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Fractal-fractional differential equations have emerged as a powerful mathemat-
ical framework for modeling complex systems exhibiting memory effects, non-
locality, and hysteresis phenomena. This study investigates a class of fractal-
fractional ordinary differential equations characterized by a power-law memory
kernel and influenced by hysteresis behavior. The continuity of the function
g(t, w(t)) over closed subsets of R, is used to establish the foundational results.
A supporting lemma is introduced to facilitate the development of a unique-
ness theorem. Drawing upon Borzdyko’s framework, we derive existence results
pertinent to the targeted family of equations.

(co) IS

1. Introduction

Fractal-fractional differential operators, intro-
duced in earlier studies, extend the notion of frac-
tional calculus to settings that model transport
and dynamics in media with irregular or fractal-
like structure. These operators and applications
have been discussed widely in the literature. In
particular, anomalous diffusion and related phe-
nomena have been modeled using combinations
of fractal and fractional operators and extensions
thereof. A number of previous studies have re-
ported representative developments and discus-
sions on this topic. ™

Fractal-fractional operators incorporate sev-
eral memory kernels, including power-law,
exponential-decay, and Mittag—Leffler types,
which allowing flexible representation of nonlo-
cal and history-dependent effects in constitutive
relations and evolution equations. Although the
term “fractal” is used, these operators do not at-
tempt to reproduce classical fractals such as Julia
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or Mandelbrot sets; rather, they provide effective
tools to account for dynamics that arise in media
exhibiting fractal geometrical or scaling proper-
ties.?3

These operators have motivated new formu-
lations of both ordinary and partial differential
equations that capture memory, hereditary ef-
fects, and anomalous transport. Such equations
have been shown to offer improved modeling ca-
pacity for complex real-world phenomena that are
not adequately described by integer-order models.
Representative numerical and analytical develop-
ments include recent work on numerical approxi-
mations and applications of fractal-fractional dif-
ferential equations.®”

When exact analytical solutions are unavail-
able, the mathematical foundation of existence
and uniqueness is essential to ensure the well-
posedness of models and the meaningfulness of
numerical approximations. Classical uniqueness
criteria for ordinary differential equations have
been augmented by several alternative conditions
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that relax Lipschitz or contraction requirements;
among these, the criteria developed by Borzdyko
(and discussed in standard references) have been
influential.

In this paper, we consider a general class of
fractal-fractional ordinary differential equations
with a power-law memory kernel augmented by
a hysteresis term. Building on Borzdyko’s frame-
work and related techniques, we derive conditions
under which uniqueness of solutions can be estab-
lished for the considered family of equations. Fi-
nally, to place our discussion in historical context,
we recall classical works on iteration theory and
fractal geometry that helped motivate modern in-
vestigations of complex dynamical structures.1°

2. Background

As mentioned in Section 1, there are three differ-
ent fractal-fractional differential operators; how-
ever, in this work, we shall only consider the
following fractal-fractional power law differential
equation with an hysteresis component p:

FEPDMw(t) = f(t,w(t),p(t)) if t>79#0

w(T()):'wo if t:To

p(t) = w(70, wo, po)w(t)
w(19) = wo, p(70) = Po
(1)
where 7,e € (0,1], w(t) and p(t) are continuous

real functions in [y + a]. By fixing 79, wp, and
po, the defined operator, w(m,wg,po), is known
as a single value on [1, 79 + a] and maps each
function w(t) continuous in [y, 70 + a] such that
w(19) = wp into a function p(t) € C[r, 70 + al,
for which p(79) = po. Additionally, the function
w(70, wo, po) satisfies the following Lipschitz con-
dition:

|w (70, w0, po)w(t) — w(70, wo, po)w(t)| < L

|w(t) —w(t)] (2)

Add indentation note that if w(t) is continuous in

max
te|ro,70+a]

[10, T0 + al,

D w(t) =

1 d [ -
F(1_77)61#/70(15—5) w(s)ds
(3)

where ( )
L t1— 2(t
g2 = lim e
with n,e € (0,1]. We note that
d 2/(t)
— (t) =
a1 = et

(4)

()

when z(t) is differentiable. The integral associ-
ated 79, LFP DI is defined by

¢ tsefl — 8)" )m(s)ds
i [, i
(6)

1 d [ _
F(l—n)d#/ (t—s) "w(s)ds

70

_1d/t(t )_77 ()d
T r(l—pydt J, Y Y

o () =

In fact,

o D w(t) =

(7)
we define the following interval:

Q :{(tvva)|7-0 <t<T1+a, |w _w0| <l |p_p0|

1
<e¢ a< (W)
Mert,

(8)

3. Results

We shall recall that the space of continuous func-
tions is larger than that of functions that satisfy
the Lipschitz and contraction conditions, that is
the reason why several authors have devoted their
efforts in the last few decades to introducing new
conditions that allow a larger class of functions.
This is the case with the work by Borzdyko. In
this section, owing to the larger applicability of
fractal-fractional power law ordinary differential
equations, we should use Borzdyko’s conditions to
establish the uniqueness of the solutions to these
equations.

Theorem 1. Assuming that the function
g(t,w,p) is continuous, then Yt € [r9, 70 + al,
we have that (t,w,p) € Q .

Proof. If t € [19, 70 + a], we shall have that
t
wt) = o [ s = (s wp)ds (9)

p(t) = w(70, wo, po)w(t), w(7o) = wo

(10)

t
€ e—1 -1
sTHt —s)" g(s,w, p)ds — wy
() /m

t
€
< |wyg +/ st — )T g(s,w,p)| ds
lwol rm /. (t—s)""| )l
(11)

since the function ¢(t,w, p) is continuous, we have
that 3t € [r9,70 + a], such that Vt € [, 70 +
al, |g(t), w(t),p(t)] > |g(t,w(t),p(t))]. We put
M = |(g(t), w(t),p(t))|, then

p(70) = po,

|w—wg|:’

eM (1
|w — wo| < |wo| + / st —s)"lds (12)
I'(n) Jr
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we shall note that M|r, 7o + a], the function <1
is non-increasing, therefore

t— )"
|w—wo\§\wo\+r( )Tg—l( TO)
n n (13)

-1
Wl < eMmg <
I'(n+1)

()

= |y| <1
— po| = |70, wo, po)w(t) — w(T0, wo, po)wo

<L max |w(t)— wp
tG[Tg,To—l-a]

= L(I + |wo|)

(14)

Ip(t)

(15)
we shall need L < l—le then [p(t) —po| < c.

Thus (¢,w(t),p(t)) € Q note the condition that
1

(I + |wo])L < cand a < ‘ll;v([nj}

Under the same condition, we want to show that

w(t) is continuously differentiable and that p(t) is

continuous in [79, 79 + a].

€S

e—1
0= 5 [ [ e r et nte)ptea]
(16

es€1
F(s,w(s),p(s)) = 705, 0(5). ()

Indeed the function g¢(t,w(t)) is continuous,
ne € (0,1),70 # 0. For simplicity we put
F(t,w(t) = $erg(t, w(t)), we then have

& [ Pt -

Using the derlvative of a convolution, we obtain

,1/st

_ (n—1e ts“l 8)" 2 g(s, w(s), p(s))ds
= U | e et ), plo
(18)

w'(t) = s)1lds (17)

$))(t — )" 2ds

w'(t) is continuous in [r9, 70 + a]. Therefore w(t)
is continuously differentiable in [19, 79 + a.

Since w(t) is continuous and, by definition, p(t)
atisfies a Lipschitz condition. Therefore p(t) is
continuous in [19, 79 + a.

We shall show the first inequality.

Lemma 1. Let ¢(t) be absolutely continuous
in [10,70 + a], such that ¢(m0) = 0 and non-
decreasing. Let ¥(t) = max, <<z |¢(t)|, which
1s non-decreasing and absolutely continuous. In
addition, Let ¢'(t) and '(t) exist in any point
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t € [10,70 + a] then

0 <EPP DPYu(t) <EFP Do) (19)

Proof. since 1 (t) is non-decreasing, we have that
Vt € [0, 70 + a]
0<¢'(t)
)t —
0< / O] ds
70 1 - 77
—§)
_d [
dt 70 F(l - 77)

1 d fw@u—@ﬂ
T et dt ra- 77)

<@ /w t—s
— dt€

since ¥(m9) =0

7_0§5<t7776(071]

(t—s)"
I _n)¢(70)

_Y(o) (E—)7"
et<"1 T'(1 —n)

(20)

0 <EEP DIy(t), Vit € [r0, 70+ d]
For the second part, we have two cases:
Case 1: There exists t; € [, ],

where [¢(t1)] = max, <<z |p(t)]-
Based on definition, we have that

P(t) =), m<t<t
and hence ¢/(t) = 0. With this, we get ¢'(¢)(t —
s)71=0, Vte[mn,0+al

1 Py(s)(t—s)7"
INGES /0 L(1—mn)

d [ @b(s )t —s)
ds = 1 — dt/
ds — b(m )(t_TO) n
1‘/dw$@_@ﬂ
et~ J, dt T(1—n)
1 d [t )
ds = m£ /ro(t — 5)"Mp(s)
ds — w(To)(t — 7'0)*77
et I(1 = n)
However, 1(79) = 0
1 ! l/JIS(t — s)*n B
ete—1 /TO F(l —n)ds =
B F(771—1)di / (t= ) ta)ds =177 DU
(22)

For the second case it was in Ref.® that Vt €
[T0, tq) under the conditions presented above

Y'(t) < |¢'(1)]
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Now, from the above result, since ¢(t) is non-
decreasing based on hypothesis, we will have that

P'(t) < 4 (1)
This implies using the fact that V¢ € [r9, 70 +
n,Vt—s>0

(t—s)"'(t) <

Lt~ 5) I (s) (- 5) 1 (s)
/m (1) ‘“S/m fa—g
(24)

From the above and using the relation between
Caputo and Riemann—Liouville derivatives, and
the fact at the initial condition the function is 0,
we have the following

LA (s )
et€1dt[/r0 I'(1—n) ds =

LA els)
< 09Ty
L (=9 ()

(t—s)7"/(t) (23)

P(10)(t — 70)_"}
(1 —mn)

I'(1—n) 25)
Y(70) = ¢(10) =0
implies that
LA [ [ (=) ()
o J T ‘“] o)

a1 g / 19(s) )
Therefore,

FEP DIy (t) <EFP DI|o(t)]

=79

the proof is completed.

Theorem 2. From the Borzdyko’s Uniqueness
Theorem for Fractal-Fractional differential equa-
tions with power law kernel, let w(7o,wo,po)
in Clro,70 + a] satisfy the Lipschitz condi-
tion, as w(7o, wo,po)w(t) — w(To,wo, po)w(t) <
max,, <;<i|w(t) —w(t)| and the function g(t,w,p)
is continuous and Y(t,w,p), (t,w,p) € Q satisfies

lg(t,w,p) — g(t, w,p)| < g(|w—w|+|p—p]) (27)
where g(t) > 0 continuous for 0 <t <n <ty+a

now derivative for 0 <t < d <n, ¢(0) =0 and
g satisfying the following condition.®
1
lim [ —dz =00
e—0t eg(s)
then, the fractal fractional equation considered

here has at most one solution in a small inter-
val that contains 9.
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Proof. Let (t,w,p) and (79, w,p) €

such that if w(t) # w(t),p(t) # p(t). Set ¢(t) =
w(t) — (t) and hence () = masy,,cr [6(2)]
Indeed that exist t1 € [79, 70+ a] such that ¢(t) =

07

Vt € [10,t1], and ¢(t) > 0 for t; <t < 19+a. From
Lemma 3.1, if we assume that ¢(¢) is increasing,
we get

FFP DI 9(t) <377 DI “|o(t)]

1 bt —s)™m
FFP e
D t)| =
o e |9()] ete—1 /TO I'(1—n)

since 1 (79) = 0, we shall have

1 ! (t — 5)_77 /
ete—1 /TO r'1—n) ¢

¢'(s)ds (28)

(s)ds =

1/tos Vs — —L /t<t Y (s)d
= 8) Mw'ds — — = : s) ' (s)ds

0

(29)

=IPP Di<uw(t) ~EFP Di<a)

:g(tawap) g(tvwvﬁ) < 9((L+1)7/)(t))
in some interval [t1,¢;+01],01 > 0, but the contin-
uously differentiable functions w(t) and w(t) are
absolutely continuous, non-decreasing, and have
a finite derivative almost everywhere, and then

0 <EFP Dpep(t) <EFP DI<g (1))
thus
0 <EFP DIty <EFP DJ|o(t)] < g((L+1)3(t))

<%
The above is almost everywhere in [t1,¢1 + d1].
Then let {t,} be a decreasing sequence such that
t1 <t, <ty+61 and t, — t1 as n — oo.

The above inequality leads us to

DIy (30)
gL+ D) ~
Since 1 (t) has a finite derivative, we can min-
imize
¢ —5) "
fOFPDg’Ew(t) = etfl—l /TO w/(s)(ti))ds
S infiepry g [ (1)] / (t—s)
- ete—1 7]
S infieirq [V (0)] (¢ — 3) "
- at T(@2-n)
S 02 (- 70)" "
et T(2—1n)
01 (=) 7" Joty~“(tr — 70)' "
T e I'2—n) el'(2—n)
(31)
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5215}_6(751—7'0)17"
el'(2—n)

(L +1)(t)

Therefore, integrating over t, to t; + 61, we get

Wt~ (1 = 7)'" /Wl
N el'(2 —n) tn

ds t14+01
_ d
(L +1)6(s) = / '
Let z = (L + 1)%(t), then

(525%_6@1 - 7'0)1_77

(L+1)el'(2—n

/(L+1)¢(t1+51) dz
(

LA+1)1(tn) 9(2)
lim,, .o of the above process

(32)

(33)

0<

<ti+6 —tn

X 5t%76(t1 — 7’0)1_77
lim
LT 1)@ — 1)

(L4-1)ab(t1+61) dz
/ —— <t +0 —
(

LD, 9(2)
which is a contration. Therefore ¥(t) = 0,
Vt € [10,70 + a], and ¢(t) = 0. This implies
w(t) = w(t), which completes the proof.

We shall now present different techniques of
uniqueness for the considered fractal-differential
equation. The foundation of our techniques is
based on Borzdyko’s Uniqueness, and this is
achieved in different cases.

Case (1) We assume that n = 1, then our equation
is reduced to

fngw(t) = g(t,w(t),p(t))
w(To) = wo (36)
p(T0) = po

p(t) = w(70, wo, po)w(t)

Theorem 3. We assume that the defined opera-
tor w(to, wo,po) in C|19,To + a] satisfies the pre-
sented Lipschitz condition, and it is possible to
find two different functions, hy and hg

g(t7w7p) = hl(t7w)h2(t7w7p) (37)
where hy(t,w) is defined and continuous in Q4
and %(t,w) exists, non-negative and dominated
by an (Lebesgue) integral function of w. The func-
tion ha(t,w,p) is defined in Q4 and V(t,w,p) and
(t,w,p) € Q4 satisfies the following condition
(i)’hQ(tv va) —hg(t,ﬂ),ﬁ)’ < )‘< )Hw w‘ + ‘p p”

(38)

g(t7w7p) = hl(t?p>h’2(t w p) ( )

(id) |ha(t, w, p) —ha(t, w, )| < A(t)[Jw—w[+|p—p]]
(40)

1)

wﬁg(tvva) = hl(tap)hQ(tvva) (

559

A(t) is an integrable function in |19, 0 + al.

Proof. Let assume that the equation under con-
sideration has two solution w,p and w,p in
[10, T0 + a], w # w,

(i) If we consider the following function by Agar-
wal and Lakshmikantham®

w(t)  ge 17

we have, based on hypothesis, that h; exists and
(Lebesgue) integrable function g(w) in |w —wq| <
[, such that

(42)

0< E)hlétt,w) <g(w) Y(t,w)e Q" (43)
we have that F'(t) is differentiable, thus
FDSH() = -F D (/w(t) ds ds)2
i 270 w(t) h(t,s)
(44)

_ 2
1 d /w@ ds
C2ettdt \ Sy ha(ts)

using the Lipschitz rule for integral and following
the deviation of in Theorem 3.10.1 by Agarwal
and Lakshmikantham?®, we get

1 [ @) W)

et~ [ hi(t,w(t))  hi(t,w(t))

/m(t) o ( 1 )d /-w(t) ds
= s
w(t) Ot \hi(t,s) w(ty hi(t,s)

_’(t) B w' (t) w(t) g
- et6 1 [ ha (t,w( hl(t,w(t))} (/w(t) hi(t,s)

( w'(t)

ete—1

FD§H(t) =

< = o) ds

- hl(t@(t)) bt w(t) /w(t) ha(t, 8))
- F Dsgw(t) B E Dsw(t) /m(t) ds

- hl(tvw(t)) hl(tvw(t)) w(t) hl(tvs)
1 { g(t,w,p) g(tvva)} /“D(” ds

2 hl(tvw(t)) hl(tvw) w(t) hl(tvs)

1 B @(t)  gs
< 5[}7‘ (t,’w,p) - hQ(t’va)] w(t) hl(t, S)

(45)

Now from Ref.® and the properties of hy(t,w), we
get

i) < EEDN0) [ mas o) - wd]

m <t<t
(46)
also from Ref.®, we have

max () — w f>|]

< 2M? F(t) (47
T0 <t<t max _) ( )

To<t<t

letting
(48)
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and the inequality of the lemma presented above,
we get

2L +1)

RD(t) < AB)ym*p(t)  (49)
vty < 2205 g gyert
2L+ 1) ] (50)
< S OmA o n)eto) !
following the routine in Ref.®, we yield
w(t) =w(t) Vt e [r,T0+ a (51)

(ii) For the second case, we select the following

function
_ 2
1 w(t) S€
F(t) == d 52
®) 2 [/w(t) hi(t, s) S] (52

we get F'(19) = 0 with the properties of hi(t, w),
we then have that F(t) is differentiable, thus frac-
tionally differentiable

) 1 OR 2
nDiF(t) = Sepe 1 [/w(t) hl(t,s)ds]
1 {wE(t)w'(t) Cww()
ets=1 | hi(t,w(t))  ha(t,w(t))
)

w(t) € w( €
9 < i ds> / " ds
wty Ot \hi(t,s) w(y hi(t,s)

(53)

we have that
0 s€
— | ———=ds| <
ot (hl(t, ) 3) =0
and F(t) > 0, therefore

1 {u‘)e(t)u_]/(t)
ete=t | hi(t,w(t))

w(t) 56
——ds
/Lu(t) hi(t, s)

[ @€ ()’ (t) w (Hw'(t) :|
< ete—1 _ ete—1

P DiF(t) <

_ ws(t)w’(t)]
ha(t, w(t))

w(t) s€
< [ha(t,w,p) — ha(t,w,p / ——ds
e w) = hatop)] |5t

w(t) 5€

O —al+lp—pl) [ s
(54

to find a single way to proceed, we maximize s¢
n 70,70 + al, then

() < At)(70 + @)
(L+1)

(L+1)
m  <t<t

Dt

< 2M? A(t) Tgrif%_)ét[F(ﬂ](Tg + a)®
o (55)

since

therefore,

2M2(L + DA(#) (10 + a)36 max F'(t)

F e
DiF(t) <
D F(t) < m To<t<t
(57)

Based on the lemma result, if

¢(t) = max F(i)

T0<t<t (58)

the following

2M2(L + 1)A(t) (10 + a)3
m

2M?(L + )/\(t)(m +a)*

W DIF(t) < () (59)

FDsy(t) = Y(t) (60)
et 1 2 T a 3e
7/1/(75)§2t M(L+1))\()(o+ ) o)

2¢(to) " PM2(L + 1)A(t) (10 + a)3

< P(t)
(61)

is almost everywhere in [19, 79 + a]. By letting

max () — w ()’

e(t e—1ar2 T a 3e

/T: A(s)ds
(62)

then
Q) >0 (63)
is almost everywhere in |19, 79 4 a]. Following the
routine in Ref.®, we conclude that
Y =0—=w(t)=w(t) Vte [rn, + d

which completes the proof.
For the second part, we shall assume that p = 1,
such that the considered equation is reduced to

f;LD?w(w = g(tv va)
w(To) = wo
p(t) = w(r0, wo, po)w(t)

We shall now show the conditions under which
the above system has at most one solution.

(64)
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Theorem 4. Let hy and ho be two functions sat-
isfying the condition presented in Theorem 3.3,
and that

()
Y(t,w,p) € Q

(i)

v(t, w,p), (t,w,p) €
|ha(t, @, p) = ha(t, w,p)| < A(B)[|[@ — w| +|p = pl]
where A(t) is positive and non-null in 19,79 + a]
such that

L[ o)t -5y

g [ M s

erists.

(i) We have 0 < m < hi(t,w) < M. Then
Equation (64) has at most one solution in 19, 70+
a.

Proof. Let hs,h1 be two functions that satisfy
the conditions of the theorem.

we set
1 /
2 w(t) hl t S

Indeed at ¢ = 79, we have that F(r9) = 0, hence

(65)

CDJF(t) =R DYF(t)
CDJF(t) = Fll—n)/ (t —s)" {2
o) g\’ p
< w(s) hl(s’l)> ’
1 L gy 66
Sr(l_n) /7'0(t ) ( )
H w'(s)  w'(s) ]
hi(s,w(s))  hi(s,w(s))
) di

r

ds
sy Pi(s,0)
The calculation is then divided into two cases. If

w'(s)  w'(s)

o) mewe) ~0 6
o(s) (s w(s) — w(s)

/w(s) g(t,s) — M (68)

thus

561

|@(t) = w(t)]
t) <
) rongtgt MT(1 —n)

]

“DJF(

min _
T0<t<t

— hi(t,w)h (twp)
[@(®) —w®)|
WE

< min
T0<t<t

- hQ(t’ w’p)]

Using the hypothesis, we obtain

m D1t min OOl +1p-]
(70)

w0y ((uin @) < B AOm min o) - w(d)
(1)

we note that

L0 g\ 1 (@) — w(D)?
F(t) - 5 </w(t) hl(t,S)> Z 5 m
(72)
therefore
2F(t)M?* > w(t) — w(t) (73)
replacing yields
DY (nfriifit F (ﬂ) <2 (L];gl) m’A(t) min F(f)
o (74)
we let
Y(t) = Jnin F ) (75)
we get
open <2 Dmiawey (76)

we can now apply the Riemann—Liouville integral
to get
(L +1)m?

v <2 M?T(n

/ M) (- s Nds (77)
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Figure 1. Numerical simulation of example 1 for different values of 1 and €
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Figure 2. Numerical simulation of example 2 for different values of 1 and ¢

Based on the Gronwall inequality, we yield

1 t
P(t) < 0exp [/ As)(t—s)" tds
<0
which is a contradiction, therefore
Y(t) =0, w(t)=w(t) (79)
! v'(t) (t)
w w
— >0 80
htw) ity (80
then we shall maximize
w(s) (s) —
/ dl < w(s) — w(s) (81)
w(s) g(tv l) m
then
RL |w (t) —w()
o DIF() < max =0 ma—y /
w'(t)  w'(t)
ha (3, 1) hl(y,l)] ds
<y [0 = w()

[0(t) —w®)| kL0 - RL

Srf)rét’gt m2 (7’0 D?w_m D?w)
[w(t) — w(t)] -

< ——(g(t —g(t

< max —5 (9(t,w,p) — g(t,w, p))
[w(t) —w(t) . o

< —————(hy(t,w)ho(t

< max g (ha(t, w)ha(t, w, p)

- hl (ta w)h2(t7 w, p))

(82)
where
. hl(t7w)h2(t7 77]5) - hl(t )hQ(t7w p)
pt) T (£, 5(8)) — I (£, w(®)
(83)
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A= max (p(t)) (84)
t€[r0,70+al
we obtain
mepR() < ma PO 10, )
- h2(t7w7p)|
0(t) —w(t
< max OO 4 ) 41— i)
o(t) — w(t)]?
< e, PO 020
(85)
o Di nggtF(f) < 2%%10(5)@ + DAEA
(86)
REDIp(t) < 2(L+ 1) A=p()A(E)  (87)

2(L 4+ 1) AXNE)(t — 8)T Lep(s)ds
(88)

P(t) <

L'(n) /T:

Based on the Gronwall inequality, we get
P(t) =0 Vit € [r9,70+a] =
w(t) = w(t).
which concludes the proof.

In the next section, we provide two practical ex-
amples with their numerical solution.

4. Examples and numerical solutions

The aim of this section is not to provide any theo-
retical analysis of the method that used to provide
a numerical solution. Rather, we aim to present
several examples and their numerical solutions;
the existence and uniqueness of these solutions
are guaranteed.

4.1. Example 1

We consider the following function

glt,w,p) = (1+1) (wt)e +ue™)  (39)
we have
hi(t,w) =1+t %T(t,w) =>0 (90)
ho(t, w, p) = w(t)eM + uel (91)
|h2(t,u_),;5) - hg(t,’w,p)| < |U_](t)
—w(t)|e + [p(t) — p(t)]e
92
< eMa(t) .
—w(t)| = [p(t) = p(t)]]
Taking A(t) = e, we have
‘hQ(t7w7ﬁ) - hz(t,’w,p)’ < )‘tHu_}(t) (93)

—w(t)] — [p(t) — p(t)]]
we have that p(t) Lw(t), with L > 0,t €
[70, 70 + a]. By choosing w(r) = w(0) =1, A=
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1, L = 2, we obtain the following solution for
(n,€) € (0,1].

This dynamic equation describes systems
where growth factors change over time, where
there are memory effects, where external inputs
affect the overall system response, and where pre-
vious states interact in such a way that their in-
fluence increases or decreases depending on how
the system has previously evolved. The dy-
namic equation can be applied in material sci-
ence as a descriptor of stress—strain paths dur-
ing cyclic loading; climate modeling as a plan
for feedback mechanisms (i.e., ice-albedo effect
and green house gas effects); ecology as a ba-
sis for population dynamics influenced by envi-
ronmental memory; neuroscience as a model of
neural activity and synaptic plasticity; economic
field by explaining unemployment rates and mar-
ket behavior; chemical kinetics where it describes
the concentration of reactant in pathways depen-
dent on their history; and behavioral sciences as a
model for decision-making processes and adaptive
mechanisms. Its versatility provides insights into
systems that rely on memory in the presence of
changing external conditions in diverse domains,
aiding the comprehension and decision-making on
complex, dynamic phenomena.

4.2. Example 2

We shall consider the following function

g(t,w,p) = t(w(t)te + p(t)t)
{ p(t) = Lw(t), te€][0,T], L>0 (94)
here,
hi(t,w) =t, %T(t,w(t)) =1>0 (95)
ho(t,w, p) = tw(t) + tp(t) (96)
v(t, w,p), (t,w,p),
we have
|ha(t, @, p) — ha(t, w, p)| < t[|w(t)
—w(t)| — [p(t) — p(t)]] (97)
< Atflo(t) —w(®)] — [p(t) — p(t)l]
therefore,
ha(t, @, p) — ha(t, w, p)| < At[|w(t) (98)

—w(t)] —[p(t) — p(t)l]
By choosing L = 2, we get the following numerical
solution for different values of (n,e = 3) € (0,1].

5. Conclusion

Borzdyko’s conditions of uniqueness have at-
tracted the attention of researchers working
within the field of existence and uniqueness in
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the last decades. This approach has been ap-
plied mostly to differential equations with clas-
sical derivatives, and some extensions have been
suggested. Fractal-fractional power law differen-
tial equations with hysteresis are a special class
of differential equations that have not received
adequate attention. In this paper, we have es-
tablished conditions under which these equations
yield at most one solution.

Acknowledgments

The first author would like to thank the National
Research Foundation of South Africa (NRF).

Funding

None.

Conflict of interest

The authors declare they have no competing in-
terests.

Author contributions

Conceptualization: All authors
Investigation: All authors
Methodology: All authors

Formal analysis: All authors
Writing—original draft: All authors
Writing—review € editing: All authors

Availability of data

The study presented here is purely theoretical.
Therefore, there is no data available.

Al tools statement

All authors confirm that no Al tools were used in
the preparation of this manuscript.

References

1. Chen W, Sun H, Zhang X, Korosak D.

Anomalous  diffusion  modeling by frac-
tal and  fractional  derivatives. Com-
put  Math  Appl. 2010;59(5):1754-1758.
https://doi.org/10.1016/j.camwa.2009.08.019

2. Chen W. Time-space fabric  underly-
ing  anomalous  diffusion. Chaos  Soli-
tons Fractals. 2006;28(4):923-929.

https://doi.org/10.1016/j.chaos.2005.08.199

3. Sun HG, Meerschaert MM, Zhang Y, Zhu
J, Chen W. A fractal Richards’ equa-
tion to capture the non-Boltzmann scaling
of water transport in unsaturated me-
dia. Adv Water Resour. 2013;52:292-295.
https://doi.org/10.1016 /j.advwatres.2012.11.005

4. Atangana A. Fractal-fractional differentiation
and integration: Connecting fractal calculus
and fractional calculus to predict complex sys-
tems. Chaos Solitons Fractals. 2017;102:396—
406.https://doi.org/10.1016 /j.chaos.2017.04.027

5. Atangana A, Jain S. A new numerical ap-
proximation of the fractal ordinary differen-
tial equation. Fur Phys J Plus. 2018;133:37.
https://doi.org/10.1140/epjp/i2018-11895-1

6. Jain S, El-Khatib Y. Modelling chaotic dynam-
ical attractors with fractal-fractional differential
operators. AIMS Math. 2021;6(12):13689-13725.
https://doi: 10.3934/math.2021795

7. Jain S. Numerical analysis for the frac-
tional diffusion and fractional Buckmaster equa-
tion by the two-step Laplace Adam-Bashforth
method. FEur Phys J Plus. 2018;133(1):19.
https://doi.org/10.1140/EPJP /12018-11854-X

8. Agarwal RP, Lakshmikantham V. Uniqueness
and Nonuniqueness Criteria for Ordinary Dif-
ferential Equations. Singapore: World Scientific;
1993. https://doi.org/10.1142/1988

9. Julia G. Mémoire sur l'itération des fonctions
rationnelles. J Math Pures Appl. 1918;8:47-245.
http://eudml.org/doc/234994

10. Tan L. Similarity between the Man-
delbrot set and Julia sets. Com-
mun Math Phys. 1990;134:587-617.

https://doi.org/10.1007/BF02098448

Abdon Atangana is a Professor at the University of
the Free State, Bloemfontein, South Africa. He is the
founder of fractal-fractional calculus and fractional
differential calculus with the Mittag—Leffler kernel,
and a co-founder of piecewise differential and integral
calculus. He is the author of more than ten books and
has published over 400 research articles in top-tier in-
ternational journals.
https://orcid.org/0000-0002-1886-3125

Sonal Jain is a faculty member in the Department
of Data Science and Mathematics at Sir Padampat
Singhania University, Udaipur. She specializes in
Mathematical Modeling, Computational Mathematics,
Epidemiology, Fractional and Fractal Calculus, and
the application of Artificial Intelligence and Machine
Learning in applied sciences. She holds a Ph.D. in
Mathematics from MNIT Jaipur and an EPGP in
Data Science Artificial Intelligence from II'T Guwa-
hati. Dr. Jain has an extensive research record with
45+ publications in reputed SCI and Scopus-indezred
journals. According to Google Scholar, she has an h-
index of 15, an il0-index of 18, and over 685 cita-
tions, reflecting the impact and visibility of her schol-
arly contributions. Her work spans fractional-order
differential equations, reaction—diffusion systems, epi-
demiological modeling, and numerical methods. She
has served in academic and research positions across

564


https://doi.org/10.1016/j.camwa.2009.08.019
https://doi.org/10.1016/j.chaos.2005.08.199
https://doi.org/10.1016/j.advwatres.2012.11.005
https://doi.org/10.1016/j.chaos.2017.04.027
https://doi.org/10.1140/epjp/i2018-11895-1
https://doi: 10.3934/math.2021795
https://doi.org/10.1140/EPJP/I2018-11854-X
https://doi.org/10.1142/1988 
http://eudml.org/doc/234994
https://doi.org/10.1007/BF02098448
https://orcid.org/0000-0002-1886-3125

Borzdyko’s uniqueness theorems for fractal-fractional ordinary differential equations with...

India, UAE, and Turkey, including a Postdoctoral Fel-
lowship at UAE University and a Visiting Associate
Professorship at Usak University. She has received
notable recognitions such as the Best Research Award
(Woxsen University, 2023) and the NBHM Interna-
tional Travel Grant, and has been actively involved in
organizing international conferences, curriculum de-
velopment, and interdisciplinary collaborations. Her

current research focuses on integrating advanced com-
putational techniques with AI/ML frameworks to study
complex biological, chemical, and ecological systems.
She continues to contribute to the global research com-
munity through publications, mentorship, and interna-
tional academic engagement.
https://orcid.org/0000-0002-4094-2575

An International Journal of Optimization and Control: Theories & Applications
(https://accscience.com/journal /ijocta)

This work is licensed under a Creative Commons Attribution 4.0 International License. The authors retain ownership of
the copyright for their article, but they allow anyone to download, reuse, reprint, modify, distribute, and/or copy articles
in IJOCTA, so long as the original authors and source are credited. To see the complete license contents, please visit

http://creativecommons.org/licenses/by/4.0/.

565


https://orcid.org/0000-0002-4094-2575
http://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. Background
	3. Results
	4. Examples and numerical solutions
	4.1. Example 1
	4.2. Example 2

	5. Conclusion
	Acknowledgments
	Funding
	Conflict of interest
	Author contributions
	Availability of data
	AI tools statement
	References

