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In this work, we establish the conditions for ensuring the existence and unique-
ness of common best proximity points for non-self-mappings defined on the
general metric spaces. A unified theoretical framework is formulated to cover
a broad class of contraction mappings. We describe the required conditions
on the real-valued functions (X, ®) : [0,00) — R and verify that these secure
the existence of common best proximity points for (R, ®)—interpolative con-
tractions in complete metric spaces. The study further extends this concept
by examining multiple forms of interpolative proximal-type contractions, such
as proximal, Cirié—Reich—Rus, Kannan, and Hardy-Rogers variants, through
the use of the auxiliary functions (X, ®). Several illustrated examples are in-
cluded to demonstrate the applicability of our findings. Finally, we conclude
with an application involving a nonlinear fractional differential equation, show-
ing that it fully satisfies the assumption of our main result.

(co) I

1. Introduction and preliminaries

The classical fixed-point (FP) problem seeks a
solution of a non-linear equations of the form
f(1) = 1 where f is a self-map. Although fixed-
point techniques are widely used, a unique solu-
tion is not always guaranteed. In situations where
FPs do not exist, the best approximation and
proximity-point principles provide meaningful al-
ternatives by identifying points that minimize the
distance between a mapping and the underlying
set. The foundational contribution to this area
is due to Fan’s, ! whose 1969 best approximation
theorem has become a central tool in optimiza-
tion and fixed-point theory. Since then, numer-
ous researchers have extended these ideas to more
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general settings and broader mathematical struc-
tures. The Banach contraction principle, intro-
duced by Banach ? gave a fundamental concept
of the Banach contraction principle in FP theory
which guarantees the existence and uniqueness of
a FP for a self-mapping defined on a complete
metric space. Later, Kannan ® proposed a dis-
tinct type of contraction that does not rely on
the classical Lipschitz condition.

The best proximity point (BPP) theory ad-
dresses problems in which exact solutions cannot
be found, typically because the involved mapping
is not a self-map. In such cases, a BPP serves as
the closest feasible approximation to a FP. These
ideas are relevant in functional analysis, optimiza-
tion, and game theory. When the mapping is a
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self-map, FPs and BPP coincide, showing that
BPP theory naturally generalizes classical fixed-
point analysis.

Several  significant  developments have
strengthened the field in recent years. Basha 4 ex-
amined the role of BPPs in global optimization,
with a particular emphasis on multi-objective
problems, and demonstrated how these princi-
ples help manage competing performance criteria.
Deep and Batra ° further advanced the area by
introducing the notion of common best proxim-
ity points (CBPP) through the use of proximal
F-weak dominance, thereby widening the appli-
cability of proximity-based methods in complete
MS (CMS). Later Mondel and Dey 9 established
BPP results within CMS, and generalize earlier
frameworks. Younis and Abdou 7 developed the
fuzzy contractions, graph mappings, and Kannan
mappings to create a brand-new notion known as
“Kannan-graph-fuzzy contraction.”

Furthermore, Basha 8 made further progress
and explored globally minimal solutions, while
Shazad et al. ? extended CBPP concepts to high-
light application global optimization. Recently,
Altun and Aysenur ' proposed new fixed-point
structures motivated by applications in nonlinear
analysis and mathematical modeling and intro-
duced refined contraction techniques that yield
stronger proximity outcomes. Adhikari ' pro-
posed a novel technique for solving Rhodes’ dis-
continuity problem by exploiting the features of a
self-mapping that has an FP but is not continuous
at that point within a partial MS (MS). Moreover,
they investigated some geometric properties of FP
under interpolative-type contractions and estab-
lish a few results related to fixed-discs and fixed-
circles. Proinov '? broadened fixed-point theory
through auxiliary functions, generating a versa-
tile class of results with implications in optimiza-
tion and game theory. Malkawi '® presented new
FP theorems in MR-MS using integral-type con-
tractions. Makran et al. 4 proved a general com-
mon FP theorem for a pair of multi-valued map-
pings in Hausdorff modular fuzzy b—MS. Ishtiaq et
al. ' adapted Proinov-type contractions to bipo-
lar and fuzzy bipolar MS, enabling treatment of
more general fixed-point configurations. An ad-
ditional contribution by Karapinar et al. ' em-
phasized the influence of various generalized con-
tractions on both the FP and the BPP theorems.
Younis et al. 17 presented the novel concept of
graphical bipolar MS and proved that every bipo-
lar metric space is graphical bipolar metric space
but the converse may not be true.

Recent studies further support the findings of
the previous studies. Ishtiaq et al. '® introduced
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functional conditions for (¢,®) : (0,1] — R to
investigate (X, ®) fuzzy interpolative contractions
in fuzzy MS (FMS). Saleem et al. 9 established
BPP theorems for interpolative Cirié-—Reich-
—Rus-type contractions using w—admissibility in
CMS. Deng et al. 2° analyzed (p — 1) interpola-
tive proximal contractions and identified criteria
ensuring BPP existence in MS. Ishtiaq et al. 2!
formulated fuzzy versions of iterative mappings
and derived corresponding BPP conditions in gen-
eralized fuzzy (XN,®)-iterative settings. Younis
and Bahuguna ?? presented the notion of con-
trolled graphical metric type spaces, which in-
tegrates the concepts of controlled metric type
spaces, extended b metric type spaces, metric type
spaces, and graphical type spaces. Further, Ish-
tiaq et al. 2 examined iterative conditions yield-
ing existence and uniqueness of BPPs results for
iterative conditions within a complete fuzzy mul-
tiplicative metric space. A complementary per-
spective appears in Joonaghany et al. 2% who em-
ployed W-simulation functions to study Suzuki-
type contractions, thus expanding the framework
of classical contractive mappings. Additional re-
lated works can be found in Refs. 25-%7

To prepare for the main results, we recall es-
sential notation and preliminaries. Throughout
the paper, W and ) denote subsets of a met-
ric space (V,9) and N and ® are mappings from
[0,00) to R. We define

Wy = {x EW:N(x,s) =N, Y) for some s € y},

Vo = {z €Y :N(x,z) =NW,Y) for some x € W}
) (1)

Recently, Younis and Oztiirk 2® introduced
the BPP for proximal contractions in the con-
text of extended b-MS. Karapinar et al. 2 found
some FP results for interpolative Hardy—Rogers
and Boyd-Wong type contractions. Babu and
Koduru 3 introduced the concept of interpolative
contractions for a pair of maps in b-metric space
and utilized the idea of interpolation in complete
b-MSs to prove the existence and uniqueness of
common FP results. Younis et al. 3! found the
concept of some novel convergence results to the
Helmholtz problem with mixed boundary condi-
tions and demonstrated the existence and unique-
ness of the solution by applying graph-controlled
contractions. Ma et al. 32 introduced the concept
of topology optimization of cooling elements for
worm wheel gear grinding machine tool beds un-
der non-uniform heat sources. Xu et al. 33 de-
veloped an integrated thermodynamics economy
multi-physics coupling framework that quantifies
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cross-scale interactions among thermal, electri-
cal, gas, and liquid. Yue 3% studied the existence
of nonuniform polynomial dichotomy for discrete
evolution families in Banach spaces. Some neces-
sary and sufficient conditions for the nonuniform
polynomial dichotomy concept of discrete evolu-
tion families with respect to invariant projection
sequences and strongly invariant projection se-
quences are obtained, respectively.

Jahangeer et al. 3° presented several types of
interpolative proximal contraction mappings, in-
cluding Reich-Rus—Cirié¢ type interpolative-type
contractions and Kannan-type interpolative-type
contractions in the setting of bipolar MS. Ah-
mad et al. 3¢ obtained FP results using an in-
terpolative extended F B-Ciri¢-—Reich-—Rus con-
traction framework. They proved the validity of
their FP results by showing examples that demon-
strate these contractions were effective. Ali et
al. 7 found the notion of F-a-proximal contrac-
tions for Hardy—Rogers-type mappings as well as
for ATiriAi‘-type mappings. Unni et al. 38 intro-
duced and analyzed new concepts such as proxi-
mally reciprocal continuous, proximally weak re-
ciprocal continuous, and R-proximally weak com-
muting of types MA and MT for non-self map-
pings. Vaithilingam and Anisha 3 provided suf-
ficient conditions for the existence of a BPP of F,
without requiring X to be strictly convex or the
sets A and B to be compact. Pragadeeswarar and
Gopi %Y introduced a new concept called proximal
E.A. property for single and multi-valued map-
pings. They proved the existence of a proximally
coincidence point for such a class of mappings.
Girgin 4! investigated and encompassed a meticu-
lous examination of FP results within the context
of non-Archimedean modular MS, which are char-
acterized by their distinctive structural properties
that diverge from those of conventional MS.

In particular, Table 1 illustrates how the pro-
posed interpolative proximal-type contraction ex-
tends existing approaches by combining interpo-
lation techniques with proximal structures in a
generalized setting.

We also recall classical definitions of proximal
commutative and proximal dominance, approxi-
mate compactness, and CBPP, adapting the for-
mulations from Refs. 48

Definition 1. We say that ¥ : W — )Y and
R : W — Y commute proximally (in short, CP)
if the following condition is satisfied: &

[M(z, Pe) = N(y, Re) = NV, V)] = Py = Rz
for all e,z,y € W.

Definition 2. We say that R : W — )V dom-
inates a mapping P : W — YV proxzimally if
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J0<p<lst. B
N (x1,%2) < pN(21,22),
for all x1,x9,21,29,€e1,e2 € W, and also, we have

0 (x1,PB(e1)) = N(x2,P(ez)) = NNV, V),

N (z1,R(e1)) = N (22, R(e2)) =NW, D).

Definition 3. We say that the set W is approx-
imately compact (APC) w.r.t. Y whenever ev-
ery sequence {9,} C W satisfying N(y,N,,) —
N(y, W), for some y € Y, admits a convergent
subsequence. *

Definition 4. Assume (V,0M) is is a metric space
and W, are the nonempty subsets of V. Con-
sider two mappings P : W — YV and R: W — ).
A point s* € W is called a CBPP of % and 8 if *

N(e*, Pe™) = N, ) = N(e, Re™).

This work introduces several new classes of in-
terpolative proximal-type contractions, including
the (N, ®)-proximal contractions, (X, ®)-Ciri’c—
Reich—Rus’ contractions, (X, ®)-Kannan contrac-
tions, and (R, ®)-Hardy—Rogers contractions.

These contractions generalize familiar fixed-
point principles through an interpolative mech-
anism that enhances their flexibility. Further-
more, we establish the existence and uniqueness of
CBPP results under these generalized mappings.
The theoretical developments are supplemented
with nontrivial examples and an application in
a fractional differential equation, illustrating the
breadth of applicability of the proposed frame-
work.

The remainder of the paper is organized
as follows. Section 2 develops the theory
of generalized interpolative contractions and
presents main results concerning CBPP for sev-
eral (X, ®)interpolative contraction types, includ-
ing the proximal, Kannan, Ciri¢-Reich—Rus, and
Hardy—Rogers variants. Various examples are
presented to substantiate these concepts and re-
sults. Section 3 provides applications in fractional
analysis. Section 4 concludes with a summary of
the major contributions.

2. Main Results

We begin by formulating several classes of in-
terpolative contractions, including the (X, ®)-
proximal contractions, (X, ®)-Ciri¢-—Reich--Rus
type, (XN, ®)-Kannan type, and (X,®)Hardy-
Rogers type. Each class is introduced with a pre-
cise definition followed by explanation that high-
light the role played by the auxiliary functions
(X, ®) in shaping the contractive behavior of the
mappings. To clarify these concepts, we present
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Table 1. Comparison of contraction-type conditions and corresponding frameworks

Contraction Underlying Control function / Representative
type space condition reference
Banach contraction MS Constant contraction Banach 2

factor
Kannan contraction MS Distance between Kannan 3

images and points
Interpolative MS Interpolative Karapinar et al. 2%
contraction control function
Proximal MS with a Proximal Basha et al. *
contraction binary relation distance condition
Generalized proximal-type  Generalized MS Control via Recent literature 20 23
contraction auxiliary function
Interpolative proximal-type Generalized MS Interpolation and Present work
contraction proximal structure
Application to Function Fixed-point Present work
fractional differential spaces framework

equations

illustrative examples and discuss their relevance
to the existence of CBPP. These examples demon-
strate how the generalized interpolative structure
broadens the scope of proximity-type results in
metric settings.

2.1. Proximal contraction

This section extends the contribution Refs. 47689

by developing the results (X, ®)-proximal contrac-
tions under the non-self-mappings. This frame-
work is well suited for problem involving inter-
actions between two distinct subsets of a met-
ric space, or more generally, for situations where
mappings operate across coupled structures. By
employing (X, ®)-proximal contractions, we derive
new conditions that guarantee the convergence
and stability of iterative procedures.

Definition 5. Assume (V,M) is an and W,Y
be the nonempty subsets of V. The mappings
R:W = YVand B : W — Y are known as
(N, ®)-proximal if for all x1,%9,81,82,€1,62 € W,
the following conditions hold:

m(thel) = m(x27q362) = m(W7 y)7
= S1 75 S92,
m(slvmel) = m(527%62) = m(way)

X1 7 X2

(2)
and

N (N(x1,%x2)) < D (N(s1,82)). (3)

The following example illustrates the appli-
cability of the proposed generalized interpolative

proximal-type contraction and verifies the hy-
pothesis of the corresponding theorem hold in a
concrete setting.

Example 1. Consider R? with the Euclidean
metric. Let

W ={(e,z) : e <0},

Y=A{(e,z) :e>1}.
Then, MW, Y) =1, Wy = {(0,2) : z € R}, Jp =
{(1,2) : z € R}. Define mappings B : W — Y
and R: W — )Y as

PBle,z) = <—2e+ l,g) ,

R(e,z) = <—3e+ 1, g) .

Clearly, T W) C Vo and R (Wy) C V. Let the
functions X, ® : [0,00) — R be given by

N(x):gandq)(x)zx—l,xe[O,oo).

We show that B and R are (P, N)-proximal.
Consider x; = (0,0), x2 = (0,2),2; = (0,0),22 =
(0,3), and e; = (0,0) ,e2 = (0,6). Then

9((0,0),%(0,0)) =N, B) = 9N((0,2) ,% (0,6)) ,

91((0,0),9%(0,0)) :‘.YI(W,JJ) :m((073)7%(076));

i.e.,

‘ﬁ(xl,mel) = ‘)‘t(W,y) = ‘ﬁ(xQ,‘Beg) y

‘ﬁ(zl,i)‘{el) = ‘)T(W,y) =M (12,9%2) .

583
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This implies
N (M (x1,%x2)) <P (‘)"( (il,zg)) ,

R (91((0,0),(0,2))) < @ (9((0,0),(0,3))),
N(2)<P(3),

1<2.

Same as all other cases are easily verified. This
shows that the mappings P and R are (N, P)-
proximal. The parameters involved in this exam-
ple are chosen to ensure that the proximal con-
traction condition holds. Now, consider x; =
(070) X2 = (O 2) z1 = (an)sz = (073)7 and
0= % this implies

N (x1,%2) < po (N (11,22))

9((0,0),(0,2)) < p(91((0,0),(0,3)))

This leads to a contradiction. Therefore, 8 and
R cannot be considered proximal contractions in
the absence of (R, ®).

The lemmas provided in the following sections
will be used to prove the important results pre-
sented in this paper. By applying these founda-
tional lemmas, we hope to establish the validity
of the main theorems.

Lemma 1. Assume (V,N) as a metric space, and
let {xp} C V be a sequence s.t.

pll)m N(xp, xp41) = 0.

If {x,} is not Cauchy, there ezist two subse-
quences like {xp, } and {xq,}, along with a constant
s* > 0, such that

llim m(:ppﬁ-lv xQH-l) S*+’ (4)

and
ll_lfn ‘ﬁ(Xpl,qu) = m(XpHrla Xml) = m(xpw XQL+1)
(5)

Lemma 2. Let X : [0,00) — R be a given func-
tion. The following conditions are equivalent:

(i) For each € > 0, we have infys.N(x) >

—00.

(13) For each ¢ > 0, liminf, , + N(x) > —o0.

(t3i) If  limp_oo N(xp) = then
limp_>oo Xp = 0

—0Q,

Lemma 3. Assume {x,} is a sequence in (V, )
such that limy, o MN(xp, xp+1) = 0, and assume

the mappings R: W — Y and B : W — Y satisfy
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Equation (2). If the functions X, ® :
satisfy
(i) limsup,_,.+ R(x) < ®(e1), Ve >0,

then {xp} is a Cauchy sequence.

[0,00) — R

Proof. Assume {x,} is not a Cauchy sequence.
According to Lemma 1, there exist two subse-
quences {x,, } and {x,,} of {x,}, along with a con-
stant € > 0, such that the Equations (4) and (5)
are satisfied. From Equation (4), it follows that
N(xp,+1, Xg+1) > €. Since the elements x,,, xp, 41,
Xgs Xg+1s ©ps €qs €p+1, and e 11, all belong to
W, then

m(xpl-‘rla m(epﬁl)) -

N(xp, Rlep 1)) =NV, V) =
By Equation (2), we have

N(m(XPerl’XfIHrl)) < (I)(m(xpza qu))>

for all [ > 1. Let u; =
N(xp,,xq). We have

N(u) < P(uw—1),V1> 1. (6)
Equations (4) and (5) give lim; oo u = ™ and
lim;_, oo u;—1 = €. Thus, Equation (6) yields that
N(eT) = hm N(w) < hrnsup ®(u;—1) < limsup ®(c).

C—E
(7)
This contradicts to the hypothesis (i), and lastly,
{xp} is Cauchy in W.

NW,Y) =

N (xg,, R (eg+1)) -

N(xp, 41, %g+1) and wy =

Define two functions X, ® : [0,00) — R to en-
sure the existence of CBPPs. Let 3: W — Y and
R : W — )Y be two mappings. The next proper-
ties are needed:

(i) R dominates B, (N, ®)-proximally;

(73) P and R commute proximally;

(797) W is non-decreasing and lim sup,_, .+ X (x) <

d(et), Ve > 0;

(iv) ‘13 and R are continuous;

(v) 5B (Wp) € Mo and B (Wp) C R (W)

(vi) W is non-decreasing and {P(xp)}
and {N(x,)} are convergent sequences such
that if lim, o0 ®(x,) = limy 00 N(xp,), then

s” limy, 00 xp = 0.

Theorem 1. Let (V, M) be a CMS, and let W and
Y be non-empty closed subsets of (V, M) with Y
being APC with respect to W. And also, Wy and
Vo, defined in Equation (1), be non-empty. Sup-
pose B: W — Y and R: W — Y satisfy Equation
(2) and properties (i)-(v) above. Then the map-
pings R and P possess a CBPP e € W such that

N(e,Re) =NW,Y) and
m(e7me) :m<W7y)
Proof. Let eg be an element of Wy. Since
PWh) € R(Wp), there exist elements e; and ey

N (X‘Il+17 B (e(ZH-l)) )
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in Wy such that Bey = Re; and Pe; = Rey. This
procedure generates a sequence {e,} C W) satis-
fying
men—l = merm
for every positive integer p. Since L (Wp) C o,
for each p € N, there exists an element x, € Wy
s.t.
N(xp, Pep) = NV, V).

In view of the selection of e, and x,, it gives
m(xp-l-hm(ep—i-l)) = m(W? y) =N (Xpamep> y

N (xp, R (ep41)) = NW, V) = N(xp-1,R (ep)) ;
ie.,

N (xp, Pep) = NW, V) = N(xp—1, R (ep)) . (8)
If x, = x,_1, then from Equation (8), the point
xp is a CBPP of the mappings 8 and 9R. Alterna-
tively, suppose x,-1 # x, V p € N. Then, using
Equation (8), we get

N(xp+1, Blept1)) = N(xp, Blep)) = NW, V),

N(xp, Rlep)) = N(xp—1, R(ep-1)) = NW, V).
By applying Equation (3), it follows that
N(N(xp+1,%p)) < P(N(xp, xp-1)) , (9)
for all xp_1,%p,Xpr1,€p—1,€p,€pr1 € W. Let
N(xp+1,%p) = up. Then we have

N(up) < P(up—1) < P(up-1).

Since N is not decreasing, it follows u, <
u,—1, Vp € N. Therefore, {u,} is a strictly de-
creasing and positive sequence converging to a
limit point u > 0. Suppose, for the sake of con-
tradiction, that u > 0. Then, from Equation (9),
we have

N (") = lim N (u,)

oo () < g, @ (o)
< limsup ® (u) .
u—et

This contradicts the property (iii), and so,
D 0 and limy o M(xp,xp41) = 0. By the
property (iii) and Lemma 3, the sequence {x,}
is Cauchy. Since (V,M) is a CMS and W is a
closed subset of (V,), so 3 x* € W s.t.

lim N(x,,x*) = 0.

n—o0

Next, we have the following inequalities:
N(x", Blep)) < N(x",xp) + N(xp, Blep)),
and
N(x", R(ep)) < N(x™, xp) + N(xp, R(ep))-
Therefore, as p — oo,
M(X*, m(ep)) - m(X*v y)a
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and

N, Plep)) = N(x" V).
Since B and R are continuous, we conclude that
R(x*) = P(x*). Moreover, as Y is an APC with
respect to W, there exist subsequences {:R(ey,)}
of {R(en)} and {P(ey,)} of {P(en)}, such that

Rlep,) = s €Y, Pley) =s €,

Thus, taking the limit as | — oo in the following
equations, we obtain

m(S*7m<enl)) = ‘JI(W, y),

as

and
N(s*, R(ey,)) =NW, V).
We have
N(s*, x*) = NW, ).
Since x* € Wy, we know that B(x*) € PWy) C
Yo and R(x*) € R(Wh) C Vp. Therefore, there
exists an element s* € W, such that

N, P(x")) = N(s™, P(x")) = NOWV, V),
MN(x*, R(xH)) = N(s*, R(x*)) = NOV, V). (10)

Now, considering Equations (9) and (10), we ap-
ply Equation (2) and obtain
N(M(x*, %)) < (N(x",s")) < P(N(x¥,sY)).
As N is a non-decreasing function, it follows that
MN(x*, s¥) < pN(x*, s¥) < 2(N(x",sY)),

which implies that x* and s* are identical. Fi-
nally, using Equation (8), we have

N, R(xT)) = NV, V) = N, P(x)).

Thus, x* is a CBPP of the mappings R and ‘.
This completes the proof.

Theorem 2. Let (V,MN) be a CMS, and let W
and Y be non-empty closed subsets of (V,MN) with
Y being APC with respect to W. Assume that
Wo and Yy, introduced in Equation (1), are non-
empty, and P : W — Y and R : W — Y satisfy
Equation (2) and properties (i), (i), and (iv)-
(vi) above. Then the mappings R and P possess
a CBPPe e W s.t.

N(e,Re) =NW,Y) and
N (e, Pe) =N(W, D).

Proof. Proceeding with the preliminary steps of
Theorem 1, we consider the following inequality

R(up) < P(up-1) < R(up-1). (11)

From Equation (11), it follows that the sequence
{RX(up)} is strictly decreasing. There are two pos-
sible cases: either the sequence is bounded below,
or it is not.

Case 1: {X(up)} is bounded below. In such a
case, the sequence {X(u,)} is convergent. Since

l — oo.
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the sequence is strictly decreasing, it must con-
verge to a limit. Given the relationship in
Equation (11), the sequences R(u,) and ®(u,_1)
converge to the same limit. By the property
(iii), we have that either lim, ,ocq, = 0 or
im0 M(xp, €pt1) = 0 for any sequence {x,} C
W. Following the reasoning from the proof of
Theorem 1, we obtain

N, R(x7)) = NOWV, V) = N(x", P(x)).
This shows that the point x* is a CBPP of both
R and ‘P.

Case 2: {X(up)} is not bounded below.
In this case, we have

inf N(up) > —oco Ve >0,peN.
up>€

On the basis of Lemma 2, it follows that u, — 0
as p — oo. This completes the proof.

Remark 1. If X(x) = x and ® (x) = Ax, where
A € (0,1), then Definition 5 reduces to the defi-
nition of proximal contraction, and each of Theo-
rems 1 and 2 reduces to the Banach interpolative
contraction principle.

Corollary 1. Suppose that (V, M) is a CMS and
limy, 0o N (xp,2p) = 0, V xp,2, € W, and also,
R and P are self-mappings fulfilling Equation (2)
and properties (i)—(v) given above. Then (V,N)
includes a common fixed point for R and B.

Interpolative Cirié—Reich—RuS—type
proximal contraction

2.2.

In the present subsection, we establish condi-
tions for determining the CBPP for Ciri¢-—Reich-
—Rus-type contractions and extend the results
Refs. 192123 to the structure of MS. This exten-
sion provides a comprehensive framework for solv-
ing CBPP problems in CMSs, introducing novel
iterative algorithms and convergence studies that
build upon and generalize the previous findings.

Definition 6. Let (V,M) be a CMS, and W and
Y be non-empty subsets of V. The mappings
R:W = Yand P : W — Y are said to be a
(N, @) interpolative Ciri¢-Reich-Rus type proxi-
mal contraction if for all x1,%2,21,22,€1,€3 € W

N (x1,Per) = N (x2,Pez2) =N W, V), x1 # x2 }
= 2z # 29,
n (thel) = Y.YI(ZQ,ER@) = ‘)T(WJ))
(12)
and
R (N (x1, %)) < ® ((m (z1,22))" (0 (11, %1))% (N (iz?xQ))l‘f’“i) ,
(13)

for somep>0,q>0andp+q<1.

The following example establishes the appli-
cability of the proposed AtiriAf-type contraction
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mapping and confirms that the hypotheses of the
corresponding theorem hold in a concrete setting.

Example 2. Let V = R be endowed with
the metric MN(e,z) =| e —z |. Let W =
{0,2,4,6,8,10} and ¥ = {1,3,5,7,9,11}. More-
over, B: W — Y and R : W — Y are formulated
by

('B(O) =3, ;’B(Q) =5, m(4) =1, m(ﬁ) =3, (’)3(8) =9, ('B(IO) =11,
and

R(O0)=3, R(2) =1, R(4) =9, R(6) =7, R(8) =5, R(10) = 11.

)
Evidently, M(W,Y) =1, Wy = W, and Y = ).
Clearly, B (Wp) Q Yo and R (W) C Vo. Let the
0

functions N, @ : [0,00) — R be defined as follows
N (x) =xand ¢ (x) = g, x € [0, 00).

We show that P and R are (X, ®)-interpolative
Ciri¢-Reich-Rus type proximal. Consider x; = 4,

X9 :6,21 :O,ZQ = 8 and €1 :2,62 :4, f): %,
q= % Then
N (x1,Per) = NOW,Y) = N(x2,Pez),
N(z1,Re;) =NW,Y) =N (ig,iﬁeg) )
‘We have
N(4,PB(2) =NW,Y) =N(6,B(4)),
0(0,R(2)) =NW, V) =N(8,R(4)).

This implies
R (M (x1,%0)) < & ((m (z1,22))P (M (11, %1))° (m(ZQ,m))lff’*‘i) ,

R(91(4,6)) < @ ((N(0,8))2 (N (0,4))3 (N(8,6))'275),

X (2) < ©(5.0398) ,

2 <2.5199.

The remaining cases can be verified in a sim-
ilar manner. Hence, the mappings ¥ and ‘R
are (N, ®)-interpolative Cirié—Reich—RuS—type
proximal. The parameters involved in this ex-
ample are chosen to ensure that the interpola-
tive Ciri¢-—Reich--Rus -type proximal contraction
condition holds. On the other hand, consider
X1—4 X2—621—0 22—8andel—2 62—4

p:% q= ngthu—g Thus,

‘)”((x1,x2) < /14< Zl,ZQ ( (11,X1)) m(ZQ,XQ))l—f)—‘i> ,

1

9N (4,6) < o ((T(0,8))2 (N(0,4))5 (N(8,6)'275)
2 < 1 (5.0398),

2 < 0.8399.

This leads to a contradiction. Therefore, 3 and
R are not Ciri¢-—Reich-—Rus-type proximal con-
tractions without (X, ®).
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Theorem 3. Let (V,MN) be a CMS and W,) be
non-empty closed subsets of (V,M) so that Y is
APC with respect to W. Also, suppose that W
and Yy, defined in Equation (1), are non-empty.
Let B W — Y and R: W — Y be satisfied the
Equation (12) and the properties (i)—(v) above.
Then the mappings R and B possess a CBPP
eec W s.t.

N(e,Re) =NW,)Y) and
N (e, Pe) =N, D).

Proof. Proceeding with the preliminary steps of
Theorem 1, we have

N(xp+1, Plep+1)) = N (xp, B (ep)) = NW, V),

N(xp, R(ep)) = N(xp—1, R (ep-1)) = NW, V).

Thus, by Equation (12), we have
R(N(xp41,%p)) < @ ((m<xpvxpfl))}3 (MN(xp+1, Xp))q (m(xp»xpfl))liﬁiq) )

ie.,

ROUxp1, %)) < R ((Vp1,%5)% (Mxps xp1)) %)

(14)
for all xp—1,%p, Xpt1,€p—1,€p, €pt1 € W and some
p>0,9>0p+q<1. Since X(x) < ®(x) for
all x > 0, by Equation (14) we have

RO, %,)) < @ (00, %,)) (Mg xp-1))' %)
Accordingly,

N(xp+1,%p) < (‘ﬂ(xpﬂ,xp))q (m(xpvxp—l))liq‘

This implies
(M(xp+1, Xp))li

. s
< Mz, xp-1))
ie.,
(M(xp+1,%p)) < (Mxp, xp-1)) -

The sequence {M(xp4+1,%,)} is strictly positive
and decreasing, so it converges to some limit
u > 0. We will prove that u = 0. To reach a
contradiction, assume instead that u > 0. Then,
using Equation (14), we obtain

N (eT) plggoN (MN(xpt1,%p)) < plggo

@ ((Matp41, %)) (Matps xp-1)) 2
< limsup @ (x).
x—e+
This contradicts the assumption (iii), which im-
plies that u = 0, and therefore,

plggo N(xp, xp41) = 0.

Combining (iii) with Lemma 3, it follows that
{xp} is a Cauchy sequence. As (V,M) is a CMS
and W is a closed subset of V, the sequence con-
verges to some x* € W. In other words,

plgglo (xp,x") =0.
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Moreover,
0 (x*, Bep))

N (x", R(ep))
Given that PB(Wp)
N(x*, R(ep)) = N(x",Y)
— N(x",Y), as

Since B and R are CP, it follows that Rx* = Px*.
Because ) is APC with respect to W, there
exist subsequences {9(ep,)} from {R(e,)} and

{PB(ep,)} from {P(ep)} such that
%(epz) —z*€) and ‘B(epl) —z"e), as
[ — 0.

(2%, %p) + I (xp, Plep))

N
D (x*, xp) + N (xp, Rep)) -
c

0, we have

<
<

and - N(x*, Pley))
p — 0.

Taking the limit as [ — oo in these equations,

m(Z*vm(ePl)) = ‘ﬁ(W, y)’

N(z", R (en,)) = NOW,Y),

and we have

(15)

N(z",x%) =MW, Y).
As x* € Wy, we have P(x*) € Vp and R(x*) € .
There exists s* € W, such that

N P(xT) = N(s™, P()) = W, P), (16)

N(x",R(x")) =N(s", R (x")) =MW, )).
Using Equations (15) and (16), along with (12),
we obtain

R(MN(x",s%)) < @ ((W(X*, )P (M(x*,s%))°

(M(x*,8*) P72 < B(MN(x*, %)) < N(x*, s%).
As N is non-decreasing, we get
MN(x*, s") < pN(x*, s™) < N(x*,s¥),
which implies x* = s*. From Equation (16), it
follows that
NG, R(x)) = ROV, V) = N, Bx)),

Therefore, x* is a CBPP for R and 3. This com-
pletes the proof.

Theorem 4. Let (V,MN) be a CMS, and let W and
Y be non-empty closed subsets of (V,N), with Y
being APC relative to W. Assume that Wy and
Vo, defined in Equation (1), are non-empty. Let
LW = Y and R : W — Y satisfy Equation
(12) and properties (i), (ii), and (iv)-(vi) above.
Then the mappings R and B possess a CBPP
ec€ W s.t.

MN(e,Re) =NW,Y) and
N(e,Pe) =NW, V).
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Proof. Proceeding with the preliminary steps of
Theorem 3, we get

R((M(xps1, %)) < @ ((Nxp xp-1))' " (Npa1, %))

<R (g 25-0) 7 g1, 7)) -

By Equation (17), we deduce that
{N(N(xp+1,%p))} is a strictly decreasing sequence.
There are two possibilities: either the sequence is
bounded below or not. If it is not bounded below,
then

inf N(DM(xp+1,%p)) > —oo for alle > 0,p € N,
‘J’t(xp+1,x1;)>8

By Lemma 2, this implies 9(xp41,%,) — 0 as
p — oo. If the sequence is bounded below, it
must converge. By assumption (iii), we have
limy, 00 N(xp41,%p) = 0. Similar to the proof of
Theorem 3, we get

NE"R()) = NW, V) = N, P(x")).

This demonstrates that x* is a CBPP for the pair
of mappings SR and B.

Remark 2. If X (x) =x and ® (x) = Ax, where
A € (0,1), then Definition 6 reduces to the defini-
tion of Ciri’c-Reich-Rus interpolative contraction
principle.

Corollary 2. Suppose (V,M) is a CMS and
limp 00 N (xp, ip) =0,V x,, ip €W, and also, R
and P are self-mappings fulfilling Equation (12)
and properties (i) — (v) above. Then (V,MN) in-
cludes a common fixed point for R and P.

2.3. Kannan-type proximal contraction

In this section, we establish conditions for deter-
mining the CBPP for Kannan-type contractions
and extend the results Refs. 2123 to the structure
of the MSs. This extension provides a compre-
hensive framework for solving CBPP-problems in
CMSs, introducing novel iterative schemes and
convergence studies that build upon and gener-
alize the previous findings.

Definition 7. Let (V,M) be a MS, W and Y
be two mon-empty subsets of V. The mappings
R:W = YVand P : W — Y are said to be
(%, N)-Kannan-type proximal contraction if for all
X1,X2,21,22,61,62 € 4%

‘)“((xl,mel) = m(Xg,meg)
=N, ),

= z1 # Z2,
m(zl,%el) = (ZQ,%GQ)
= NW,Y) for x1 # %2
(17)
and
N(N(x1,%2)) < @ ((‘ﬁ (z1,%1))P (N (127}‘2))1_})) ;
(18)

for some p € (0,1).

Remark 3. If N(x) =x and ® (x) = Ax, where
A € (0,1), then the above definition reduces to the
Kannan-type interpolative contraction principle.

The following example establishes the appli-
cability of the proposed Kannan-type contraction
mapping and confirms that the hypotheses of the
corresponding theorem hold in a concrete setting.

Example 3. Let V = R be endowed with
the metric MN(e,y) =l e —y | Let
w = {1,2,3,4,5,6,7,8,9,10} and Y =
{0,1,2,3,4,5,6,7,8,9,10,11}. Moreover, ‘B
W — Y and R: W — ) are formulated by

m (e) =€ - 17
and

Re)=e+1.
Then, MW,Y) = 0, Wy = W, and )y C V.
Then clearly B Wo) C Vo and R (Wp) C V. De-
fine the functions R, ® : [0,00) — R by

(IJ(X):{

N(x) =

x, for x =1,
and
X + 4, otherwise,

X
5 or X s

X + 3, otherwise.

We show that B and R are (@, X)-interpolative
Kannan-type proximal. Consider, x; = 2, xo
1,z1 =4,z =3 and e; = 3,e9 = 2, for all p =
so that

N (x1,Per) = NW, V) = N(x2, Pea),

1
2

‘ﬁ(zl,%el) = ‘JT(W,JJ) =N (ig,meg) .
Then,
N (2,P3) =NV, V) =N(1,82),

M(4,R3) =N W,Y) =MN(3,R2).
This implies that

N (D (x1,x%2)) < P ((‘ﬁ (zl,xl))f’ (m (iQ,XQ))17§> ’
N(M(2,1) <@ ((m (4,2))2 (M (3, 1))%) 7

N (1) < ® (4.9996) ,

1 <1.9996.

The remaining cases can be verified in a similar
manner. This shows that mappings 3 and ‘R are
(@, N)-interpolative Kannan-type proximal. The
parameters involved in this example are chosen to
ensure that the interpolative Kannan-type prox-
imal contraction condition holds. On the other
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hand, consider x; = 2, x9 = 1,z1 = 4,29 = 3 and
e1 =3,e0 =2, for all p = %, and p = é; we have

‘Jt (xl,‘Bel) = ‘ﬁ(W, y) = m(XQ,‘Beg) ,

‘Jt(zl,i)%el) = ‘ﬁ(W, y) =M (12,%62) .
This implies that

W1, x2) < g (R z0) (1 (32%2)) 7).

N(21) <p((M42)2 (ME1)2),
1< 11(4.9996)

1 <0.8332.

This leads to a contradiction. Thus, P and R can-
not be classified as the interpolative Kannan-type
proximal contractions without (X, ®).

Theorem 5. Let (V,MN) be a CMS, and let W and
Y be non-empty closed subsets of (V,M), with Y
being APC with respect to W. Assume that Wy
and Yy, defined in Equation (1), are non-empty.
Let B: W — Y and R: W — Y satisfy Equa-
tion (17) and properties (i)-(v) above. Then the
mappings R and P possess a CBPP e € W so
that

N(e, Re) = NW, )

Proof. Proceeding with the preliminary steps of
Theorem 3, we obtain

RU(xp1,%5)) < @ (Npi1, %)) (N, xp-1)) )
(19)
for all x,_1,%p, Xp+1,€p—1,€p,€pt1 € VW and some
p € (0,1). Since, X (x) < ®(x) for all x > 0, by
Equation (19), we have
RONep1, 7)) < R ((Rpr1, %) (N, 1p-1))' 7) -
As N is a non-decreasing function, it follows that
N(xp+1,%p) < (m(Xerl?Xp))f) (m(xpyxp—l))l_ﬁ-
This implies
(m(xpﬂaxp))l_ﬁ < (m(xpaxp—l))l_ﬁ

Let M(xp+1,%p) = up. We have

D(p) < N ((w)? () P) < @((w)? (wp-1)'P).

Given that u, < u,—1, Vp € N, {u,} is a strictly
decreasing positive sequence converging to a limit
u > 0. Assume, for contradiction, that u > 0.
From Equation (19), it follows that

R (") = lim R () < lim @ ((w,)? (2,-1)'7)

< lim sup @ (x).

X—u+

This contradicts the hypothesis (iii), so u = 0
and limy, o0 M(xp, xp+1) = 0. By assumption (iii)
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and N(e,Pe) = NW, D).

and Lemma 3, {x,} is a Cauchy sequence. We
know that (V, ) is complete and W is closed, so
Ix* € W s.t. limy,_y00 M(xp, x*) = 0, and

N(=x", Plep)) < N(x",xp) + N(xp, B (ep)) -
Also,

N(x", Rep)) < N(x*,%p) + N(xp, R (ep)) -
Thus,  MN(x*, R(ep)) — N(x*,Y) and
N(x*, Plep)) — N(x*,)) as p — oo. Since P
and PR commute proximally, SRx* and Px* are

equal. Because ) is APC with respect to W,
there exist subsequences {§R(ep,)} of {F(ep)} and

[B(ep)} of {Pley)} such that Rey,) — 2 € ¥
and PB(ep,) = z* € Y as | — oo. Taking | — oo

in the equations, it gives

N(z", Plep,)) = NV, Y),

m(2*7%(epl)) =N, (Wv y)

and we have

(20)

N(z",x%) =MW, )).

Since, x* € Wy, B(x*) € POWWo) C Vo. There is
s* € W, such that

N(x", P(x")) = N(s™, PB(z")) = MW, V),
N(x*, R(x*)) = N(s*, R(=x*)) = NOW, V).

Using Equations (20) and (21), along with Equa-
tion (17), we obtain

D(N(x",5%)) < R ((N(x",5)P (N(x",5%)'?)

(21)

< RMM(x*,8%)) < N(x¥,s).
As N is a non-decreasing function, it follows that
N(x*, ") < pN(x*, s™) < N(x",sY).

This implies that x* and s* are equal.
quently, from Equation (?7?), we obtain

Conse-

N(e,Re) =N(W,Y) and
N(e,Pe) =NW, V).

Thus, x* is a CBPP for the pair of mappings R
and PB. This concludes the proof.

Theorem 6. Let (V,M) be a CMS and W,Y be
non-empty closed subsets of (V,MN) so that Y is
APC with respect to W. Suppose also that W,
and Yo, defined in Equation (1), are non-empty.
LetB: W — Y and R : W — Y be satisfied the
Equation (17) and properties (i), (i), (iv)—(vi)
above. Then the mappings R and P possess a
CBPP e € W so that

MN(e,Re) =NW,Y) and
N(e,Pe) =NW, V).
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Proof. Proceeding with the preliminary steps of
Theorem 2, we have

R(ap) < @ (1) ()%

<R (1) (w)?).

From Equation (22), it follows that {N(u,)} is
strictly decreasing. There are two possibilities:
either {X(u,)} is bounded below, or it is not. If it
is not bounded below, then

inf X (u,) > —o0, Ve>0,neN.
up>€

(22)

By Lemma 1, u, — 0 as p — oo. If the se-
quence {x(up)} is bounded below, it converges.
By Equation (19), the sequence {X(u,)} also con-
verges to the same limit. On the basis of (iii),
we get lim, oo u, = 0 or limy,_,o0 N(xp, €pr1) =0
for each sequence {x,} in W. Using the proof of
Theorem 5, we obtain

N, R(x")) = NV, V) = N(=",P(x7)).
This proves that x* is a CBPP for R and ‘.

Corollary 3. Suppose (V,M) is a CMS and
limy 00 N (x1,%x2) =0, V x1,%2 € W. Suppose R
and B are self-mappings satisfying Equation (17)
and (i)—(v) above. Then P and R have a CFP.

2.4. Hardy—Rogers—type proximal
contraction

In this section, we present conditions for deter-
mining the CBPP for Hardy—Rogers—type con-
tractions and extend the results Refs. 2123 within
the MS framework. Hardy-Rogers—type contrac-
tions are a generalization of traditional contrac-
tion mappings, incorporating additional struc-
tural properties that facilitate the analysis of FPs
in more complex settings. By extending these re-
sults, we provide a robust framework for tackling
CBPP problems in CMS. This involves introduc-
ing novel iterative schemes and convergence crite-
ria that further enrich and extend previous work.

Definition 8. Let (V,M) be an MS, W and Y
be two mon-empty subsets of V. The mappings
R:W = Yand P : W — Y are called (R, P)-
interpolative Hardy—Rogers—type proximal con-
traction if for all x1,%9,21,22,€1,69 € W,

0N (x1,Per) = N (x2, Pez)

=NW,Y),

M (21, Rer) = (z2,Rey)
:m(Way) fO?"Xl #X2

= z1 # Z2,

(23)
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and
N (0 (x1,%2)) < B (m(zl,zgﬁ (N(z1,x1))°

1—p—g—
(M(z2. %) (1 <m<Z1,X2>+m<zz,xl>>) o

(24)

[\

for some p,q,7 € (0,1) withp+q+7 < 1.

Remark 4. If N(x) =x and ® (x) = Ax, where
A € (0,1), then the previous definition reduces to
the definition of the interpolative Hardy—Roger’s
proximal contractions.

The following example establishes the appli-
cability of the proposed Hardy—Rogers-type con-
traction mapping and confirms that the hypothe-
ses of the corresponding theorem hold in a con-
crete setting.

Example 4. Consider R? with the Euclidean
metric. Let

W ={(0,e): 0 <e< oo},

Y={(l,e):0<e<oo}U{(-1,0)}.
Define mappings P : W — Y and R: W — ) as
PB0,e) = (1,e—1),

R(0,e) =(l,e+1).

Then, MW,)) = Wo =W, and Yy = V.
Then clearly B (Wp) C Vo and R (Wy) € V. The
functions N, ® : [0,00) — R are formulated as

N(X):{
for x = 2,

d(x)=1{ |
x + 3, otherwise.

We show that P and R are (P, R)-interpolative
Hardy—Rogers-type proximal. Consider x; =
(072)7 X2 = (074)721 = (074)722 = (076)7 €1 =
(0,3), e = (0,5), and p = 0.1, § = 0.2, r = 0.3.
We have

‘ﬂ(xl,mel) = ‘II(W,J)) =

x+1, for x =2,
and
X + 4, otherwise,

(X27 mGZ) )

(12, %62) .

2 3

N(z1,Re;) =NW,Y) =
Then
m((072)7q3(073)) :m(wvy) :m((074)7§p(075))7

M ((0,4),9%3(0,3)) =W, Y) =7((0,6),7(0,5)) .
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This implies
R (9 (x1, %)) < @ (N (21,22))"" (N

(z1,%1)"% (M (22, %2))"°

dl

R (2) < @ (2.4698),

1

0.4
5 (M(z1,%2) + m(Z%Xl))) ) ,

3 < 5.4698.

The remaining cases can be verified in a simi-
lar manner. This shows that mappings B and R
are (®, N)-interpolative Hardy—Rogers-type prox-
imal contractions. The parameters involved in
this example are chosen to ensure that the inter-
polative Hardy—Rogers-type proximal contraction
condition holds. On the other hand, x; = (0,2),
X9 = (0,4),21 = (0,4),22 = (0,6), el = (0,3),
e2 = (0,5), and p = 0.1, 9 = 0.2, £ = 0.3 with
W= % give
0N (1, 22) < g (M (21,22))™ (M (2,30))"

<1

X

0.4
2(9?(Zlax2)*'91(22,X1))> >,

(2) < 11 (2.4698)

2 <1.2349.

This leads to a contradiction. Hence, 3 and *R is
not an interpolative Hardy—Rogers-type proximal
contraction without N and .

Theorem 7. Let (V,M) be a CMS, and let W
and ) be non-empty closed subsets of V such that
Y is APC with respect to W. Additionally, sup-
pose that Wy and Yy, defined in Equation (1),
are non-empty subsets. Consider two functions,
BT W — Y oand R : W — Y, satisfying the
conditions described in Equations (23) and prop-
erties (i)-(v) above. Then the mappings R and P
possess a CBPP e € W provided that

N(e,Re) =N(W,Y) and

N (e, Pe) =NW, V).

Proof. Applying the initial steps as in the proof
of Theorem 5, we have

m(xp-l-lvm(ep—i-l)) =N (vam (ep)) = m(Wa y)a

N(xp, R(ep)) = N(xp-1,R (ep-1)) = NW, ).

Thus, we have

RO(xpi1,%,)) < @ ((Matps xp-1))?
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(25)

for all x,_1,%p, Xpt1,€p—1, €p, €py1 € V. Since,
N (x) < ®(x) for all x € [0,00), by Equation (25),
we have

ROUpi1,%5)) < R (Mg xp-1))?
(M (xpt1, Xp))q (M(xpt1, Xp))f

><<1

1—p—§—F
3 OUm) 4 Ny

We know that N is non-decreasing, so we obtain

MN(xp+1,%p) < (M(xp, xp-1))F (m(Xp+17Xp))€1
(M(xpt1, Xp)>:E

< (5 @6+ R m)
< (Nt %y )P (Otp1, )3 (U1,
< Oty %1 (Upi1,5%0))* (M1, )

1

1-p—q—r
B (M(xpt1,%p—1) + m(Xerl:Xp—l)))

<
< (N(xp, prl))f’ (M(xpt1, X}?))ElJr

1-p—G—£
< (5 i) + Moprmp))
This implies

N(xpt1,%p) < (‘ﬁ(xp,xp,l))f’ (m(Xerl,Xp))a’Jrf

><<1

Set M(xp+1,%p) = up. Then we have

2

1

1-p—g—F
(Npers xp1) + Ny, xp1>>) .

§ 1

N(up) <o ((up—l)f’ (up) 5
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For some n > 1, we take u, > u,—;. We know
that N is non-decreasing, so Equation (26) gives

- o 1-p—q—%
up > <(up—1)p (up)qu’y <; (up + up)) ) .

This leads to a contradiction. Hence, we conclude
that u, < u,—; for all p > 1. Therefore, {u,} con-
verges to some element u > 0. We now show that
u = 0. Assume, for the sake of contradiction, that
u > 0. By Equation (26), we obtain the following

N(eh) = lim R (u)

(L) ”’”))

This contradicts assumption (iii), so we conclude
that u = 0 and lim;,_, M(xp, xp4+1) = 0. Taking
assumption (iii) and Lemma 3 into account, we
deduce that {x,} is a Cauchy sequence. On the
other side, (V,M) is a CMS and W is a closed
subset of V. In this case, this Cauchy sequence
must converge to some x* € W, meaning that

< lim @

p—o0

< lim sup @ (up).

p—0o0

f> q+

phﬁm N(xp,x*) = 0.
Thus,
N(x", Plep)) < N(x",xp) + N (xp, B (ep))

N(x", R(ep)) <N (x",xp) + N (xp, R (ep)) -

Thus, the mappings DM(x*, R(e,)) — N(x*, V) and
N(x*,P(ep)) — MN(x*,Y) hold as p — oo. Given
that both B and R are CP, we have ix* = Px*.
Since Y is APC with respect to W, there exist
subsequences {MR(ep,)} of {R(ep)} and {P(ep,)}
of {P(ep)} such that R(ep) — z* € Y and
PBlep,) = z- € Vasl— oo
Taking the limit as

the following equations,
‘)T(W, y) and m(i*v m(epl))
=NW, V),

we conclude the desired result

( 7q3(epz)) (W 37) and
‘)’t(l ’m(epz)) =N, V),
and we have
N(z*,x*) = NW, V).

Since, x* € Wy, we have P(x*) € PWp
and R(a*) € R(Wo) C . There exists s

{ — 00

N(T*, Blep,))

) C Y
e Wy
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such that
N(a™, P(x") = N(s*, P(x")) = NNV, V),
N R (X)) =N(s",RET)) =0NW,)). (28)

Now, considering Equations (27) and (28), we
conclude
N

D(M(x",5") <R ((N(x",5Y))
< NM(x*,s")) < N(x", s%).

As N is a non-decreasing function, it follows that
N(x*,s¥) < pN(x",s*) < N(x*, s"),
and so,
N R(xT)) = NW, V) = NP (xY)).

This shows that the point x* is a CBPP of the
pair of mappings B and 9R. This completes the
proof of the theorem.

x*, s

o

(O

Theorem 8. Let (V,N) be a CMS, and let W and
Y be non-empty closed subsets of (V,MN), with Y
being APC relative to W. Assume that Wy and
Vo, defined in Equation (1), are non-empty. Let
B W = YV and R : W — Y satisfy Equa-
tion (23) and conditions (i), (i), and (iv)—(vi)
above. Then the mappings R and P possess a
CBPP e € W so that

N(e,Re) =NW,Y) and
N (e, Pe) =N(W, ).
1

Proof. Proceeding as in the proof of Theorem 7,
Nmn<¢<@wﬂw%1f(

we have
5 () + () )

<mn+mp001§qj.

By Equation (29), we conclude that the sequence
{X(xp)} is strictly decreasing. Two scenarios
emerge: either {N(x,)} is bounded below or it is
not. If {(xp)} is unbounded below, then

in>f R(up) > —oco foralle >0 and p e N.
up>e

1

<N(@»“W%1f(

2

Using Lemma 1, it follows that u, — 0 as p — oo.
If, on the other hand, {R(u,)} is bounded below,
the sequence must converge. By Equation (29),
the sequence {X(u,)} also converges, and both se-
quences share the same limit. By assumption (iii),
we deduce lim,_,, u, = 0, or equivalently,

plggo N(xp, xpy1) = 0.

Proceeding as in the proof of Theorem 7, we ob-
tain

N R(xT)) = NW,Y) = NP (). (29)
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This demonstrates that the point x* is a CBPP
for the pair of mappings R and L.

Corollary 4. Suppose (V,M) is a CMS and
limy 0o N (x1,21) =0, V x1,21 € W. Suppose R
and B are self-mapping verifying Equation (23)
and the properties (i)-(v) above. Then R and P
have a common FP.

3. Application

Fixed-point and BPP theorems play a funda-
mental role in the quantitative analysis of non-
linear problems arising in applied mathematics
and related disciplines. In recent years, these
methods have been successfully employed in the
study of nonlinear integral and differential equa-
tions, fractional-order models, dynamic systems,
optimization problems, and equilibrium theory.
In particular, FP results in generalized metric
structures such as FMSs, and extended b-MS
have been instrumental in establishing the exis-
tence, uniqueness, and stability of the solutions
to the boundary value problems and functional
equations. Motivated by these developments, we
present in this section an application of our CBPP
results to a class of nonlinear problems, illustrat-
ing the practical relevance and applicability of the
theoretical framework developed in the preceding
sections.

3.1. Application to nonlinear fractional
differential equations

To find the CBPP, we apply Theorem 1 to a non-
linear differential equation given by
Diu (x) = s* (x,u (x)), (30)

where, (0 <x<1,1<§<2)it is equipped with
the integral boundary conditions

/u(x?) dv, 0<<1, (31)
0

u(1)

so that Dg represents the Caputo fractional de-
rivative of order §. Indeed, generally, the Caputo
fractional derivative of order § is defined by

1 o um(x)
wm—a)/o (x—w)pm L

where m — 1 < § < m. The space (V,M,| - ||oc)
includes the continuous functions defined on I =
[0,1], and V is a Banach space defined by

| w [loo=sup | u(x) | .
xel

DSu(x) =

Suppose that a CMS (V, 91) has been defined with
the metric

N(u1(x),u2(x)) = sup |ui(x) — uz(x)].
x€[0,1]
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W and Y are as subsets of a metric space (V, M)
with this metric 9.

Theorem 9. Let
(i) s*: I xR — R be a continuous function and
x € [0,1] := I provided that
r 1
8" (o () — 8° (s () | < O

1<6<2,

u1(x) — uz(x) |,
(32)
for all ui,up € R with s* (x,u;) >0,(i =1,2);

(i) Jup € W such that s*(up(x), Tup(x) > 0
for allx € I, where T : W — V is defined by

1 =

), 69

2x 1 B

<2—2>f<5>/0 -7
2x

@4@%@A<Anﬁ )

(iii) Suppose there exist mappings P : W — Y
and R: W — Y, for some W CV, such that

N(ur, Ry1) = N(ug, Rya2),

with w1 # us and
T1, T2, U1, u2,Y1,Y2 € W.
(iv) Yui,ug € W,

R(N(u1, u2)) < S(N(u1,uz2)),

6—1 g*

Tu(x) = (V,u(v))dv—

0—1 _x

s* (V,u (v)) dv

6—1 g*

+ q

#* Here

x9.

where N(x) = x and ®(x) = g for x > 0. Then,

the boundary value problem of Equations 30 and
31 admits a CBPP if

1, 2
5(2—2)

9144
5(2—2)(1+9)

- <1
5 2

Proof. Let u € VW be a solution of Equations 30
and 31. By the properties of the Caputo deriva-
tive, u satisfies the equivalent integral equation

1 X
),

x 1
s [, 0 G

*@4?maﬂ(laﬁ‘@

Then Equation (30) is equivalent to find u* €
W, which is a CBPP of R and B. Now, let

_E _ ‘7)671 *

Tu(x) = S

(%, u (%)) dv—

6—1 s*

(@u (@) dq) 45;

m($1, myl) = m(x% my2)7

@ u (@) dq) .
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ui,uz € W. By hypothesis (i), we find

T(w(®) - T () | =

7(0)

Re=rofl (/f (1-9""s" (Gue @) dq) @5

1 o 61
<5 ), 69

2x ! _ )
* (2—2>f<6>/0 -9

— 8" (7, u2 (7)) ‘d\?

+ oh5@ ) </ (-
~ 5" (4 u2 (@) |daaw

1 [ s E(G41) o
< [ G- @) - ) |

y

s (7,u (7)) — 8" (7, uz2 (7)) (da

™ (¥, w1 ()

" (w1 (3))

5

_ 2% e IO @) — ) | d
+ e | 09 [ (3) —ua() | d

(2-2)7%

+ a5 U, (/06(‘7

s E(6+1)
-4q) 5
| u1(q) — u2(q) | dqdv

< F(6+1) 1

- 5 (1 +9)

[[ur — w2l

F(6+1) 2 -
Rl e T gy | LB

70 +1) 2!+? -
TR e arosare el

1 2 21+6

<[5+ 52-2) 5@+ 5)} lur = wzlloo
< s —uzfloo
- 2

Since, for some ug € W, s* (ug(t) — Tup(t)) > 0,

so for all x € [0, 1], we have

N (‘J‘t (‘Zul, ‘ZUQ)) S |

lu1 — ualoo
2

for all uy,ug € W with M (uy,uz) > 0. Hence, all
the conditions of Theorem 1 also show the exis-
tence of CBPP for R and B. So, Ju* € W such

=@ (9 (w1, u2)),

L /OX(E — )0 (3, u1 () dF
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that u* = Tu* which satisfy Equations (30) and
(31).

4. Conclusion

In this paper, we developed a comprehensive
framework for CBPP results by introducing and
analyzing several types of (X, ®)- interpolative
proximal contractions. The study encompassed
generalized forms such as the (X, ®)-proximal,
Kannan, Cirié—fReich—fRus, and Hardy-Rogers-
type contractions, offering a unified perspective
that extends and strengthens numerous existing
results in the literature. We established existence
and uniqueness theorems for CBPP under non-
self mappings and demonstrated how the auxil-
iary functions (X, ®) influence the contractive be-
havior of the mappings. For each type of contrac-
tion, numerous nontrivial examples were given
that satisfy our main result. Finally, an applica-
tion of fractional differential equations was given
that satisfies all the conditions of our main re-
sults and also show the practical significance of
our proposed framework.
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