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This paper firstly introduces the (2+1)-dimensional sixth-order breaking soli-
ton system (SBSS) using the bilinear neural network method, providing many
types of solutions. A new structure of the SBSS is investigated, and new so-
lutions are gathered. The solutions are expressed in terms of basic activation
functions and are derived by applying these activation functions. Using the
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method (BNNM) and spike-type solutions. These solutions are expressed in terms of elementary
Softmax method functions, revealing the various dynamical behaviors inherent in the system.
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Solitary wave solutions deeper insight into the complex wave propagation phenomena described by the
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1. Introduction solutions to Bogoyavlenskii-type equations, un-
covering diverse nonlinear wave structures, in-
cluding singular, bell-shaped, breather-type, and
kink waves. »* Additionally, the extended ho-
moclinic test approach and generalized variable
separation method have facilitated the deriva-
tion of non-traveling wave solutions involving ar-
bitrary functions. ® In the context of fractional
calculus, Jumarie’s modified Riemann-Liouville
derivative has been employed to obtain trigono-
metric, rational, and hyperbolic solutions for
space-time fractional models. ¢ Moreover, in-
vestigations into interaction dynamics revealed
bright—dark solitary wave behaviors arising from
the Boussinesq equation with dual dispersion

The study of solitonic solutions to mnonlinear
differential equations, particularly breaking soli-
ton systems, has attracted significant research
attention. A variety of analytical techniques
have been developed to investigate these solu-
tions under different parameter regimes. For
instance, the Tanh method has been widely
applied to construct explicit solutions and ex-
amine their graphical behaviors. ! Using non-
isospectral Lax pairs, a novel (2+1)-dimensional
breaking soliton equation was derived and in-
tegrated with lower-order solutions from the
Kaup-Newell hierarchy. > Lie symmetry analy-
sis has further provided closed-form and exact
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and the (34+1)-dimensional modified Korteweg—de
Vries-Kadomtsev—Petviashvili system. 7

The generalized breaking soliton (gBS) equa-
tion, which models interactions between long
and Riemann waves, has been extensively in-
vestigated using analytical and numerical tech-
niques. Bell polynomials combined with Hi-
rota’s bilinear method provided explicit soliton
solutions, ® while homoclinic theory and numeri-
cal simulations revealed breather and rogue wave
dynamics. ? Several solution approaches, such as
the (G'/G?) expansion and F-expansion meth-
ods, have been employed to obtain soliton, kink,
and periodic wave structures for fractional non-
linear partial differential equations (NPDEs). 10
The integrability of higher-dimensional forms, in-
cluding the (2+1)-dimensional equations, was es-
tablished using Hereman’s method and Painlevé
analysis. 112 A five-parameter gBS equation
has been shown to encapsulate multiple clas-
sical soliton models as special cases, 3 while
its (3+1)-dimensional extension generated multi-
soliton and lump solutions through Hirota bi-
linear forms and generalized exp-function tech-
niques 410, Deeper symmetry structures have
also been studied: connections between nonlo-
cal and residual symmetries were revealed using
Lax pairs, and Hirota’s method enabled the con-
struction of N-soliton solutions. 7 Furthermore,
Lie symmetry methods combined with Noether’s
theorem were applied to classify symmetries and
derive conservation laws. 8

Beyond theory, experimental validation has
been demonstrated through polarization tracking
of vector soliton molecules using advanced fast
polarimetry, highlighting the physical relevance
of gBS models. Wronskian techniques and the
tan-expansion method have been instrumental in
constructing multi-soliton solutions and fractional
extensions of nonlinear equations. 2! Certain
(24 1)-dimensional models have been successfully
reduced to (1 + 1)-dimensional forms, enabling
the application of Darboux transformations, 22
with broad implications across fluid mechanics,
plasma physics, and nonlinear optics. 23 He’s vari-
ational principle and semi-inverse methods have
further contributed by deriving new functionals
and exact soliton solutions. 2* More advanced ap-
proaches including the Lie group method, homo-
clinic test technique, and three-wave method have
provided breather and periodic solutions to com-
plex nonlinear systems. 2>26 In addition, theta-
function solutions have been achieved through the
F-expansion method, 27 while symbolic computa-
tion and Hirota bilinearization have been effec-
tively employed in the study of (2+1)-dimensional
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breaking soliton systems. 282 Building on these
foundations, the present work applies the bilinear
neural network method (BNNM) to obtain solu-
tions of the breaking soliton system (BSS), for-
mulated as follows, 30 in Equation 1:

Ugt — 2uyuxx - 4uxuxy — Uggay + P (ux)2 Ue+

Recently, data-free numerical methods, such
as bilinear neural networks and homotopy per-
turbation techniques, have been successfully ap-
plied to generate accurate breather, lump, and
rogue wave solutions® 3. Physics-informed neu-
ral networks and their variants have further ad-
vanced the modeling of soliton dynamics in modi-
fied Korteweg-de Vries-type systems?6. In paral-
lel, classification frameworks based on mapping
and variable separation have expanded the di-
versity of obtainable solutions, 37 while symbolic
computation tools continue to provide automated
procedures for soliton solution construction. 3%
Moreover, modified bilinear approaches have fa-
cilitated the derivation of exact multi-soliton solu-
tions without resonance effects. 39 To address the
challenges of solving nonlinear differential equa-
tions, the BNNM has recently been deployed
as a powerful hybrid strategy, capable of pro-
ducing both analytical and numerical solutions.
This approach serve as a bridge between tradi-
tional analytical techniques such as the Hirota bi-
linear method and the inverse scattering trans-
form and modern data-driven methodologies in
computational mathematics and artificial intelli-
gence. In particular, BNNM exploits the struc-
tural properties of bilinear forms, which are cen-
tral to many integrable systems, while embedding
them within neural network architectures that
can efficiently learn complex mappings between
governing parameters and corresponding solution
structures.

The BNNM framework typically begins by
transforming the target NPDE into its bilinear
form, often achieved through Hirota derivatives
or Bell polynomials. 44! This bilinearization lin-
earizes the nonlinear dynamics in a multiplica-
tive sense, allowing the solution space to be ex-
pressed in terms of exponential, trigonometric, or
rational functions. Within the neural network
architecture, these bilinear operators are explic-
itly encoded, ensuring that the model intrinsi-
cally preserves the algebraic structure of the gov-
erning NPDE. 42 This structural embedding dis-
tinguishes BNNM from generic deep neural net-
works, which usually require extensive regulariza-
tion or external constraints to guarantee physi-
cally meaningful solutions. 43
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A key advantage of BNNM is the ability to
operate without explicit training data in cer-
tain configurations. 4* Instead, the method is
inherently physics informed. The loss func-
tion of the encoder is constructed directly from
the governing NPDE and the bilinear represen-
tation governing the NPDE. 4® The optimiza-
tion process seeks to minimize the residual of
the equation across collocation points, produc-
ing solutions that satisfy the governing dynam-
ics up to a prescribed tolerance. 46 This strat-
egy shares conceptual similarities with physics-
informed neural networks but integrates problem-
specific bilinear structures, thereby improving ac-
curacy, stability, and convergence for soliton-
type solutions. 47 Compared with traditional bi-
linear approaches, BNNM offers several sig-
nificant enhancements. *® First, BNNM effec-
tively addresses high-dimensional systems includ-
ing (341)-dimensional generalized breaking soli-
ton equations without succumbing to the ex-
ponential growth in computational complexity
typical of symbolic methods. 4 Second, BNNM
is capable of approximating analytically chal-
lenging solutions, such as non-traveling waves,
lump-rogue wave interactions, and multi-soliton
collisions. Finallyy, BNNM demonstrates flexi-
bility in handling systems with variable coeffi-
cients, nonlocal interactions, or fractional deriva-
tives, where classical bilinear transformations are
cumbersome or infeasible.

2. Bilinear neural network method

Definition 1 (Hirota bilinear operator). The Hi-
rota bilinear operator defined with the features of
the D-operator is shown as follows*3:

LA
as™ Qy™

m,n=20,1,2,---

t—i—s,x—l—y)g(t—s,x—y) )
s=0, y=0

(2)
Compared to the Leibniz rule, the differentiation
of a product rule could be written as follows:

o™ o"

W@f(tax)'g(tax) =

o o (t+s,x+y)glt+s,z+y)

Os™ Qyn ’ ’ 4=0,y=0
m,n=20,1,2,---

(3)

The BNNM is a hybrid framework based on

neural network model shown in Figure 1 that com-

bines classical bilinear techniques with modern

neural architectures to solve NPDEs. The method
proceeds through the following stages:
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Step 1 (Bilinearization) : Given a general
equation is shown as follows:

F(fvfxvfyvftafzyafzt;fytafzyta“'):0 (4)
whete fo, fy, fus fuss fots fyts -+ demonstrate the
derivative respect to z, y, t, zx, xt, yt, - - -, respec-
tively. The target NPDE (Equation 1) is trans-
formed into a bilinear form using Hirota deriva-
tives or Bell polynomials (Definition 1). This
transformation preserves the algebraic structure
of soliton equations in a multiplicative sense in Hi-
rota bilinear equation. Using Definition 1, some
useful notation are derived as follows:

DG - F = G,F — GF;,

D.G-F =G,F —GF,,

D3G - F = GuyuF — 3GpeFy 4 3G Fpp —
D2F . F = 2(F, F — F?).

Step 2 (Network construction) : Substitute
activation function f from Equation 9 to derive
algebraic equations in terms of variables such as
x, t, y, xy, xt, yt, F(z,y,z,t), - and others. A
neural network is designed where certain layers
encode bilinear operators by setting the layers in
the main models. This step also constructs the
trial functions and the loss function built from the
basic partial differential equation residual, conser-
vation laws, and boundary /initial conditions (Ta-
ble 1). Physics-informed constraints are directly
embedded into the optimization problem.

Step 3 (Classification via activation
functions) Solve the resulting system of
equations to determine the values of the coef-
ficients of the test functions. A hidden layer
is introduced to classify the solution type (e.g.,
lump, breather, rogue wave, or soliton interac-
tion) while also quantifying uncertainty in pre-
dictions. The system of algebraic equations are
collected and solved to attain the satisfied origi-
nal equations.

Step 4 (Optimization) : Substitute the test
functions back into Equation 9 to construct the
exact analytical solutions. Parameters are trained
using attained coefficients, minimizing the resid-
ual error over collocation points in the domain.
This step comprises of solving the algebraic sys-
tem of equations.

Step 5 (Output solutions) Verify
that the solutions obtained satisfied Equation 1
through direct substitution and validation. The
trained BNNM produces exact solutions for high-
dimensional NPDEs. This includes multi-soliton
interactions, lump-rogue wave collisions, and
non-traveling wave patterns. This stage includes
checking the satisfaction of the solutions.

GFgmxm
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Compared with traditional methods, the
BNNM can handle higher-dimensional systems,
approximate analytically intractable solutions,
and adapt to cases with open solutions. This will
make a powerful tool for bridging the gap between
symbolic integrability and modern machine learn-
ing approaches.

3. Hirota bilinear operator of breaking
soliton system

The BNNM builds upon Hirota’s bilinear opera-
tor by embedding the bilinearized form of NPDEs
into a neural network framework. The process
begins with the bilinearization of the governing
NPDE, typically achieved through Hirota’s op-
erators or equivalent transformations. Once the
equation is bilinearized, the next step involves
constructing a specialized neural architecture de-
signed to capture bilinear operations within its
layers. Unlike generic neural networks, which of-
ten require external constraints to enforce phys-
ical consistency, the BNNM integrates the alge-
braic structure of the equation directly into the
system. By assigning probabilities to predefined
classes such as lump waves, breather waves, or
rogue—soliton interactions, the network can simul-
taneously solve the NPDE and categorize the na-
ture of its solutions. A compelling demonstration
of this approach is provided by the application the
(341)-dimensional sixth-order BSS equation with
variable coefficients. Traditional analytical tech-
niques struggle with such systems due to their
complexity and multi-dimensional coupling. In
contrast, the BNNM begins with trial functions
inspired by known soliton profiles and adaptively
tunes with parameters to satisfy the BSS equa-
tion throughout the computational domain. Si-
multaneously, the classification mechanism identi-
fies the resulting solution structure, and manifests
as a lump, a breather, or a mixed soliton—rogue
wave form. This section will demonstrate the pro-
cessing steps for original equation shown as the
following:

From Equation 1, setting traveling shifting
& = kx + sy + ht, we have

hku" — 6sk*u/u” — sk3u”" + hpk? (u')2 u”
_|_ qk5 (u// n + u/‘u////) + kﬁru////// — 0 (5)

U
Let u = 2wg,w = In f, Equation 5 is trans-
formed to a new form as follows:

2hkw§§5 — 24sk2w§§w5§§ — 23k3w§5§§§
2
+ 8hpk? (wee)? weee + 4qk° (weeeWeeee + WeeWeeee

+ 2rkSweeeeeee = 0 (6)

¢)
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Integrating on both sides and letting the constant
to zero, Equation 6 is rewritten as follows:

8hpk?

3
5 (wee)
(7)
By simplifying on both sides, Equation 7 is shown
as follows:

2hkwee — 123k2w§§ — 28k3w§555 +

5 6
+ 4k wegwegee + 2rk wegeeee = 0

2
hwee — sweeee — 6sw€£
+ 607“111?5 + 30ru§§u§§§§ + rUgeeeee = 0 (8)

Using Definition 1, Equation 8 is transformed into
Hirota bilinear form as follows:

[D —mDg +nD{]f - f=0 (9)

where
Dif : f = 2(ffx$x;t - 4f:vfz:vx +3 :?x)?
DSf-f =
Df - f=2(ffoe — (f2)°),
and
@ _ P _H, 5 T
;_15’7“ = h,k:—l,m— h,n— =
4. Solution Construction of breaking

soliton system using bilinear neural
network method

Many nonlinear physical systems generate so-
lutions with distinct qualitative behaviors such
as bright solitons, dark solitons, breathers, rogue
waves, or kink waves depending on parameter
regimes. While BNNM focuses on learning ac-
curate solution profiles, widely used in machine
learning classification tasks, provides an addi-
tional mechanism to categorize these solutions.
When embedded as the final layer of the BNNM,
the hidden layer not only generates the solution
profile but also assigns probabilities to different
solution types, thereby offering a structured and
probabilistic classification of the solution’s mor-
phology. BNNM'’s framework can be trained to
approximate the solution surface u(z,y,t) under
specified initial and boundary conditions, while
simultaneously predicting whether the solution
represents a multi-soliton interaction, rogue wave
event, or lump wave pattern. This section will il-
lustrate the construction of solution shown as the
following:

Case 1: This case designed three layers of
neural network model consisting of three neurons
of the input layer, one neuron of the hidden layer,
and one neuron of the single output layer. Let
fi1 = ag + a1, & = b1+ ba, & = hy + kx + st
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Hidden layer 1

Input layer

Hidden layer 2

Output layer

Figure 1. Bilinear neural network architecture used for classification with two hidden layers.

using Case IV in Table 1. Substituting the vari-
ables in Equation 9, we gathered the coefficients
of trial functions and plugging all into Equation
4 to check the satisfaction, we attain the solution
as follows:

2a1b; ebl(hy+st+r)+b2

U = 10
1 ao + ay b1 (hy+st+)+b: (10)
bd b2m—1 bir+h
where h = b%l—_rl,n = %,s = 1;; . The

graphs of w1y are depicted in Figures 2 and 3.

Case 2: This case designed three layers of
neural network model consisting of three neurons
of the input layers, two of the hidden layers, and
one of the output layer. Similarly to Case 1, let
for = ap+a1e 78 & = b1E+ by, & = hy+ka+ st
using Case IV in Table 1, we obtain the solution
as follows:

~ 2ay (b + 1) ob1 (hy+st+x)+ba+&2
- ao + ai eb1 (hy-l—st-‘rm)-‘rbz-i—fg

ug) (11)
b‘lln+4b?cln+6b%c?n+4blc§n+c‘1‘n+1
b%+2b101+c% )8
(b‘fr+4b:fclr+6b%c§r+4b1cilsr+c‘11r+h
b%+2b181+c% )
h o T(b1+61)4
= (it t+1)(brite—1)"
simulated in the kink solution, similar to Case 1.
Case 3: This case designed three layers of
neural network model consisting of three neurons
of the input layer, one of the hidden layer, and one
of the output layer. Similarly to Case 1, let f3; =
ap + aj cosh(&1),& = 1€ + b2, & = hy + kx + st
using Case II in Table 1, we collect the solution
as follows:

where m =

The graphs of ug; were
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a5 Smh(w n bz)

ap + a1 cosh(% + b2)

usl = (12)

1 h 5h

where m = @,T:E,S:@,

V5
+¥5,

n =

The graphs of ug; are shown in the kink
solution, same as Case 1.

Case 4: This case will design three layers of
neural network model consisting of three neurons
of the input layer, one of the hidden layer, and
one of the output layer. Similarly to Case 1, let
f11 = ap+a1 COS(fl),fl =b1&+b,& = hy+kx+st
using Case III in Table 1, the solution is shown as
follows:

_Z-al\/g Sin(i\/g(hy;—st-&-x) + bQ)

Uy = : (13)

— =5 _ 1 — _h —

where m = o = nT = ons =
5h

—@,bl = :l:é. The graphs of uy; are shown
in Figures 4 and 5.

Case 5: This case designed three layers of
neural network model consisting of three neurons
of the input layer, two of the hidden layer, and
one of the output layer. Similarly to Case 1,
let f51 = ao + ai(e% + e%2)e™® + ape®2,&; =
b1& + b2, & = 1€ + c2,& = hy + kx + st using
Case VII in Table 1, the solution us; is shown in

_ _ 5 _ _
Table 2, where b; = 5¢1,m = 62" = g1l =
h _ 5h _ — V5

GicT S = 160%,[71 = 5c1,c1 = £, Some more
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Table 1. Graphical trial functions using for bilinear neural network method

Cases Names Trial functions
= + a3 tanh (k)
I tanh — coth 5! Ji1 = ao1
J12 = ao1 + a1 coth (k§)
i = + a1 sinh (kf)
II sinh — cosh 5! Ji1=an
fi2 = ao1 + a1y cosh (k§)
11 sin — cos 51 fi1 = ao1 + a1 sin® (uf)
fi2 = ag1 + a1 cos” ()
v 1-soliton®! fi1 = aoL + arere ( )
— k&1 h&2 pE3 q(&§1+6&2
; 51 f11 = ap1 + ane + ajge + a13€ePs3 4 ayge
\Y% 3-soliton +ayse"(€21E8) 4 gyel@tés) 4 g em(E1+Eates)
N
VI n-soliton ! Jin=ao1 + 3250 aiexp (ki&i)

fi2 = ao1 + o0y aij exp (ki (& + &)
VII Homoclinic test approach®? fi1 = ap1 + ann (ei”51 + e‘i”fl) €982 4 9292
fi1 = a1 + arz cos & + arze

fi2 = alle£1 + ajgsinéy + a13€_£1

VIII  Extended homoclinic test approach®?

X Physics-informed fi1 = a11€5 (cos & + agz cosh &)
neural network method®* fi2 = allf% + a12§§ + a13 cosh &3
fi1 = ao1 + a11&F + a12és
Lumps and _
X threef)wave‘r’f’ +a13eft + ai3 cos &y + a13e ! + arg cosh &3
fi2 = ap1 + a11&} + a12€3 + a3 cosh &3
fi1 = a11e™® + arptan&o + arz tanh &s + ageet
XI Periodic-soliton, fie = a11e” ¢ + aqg cos & + azsinés + ap4€8?
periodic wave®>6 fi3 = a11€7 + a1 cos o + ar3 sin €3 + arq tanh &4 + arzest
f1a = a11e™8 + a1z cos & + ar3sin &3 + arg cosh &y + arsedt
XII Periodic wave®’ fi1= are ' + aa cos & + ajztanés 4+ ajqg tanh &y
fii=ao+ & + & +£a11€53 .
i = ap + & + &5 + a11e® + arpet
X111 Lump-soliton ®8 fra = a0 +&1 +6
P J13 = ao + & + & + ai1 cosh e
fia=ao+ 5% + {% + a1 cosh €3 + aq cos 53
fi1 =&+ E+ €+ apet
fio = 64+ 8+ 8+ anet + arae
k-lump and 12751751 D s2 T oL 12
X1V e Jink 59 Ji3 =& + & + &5 +aircosh &y
-KII _ ¢4 2 2
Jf1a =&+ &8+ €5 + a1 cos &y + ara cos s
f15 =ag + anefl CcoS (51) + a12€2§1
XV Rogue, dark, fi1 = a1 tanh & + a12€52 + a13€s + ag,
bright soliton 0 fiz = a11e + a12¢_§3 4+ a13siné; + ayq cosés + ajs tanh &y
fi1 = ag + a0 EFICSE 4 gy (a1 sin €y + aig cos &)’
VI Interference, fi2 = ap + agebosinéitbicosts 4 g0 (a138in &y + ajq cos €a)?
bright-dark 6! +ay5(aiesin i + a7 cos &o)?
f13 =ag+ alleb0£3+ble§2+bz cos &1 + a12(€co£3+01652 +c2 00351)2
XVII (If)ump—tﬁ/pe) J}ll = aleil + agsin((fg))—k as COS((—E;)) + a4e*€£1’
y authors 19 = a1es! + ag cos(&2) 4+ agsin(—E&2) + age™ St
?gsfs ?ave been found such as {by = ci,m = é = ié. The solution uss is shown in Ta-
ag " nh b 4cl’m (637" ble 2, where s = w’bl = 3c1,h = 4152%.
16¢n+1 . . 1 1
ﬁ}v {b1 = 3ci,m = Zlc% ,n = n},{bi = Solution us3, uss is shown in Table 2, where b; =
1 _ 5 _ 1 _ 5
5c1,m = 16?’0% n = @}, {by = 2¢c1,m = é,n = LM = pasn = gt = +Y¥2. The next
%} solution is attained as follows:
401 ' h T 62 coc h
The graphs of us; are delineated in Figures 6 4agey e(w S >slcf16 g bom
and 7. ‘ . Us5 = (16hy+16)c2+16cgc] +5ht
Depending on the cases, the other solutions ajeb2= 4+ qy +ase 8ey + ap
are found in Table 2, where by = 2¢1,m = %, n =
1
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Table 2. Solutions collected from the bilinear neural network method

4cq (2(11 e(4hy+4st+4z)cl +bg—co +as e(2hy+25t+21)c1 +2c2)

u51 - al e(4hy+4st+4z)c1+b2—(;2+a1+a2 e(?hy+251+21)c1+262+a0

(4hy+4z)c? +4cocy +5ht
2

(dhy+da)c?+(dbg —4dcg)cy +5ht

2c1 | 2az€ €1

+are el

Us2 =

(4hy+4z)c?+(4bg—dcg)cy +5ht

aje 4cy

(4hy+4z)c?+4coey +5ht
+ajtase 2e1 +ag

32(t+y)r c? +SC§I+SC%CQ —2cjz—2co

32(t+y)r c?+8¢’{’z+(4b2 74c2)c% —2cqz—bg+co

4c2

4cq | az e it

+aie 1

4c2—1

Us3 =

32(t+y)r C?+8C‘?I+(4b2 7462)6% —2cixz—bo+co

32(t+y)r c?+8c"i’z+8c% cg—2c1T—2co

4c2

ale it

o=
+aitase dep—t +aq

(16hy+162)c3 +16cocy +5ht

(—16hy—16a)c3+(8by—8cg)c —5ht

4cq1 | ac e 8cy

—aye 8cq

Us4 =

(—16hy—16x)c2+(8bg—8cg)cy —5ht

(16hy+16x)c?+16cgcy +5ht

ale 8cq

+aitaze 8cy +aq

— 2a1by P1(AUFSTFE)FP2 4 90,0 cos(cy (hy+st+ax)+co)—2azby e(~hY—st=)b1—by

U1 =

ap eP1(hytst+a)+ba 4o sin(cq (hy+st+z)+ca)tag e(-hy—st—z)by—by

V5 (hy;st«&»z)

alx/ge

5 (h
+b2+a2ﬁew+02+2a3\/ge\/5(hy+st+:t)+b2+02

ur1 =
\/g(hy;—st-&-x) +bo

ag+aj e +age

V5 (hyS—st-Hc) Te

2 fag V5 (hy+st+z)+bo+co

_ 2ci (i cosh(—i€c1+-b3)az+iag sinh(—i€c1 +b2)+i cos€a+sinés)

ugy =

cos€a+cosh(—ifc1+b2)as

_ 2a1by eP1EF2 1 2boc; cos(c1€+c2)—2aszcr sin(c1€+ca)—2aqaby e &b1—b2

Uug91

a1 eP16+52 4by sin(c1€+co)taz cosc1€tca)tag e E01—02

Figure 2. Kink solution uy; when by; =
0.6,b12 = 0.3,a9 = 0.2,a1 = 0.3, = 0.5,t = 0.5.

16nci+1
e = £, The

graphs of uso are shown in Figures 8 and 9.
Case 6: This case designed three layers of
neural network model consisting of three neurons
of the input layer, two of the hidden layer, and
one of the output layer. Similarly to Case 1, let
fo1 = a1e¥ +agsin(&s)+aze ™, & = b1€+bo, & =
c1é + 2, = hy + kx + st using Case VIII in Ta-

ble 1, the solution ug; is shown in Table 2, where
_16cfntl _ (16cint1)h h— _ 16cir by —

4z 4 4241071
c1i. The graphs of ug; are shown in Figures 10
and 11.

where by = c1,m

m =

723

15

v

o

Figure 3. Contour graph of solution uy; when
b11 = 06, 612 = 03, ag = 0.2,@1 = 0.3,7" = O.5,t =
0.5.

Case 7: This case designed three layers of
neural network model consisting of three neu-
rons of the input layers, two of the hidden layers,
and one of the output layer. Similarly to Case
1, let fr1 = ag + a1e' + age®® + azed1 142 & =
b1&+b9,& = 1€+ 9, & = hy+ kx + st using Case
VI in Table 1, the solution u7; is shown in Table

-5 ,_ 1 . _ h o _ 5h _
2, where m = 1N = 1T = S = 46%,171 =
+e1,0 = % The graphs of u7; are shown in

Figures 12 and 13.
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Figure 4. Rogue solution u4; when b1 =
0.6,b12o =0.3,a0 =0.2,a; = 0.3,r =0.5,t = 0.5.

160
140

100

Figure 6. Peak solution us; when
b11 = 06, b12 = 037 apg = 0.2, a; = 03, r = 05, t=
0.5,h =1.5.

Case 8: This case designed three layers of
neural network model consisting of three neu-
rons of the input layers, two of the hidden lay-
ers, and one of the output layer. Similarly to
Case 1, let fo1 = aje®'(cos(&) +as cosh(r)), &1 =
bi§ + b2, & = 1§ + c2,§ = hy + kx + st using
Case IX in Table 1, the solution ug; is performed

. 16cin+1 .
in Table 2, where m = — Zlcng ,b1 = —icy, s =
1
_ (16cin+1)h sy lecir
e ,b1 = c1i,h = st The graphs of

ugy are shown in Figures 14 and 15.

Case 9: This case designed three layers of
neural network model consisting of three neurons
of the input layers, two of the hidden layers, and
one of the output layer. Similarly to Case 1, let
fo1 = aref +agsin(&s)4-asz cos(—&)fage ™, & =
b1€ + b2,&9 = 1€ + 2, = hy + kx + st using

724

]

N

Figure 5. Contour graph of solution uy; when
b11 = 06, b12 = 03, ag = 0.2,@1 = 0.3,7" = 05,t =
0.5.

12.5

100

=
Figure 7. Contour graph of solution us; when

b11 = 06, b12 = 03, ag = 0.2,&1 = 0.3,7‘ = 0.57t =
0.5.

Case XVII in Table 1, the solution wug; is shown

. 16cin+1 .
in Table 2, where m = —20an+* by = £c1t,8 =
) 40% 9 I
16ctin+1)h 16¢t
—%, h=— 46%051. The graphs of ug; are

shown in Figures 16 and 17.

5. Graphical performance of the
solutions

To assess the expressive power of the pro-
posed bilinear neural network-based construc-
tion, analyzing the simulated fields associated
with cases was performed. Across all cases, two
complementary views were employed: a three-
dimensional surface to emphasize amplitude and
local geometry, and a contour map to empha-
size level set topology and interaction footprints.
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Figure 8. Anti-kink solution uss when ¢y =
— Y5 b1y = 0.3,a0 = 0.2,a; = 0.4,7 = 0.1, =
0.1,012 = 02, h = 0.1,b11 = 2011, ag = 0.1.

Figure 10. Breather solution ug; when
b11 = 06, b12 = 03, apg = 0.2, a1 = 03, r = O.5,t =
0.5,h =1.5,a0 =0.2,a3 =0.1.

Together, these perspectives diagnosed waveform
class (kink, lump, rogue, periodic), anisotropy,
and parameter sensitivity with minimal ambigu-
ity3Y.

Kink profiles Figures 2 & 3: The one-soliton
(kink) produced by the simplest exponential trial
exhibited a monotone transition between two as-
ymptotic plateaus, with the maximum gradient
aligned along a tilted ridge governed by the trav-
eling coordinate £ = hy + kx + st. The con-
tour plot revealed nearly parallel isolines in the
far field, confirming the single-front nature of the
solution. Varying ag shifted the baseline, a; con-
trolled the jump height, and b; set the inverse
width. These dependencies are visually linear in
the surface slope and linearly spaced contours.
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Figure 9. Contour graph of solution use2 when
ci1 = =% b1y = 03,00 = 0.2,a; = 04,7 =
0.1,t = 0.1,012 = 02, h = 0.1,b11 = 2011, a9 =

/

Figure 11. Contour graph of solution ug; when
b11 = 06, b12 = 03, ag = 0.2, a; = 03, r= 05, t=
0.5,a2 = 0.2,a3 = 0.1.

Peak and plateau regulation Figures 6 & 7: In
this case, the mixture u(£1, &) = (81 +ef2)e 82 +
e?¢2 sharpened the crest and flattened the shoul-
ders. The three-dimensional surface showed a
taller, narrower core with gentle terraces extend-
ing along the transverse direction. The contour
view compressed near the peak (dense level sets)
and dilated along the terraces (sparse level sets),
visually encoding anisotropy.

Hybrid morphologies Figures 10, 11, 14, & 15:
The Spike-typefigures arose when sinusoidal com-
ponents blended with exponentials. A localized
spike (rogue-like amplification) riding on a kink-
like background was observed; in contours, this
presented as nested, tightly spaced loops centered
atop gradually drifting lines.
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Figure 12. Lump-type solution uy; when b1; =
0.6,b71 = 0.3,a90 =0.2,a; = 0.3,r =0.5,t = 0.5.

Figure 14. Spike-type solution ug; when
b11 = 06, b12 = 037 apg = 0.2, a; = 03, r = 05, t=
0.5,a2 =0.2,a3 = 0.1.

Lump features and mixed interactions Figures
12, 13, 16, & 17: Lump-like structures (Cases 7
and 9) were identifiable by algebraically decaying
wings and a quasi-circular footprint in contours,
interaction terms introduce ellipticity and tilt. In
Figures 14, the addition of a counter-propagating
exponential e~¢ generated a saddle-like deforma-
tion near the lump, visible as a peanut contour.

6. Limitations and discussions

Using the BNNM, exact analytical solutions were
primarily expressed in terms of exponential and
hyperbolic activation functions, yielding classical
soliton and periodic wave structures?. The sub-
sequent investigation on the Boussinesq equation
emphasized the sensitivity of solution accuracy
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12.5

10.0

Figure 13. Contour graph of solution u7; when
b11 = 06, b12 = 03, ag = 0.2,@1 = 0.3,7" = 05,t =
0.5.

12.5

100

T
=5

Figure 15. Contour graph of solution ug; when
b11 = 06, b12 = 03, ag = 0.2,&1 = 0.3,7‘ = 0.57t =
0.5,a2 = 0.2,a3 = 0.1.

and stability to network depth and neuron con-
figurations, revealing that architectural optimiza-
tion significantly influences convergence behav-
ior%3. Furthermore, some studies have focused on
the dynamical stability and chaotic characteris-
tics of soliton solutions in physical and integrable
systems. The current approach places greater em-
phasis on the systematic generation of exact an-
alytical forms and their classification using neu-
ral bilinear structures®4%%. Although the BNNM
employed in this study provides a straightforward
and systematic procedure for constructing exact
solutions of the sixth-order BSS, several limita-
tions should be noted. First, the approach re-
lies on specific transformations and ansatz forms,
which may restrict the class of admissible solu-
tions. Consequently, certain types of localized



Various solutions of (2+1)-dimensional sizth-order breaking soliton systems using bilinear neural...

Figure 16. Lump-type solution ug; when
b11 = 0.6, b12 = 0.37 apg = 0.2, a]; = 0.3, r = 0.5, t=
0.57a2 = 0.2, as = 0.1,0,4 = 0.5.

structures or multi-soliton interactions might not
be captured within this framework. Second, the
method is primarily analytical and does not di-
rectly address the stability or physical realizabil-
ity of the obtained solutions. By providing a sta-
bility analysis, the practical applicability of these
solutions to real-world wave phenomena depends
on the given activation functions. Third, the pa-
rameter constraints required for the existence of
exact solutions can limit the range of physical sce-
narios modeled by the equation. From a broader
perspective, the results highlight the richness of
the sixth-order BSS, revealing multiple families
of waveforms. However, using numerical simu-
lations, and experimental applications on Maple
still requires further investigation for variety of
test functions. Based on the fundamental func-
tions, the test functions are constructed and sub-
stituted to original functions that could prevent
the establishment of the general methodology.

7. Conclusion

In this study, the sixth-order BSS was investi-
gated through analytical and computational tech-
niques. By applying the Hirota bilinear form and
expansion methods, a range of exact solutions
were derived, including multi-soliton, breather,
lump, and mixed-type wave structures. The an-
alyzed roadmap demonstrated the rich dynam-
ics of BSS using given test functions under vari-
ous parameter conditions, cover both the stability
and interaction properties of solitons in higher-
order nonlinear models. Graphical simulations
further validated the obtained solutions, illus-
trating physical relevance in describing nonlinear
wave propagation across three dimensions. The

12.5

100

T
-5 0 5 10 15

Figure 17. Contour graph of solution ug; when
b11 = 0.6, b12 = 0.3, ag = 0.2,(11 = 0.3,7“ = 0.57t =
0.5, as = 0.2, as = 0.1,0,4 =0.5.

visual performance confirmed that the bilinear ex-
pansion method provides not only practical inter-
pretability of the wave structures but also investi-
gates their behavior. Overall, the results empha-
size the applicability of bilinear expansion meth-
ods and modern extensions, providing new classes
of solutions in complex nonlinear systems. These
results contribute to the deeper understanding of
breaking soliton dynamics and support future ap-
plications in mathematical physics, optical com-
munications, fluid dynamics, and other areas.
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