh2uξξ = 0. (10)

Integrating both sides of the equation, we have:(
k2 − 1

)
wξξ +

(
a− bk2

)
wξξξξ +

16k

3
(wξξ)

3

+ ru2ξξ + 2puξξ.uξξξξ

+ quξξξξξξ + sh2uξξ = 0. (11)

Using definitions from Equation 3 to Equation 5,
Equation (11) can be rewritten as:

−
(
1− k2

)
D2

ξ + b
(
1− k2

)
D4

ξ + qD6
ξ

+ sh2D2
ξ = 0. (12)

Equation (12) is simplified as follows:

−(1− n)D2
ξ + bD4

ξ +mD6
ξ = 0, (13)

where

D4
ξf · f = 2(ffξξξξ − 4fξfξξξ + 3f2

ξξ),

D6
ξf · f =

2(ffξξξξξξ − 6fξfξξξξξ + 15fξξfξξξξ − 10f2
ξξξ),

D2
ξf · f = 2(ffξξ − (fξ)

2),

and

3p = 4k; 45q = 4k; r = 6b(1− k2);m =
q

1− k2
;

n =
sh2

1− k2
.

4. Solutions form of the extended
Benney–Luke equation

Using the model depicted in Figure 2, we con-
structed the output function F as the sum of
the product of weights Wh,f and test functions
Fh (ξh), including the bias bh, as follows:

F = Wh,fFh (ξh) + bh, (14)

where Fh (ξh) is considered as the function of hid-
den states. To facilitate the procedure, we ex-
tracted layer slices by aggregating the weights
whij , i = 1, · · · , n; j = 1, · · · ,m, the active func-
tion fhi−1

(
ξhi−1

)
, and the bias bj as follows:

ξhi
= whijfhi−1

(
ξhi−1

)
+ bj , i = 1, · · · , n;

j = 1, · · · ,m.
(15)

where hi, i = 1, · · · , n is the state of the process.
In this section, the neural network is constructed
using the trial functions listed in Table 1. These
trial functions are substituted into Equation (13)
to determine the weights and solve for the acti-
vation functions, as shown in Equations(14) and
(15).

4.1. Model 3-1-1

This model includes three neurons of the input
layers, one neuron of the hidden layer, and one
neuron of the output layers.
Given the trial function in Case IV (Table 1), the
one-soliton solutions are shown as follows:

u11 =
2a11b11e

b11(x+kt+hy)+b12

a01 + a11eb11(x+kt+hy)+b12

and

u12 = − 2a11b11e
−b11(x+kt+hy)−b12

a01 + a11e−b11(x+kt+hy)−b12
.

where b =
4kb411+45sh2+45k2−45

45b211(k
2−1)

.

The graph of u11 is depicted in Figures 3 and
4.

4.2. Model 3-2-1

This model includes three neurons in the input
layers, two neurons of the hidden layer, and 1 neu-
ron in output layer.
Given the trial function in Case IV (Table 1). The
one-soliton solutions are obtained as follows:

u21 =
2a21 (b21 + c21) e

b21(x+kt+hy)+c21(x+kt+hy)+c22+b22

a0 + a11eb11(x+kt+hy)+c11(x+kt)+c22+b22
,

and

u22 =
2a21 (−b21 − c21) e

−b21(x+kt+hy)−c21(x+kt+hy)−c22−b22

a0 + a11e−b21(x+kt+hy)−c21(x+kt+hy)−c22−b22
,

where
b =

4kb421+16b321c21k+24b221c
2
21k+16b21c321k+4c411k+45sh2+45k2−45

45b221k
2+90b21c21k2+45c211k

2−45b221−90b21c21−45c221
.

The graph of u21 is depicted in Figures 5 and 6.

4.3. Model 3-1-1

This model includes three neurons of input layer,
one neuron of the hidden layer, and one neuron
of the output layer.
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Figure 3. Kink solution u11 when
a01 = 0.2; b11 = 1.2; a11 = 1.3; b12 = 1.1; k =
0.2;h = 0.3; s = 0.1; t = 0.5

Figure 4. Contour graph of solution u11 when
a01 = 0.2; b11 = 1.2; a11 = 1.3; b12 = 1.1; k =
0.2;h = 0.3; s = 0.1; t = 0.5

Figure 5. Kink solution u21 when
a02 = 0.2; b21 = 1.2; a21 = 1.3; b22 = 1.1; c21 =
1.5; k = 0.2;h = 0.3; s = 0.1; t = 0.5

Figure 6. Contour graph of solution u21 when
a02 = 0.2; b21 = 1.2; a21 = 1.3; b22 = 1.1; c21 =
1.5; k = 0.2;h = 0.3; s = 0.1; t = 0.5

Given the trial function in Case II (Table 1). The
hyperbolic solutions are attained as follows:

u31 =
2a31b31 cosh (b31 (x+ kt+ hy) + b32)

a0 + a31 sinh (b31 (x+ kt) + b32)
,

and

u31 =
2a31b31 sinh (b31 (x+ kt+ hy) + b32)

a0 + a31 cosh (b31 (x+ kt+ hy) + b32)
,

where b =
4b231k

9(k2−1)
and s =

16b431k−45k2+45
45h2 . The

graph of u31 is depicted in Figures 7 and 8.

4.4. Model 3-1-1

This model includes three neurons of the input
layer, one neuron of the hidden layer, and one
neuron of the output layer.
Given the trial function as Case III (Table 1), the

trigonometry solution is obtained as follows:

u41 =
2a41b41 cos (b41 (x+ kt+ hy) + b42)

a04 + a41 sin (b41 (x+ kt+ hy) + b42)

and

u41 =
2a41b41 sin (b41 (x+ kt+ hy) + b42)

a04 + a41 cos (b41 (x+ kt+ hy) + b42)
,

where b = − 4b241k
9(k2−1)

, and s =
16b441k−45k2+45

45h2 . The

graph of u41 is shown in Figures 9 and 10.

4.5. Model 3-2-4

This model includes three neurons of the input
layer, two neurons of the hidden layer, and four
neurons of the output layer.
Given the trial function in Case VII (Table 1)
the 2-soliton solution u51 is presented in Table 2,
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Figure 7. Rogue solution u31 when
a03 = 0.2; b31 = 1.2; a31 = 1.3; b32 = 1.1; c31 =
1.5; k = 0.2;h = 0.3; s = 0.1; t = 0.5

Figure 8. Contour graph of solution
u31 when a03 = 0.2; b31 = 1.2; a31 =
1.3; b32 = 1.1; c31 = 1.5; k = 0.2;h =
0.3; s = 0.1; t = 0.5

Figure 9. Rogue solution u41 when
k = 0.5; a04 = 0.2; a41 = 1.3; b41 = 1.5; b42 =
1.1;h = 0.3; s = 0.1; t = 0.5

Figure 10. Contour graph of
solution u41 when
k = 0.5; a04 = 0.2; a41 = 1.3; b41 =
1.5; b42 = 1.1;h = 0.3; s = 0.1; t = 0.5

where b =
16c251k
9(k2−1)

, s =
256c451k−45k2+45

45h2 . The graph

of u51 is depicted in Figures 11 and 12.

4.6. Model 3-2-3

This model includes three neurons of the input
layer, two neurons of the hidden layer, and three
neurons of the output layer.
Given the trial function in Case VIII (Ta-
ble 1), the trigonometry 2-soliton solution at-

tained as follows, where b =
8(b261−c261)k
45(k2−1)

, s =

4b261k+8b261c
2
61k+4c461k−45k2+45
45h2 ,

a11 =
a262c

2
61(b261+9c261)

4a63b261(9b261+c261)
.

The graph of u61 is depicted in Figures 13 and 14.

4.7. Model 3-2-3

This model includes three neurons of input layers,
two neurons of hidden layer, and three neurons of
the output layers.
Given the trial function in Case V (Ta-
ble 1), the test function is attained as
follows: f = a07 + a71e

ξ1 + a72e
ξ2 +

a73e
ξ1+ξ2 ; ξ1 = b71xi + b72; ξ2 = c71xi + c72,

where a71 = a73(2b71+c71)(b71+c71)2a07(b71+2c71)
(b71−c71)2a72(2b71−c71)(b71−2c71)

; b =
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Figure 11. Lump solution u51 when
k = 0.5; a05 = 0.2; a51 = 1.3; a52 = 1.4; b51 =
3.7; b52 = 0.9; c51 = 0.6; c52 = 0.1

Figure 12. Contour graph of solution u51 when
k = 0.5; a05 = 0.2; a51 = 1.3; a52 = 1.4; b51 =
3.7; b52 = 0.9; c51 = 0.6; c52 = 0.1

Figure 13. Kink solution u61 when
k = 0.5; a06 = 0.2; a61 = 1.3; a62 = 1.4; b61 =
3.7; b62 = 0.9; c61 = 0.6; c62 = 0.1

Figure 14. Contour graph of solution u61 when
k = 0.5; a06 = 0.2; a61 = 1.3; a62 = 1.4; b61 =
3.7; b62 = 0.9; c61 = 0.6; c62 = 0.1

4b471k+45h2s+45k2−45

45(k2−1)b271
;

s =
(
72a207a

2
73b

8
71k + 300a207a

2
73b

7
71c71k

+ 468a207a
2
73b

6
71c

2
71k + 360a207a

2
73b

5
71c

3
71k+

60a207a
2
73b

4
71c

4
71k − 84a207a

2
73b

3
71c

5
71k−

24a207a
2
73b

2
71c

6
71k − 24a07a71a72a73b

8
71k+

548a07a71a72a73b
7
71c71k − 372a07a71a72a73b

6
71c

2
71k+

960a07a71a72a73b
5
71c

3
71k − 324a07a71a72a73b

4
71c

4
71k+

28a07a71a72a73b
3
71c

5
71k−

48a07a71a72a73b
2
71c

6
71k − 48a271a

2
72b

8
71k+

232a271a
2
72b

7
71c71k − 456a271a

2
72b

6
71c

2
71k+

480a271a
2
72b

5
71c

3
71k − 252a271a

2
72b

4
71c

4
71k+

56a271a
2
72b

3
71c

5
71k − 12a271a

2
72b

2
71c

6
71k−

810a207a
2
73b

4
71k

2 − 2295a207a
2
73b

3
71c71k

2−
1080a207a

2
73b

2
71c

2
71k

2 + 675a207a
2
73b71c

3
71k

2+

270a207a
2
73c

4
71k

2 + 270a07a71a72a73b
4
71k

2−
4095a07a71a72a73b

3
71c71k

2 + 1350a07a71a72a73b
2
71c

2
71k

2−
225a07a71a72a73b71c

3
71k

2 + 540a07a71a72a73c
4
71k

2

+ 540a271 × a272b
4
71k

2 − 1710a271a
2
72b

3
71c71k

2

+ 1485a271a
2
72b

2
71c

2
71k

2 − 450a271a
2
72b71c

3
71k

2+

135a271a
2
72c

4
71k

2 + 810a207a
2
73b

4
71+

2295a207a
2
73b

3
71c71 + 1080a207a

2
73b

2
71c

2
71−

675a207a
2
73b71c

3
71 − 270a207a

2
73c

4
71−

270a07a71a72a73b
4
71 + 4095a07a71a72a73b

3
71c71−

1350a07 × a71a72a73b
2
71c

2
71+

225a07a71a72a73b71c
3
71 − 540a07a71a72a73c

4
71
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Figure 15. Peakon solution u71 when k =
0.5; a07 = 0.2; a71 = 1.3; b71 = 1.5; b72 = 1.1; c71 =
0.3; c72 = 1.7; a73 = 1.2; a72 = 1.7;h = 1.2; t = 1.3

Figure 16. Contour graph of solution u71 when
k = 0.5; a07 = 0.2; a71 = 1.3; b71 = 1.5; b72 =
1.1; c71 = 0.3; c72 = 1.7; a73 = 1.2; a72 = 1.7;h =
1.2; t = 1.3

Figure 17. Kink solution u81 when
k = 0.5; a08 = 0.2; a81 = 1.3; a82 = 1.4; b81 =
3.7; b82 = 0.9; c81 = 0.6; c82 = 0.1

Figure 18. Contour graph of solution u81 when
k = 0.5; a08 = 0.2; a81 = 1.3; a82 = 1.4; b81 =
3.7; b82 = 0.9; c81 = 0.6; c82 = 0.1
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The graph of u71 is depicted in Figures 15 and 16.

4.8. Model 3-2-3

This model includes three neurons of the input
layers, two neurons of the hidden layer, and three
neurons of the output layers.
Given the trial function in Case IX (Table 1), the
trial function is given by f81 = a81e

ξ1(sin(ξ2) +
a83 cosh(ξ1)). We obtain the solutions as follows:

where b =
8k(b281−c281)
45(k2−1)

;s =
4b481k+8b281c

2
81k+4c481k−45k2+45
45h2 ;

a83 = ±
√

(9b281+c281)(b
2
81+9c281)c81

(9b281+c281)b81
.

The graph of u81 is depicted in Figures 17 and
18.

The physical performance of the solutions is
as follows:
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Table 1. Trial functions used in the bilinear neural network method

Cases Names of the functions Trial functions

I tanh− coth solutions23
f11 = a01 + a11 tanh (αξ)
f12 = a01 + a11 coth (αξ)

II sinh− cosh solutions23
f11 = a01 + a11 sinh (αξ)
f12 = a01 + a11 cosh (αξ)

III sin− cos solutions23
f11 = a01 + a11 sin

β (µξ)
f12 = a01 + a11 cos

β (µξ)
IV 1-soliton solution23 f11 = a01 + a11e

αξ

V 3-soliton solution23
f11 = a01 + a11e

αξ1 + a12e
hξ2 + a13e

pξ3 + a14e
q(ξ1+ξ2)

+a15e
r(ξ2+ξ3) + a16e

l(ξ1+ξ3) + a17e
m(ξ1+ξ2+ξ3)

VI n-soliton solution23
f11 = a01 +

∑N
i=1 ai exp (kiξi)

f12 = a01 +
∑N

i,j=1 aij exp (ki (ξi + ξj))

VII Homoclinic test approach24 f11 = a01 + a11
(
eipξ1 + e−ipξ1

)
eqξ2 + a12e

2qξ2

VIII EHTA25 f11 = a11e
ξ1 + a12 cos ξ2 + a13e

−ξ1

f12 = a11e
ξ1 + a12 sin ξ2 + a13e

−ξ1

IX
Physics-informed neural

networks method19
f11 = a11e

ξ1 (cos ξ2 + a13 cosh ξ1)
f12 = a11ξ

2
1 + a12ξ

2
2 + a13 cosh ξ3

X Lumps and three-wave solutions26
f11 = a01 + a11ξ

2
1 + a12ξ

2
2

+a13e
ξ1 + a13 cos ξ2 + a13e

−ξ1 + a16 cosh ξ3
f12 = a01 + a11ξ

2
1 + a12ξ

2
2 + a13 cosh ξ3

XI
Periodic-soliton and

periodic wave solutions27

f11 = a11e
−ξ1 + a12 tan ξ2 + a13 tanh ξ3 + a14e

ξ1

f12 = a11e
−ξ1 + a12 cos ξ2 + a13 sin ξ3 + a14e

ξ1

f13 = a11e
−ξ1 + a12 cos ξ2 + a13 sin ξ3 + a14 tanh ξ4 + a15e

ξ1

f14 = a11e
−ξ1 + a12 cos ξ2 + a13 sin ξ3 + a14 cosh ξ4 + a15e

ξ1

XII Periodic wave solutions28 f11 = a11e
−ξ1 + a12 cos ξ2 + a13 tan ξ3 + a14 tanh ξ4

XIII Lump-soliton solutions29

f11 = a0 + ξ21 + ξ22 + a11e
ξ3

f12 = a0 + ξ21 + ξ22 + a11e
ξ3 + a12e

ξ4

f13 = a0 + ξ21 + ξ22 + a11 cosh e
ξ3

f14 = a0 + ξ21 + ξ22 + a11 cosh e
ξ3 + a11 cos e

ξ3

XIV k-lump and k-kink solutions30

f11 = ξ41 + ξ21 + ξ22 + a11e
ξ1

f12 = ξ41 + ξ21 + ξ22 + a11e
ξ1 + a12e

ξ2

f13 = ξ41 + ξ21 + ξ22 + a11 cosh ξ2
f14 = ξ41 + ξ21 + ξ22 + a11 cos ξ1 + a12 cos ξ2

f15 = a0 + a11e
ξ1 cos (ξ1) + a12e

2ξ1 .

.

Source: created by the authors.

Figures 2–5 present kink-type waves, which
represent sharp wavefronts. Physically, these de-
scribe transition layers or shock-like structures
that appear in fluids or plasmas. The stability
of kinks indicates persistent traveling fronts that
preserve their shape. These solutions mimic in-
ternal wave boundaries or phase fronts in lay-
ered media. Figures 6–9 show rogue or local-
ized high-amplitude waves. These waves emerge
suddenly and are characterised by large peaks
followed by decay. In real-world physics, rogue
waves appear in deep ocean dynamics, nonlinear
optics, or energy bursts in plasmas. Such pat-
terns model instabilities or energy-focusing phe-
nomena. Figures 10–11 (lump) and other soliton
forms describe localized, smooth wave packets.
These remain stable over long periods/distances
without dispersion. They can travel through each
other and re-emerge, a hallmark of integrable sys-
tems. Such soliton-like behaviors indicate po-
tential applicability in optical fibre communica-
tion or quantum fluids. Figures 14–15 (peakon)
and Figures 16–17 (trigonometric-hyperbolic mix)
show non-smooth crested waves and periodic
wave structures. Peakons have a cusp at the
peak—used to model breaking waves or edges.

Mixed-type solutions (trigonometric and hyper-
bolic) imply periodic oscillations within a soli-
tary wave, suitable for modulated wave trains.
These represent multi-scale interactions or wave
interference in shallow water or stratified lay-
ers.

5. Limitation and discussion

The application of BNNM to the extended sixth-
order Benney–Luke equation presents significant
improvements over traditional solution techniques
and prior studies focusing on standard or frac-
tional Benney—Luke forms.31 By incorporating
higher-order nonlinear terms and dispersive ef-
fects such as uxxxxxx, ux, uxx, and combinations
of spatial-temporal derivatives which capture a
wider range of physically relevant wave phenom-
ena, including rogue wave formation, modula-
tional instability, and wave interactions across dif-
ferent scales. Moreover, while previous efforts us-
ing methods like the tanh–coth approach, (G’/G)-
expansion, or the simple Hirota method were
constrained to specific types of solitary waves,
the current BNNM framework enables the con-
struction of both localized and periodic struc-
tures, including kink–antikink pairs, peakons,
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Table 2. Solutions obtained from the bilinear neural network method

u51 =

2

 a51
(
5c51e

5c51(x+kt+hy)+b52 + c51e
c51(x+kt+hy)+c52

)
e−c51(x+kt+hy)−c52

−a51
(
e5c51(x+kt+hy)+b52 + ec51(x+kt+hy)+b52

)
c51e

−c51(x+kt+hy)−c52 + 2a52e
2c51(x+kt+hy)+2b52


a05 + a51

(
e5c51(x+kt+hy)+b52 + ec51(x+kt+hy)+c52

)
e−c51(x+kt+hy)−c52 + a52e

2c51(x+kt+hy)+2c52

u161 =
2a61b61e

b61(x+kt+hy)+b62 − 2a62c61 sin (c61 (x+ kt+ hy) + c62)− 2a63b61e
−b61(x+kt+hy)−b62

a61eb61(x+kt+hy)+b62+a62 cos(c61(x+kt+hy)+c62)+a63e−b61(x+kt+hy)−b62

u261 =
2a61b61e

b61(x+kt+hy)+b62 + 2a62c61 cos (c61 (x+ kt+ hy) + c62)− 2a63b61e
−b61(x+kt+hy)−b62

a61eb61(x+kt+hy)+b62+a62 sin(c61(x+kt+hy)+c62)+a63e−b61(x+kt+hy)−b62

u71 =
2

(
a73(2b71+c71)(b71+c71)

2a07(b71+2c71)b71e
ξ1

(b71−c71)
2a72(2b71−c71)(b71−2c71)

+a72c71eξ2+a73(b71+c71)eξ1+ξ2

)
(
a07+

a73(2b71+c71)(b71+c71)
2a07(b71+2c71)e

ξ1

(b71−c71)
2a72(2b71−c71)(b71−2c71)

+a72eξ2+a73e(ξ1+ξ2

)

u81 =
2(a81b81exp(ξ1)(cos(ξ2)+a83 cosh(ξ1))+a81eξ1 (−c81 sin(ξ2)+a83b81 sinh(ξ1)))

a81eξ1 (cos(ξ2)+a83 cosh(ξ1))

u82 =
2(a81b81exp(ξ1(sin(ξ2)+a83 cosh(ξ1)+a81eξ1 (c81 cos(ξ2)+a83b81 sinh(ξ1))

a81eξ1 (sin(ξ2)+a83 cosh(ξ1)

lumps, and even multi-soliton resonances. This
versatility arises from the BNNM’s ability to
encode trial functions, weights, and activation
patterns systematically using neural architec-
tures. The resulting solutions are expressed us-
ing softmax functions, which play an important
role in machine learning.32,33 A key feature of
the sixth-order extension is its ability to model
wave energy transfer and dispersion more ac-
curately, especially in high-tension surface dy-
namics and fluid mechanics scenarios. Further-
more, the solutions presented were tested for
structural consistency with the governing bilinear
form and verified through symbolic computation,
strengthening their theoretical and physical rele-
vance.

6. Conclusion

In this study, we successfully derived a rich set of
analytical solutions to the extended sixth-order
equation using the BNNM. The sixth-order ex-
tension marks a meaningful advancement, as it in-
troduces complex nonlinear and dispersive terms
that enable more faithful modeling of real-world
wave phenomena. The neural network-based bi-
linear formulation not only generalises existing
solution methods but also simplifies the search
for diverse solution types ranging from simple

kinks to highly localized rogue waves and struc-
tured soliton interactions. These findings con-
firm that the extended sixth-order form is not
merely a mathematical curiosity but a power-
ful model capable of capturing intricate dynam-
ics in nonlinear physics. Moreover, the BNNM
framework offers a computationally viable and
flexible approach for exploring further exten-
sions of other nonlinear evolution equations, thus
opening new research directions in mathemat-
ical physics, fluid dynamics, and soft comput-
ing.
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Bilecik Şeyh Edebali Üniv Fen Bilimleri Derg.
2021;8(1):56–64.
https://www.doi.org/10.35193/bseufbd.833244

5. Ersoy Hepson O. Hyperbolic tangent ansatz
method to space time fractional modified KdV,
modified EW and Benney-Luke Equations. Math
Comput Sci. 2018.
https://www.doi.org/10.20944/preprints201802.
0141.v1

6. Ghanbari B, Inc M, Yusuf A, Baleanu D.
New solitary wave solutions and stability anal-
ysis of the Benney-Luke and the Phi-4 equa-
tions in mathematical physics. AIMS Math.
2019;4(6):1523–1539.
https://www.doi.org/10.3934/math.2019.6.1523
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