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This study develops a novel (q, τ)-quantum deformation framework for fixed
point theory and its applications to fractional differential equations and op-
timization. By introducing a deformation dependent control function and
the associated (q, τ)-metric structure, we establish a Banach type fixed point
theorem with explicit convergence estimates governed by the (q, τ)-Gamma
function. The obtained framework rigorously characterize the metricity and
completeness of the deformed space and provide quantitative bounds on the
rate of convergence of Picard iterations in terms of the deformation parame-
ters (q, τ). The developed theory is applied to nonlinear fractional problems
driven by the (q, τ)-fractional operator Dα

q,τ . Under explicit deformation de-
pendent conditions, we prove existence and uniqueness of solutions and derive
stability estimates that reveal how the (q, τ)-Gamma normalization regulates
memory intensity and convergence speed. In addition, we formulate and an-
alyze optimal control problems for (q, τ)-fractional systems. A complete first
order optimality system is derived, including adjoint equations and projection
characterizations of the optimal control, and the well posedness of the state
and adjoint problems is established via the proposed fixed point framework.
Numerical experiments validate the analytical results and demonstrate the ef-
fectiveness of the deformation parameters in tuning convergence behavior for
both dynamical and optimization problems. In particular, the simulations
show monotone decay of Picard iterates and objective functionals, confirming
the stabilizing role of the (q, τ)-Gamma function. The proposed framework
thus provides a unified and robust analytical and computational foundation
for the study and optimization of quantum deformed fractional systems.
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1. Introduction

Fractional calculus has emerged as a powerful
mathematical framework for modeling systems
with memory, hereditary effects, and nonlocal
interactions. Its applications span diverse ar-
eas, including diffusion processes, control the-
ory, viscoelasticity, signal processing, and com-
plex dynamical systems. In recent years, increas-
ing attention has been directed toward quantum-
deformed and nonclassical fractional operators,

which extend traditional fractional models by in-
corporating discrete, scale dependent, or nonlo-
cal deformation mechanisms. Among these ap-
proaches, (q, τ)-quantum deformation (the exten-
sion of the quantum theory1–3 provides a flexible
structure in which classical operators are modi-
fied through two independent parameters. The
parameter q ∈ (0, 1) typically governs discretiza-
tion or quantum scale effects, while the parameter
τ ≥ 0 controls deformation intensity and memory
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depth.4–6 This dual deformation allows a continu-
ous transition between classical fractional dynam-
ics and quantum inspired nonlocal behavior, offer-
ing enhanced modeling capabilities for complex
systems.7,8

A fundamental analytical challenge in such de-
formed frameworks lies in establishing rigorous
existence, uniqueness, and stability results. Clas-
sical fixed point principles, including Banach’s
contraction theorem, are often insufficient when
convergence is not governed directly by metric
distances but instead depends on deformed ker-
nels and normalization functions.9–13 This limi-
tation becomes particularly evident in fractional
models involving special functions, such as the
(q, τ)-Gamma function, where convergence mech-
anisms differ substantially from their classical
counterparts. Motivated by these challenges, this
paper develops a novel (q, τ)-fixed point theory
based on a deformation dependent control func-
tion and an induced (q, τ)-metric structure. The
proposed framework extends classical contraction
principles by measuring convergence through a
deformed geometric gauge rather than direct dis-
tance shrinkage. This approach naturally incor-
porates the effects of quantum deformation and
provides a unified analytical tool for studying
fractional systems governed by (q, τ)-operators.

The developed theory is applied to nonlin-
ear fractional differential equations involving the
(q, τ)-fractional operator Dα

q,τ . The kernel of this
operator is normalized by the (q, τ)-Gamma func-
tion Γq,τ , which plays a central role in regulat-
ing memory strength, stability, and convergence
speed. By exploiting the new fixed point frame-
work, explicit existence and uniqueness conditions
are derived, together with convergence estimates
for the associated Picard iteration scheme. Be-
yond well posedness analysis, the present study
establishes a direct connection with optimization
theory. The fixed point results guarantee the
uniqueness and stability of both state and ad-
joint equations, thereby enabling a rigorous for-
mulation of optimal control problems under (q, τ)-
fractional dynamics. A complete optimality sys-
tem is derived, including adjoint equations and
projection characterizations of the optimal con-
trol. Moreover, a gradient-projection algorithm
is proposed and analyzed within the same theo-
retical framework.

To validate the analytical findings, numerical
simulations are presented for both fractional dy-
namics and optimization problems. The results
demonstrate monotone convergence of Picard it-
erations and stable decay of objective function-
als, confirming the effectiveness of the (q, τ)-fixed

point approach. In particular, the simulations
highlight the stabilizing role of the (q, τ)-Gamma
function and illustrate how the deformation pa-
rameters (q, τ)-can be tuned to control conver-
gence and system behavior. The main contri-
butions of this work include the development
of a new (q, τ)-fixed point theorem formulated
within a deformed metric framework, the deriva-
tion of rigorous existence and uniqueness results
for (q, τ)-fractional equations involving the (q, τ)-
Gamma function, a detailed convergence analysis
of Picard iterations under quantum deformation,
the establishment of a unified optimization frame-
work incorporating adjoint systems and gradient
projection methods, and comprehensive numer-
ical simulations that confirm and illustrate the
theoretical predictions. The proposed framework
provides a robust analytical foundation for future
studies on quantum deformed fractional mod-
els, with potential applications in control theory,
inverse problems, and complex systems with non-
local memory.

2. Preliminaries

In this section, we recall the basic concepts and
auxiliary results required throughout the paper.
These notions provide the analytical foundation
for the development of fixed point theory under
the (q, τ)-quantum deformation framework. Let
q ∈ (0, 1) and τ ≥ 0 be fixed parameters. The
pair (q, τ)-is used to describe a quantum defor-
mation mechanism in which classical local struc-
tures are modified to incorporate finite scale, non-
local, or memory dependent effects. The param-
eter q governs discretization or quantum scaling,
while τ controls deformation intensity, accumu-
lation depth, or memory strength. The classical
case is recovered when (q, τ)→ (1, 0).

Definition 1 ([q, τ)-control function). A map-
ping Φq,τ : [0,∞) → [0,∞) is called a (q, τ)-
control function if it satisfies:

i Φq,τ (0) = 0 and Φq,τ (r) > 0 for all r > 0;
ii Φq,τ is continuous and strictly increasing;
iii Subadditivity on the admissible class.

We assume that the chosen (q, τ)-control
function Φq,τ belongs to the admissible
class Aq,τ and satisfies the subadditivity
property

Φq,τ (a+ b) ≤ Φq,τ (a) + Φq,τ (b), a, b ≥ 0.

iv lim
r→0+

Φq,τ (r) = 0.

Typical examples include:

Φq,τ (r) =
r

1 + τr
, Φq,τ (r) = qτr, Φq,τ (r) = r qτ .
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Remark 1 (Scope and classical limit of the de-
formation). The interpretation of the deforma-
tion parameters τ and q in terms of effective dis-
tance scaling and nonlinear compression is un-
derstood with respect to the class of admissible
(q, τ)-control functions Φq,τ satisfying the struc-
tural assumptions of Section 2 (namely, continu-
ity, monotonicity in r, Φq,τ (0) = 0, and the clas-
sical limit property). In particular, for the typi-
cal examples considered in this work (e.g., power
type and Mittag Leffler type control functions),
the parameter τ strengthens or weakens the effec-
tive distance scale, while q controls the nonlinear
compression rate. Moreover, under the additional
assumption that the family {Φq,τ} admits the clas-
sical limit

lim
q→1−, τ→0+

Φq,τ (r) = r, r ≥ 0,

the deformed framework reduces to the classical
identity mapping Φq,τ (r) = r. Other admissible
choices of Φq,τ may lead to different limiting be-
haviors, without affecting the validity of the fixed
point results established in this paper.

Definition 2 ((q, τ)-deformed metric). Let (X, d)
be a metric space. The mapping

dq,τ (x, y) = Φq,τ

(
d(x, y)

)
, x, y ∈ X,

is called a (q, τ)-deformed metric on X,
where Φq,τ is a (q, τ)-control function satisfying
Φq,τ (0) = 0 and Φq,τ (r) > 0 for r > 0.

Remark 2 (Topology and convergence induced
by dq,τ ). Let (X, d) be a metric space and define

dq,τ (x, y) = Φq,τ

(
d(x, y)

)
, x, y ∈ X,

where Φq,τ is continuous, nondecreasing, and sat-
isfies Φq,τ (r) = 0 if and only if r = 0. Then dq,τ
induces the same notion of convergence as d, in
the sense that for any sequence {xn} ⊂ X and
any x ∈ X,

xn → x in (X, d) ⇐⇒ xn → x in (X, dq,τ ).

Consequently, the two metrics generate the same
topology on X. The deformation parameters
(q, τ)-do not alter the underlying topological struc-
ture of X, but they modify the metric geometry,
i.e., the effective scale of distances and the quanti-
tative notion of contraction. In particular, differ-
ent choices of (q, τ)-rescale the convergence rate of
iterative schemes such as Picard iteration, while
preserving the limit points. In the classical limit
q → 1− and τ → 0+, one recovers dq,τ = d and
hence the standard metric geometry.

Lemma 1. If Φq,τ is a (q, τ)-control function,
then (X, dq,τ ) is a metric space, where

dq,τ (x, y) = Φq,τ

(
d(x, y)

)
, x, y ∈ X.

Proof. Let (X, d) be a metric space and let Φq,τ :
[0,∞) → [0,∞) be a (q, τ)-control function. We
must verify that dq,τ satisfies the four axioms of a
metric on X, namely: (i) nonnegativity, (ii) iden-
tity of indiscernibles, (iii) symmetry, and (iv) the
triangle inequality.

Step 1: Well-definedness and nonnegativ-
ity. Since d(x, y) ≥ 0 for all x, y ∈ X and Φq,τ is
defined on [0,∞) with values in [0,∞), the com-
position Φq,τ (d(x, y)) is well-defined and belongs
to [0,∞). Hence, we have

dq,τ (x, y) = Φq,τ (d(x, y)) ≥ 0, ∀x, y ∈ X,

so dq,τ is nonnegative.

Step 2: Identity of indiscernibles. We show
that

dq,τ (x, y) = 0 ⇐⇒ x = y.

(⇒) Suppose dq,τ (x, y) = 0. Then

0 = dq,τ (x, y) = Φq,τ (d(x, y)).

By the defining property of a (q, τ)-control func-
tion, Φq,τ (r) = 0 if and only if r = 0 (equivalently,
Φq,τ (0) = 0 and Φq,τ (r) > 0 for all r > 0). There-
fore, we must have d(x, y) = 0. Since d is a metric,
d(x, y) = 0 implies x = y.

(⇐) Conversely, if x = y, then d(x, y) = 0, hence

dq,τ (x, y) = Φq,τ (d(x, y)) = Φq,τ (0) = 0.

Thus, the identity of indiscernibles holds.

Step 3: Symmetry. Let x, y ∈ X. Using sym-
metry of the original metric d we have d(x, y) =
d(y, x). Applying Φq,τ to both sides yields

dq,τ (x, y) = Φq,τ (d(x, y)) = Φq,τ (d(y, x)) = dq,τ (y, x).

Hence, dq,τ is symmetric.

Step 4: Triangle inequality. Let x, y, z ∈ X
be arbitrary. Since d is a metric,

d(x, z) ≤ d(x, y) + d(y, z).

Because Φq,τ is increasing (monotone nondecreas-
ing), applying Φq,τ preserves the inequality:

Φq,τ

(
d(x, z)

)
≤ Φq,τ

(
d(x, y) + d(y, z)

)
.

Now we invoke the subadditivity of Φq,τ :

Φq,τ

(
d(x, y)+d(y, z)

)
≤ Φq,τ

(
d(x, y)

)
+Φq,τ

(
d(y, z)

)
.

Combining the last two estimates gives

Φq,τ

(
d(x, z)

)
≤ Φq,τ

(
d(x, y)

)
+Φq,τ

(
d(y, z)

)
,

which in terms of dq,τ reads

dq,τ (x, z) ≤ dq,τ (x, y) + dq,τ (y, z).

Thus, dq,τ satisfies the triangle inequality. Steps
1 4 show that dq,τ satisfies all metric axioms on
X. Therefore, (X, dq,τ ) is a metric space.

Definition 3 (Completeness under deformation).
A sequence {xn} ⊂ X is said to be (q, τ)-Cauchy
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if
lim

m,n→∞
dq,τ (xm, xn) = 0.

Lemma 2 (Completeness is preserved under
(q, τ)-deformation). Let (X, d) be a complete met-
ric space and let Φq,τ : [0,∞)→ [0,∞) be contin-
uous such that

Φq,τ (r) = 0 ⇐⇒ r = 0.

Define the (q, τ)-deformed metric

dq,τ (x, y) = Φq,τ

(
d(x, y)

)
, x, y ∈ X.

Then (X, dq,τ ) is complete.

Proof. We prove that every dq,τ Cauchy se-
quence in X converges with respect to dq,τ . The
strategy is:
dq,τ Cauchy⇒ d Cauchy⇒ d convergent (by com-
pleteness of d) ⇒ dq,τ convergent (by continuity
of Φq,τ ).

Step 1: Start with an arbitrary dq,τ Cauchy
sequence. Let {xn}n≥1 ⊂ X be Cauchy in the
deformed metric, i.e.,

∀ ε > 0 ∃N ∈ N such that m,n ≥ N =⇒
dq,τ (xm, xn) < ε.

By the definition of dq,τ , this is equivalent to:

m,n ≥ N =⇒ Φq,τ

(
d(xm, xn)

)
< ε. (1)

Step 2: A key analytical claim. We claim
that, under the stated hypotheses on Φq,τ ,

Φq,τ (tn)→ 0 =⇒ tn → 0

for every sequence (tn) ⊂ [0,∞).
(2)

Proof of the claim. Assume Φq,τ (tn) → 0 but
tn ̸→ 0. Then there exists δ > 0 and a subse-
quence {tnk

} such that tnk
≥ δ for all k. Be-

cause tnk
→ t∗ along a further subsequence is

not guaranteed (we do not assume compactness),
we instead use continuity at the point δ together
with the property Φq,τ (δ) > 0. Indeed, since
Φq,τ (r) = 0 ⇐⇒ r = 0, we have Φq,τ (δ) > 0
for every δ > 0. Set c := Φq,τ (δ) > 0. By conti-
nuity of Φq,τ at δ, there exists η > 0 such that

|s− δ| < η =⇒ |Φq,τ (s)− c| < c

2
,

hence, Φq,τ (s) > c
2 whenever s ∈ (δ − η, δ + η).

Now, since tnk
≥ δ, we can pick δ′ = δ itself

and note that for large k, Φq,τ (tnk
) must remain

bounded away from 0 (else it would contradict
Φq,τ (δ) > 0 plus continuity near δ). More di-
rectly: if Φq,τ (tnk

) → 0, then for large k we
would have Φq,τ (tnk

) < c/2, which is impossible if
tnk
∈ (δ−η, δ+η); and if tnk

≥ δ+η for infinitely
many k, then by continuity and the fact that Φq,τ

is nonnegative with only one zero at 0, Φq,τ can-
not approach 0 along values bounded away from
0 without violating the intermediate value prop-
erty near those points. In all cases we obtain a
contradiction. Therefore, the Equation 2 holds. ⋄

Step 3: Convert dq,τ Cauchy into d Cauchy.
Fix an arbitrary ε0 > 0. We want to show
that there exists N such that m,n ≥ N implies
d(xm, xn) < ε0.

Consider the positive number

ε = Φq,τ

(ε0
2

)
.

By the property Φq,τ (r) = 0 ⇐⇒ r = 0, we have
ε > 0. Since {xn} is dq,τ Cauchy, there exists N
such that for all m,n ≥ N ,

Φq,τ

(
d(xm, xn)

)
= dq,τ (xm, xn) < ε = Φq,τ

(ε0
2

)
.

(3)
We now argue that Equation 3 forces d(xm, xn) <
ε0 for large indices. To see this, define the se-
quence

tm,n = d(xm, xn) ≥ 0.

From Equation 3, we learn that Φq,τ (tm,n) can
be made arbitrarily small as m,n → ∞. In par-
ticular, letting m,n → ∞ along any path yields
Φq,τ (tm,n)→ 0. By the key claim Equation 2, this
implies tm,n → 0, i.e.,

d(xm, xn)→ 0 as m,n→∞,

which is exactly the Cauchy property in (X, d).
Hence, {xn} is d Cauchy.

Step 4: Use completeness of (X, d) to get a
limit in X. Since (X, d) is complete and {xn} is
d Cauchy, there exists x∗ ∈ X such that

d(xn, x
∗)→ 0 as n→∞. (4)

Step 5: Convergence in d implies conver-
gence in dq,τ . By definition,

dq,τ (xn, x
∗) = Φq,τ

(
d(xn, x

∗)
)
.

Using Equation 4 and continuity of Φq,τ at 0, we
obtain

dq,τ (xn, x
∗) = Φq,τ

(
d(xn, x

∗)
)
−→ Φq,τ (0) = 0.

Therefore, xn → x∗ in the deformed metric
(X, dq,τ ). Every dq,τ Cauchy sequence converges
in (X, dq,τ ), hence (X, dq,τ ) is complete.

Remark 3. The assumption Φq,τ (r) = 0 ⇐⇒
r = 0 ensures that the deformation does not col-
lapse distinct points into zero distance. Continu-
ity at 0 guarantees that d convergence transfers to
dq,τ convergence. In many concrete models, Φq,τ

is increasing and subadditive, so dq,τ is a metric
by Lemma 2.1 and is topologically compatible with
d.
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Definition 4 ((q, τ)-contractive mapping). Let
(X, d) be a metric space. A mapping T : X →
X is said to be (q, τ)-contractive if there exists
λ ∈ (0, 1) such that

Φq,τ

(
d(Tx, Ty)

)
≤ λΦq,τ

(
d(x, y)

)
, ∀x, y ∈ X.

Remark 4. This condition reduces to the classi-
cal Banach contraction principle when Φq,τ (r) =
r. For τ > 0, the contraction effect is amplified
in the deformed metric, allowing convergence even
when classical contraction may fail.

Lemma 3 (Basic convergence property). Let
(X, d) be a metric space and let Φq,τ : [0,∞) →
[0,∞) be a (q, τ)-control function. Assume that
T : X → X is a (q, τ)-contractive mapping, i.e.,
there exists a constant λ ∈ (0, 1) such that

Φq,τ

(
d(Tx, Ty)

)
≤ λΦq,τ

(
d(x, y)

)
, ∀x, y ∈ X.

(5)
Fix x0 ∈ X and define the Picard iteration xn+1 =
Txn for n ≥ 0. Then, for every n ≥ 0,

Φq,τ

(
d(xn+1, xn)

)
≤ λnΦq,τ

(
d(x1, x0)

)
.

Proof. We give a detailed inductive proof and
emphasize where the (q, τ)-contractive assump-
tion is used.

Step 1: Rewrite the contractive condition
along the Picard orbit. By definition of the
iteration,

xn+1 = Txn, xn = Txn−1 (n ≥ 1).

Hence, for each n ≥ 1, the pair (xn, xn−1) is ad-
missible in the contractive inequality (Equation
5). Substituting x = xn and y = xn−1 into (Equa-
tion 5) gives

Φq,τ

(
d(Txn, Txn−1)

)
≤ λΦq,τ

(
d(xn, xn−1)

)
. (6)

Using the iteration rule again, Txn = xn+1 and
Txn−1 = xn, so (Equation 6) becomes the funda-
mental one-step estimate

Φq,τ

(
d(xn+1, xn)

)
≤ λΦq,τ

(
d(xn, xn−1)

)
, n ≥ 1.

(7)
This inequality is the starting point for the geo-
metric decay.

Step 2: Verify the inequality for the first
few indices (pattern). For n = 1, (Equation 7)
yields

Φq,τ

(
d(x2, x1)

)
≤ λΦq,τ

(
d(x1, x0)

)
.

For n = 2, applying (Equation 7) again gives

Φq,τ

(
d(x3, x2)

)
≤ λΦq,τ

(
d(x2, x1)

)
≤

λ
[
λΦq,τ

(
d(x1, x0)

)]
= λ2Φq,τ

(
d(x1, x0)

)
.

For n = 3, the same mechanism yields

Φq,τ

(
d(x4, x3)

)
≤ λΦq,τ

(
d(x3, x2)

)
≤

λ3Φq,τ

(
d(x1, x0)

)
.

These computations strongly suggest the gen-
eral formula

Φq,τ

(
d(xn+1, xn)

)
≤ λnΦq,τ

(
d(x1, x0)

)
,

which we now prove formally by induction.

Step 3: Induction proof.

Base case n = 0. We must show

Φq,τ

(
d(x1, x0)

)
≤ λ0Φq,τ

(
d(x1, x0)

)
.

Since λ0 = 1, this is an equality, hence true.

Induction hypothesis. Assume that for some fixed
n ≥ 0 we already have

Φq,τ

(
d(xn+1, xn)

)
≤ λnΦq,τ

(
d(x1, x0)

)
. (8)

Induction step: Prove the statement for n+1. We
need to show that

Φq,τ

(
d(xn+2, xn+1)

)
≤ λn+1Φq,τ

(
d(x1, x0)

)
.

Apply the one-step estimate (Equation 7) with
index n + 1 (note that (Equation 7) is valid for
all indices ≥ 1, so it applies to n + 1 whenever
n ≥ 0):

Φq,τ

(
d(xn+2, xn+1)

)
≤ λΦq,τ

(
d(xn+1, xn)

)
.

Now use the induction hypothesis (Equation 8)
on the right-hand side:

Φq,τ

(
d(xn+2, xn+1)

)
≤ λ

[
λnΦq,τ

(
d(x1, x0)

)]
= λn+1Φq,τ

(
d(x1, x0)

)
.
This completes the induction. By mathemati-

cal induction, the inequality holds for every n ≥ 0,
namely,

Φq,τ

(
d(xn+1, xn)

)
≤ λnΦq,τ

(
d(x1, x0)

)
, n ≥ 0.

This is exactly the desired estimate.

Remark 5. Lemma 3 shows that the successive
increments of the Picard orbit decay at least ge-
ometrically in the (q, τ)-deformed gauge. This
estimate is the key input for proving that {xn} is
(q, τ)-Cauchy (and hence Cauchy in d under mild
assumptions on Φq,τ ), leading to the existence of
a fixed point.

In the present work, the term quantum-
deformation is used in the sense of q deforma-
tion and scale deformation as commonly adopted
in quantum calculus and nonclassical analysis.
The parameter q ∈ (0, 1) encodes discretization
or quantization effects, interpolating between dis-
crete and continuous regimes as q → 1−, while the
parameter τ ≥ 0 modulates the intensity of defor-
mation and memory in the associated kernels and
in the (q, τ)-Gamma normalization. The control
function Φq,τ thus induces a deformed geometric
gauge adapted to nonlocal fractional dynamics. In
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the classical limit q → 1 and τ → 0, the proposed
framework reduces to the standard Banach fixed
point setting.

2.1. Background on the (q, τ)-fractional
equation

Fractional differential equations of the form

Dαu(t) = f(t, u(t)), t ∈ [0, T ],

have been extensively studied as models for sys-
tems with memory and nonlocal effects. Classical
analytical approaches for such equations include
fixed point methods (Banach and Schauder),
monotone iterative techniques, upper and lower
solution methods, Laplace and integral transform
techniques, and energy-based methods.14–16 Exis-
tence and uniqueness results are typically estab-
lished under Lipschitz-type conditions on the non-
linear term, while stability and long-time behav-
ior are analyzed via Grönwall-type inequalities,
Lyapunov functionals, or spectral methods.17–20

In recent years, generalized fractional operators,
including variable-order, tempered, and kernel-
deformed operators, have been introduced to cap-
ture multi-scale memory and heterogeneous ef-
fects that cannot be described by standard Ca-
puto or Riemann Liouville derivatives. Ana-
lytical treatment of such models often relies on
transforming the differential equation into an
equivalent Volterra integral equation and apply-
ing fixed point arguments in appropriate func-
tion spaces. Numerical methods commonly em-
ployed include convolution quadrature, predictor
corrector schemes, spectral methods, and itera-
tive Picard-type solvers.
The (q, τ)-fractional equation considered in this
work extends these frameworks by incorporating
quantum-deformation parameters into the kernel
structure and normalization. This leads to new
analytical challenges, as the associated integral
operator exhibits deformation-dependent contrac-
tivity and memory strength. Previous studies
on q fractional or kernel-deformed models have
reported existence and uniqueness of solutions
under restrictive assumptions and have demon-
strated that deformation parameters can signif-
icantly influence transient dynamics and stabil-
ity. However, a unified fixed point framework
that explicitly encodes the deformation geome-
try and yields quantitative convergence estimates
has been largely absent. The present work con-
tributes to this line of research by providing a
deformation-adapted fixed point theory for (q, τ)-
fractional equations, establishing explicit exis-
tence and uniqueness conditions, and deriving
convergence rates for Picard iterations in terms of

the deformation parameters (q, τ)-and the (q, τ)-
Gamma function. These results extend classical
analyses of fractional equations and provide a sys-
tematic basis for both analytical study and nu-
merical solution of quantum-deformed fractional
models.

3. Results in fixed point theory

Theorem 1 (Main (q, τ)-fixed point theorem).
Let (X, d) be a complete metric space. Let Φq,τ :
[0,∞)→ [0,∞) be a (q, τ)-control function satis-
fying:

(1) Φq,τ (0) = 0 and Φq,τ (r) > 0 for all r > 0;
(2) Φq,τ is continuous and strictly increasing;
(3) Φq,τ is subadditive: Φq,τ (a+b) ≤ Φq,τ (a)+

Φq,τ (b) for all a, b ≥ 0.

Let T : X → X be (q, τ)-contractive, i.e., there
exists λ ∈ (0, 1) such that

Φq,τ

(
d(Tx, Ty)

)
≤ λΦq,τ

(
d(x, y)

)
, ∀x, y ∈ X.

(9)
Then:

(i) T has a unique fixed point x∗ ∈ X.
(ii) For any initial point x0 ∈ X, the Picard

sequence xn+1 = Txn converges to x∗ in
the metric d and also in the deformed met-
ric dq,τ (x, y) = Φq,τ (d(x, y)).

(iii) The following a priori estimate holds for
all n ≥ 0:

Φq,τ

(
d(xn, x

∗)
)
≤ λn

1− λ
Φq,τ

(
d(x1, x0)

)
. (10)

Proof. Fix x0 ∈ X and define the Picard itera-
tion xn+1 = Txn for n ≥ 0.

Step 1: Geometric decay of successive in-
crements. By Lemma 3 (Basic convergence
property), we have for every n ≥ 0,

Φq,τ

(
d(xn+1, xn)

)
≤ λnΦq,τ

(
d(x1, x0)

)
. (11)

Step 2: The Picard sequence is Cauchy in
the deformed metric. Let m > n. Using the
triangle inequality for the original metric d,

d(xm, xn) ≤
m−1∑
k=n

d(xk+1, xk).

Apply Φq,τ to both sides. Since Φq,τ is increasing,

Φq,τ

(
d(xm, xn)

)
≤ Φq,τ

(
m−1∑
k=n

d(xk+1, xk)

)
.

Now use subadditivity repeatedly (finite induc-
tion) to obtain

Φq,τ

(
m−1∑
k=n

d(xk+1, xk)

)
≤

m−1∑
k=n

Φq,τ

(
d(xk+1, xk)

)
.
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Consequently,

Φq,τ

(
d(xm, xn)

)
≤

m−1∑
k=n

Φq,τ

(
d(xk+1, xk)

)
. (12)

Insert the geometric decay Equation 11 into Equa-
tion 12

Φq,τ

(
d(xm, xn)

)
≤

m−1∑
k=n

λk Φq,τ

(
d(x1, x0)

)
≤

Φq,τ

(
d(x1, x0)

) ∞∑
k=n

λk.

Since
∑∞

k=n λ
k = λn/(1− λ), we arrive at

Φq,τ

(
d(xm, xn)

)
≤ λn

1− λ
Φq,τ

(
d(x1, x0)

)
, m > n.

(13)
Letting n → ∞ shows that the right-hand side
tends to 0, uniformly in m > n. Hence, we get

Φq,τ

(
d(xm, xn)

)
→ 0 as m,n→∞,

indicating that {xn} is Cauchy in the deformed
metric dq,τ (x, y) = Φq,τ (d(x, y)).

Step 3: Convert dq,τ Cauchy into d Cauchy.
Because Φq,τ is strictly increasing and Φq,τ (0) =
0, it follows that Φq,τ (r) → 0 implies r → 0
(equivalently, Φq,τ is injective near 0 and contin-
uous). Applying this to r = d(xm, xn) yields

d(xm, xn)→ 0 as m,n→∞.

Hence, {xn} is a Cauchy sequence in (X, d).

Step 4: Existence of the fixed point (limit
of Picard iteration). Since (X, d) is complete,
there exists x∗ ∈ X such that

d(xn, x
∗)→ 0 as n→∞. (14)

We claim that x∗ is a fixed point of T . To show
this, estimate d(Tx∗, x∗) using the triangle in-
equality:

d(Tx∗, x∗) ≤ d(Tx∗, Txn) + d(Txn, x
∗)

= d(Tx∗, Txn) + d(xn+1, x
∗).

Apply Φq,τ and then subadditivity:

Φq,τ

(
d(Tx∗, x∗)

)
≤ Φq,τ

(
d(Tx∗, Txn) + d(xn+1, x

∗)
)

≤ Φq,τ

(
d(Tx∗, Txn)

)
+

Φq,τ

(
d(xn+1, x

∗)
)
.

Now use the contractive condition (Equation 9)
with x = x∗ and y = xn:

Φq,τ

(
d(Tx∗, Txn)

)
≤ λΦq,τ

(
d(x∗, xn)

)
.

Therefore,

Φq,τ

(
d(Tx∗, x∗)

)
≤ λΦq,τ

(
d(x∗, xn)

)
+

Φq,τ

(
d(xn+1, x

∗)
)
.

(15)

Using Equation 14 and continuity of Φq,τ , we have
Φq,τ (d(x

∗, xn))→ 0 and Φq,τ (d(xn+1, x
∗))→ 0 as

n→∞. Taking the limit in Equation 15 yields

Φq,τ

(
d(Tx∗, x∗)

)
= 0.

Since Φq,τ (r) = 0 if and only if r = 0, it follows
that d(Tx∗, x∗) = 0, hence Tx∗ = x∗. This proves
existence.

Step 5: Uniqueness of the fixed point. Sup-
pose y∗ ∈ X is another fixed point: Ty∗ = y∗.
Apply Equation 9 to the pair (x∗, y∗):

Φq,τ

(
d(x∗, y∗)

)
= Φq,τ

(
d(Tx∗, T y∗)

)
≤ λΦq,τ

(
d(x∗, y∗)

)
.

Subtract the left side to obtain
(1− λ) Φq,τ

(
d(x∗, y∗)

)
≤ 0. Since 1 − λ > 0 and

Φq,τ ≥ 0, we conclude that Φq,τ (d(x
∗, y∗)) = 0,

hence d(x∗, y∗) = 0, so x∗ = y∗. Therefore, the
fixed point is unique.

Step 6: Convergence and the a priori es-
timate. Letting m → ∞ in Equation 13 and
using xm → x∗ in d (which implies d(xm, xn) →
d(x∗, xn) and, by continuity, Φq,τ (d(xm, xn)) →
Φq,τ (d(x

∗, xn))), we obtain

Φq,τ

(
d(x∗, xn)

)
≤ λn

1− λ
Φq,τ

(
d(x1, x0)

)
,

which is exactly Equation 10. In particu-
lar, the right-hand side tends to 0, giving
Φq,τ (d(xn, x

∗)) → 0, hence xn → x∗ in the de-
formed metric as well. All assertions (i) (iii) are
proved.

Remark 6. Relation to classical metric fixed
point theory For fixed parameters (q, τ), one may
define an induced metric D(x, y) = Φq,τ (d(x, y))
on X under the assumptions of Section 2. In
this sense, the fixed point result of Theorem 1
is structurally analogous to classical Banach-type
theorems in the metric space (X,D). The nov-
elty of the present framework lies not in restating
Banach’s principle for an abstract metric, but in
constructing a deformation-adapted geometry in
which convergence and stability depend explicitly
on (q, τ). This dependence is crucial for appli-
cations to (q, τ)-fractional operators and for in-
terpreting the role of quantum deformation and
memory through Φq,τ and Γq,τ .

Corollary 1 (Banach-type fixed point principle
in (X, dq,τ )). Let (X, d) be a metric space and let
Φq,τ : [0,∞)→ [0,∞) be a (q, τ)-control function.
Define the (q, τ)-deformed metric

dq,τ (x, y) = Φq,τ

(
d(x, y)

)
, x, y ∈ X.

Assume that (X, dq,τ ) is complete. Suppose that
T : X → X is a contraction with respect to dq,τ ,
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i.e., there exists λ ∈ (0, 1) such that

dq,τ (Tx, Ty) ≤ λ dq,τ (x, y), ∀x, y ∈ X. (16)

Then:

(i) T has a unique fixed point x∗ ∈ X.
(ii) For any x0 ∈ X, the Picard iteration

xn+1 = Txn converges to x∗ in the metric
dq,τ .

(iii) The following estimate holds for all n ≥ 0:

dq,τ (xn, x
∗) ≤ λn

1− λ
dq,τ (x1, x0).

Proof. By definition of dq,τ , the contractive con-
dition (Equation 16) is equivalent to

Φq,τ

(
d(Tx, Ty)

)
≤ λΦq,τ

(
d(x, y)

)
, ∀x, y ∈ X,

which is precisely the (q, τ)-contractive condition
(Equation 9) in Theorem 1. Since (X, dq,τ ) is
complete, all hypotheses of Theorem 1 are sat-
isfied (with completeness interpreted in the de-
formed metric). Therefore, Theorem 1 yields the
existence and uniqueness of a fixed point x∗ and
the convergence of the Picard iteration to x∗ in
dq,τ , together with the stated error bound.

4. Applications to the (q, τ)-fractional
operator Dα

q,τ

In this section, we demonstrate how the devel-
oped (q, τ)-fixed point theory can be applied to
nonlinear fractional equations involving the (q, τ)-
deformed fractional operator Dα

q,τ . The analysis
reveals the fundamental role of the (q, τ)-Gamma
function Γq,τ in guaranteeing well posedness of the
associated evolution problems.

Definition 5 (The (q, τ)-Gamma function). Let
0 < q < 1 and τ ≥ 0. The (q, τ)-Gamma function
is defined by

Γq,τ (z) = (1− q) 1−z (q; q)∞
(q z+τ ; q)∞

,

z ∈ C \ {0,−1,−2, . . .},
(17)

where the q Pochhammer symbol (a; q)∞ is given
by

(a; q)∞ =
∞∏
k=0

(1− aqk).

The (q, τ)-Gamma function satisfies

Γq,τ (z + 1) =
1− qz+τ

1− q
Γq,τ (z).

Definition 6 (Deformation kernel). For 0 ≤ s <
t ≤ T , define the (q, τ)-deformation kernel by

ωq,τ (t, s) =
Γq,τ (α)

Γ(α)

(
t− s

t− s+ τ

)1−q

, (18)

where q ∈ (0, 1) and τ ≥ 0 are deformation pa-
rameters and Γq,τ denotes the (q, τ)-Gamma func-
tion. In the classical limit q → 1− and τ → 0+,
one has ωq,τ (t, s) → 1, and the standard Caputo
kernel is recovered.

Definition 7 (The (q, τ)-fractional operator).
Let α ∈ (0, 1) and q ∈ (0, 1), τ ≥ 0. We con-
sider the (q, τ)-fractional operator defined by

Dα
q,τu(t) =

1

Γq,τ (1− α)

∫ t

0
(t−s)−α ωq,τ (t, s)u

′(s) ds,

(19)
where Γq,τ denotes the (q, τ)-Gamma function
and ωq,τ (t, s) is a deformation weight satisfying

0 < ωq,τ (t, s) ≤ 1, ωq,τ (t, s)→ 1 as (q, τ)→ (1, 0).

Remark 7. When (q, τ) → (1, 0), operator
(Equation 19) reduces to the classical Caputo frac-
tional derivative. Hence, Dα

q,τ represents a gen-
uine quantum deformation of fractional dynam-
ics.

Assumption (Regularity for Dα
q,τ). Let u ∈

AC([0, T ]) and 0 < α < 1. Assume that the ker-
nel ωq,τ (t, s) is continuous on {(t, s) : 0 ≤ s < t ≤
T} and satisfies

0 < ωq,τ (t, s) ≤ Cq,τ , and |∂tωq,τ (t, s)|
≤ Cq,τ (t− s)−1+ϵ

for some constants Cq,τ > 0 and ϵ > 0. Then
the integral in (Equation 19) is well-defined for all
t ∈ (0, T ], and Dα

q,τu ∈ L1(0, T ) ∩ C((0, T ]).

Proposition 1 (Well-posedness and regularity
of Dα

q,τ ). Let T > 0, 0 < α < 1, and let
u ∈ AC([0, T ]). Assume that the deformation ker-
nel ωq,τ (t, s) is measurable in s for each fixed t ∈
(0, T ], continuous in t for almost every s ∈ (0, T ),
and satisfies the uniform bound

0 ≤ ωq,τ (t, s) ≤ Cq,τ for all 0 ≤ s < t ≤ T, (20)

for some constant Cq,τ > 0. Define, for t ∈ (0, T ],

Dα
q,τu(t) =

1

Γq,τ (1− α)

∫ t

0
(t−s)−α ωq,τ (t, s)u

′(s) ds.

(21)
Then:

(i) The integral in Equation 21 is finite for
each t ∈ (0, T ], and Dα

q,τu is well-defined
almost everywhere on (0, T ). Moreover,
the pointwise estimate

∣∣Dα
q,τu(t)

∣∣ ≤ Cq,τ

Γq,τ (1− α)

∫ t

0

(t− s)−α |u′(s)| ds (22)

holds for all t ∈ (0, T ].
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(ii) Dα
q,τu ∈ L1(0, T ) and satisfies the norm

bound

∥Dα
q,τu∥L1(0,T ) ≤

Cq,τ

Γq,τ (1− α)

T 1−α

1− α
∥u′∥L1(0,T ).

(23)
(iii) If, in addition, u′ ∈ L∞(0, T ), then

Dα
q,τu ∈ L∞(0, T ) and

∥Dα
q,τu∥L∞(0,T ) ≤

Cq,τ

Γq,τ (1− α)

T 1−α

1− α
∥u′∥L∞(0,T ).

(24)
(iv) If, moreover, ωq,τ is continuous on {(t, s) :

0 ≤ s < t ≤ T} and u′ is continuous on
[0, T ], then Dα

q,τu ∈ C((0, T ]). If, addi-
tionally, sup0<s<t≤T (t − s)α|ωq,τ (t, s)| <
∞ and u′(0) = 0, then Dα

q,τu admits
a continuous extension to t = 0, i.e.,
Dα

q,τu ∈ C([0, T ]).

Proof. (i) Since u ∈ AC([0, T ]), we have u′ ∈
L1(0, T ). Fix t ∈ (0, T ]. Using Equation 20 and
Γq,τ (1− α) > 0,∣∣Dα

q,τu(t)
∣∣ ≤ 1

Γq,τ (1− α)

∫ t

0
(t− s)−α

ωq,τ (t, s) |u′(s)| ds ≤
Cq,τ

Γq,τ (1− α)

∫ t

0
(t− s)−α|u′(s)| ds,

which proves Equation 22. The right-hand
side is finite for each fixed t > 0 because (t −
s)−α ∈ L1(0, t) when 0 < α < 1 and u′ ∈ L1,
hence the integral in Equation 21 is finite. Thus,
Dα

q,τu is well-defined for each t ∈ (0, T ] (and hence
almost everywhere on (0, T )).

(ii) Integrate Equation 22 over t ∈ (0, T ) and
apply Tonelli’s theorem (all integrands are non-
negative):

∥Dα
q,τu∥L1(0,T ) ≤

Cq,τ

Γq,τ (1− α)∫ T

0

∫ t

0
(t− s)−α|u′(s)| ds dt

=
Cq,τ

Γq,τ (1− α)

∫ T

0
|u′(s)|

(∫ T

s
(t− s)−α dt

)
ds

=
Cq,τ

Γq,τ (1− α)

∫ T

0
|u′(s)|

(∫ T−s

0
r−α dr

)
ds

=
Cq,τ

Γq,τ (1− α)

∫ T

0
|u′(s)| (T − s)1−α

1− α
ds

≤ Cq,τ

Γq,τ (1− α)

T 1−α

1− α
∥u′∥L1(0,T ),

which yields Equation 23. In particular, Dα
q,τu ∈

L1(0, T ).

(iii) If u′ ∈ L∞(0, T ), then for every t ∈ (0, T ],

∣∣Dα
q,τu(t)

∣∣ ≤ Cq,τ

Γq,τ (1− α)
∥u′∥L∞(0,T )

∫ t

0
(t− s)−α ds

= fracCq,τΓq,τ (1− α)∥u′∥L∞(0,T )
t1−α

1− α
.

Taking the supremum over t ∈ (0, T ] gives
Equation 24, and hence Dα

q,τu ∈ L∞(0, T ).

(iv) Assume ωq,τ is continuous on 0 ≤ s <
t ≤ T and u′ ∈ C([0, T ]). Fix t0 ∈ (0, T ] and let
t→ t0. Write the integrand as

K(t, s) = (t− s)−αωq,τ (t, s)u
′(s).

For t in a small neighborhood of t0, the singu-
larity at s = t is integrable because 0 < α < 1.
Moreover, by continuity of ωq,τ away from the di-
agonal and boundedness (Equation 20), one can
dominate |K(t, s)| by

|K(t, s)| ≤ Cq,τ (t− s)−α ∥u′∥L∞(0,T ),

which is integrable over s ∈ (0, t) uniformly for
t near t0. Therefore, by the dominated con-
vergence, the map t 7→ Dα

q,τu(t) is continuous
on (0, T ]. To extend continuity to t = 0, note
from (Equation 21) and the additional assump-
tions that

∣∣Dα
q,τu(t)

∣∣ ≤ 1

Γq,τ (1− α)∫ t

0
(t− s)−α |ωq,τ (t, s)| |u′(s)| ds ≤

Cq,τ

Γq,τ (1− α)∫ t

0
(t− s)−α |u′(s)| ds,

and if u′(0) = 0 with u′ continuous, then
|u′(s)| ≤ ε for s small, so the right-hand side tends
to 0 as t ↓ 0. Hence, Dα

q,τu extends continuously
to t = 0.

4.1. Existence and uniqueness via the
(q, τ)-fixed point theorem

In this section, we apply the (q, τ)-fixed point
theorem of Section 3 to establish existence and
uniqueness of solutions for a nonlinear (q, τ)-
fractional initial value problem driven by Dα

q,τ and
normalized by Γq,τ .
Let T > 0 and α ∈ (0, 1). Consider the nonlinear
problem{

Dα
q,τu(t) = f(t, u(t)), t ∈ [0, T ],

u(0) = u0,
(25)

where f : [0, T ]×R→ R is continuous and Dα
q,τ is

the (q, τ)-fractional operator (as defined in Sec-
tion 2). Assume that Dα

q,τ admits a left inverse
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(q, τ)-fractional integral operator Iαq,τ such that

Iαq,τ
(
Dα

q,τu
)
(t) = u(t)− u(0), t ∈ [0, T ]. (26)

under the assumption that u ∈ AC([0, T ]) and
Dα

q,τu ∈ L1(0, T ) (in particular, the operatorsDα
q,τ

and Iαq,τ are well-defined).
Applying Iαq,τ to Equation 24 and using Equation
26, we obtain the equivalent Volterra-type inte-
gral equation

u(t) = u0 +
1

Γq,τ (α)

∫ t

0
(t− s)α−1

ωq,τ (t, s) f(s, u(s)) ds, t ∈ [0, T ],

(27)

where ωq,τ (t, s) is the deformation weight associ-
ated with Dα

q,τ (with 0 < ωq,τ (t, s) ≤ 1).
Let X = C([0, T ],R) with the classical metric

d(u, v) = ∥u− v∥∞ = max
t∈[0,T ]

|u(t)− v(t)|.

Let Φq,τ be the (q, τ)-control function introduced
in Section 2, and define the deformed metric

dq,τ (u, v) := Φq,τ

(
d(u, v)

)
.

Since (X, d) is complete and Φq,τ satisfies the hy-
potheses of Lemma 2, it follows that (X, dq,τ ) is
complete. Define the operator T : X → X by

(Tu)(t) = u0 +
1

Γq,τ (α)∫ t

0
(t− s)α−1 ωq,τ (t, s) f(s, u(s)) ds.

(28)

Then u solves Equation 27 (and hence Equation
25) if and only if u is a fixed point of T , i.e.,
Tu = u.

Theorem 2 (Existence and uniqueness). Assume
that:

(i) H1 f(·, ·) is continuous on [0, T ]× R;
(ii) H2 f is Lipschitz in its second variable:

there exists L > 0 such that

|f(t, u)−f(t, v)| ≤ L|u−v|, ∀ t ∈ [0, T ], ∀u, v ∈ R;
(iii) H3 The deformation weight is bounded by

0 < ωq,τ (t, s) ≤ 1 for all 0 ≤ s ≤ t ≤ T ;
(iv) H4 The (q, τ)-Gamma normalization

yields the contraction constraint

λ :=
LTα

Γq,τ (α+ 1)
< 1. (29)

Then the (q, τ)-fractional problem (Equation 25)
admits a unique solution u∗ ∈ C([0, T ],R). More-
over, for any u0 ∈ X, the Picard iteration un+1 =
Tun converges to u∗ in the metric d and in the de-
formed metric dq,τ , and satisfies the error bound

Φq,τ

(
∥un−u∗∥∞

)
≤ λn

1− λ
Φq,τ

(
∥u1−u0∥∞

)
, n ≥ 0.

Proof. We apply the main (q, τ)-fixed point the-
orem of Section 3 to the operator T defined in
Equation 28.

Step 1: T maps X into X. Fix u ∈ X. The
map t 7→ (Tu)(t) is continuous on [0, T ] since:
(i) f(·, u(·)) is continuous by H1; (ii) the kernel
(t − s)α−1 is integrable on [0, t] for α ∈ (0, 1);
and (iii) ωq,τ (t, s) is bounded by H3. Hence,
Tu ∈ C([0, T ],R), so T : X → X is well-defined.

Step 2: Lipschitz estimate for T in the clas-
sical metric. Let u, v ∈ X and fix t ∈ [0, T ].
From Equation 28 and H2 H3,

|(Tu)(t)− (Tv)(t)| ≤ 1

Γq,τ (α)

∫ t

0
(t− s)α−1

ωq,τ (t, s) |f(s, u(s))− f(s, v(s))| ds

≤ L

Γq,τ (α)

∫ t

0
(t− s)α−1 ds ∥u− v∥∞.

Compute the integral explicitly:∫ t

0
(t− s)α−1 ds =

tα

α
.

Using the standard identity Γ(α+1) = αΓ(α) and
the analogous normalization consistent with Γq,τ ,
we rewrite

1

Γq,τ (α)
· t

α

α
=

tα

Γq,τ (α+ 1)
.

Therefore,

|(Tu)(t)− (Tv)(t)| ≤ L tα

Γq,τ (α+ 1)
∥u− v∥∞

≤ LTα

Γq,τ (α+ 1)
∥u− v∥∞.

Taking the maximum over t ∈ [0, T ] yields

∥Tu− Tv∥∞ ≤ λ ∥u− v∥∞, λ :=
LTα

Γq,τ (α+ 1)
.

(30)
By H4, λ ∈ (0, 1).

Step 3: (q, τ)-contractivity of T . Applying the
increasing function Φq,τ to both sides of Equation
30 gives

Φq,τ

(
∥Tu− Tv∥∞

)
≤ Φq,τ

(
λ ∥u− v∥∞

)
.

Since Φq,τ is a control function, it is standard (and
assumed in our framework) that it is compatible
with scalar contraction in the sense that

Φq,τ (λr) ≤ λΦq,τ (r), 0 < λ < 1, r ≥ 0,

which holds for the typical choices used in this
study (e.g., Φq,τ (r) = qτr or Φq,τ (r) = r

1+τr ).
Hence,
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Φq,τ

(
d(Tu, Tv)

)
= Φq,τ

(
∥Tu− Tv∥∞

)
≤ λΦq,τ

(
∥u− v∥∞

)
= λΦq,τ

(
d(u, v)

)
.

Thus, T is (q, τ)-contractive in the sense of
Section 3.

Step 4: Apply the (q, τ)-fixed point theo-
rem. Because (X, d) is complete, and T is (q, τ)-
contractive with constant λ ∈ (0, 1), Theorem 1
guarantees the existence of a unique fixed point
u∗ ∈ X of T . By construction (Equation 28), u∗

solves (Equation 27) and therefore solves the orig-
inal problem (Equation 25). Uniqueness of the
fixed point yields uniqueness of the solution. The
convergence of the Picard sequence un+1 = Tun
to u∗ and the stated error estimate follow directly
from Theorem 1.

Remark 8. Condition (Equation 29) shows ex-
plicitly how Γq,τ controls well posedness: a larger
value of Γq,τ (α + 1) reduces the effective con-
traction factor λ and hence improves convergence
speed. In the classical limit (q, τ)→ (1, 0) one re-
covers the standard Caputo existence uniqueness
criterion.
The deformation function Γq,τ plays a decisive
role in the convergence mechanism. Increasing τ
typically enlarges Γq,τ (α+1), thereby reducing the
effective contraction constant

λ =
LTα

Γq,τ (α+ 1)
,

which enhances stability and accelerates conver-
gence of Picard iterations.
In contrast to classical fractional equations, the
(q, τ)-Gamma function acts as a tunable stabiliza-
tion regulator, allowing one to control the memory
strength and convergence speed of the system.

Remark 9 (Relation to Banach’s fixed point
theorem). Once the deformation-induced distance
D(x, y) = Φq,τ (d(x, y)) is shown to define a com-
plete metric, Theorem 2 is structurally analo-
gous to the classical Banach contraction princi-
ple in the metric space (X,D). The novelty of
the present result lies in constructing and ana-
lyzing this deformation-adapted geometry and in
expressing contractivity and convergence explicitly
in terms of the parameters (q, τ)-and the control
function Φq,τ , which is crucial for applications to
(q, τ)-fractional operators and optimization prob-
lems.

4.2. Examples

Throughout these examples, we work on X =
C([0, T ],R) with the supremum norm ∥ · ∥∞ and
consider the operator

(Tu)(t) = u0 +
1

Γq,τ (α)

∫ t

0
(t− s)α−1

ωq,τ (t, s) f(s, u(s)) ds, t ∈ [0, T ],

where 0 < ωq,τ (t, s) ≤ 1. The solution of
Dα

q,τu(t) = f(t, u(t)) with u(0) = u0 is precisely
the fixed point of T .

Example 1 (Linear (q, τ)-fractional relaxation).
Let α ∈ (0, 1), T > 0, and consider{

Dα
q,τu(t) = −a u(t) + g(t), t ∈ [0, T ],

u(0) = u0,
(31)

where a > 0 and g ∈ C([0, T ]). Set f(t, u) =
−a u+ g(t). Then for all u, v ∈ R,

|f(t, u)− f(t, v)| = a|u− v|,
so the Lipschitz constant is L = a. The contrac-
tion factor in Theorem 2 becomes

λ =
a Tα

Γq,τ (α+ 1)
.

If
a Tα

Γq,τ (α+ 1)
< 1, (32)

then T is (q, τ)-contractive and Equation 31 ad-
mits a unique solution u∗ ∈ C([0, T ]). Equa-
tion 32 shows explicitly how Γq,τ controls well
posedness: larger Γq,τ (α + 1) reduces λ and thus
strengthens convergence of the Picard iteration
un+1 = Tun.

Example 2 (Nonlinear (q, τ)-fractional logistic–
type equation). Let α ∈ (0, 1) and consider{
Dα

q,τu(t) = r u(t)
(
1− u(t)

)
+ h(t), t ∈ [0, T ],

u(0) = u0,

(33)
where r > 0 and h ∈ C([0, T ]). Fix a radius R > 0
and define the closed ball

BR = {u ∈ C([0, T ]) : ∥u∥∞ ≤ R}.
Set f(t, u) = r u(1 − u) + h(t). For |u|, |v| ≤ R,
we estimate

|f(t, u)− f(t, v)| = r |u− u2 − (v − v2)|
= r |(u− v)− (u2 − v2)| ≤ r

(
1 + |u|+ |v|

)
|u− v|

≤ r(1 + 2R) |u− v|.
Thus f is Lipschitz on [−R,R] with constant

LR = r(1 + 2R). Consequently, for u, v ∈ BR,

∥Tu−Tv∥∞ ≤
LR Tα

Γq,τ (α+ 1)
∥u−v∥∞, LR = r(1+2R).

If

λR =
r(1 + 2R)Tα

Γq,τ (α+ 1)
< 1, (34)
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then T is a contraction on BR (and hence (q, τ)-
contractive in the sense of Section 2).

To ensure T (BR) ⊆ BR, note that for u ∈ BR,

|(Tu)(t)| ≤ |u0|+
1

Γq,τ (α)

∫ t

0
(t− s)α−1

(
|r u(s)

(1− u(s))|+ |h(s)|
)
ds.

Using |u(s)| ≤ R and |u(s)(1−u(s))| ≤ R(1+R),
we get

∥Tu∥∞ ≤ |u0|+
Tα

Γq,τ (α+ 1)

(
r R(1+R)+∥h∥∞

)
.

Hence, T (BR) ⊆ BR whenever

|u0|+
Tα

Γq,τ (α+ 1)

(
r R(1+R)+∥h∥∞

)
≤ R. (35)

If Equations 34 and 35 hold for some R > 0, then
T maps BR into itself and is a contraction on
BR. Therefore, Equation 33 has a unique solu-
tion u∗ ∈ BR, and the Picard iteration converges
to u∗.

4.3. Numerical examples (Picard iteration
under (q, τ)-deformation)

We illustrate the (q, τ)-fixed point theorem by im-
plementing the Picard scheme for the equivalent
Volterra equation

u(t) = u0 +
1

Γq,τ (α)

∫ t

0
(t− s)α−1 ωq,τ

(t, s) f(s, u(s)) ds, t ∈ [0, T ],

with ωq,τ (t, s) ≡ 1 and a uniform grid on [0, T ].
We set q = 0.5, α = 0.8, T = 1, and compare
τ ∈ {0, 0.5, 1, 1.5}.
Example 1 (linear relaxation). We consider

Dα
q,τu(t) = −a u(t) + sin(2πt), u(0) = u0,

with u0 = 0.2 and a = 0.35. Here, f(t, u) =
−au + sin(2πt) is Lipschitz in u with constant
L = a. The contraction factor predicted by The-
orem 2 is

λ =
aTα

Γq,τ (α+ 1)
.

For each tested value of τ , we computed Γq,τ (α+
1) and obtained λ < 1, guaranteeing a unique
solution. Figure 1A and 1B show the limiting Pi-
card solutions and the decay of the increments
∥un+1 − un∥∞ (semi-log), respectively.
Example 2 (nonlinear logistic-type). We consider

Dα
q,τu(t) = r u(t)(1−u(t))+0.1 cos(2πt), u(0) = u0,

with u0 = 0.2 and r = 0.6. The same Picard dis-
cretization yields convergence of ∥un+1−un∥∞ →
0 for all tested τ , consistent with the (q, τ)-fixed
point framework. Figure 1C and 1D display the
computed solutions and the iteration decay, re-
spectively.

4.3.1. Discussion of numerical results

Figure 1 illustrates the numerical behavior of
the Picard iteration associated with the (q, τ)-
fractional operator Dα

q,τ and provides concrete
validation of the existence uniqueness results es-
tablished via the proposed (q, τ)-fixed point the-
orem. Figure 1A shows the limiting numeri-
cal solutions of the linear (q, τ)-fractional relax-
ation equation for different values of the defor-
mation parameter τ . In all cases, the trajecto-
ries converge toward a unique solution, confirm-
ing the theoretical uniqueness result. Although
the steady state profiles remain qualitatively simi-
lar, variations in τ modify the transient dynamics,
reflecting the influence of quantum deformation
on the memory structure of the system. Figure
1B presents the decay of successive Picard incre-
ments ∥un+1 − un∥∞ on a semi logarithmic scale.
The nearly linear decay curves indicate exponen-
tial type convergence, which is consistent with
the geometric estimate predicted by Lemma 3.
This behavior confirms that the associated in-
tegral operator is a strict contraction under the
(q, τ)-deformed metric. Figure 1C depicts the nu-
merical solutions of the nonlinear logistic type
(q, τ)-fractional equation. Despite the presence
of nonlinearity, all Picard iterates converge to a
single stable trajectory, demonstrating that the
applicability of the developed theory is not re-
stricted to linear models but extends naturally to
nonlinear fractional dynamics. Figure 1D further
supports this observation by showing the mono-
tone decay of Picard increments for the nonlinear
case. The absence of oscillatory or divergent be-
havior indicates strong numerical stability of the
iteration process, even in the presence of nonlin-
ear growth terms. Figure 1 demonstrates that
the deformation parameters (q, τ)-govern the con-
vergence mechanism primarily through the (q, τ)-
Gamma normalization. In particular, the ap-
pearance of Γq,τ (α + 1) in the contraction con-
stant

λ =
LTα

Γq,τ (α+ 1)

explains why convergence is preserved for all
tested parameter regimes. This confirms that
the (q, τ)-Gamma function acts as a stabiliz-
ing regulator, controlling memory intensity and
enhancing convergence within the Picard itera-
tion framework. These numerical observations
strongly support the analytical results of Sec-
tion 2 and illustrate the effectiveness of the
proposed (q, τ)-fixed point theory for fractional
equations with quantum deformed memory ker-
nels.
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Figure 1. Numerical illustrations of the (q, τ)-fixed point theory for Dα
q,τ with q = 0.5, α = 0.8, and T = 1.

(A) Picard limit solutions for the linear problem for different values of τ . (B) Decay of Picard increments
un+1 un∞(semi–log scale), confirming contraction. (C) Numerical solutions of the nonlinear logistic-type
equation. (D) Corresponding Picard error decay. All graphs validate the existence, uniqueness, and
convergence predicted by the (q, τ)-fixed point theorem.

5. Connection to optimization theory:
Optimal control under
(q, τ)-fractional dynamics

This section connects the (q, τ)-fixed point frame-
work developed in Section 2 with optimization
theory. The key idea is that the state equa-
tion driven by Dα

q,τ induces a well-defined solution
map (control-to-state mapping). Once this map
is shown to be Lipschitz (by the new fixed point
theorem), existence and uniqueness of an optimal
control follow from standard convex optimization
arguments.
Let α ∈ (0, 1) and T > 0. For a control v ∈
L2(0, T ), consider the (q, τ)-fractional controlled
system{
Dα

q,τu(t) = F
(
t, u(t), v(t)

)
, t ∈ [0, T ],

u(0) = u0,
(36)

where F : [0, T ] × R × R → R is measurable in
t and continuous in (u, v). Using the inverse in-
tegral operator (as in Section 2), Equation 36 is
equivalent to the Volterra equation

u(t) = u0 +
1

Γq,τ (α)

∫ t

0
(t− s)α−1ωq,τ (t, s)

F
(
s, u(s), v(s)

)
ds.

(37)

Define the admissible control set

Uad := {v ∈ L2(0, T ) : ∥v∥L2 ≤M},
which is non-empty, convex, closed, and weakly
compact in L2(0, T ).
We consider the quadratic tracking-type func-
tional

J(v) =
1

2
∥u(v)−ud∥2L2(0,T )+

µ

2
∥v∥2L2(0,T ), µ > 0,

(38)
where u(v) denotes the solution of Equation 36
corresponding to v and ud ∈ L2(0, T ) is a desired
profile. The optimal control problem is

min
v∈Uad

J(v) subject to Equation 36. (39)

Theorem 3 (Optimal control via (q, τ)-fixed
point theory). Assume:

(i) A1: 0 < ωq,τ (t, s) ≤ 1 for 0 ≤ s ≤ t ≤ T ;
(ii) A2: (Lipschitz in the state) there exists

Lu > 0 such that

|F (t, u1, v)− F (t, u2, v)| ≤ Lu|u1 − u2|
for almost every t ∈ [0, T ], ∀u1, u2, v ∈ R;
(iii) A3: (Linear growth in v) there exist

c0, c1 > 0 such that

|F (t, 0, v)| ≤ c0+c1|v| for almost every t, ∀v ∈ R;
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(iv) A4: (Contraction condition)

λ =
LuT

α

Γq,τ (α+ 1)
< 1. (40)

Then:

(i) For every v ∈ Uad, the state Equation 36
admits a unique solution u(v) ∈ C([0, T ]).
Moreover, the control-to-state map S :
Uad → C([0, T ]), S(v) = u(v), is Lipschitz
from L2(0, T ) into C([0, T ]):

∥u(v1)−u(v2)∥∞ ≤ C ∥v1− v2∥L2 , ∀v1, v2 ∈ Uad,
(41)

for a constant C > 0 depending only on
α, q, τ, T,M and the bounds in A1–A3.

(ii) The optimization problem (Equation 39)
admits at least one optimal control v∗ ∈
Uad.

(iii) The optimal control is unique.

Proof. Step 1: Well-posedness of the state
equation (fixed point argument). Fix v ∈ Uad
and define Tv : C([0, T ])→ C([0, T ]) by

(Tvu)(t) = u0 +
1

Γq,τ (α)

∫ t

0
(t− s)α−1ωq,τ (t, s)

F
(
s, u(s), v(s)

)
ds.

Solutions of Equation 37 are precisely fixed
points of Tv. Let u1, u2 ∈ C([0, T ]). Using A1
and A2,

|(Tvu1)(t)− (Tvu2)(t)| ≤
1

Γq,τ (α)∫ t

0
(t− s)α−1|F (s, u1(s), v(s))− F (s, u2(s),

v(s))| ds

≤ Lu

Γq,τ (α)

∫ t

0
(t− s)α−1|u1(s)− u2(s)| ds

≤ Lu

Γq,τ (α)
∥u1 − u2∥∞

∫ t

0
(t− s)α−1 ds

=
Lu t

α

Γq,τ (α+ 1)
∥u1 − u2∥∞ ≤ λ∥u1 − u2∥∞,

where λ is given by Equation 40. Taking the max-
imum over t ∈ [0, T ] yields

∥Tvu1 − Tvu2∥∞ ≤ λ∥u1 − u2∥∞.

Thus, Tv is a contraction on the complete space
(C([0, T ]), ∥ · ∥∞). By Banach’s fixed-point prin-
ciple (equivalently, by the (q, τ)-fixed point the-
orem of Section 2 applied with Φq,τ (r) = r, or
the deformed metric), Tv has a unique fixed point
u(v) ∈ C([0, T ]). This establishes (i), that is, ex-
istence and uniqueness.

Step 2: Lipschitz continuity of the control-
to-state map. Let v1, v2 ∈ Uad with correspond-
ing states ui = u(vi) solving Equation 37. Sub-
tract the two integral forms:

u1(t)− u2(t) =
1

Γq,τ (α)

∫ t

0
(t− s)α−1ωq,τ (t, s)[

F (s, u1(s), v1(s))− F (s, u2(s), v2(s))
]
ds.

Add and subtract F (s, u1(s), v2(s)) and use
A1 and A2 to estimate the state difference term
and A3 (or a Lipschitz-in-v variant) for the con-
trol term. A standard bound yields

∥u1 − u2∥∞ ≤ λ∥u1 − u2∥∞ + C1∥v1 − v2∥L2 ,

for some constant C1 > 0 (coming from the
fractional kernel and Γq,τ normalization). Since
λ < 1, we rearrange to obtain

∥u1 − u2∥∞ ≤
C1

1− λ
∥v1 − v2∥L2 .

This proves Equation 41.

Step 3: Existence of an optimal control (di-
rect method). Let {vn} ⊂ Uad be a minimizing
sequence for the cost functional J , i.e.,

lim
n→∞

J(vn) = inf
v∈Uad

J(v).

Since Uad ⊂ L2(0, T ) is non-empty, closed,
bounded, and convex, it is weakly sequentially
compact. Hence, there exists a subsequence (still
denoted by {vn}) and some v∗ ∈ Uad such that

vn ⇀ v∗ weakly in L2(0, T ).

Let un = u(vn) and u∗ = u(v∗) denote the unique
states associated with vn and v∗, respectively. We
claim that

un → u∗ strongly in C([0, T ]) (hence in L2(0, T )).

To prove this, subtract the (q, τ)-Volterra formu-
lations of the state equation for un and u∗:

un(t)− u∗(t) =
1

Γq,τ (α)

∫ t

0
(t− s)α−1ωq,τ (t, s)(

f(s, un(s))− f(s, u∗(s)) + b(s)(
vn(s)− v∗(s)

))
ds.

Using the Lipschitz continuity of f in u and
ωq,τ ≤ 1, we obtain

|un(t)− u∗(t)| ≤ Lu

Γq,τ (α)

∫ t

0
(t− s)α−1|un(s)− u∗(s)| ds

+
∥b∥∞
Γq,τ (α)

∫ t

0
(t− s)α−1|vn(s)− v∗(s)| ds.
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Define the Volterra operator

(Vϕ)(t) = Lu

Γq,τ (α)

∫ t

0
(t− s)α−1ϕ(s) ds.

By the same contraction estimate used in Step 1,
∥V∥L(C([0,T ])) ≤ λ < 1. Hence (I−V) is invertible
on C([0, T ]) with bounded inverse given by the
Neumann series. Consequently,

∥un − u∗∥∞ ≤ C

∥∥∥∥∫ ·

0
(· − s)α−1

b(s)
(
vn(s)− v∗(s)

)
ds∞

≤ C ′ ∥vn − v∗∥L2(0,T ),

for some constants C,C ′ > 0 independent of
n. The Volterra operator

v 7→
∫ t

0
(t− s)α−1b(s)v(s) ds

is compact from L2(0, T ) into C([0, T ]) by the
Arzelà Ascoli theorem. Therefore, vn ⇀ v∗ in
L2(0, T ) implies∫ t

0
(t− s)α−1b(s)vn(s) ds −→∫ t

0
(t− s)α−1b(s)v∗(s) ds in C([0, T ]).

Combining these estimates yields un → u∗

strongly in C([0, T ]). Finally, by weak lower semi-
continuity of the L2 norm and strong continuity
of the state term, we obtain

J(v∗) =
1

2
∥u∗ − ud∥2L2(0,T ) +

µ

2
∥v∗∥2L2(0,T )

≤ lim inf
n→∞

J(vn) = inf
v∈Uad

J(v),

which proves the existence of an optimal con-
trol v∗ ∈ Uad.
Step 4: Uniqueness of the optimal control.
The functional J is strictly convex in v because
of the term µ

2∥v∥
2
L2 with µ > 0. In addition,

the mapping v 7→ 1
2∥u(v) − ud∥2L2 is convex un-

der the contraction framework (and at minimum
does not destroy strict convexity contributed by
µ∥v∥2). Hence, J is strictly convex on the convex
set Uad, and therefore the minimizer is unique.
This proves that the optimal control is unique.

Remark 10. The role of Γq,τ is explicit in the
contraction constant

λ =
LuT

α

Γq,τ (α+ 1)
.

Thus, the (q, τ)-Gamma normalization provides a
tunable mechanism to guarantee well posedness of
the controlled dynamics and stability of the opti-
mization procedure.

5.1. Optimality system (adjoint equation)
for (q, τ)-fractional dynamics

We connect Section 2 with optimization theory
by deriving a full first order optimality system
for a tracking-type problem governed by a (q, τ)-
fractional state equation.

State equation. Let α ∈ (0, 1), T > 0, u0 ∈ R,
and let 0 < ωq,τ (t, s) ≤ 1. Consider the controlled
(q, τ)-fractional problem{
Dα

q,τu(t) = f(t, u(t)) + b(t) v(t), t ∈ [0, T ],

u(0) = u0,

(42)
where v ∈ L2(0, T ) is the control, b ∈ L∞(0, T ),
and f : [0, T ] × R → R. Using the inverse in-
tegral operator, Equation 42 is equivalent to the
Volterra equation

u(t) = u0 +
1

Γq,τ (α)

∫ t

0
(t− s)α−1ωq,τ (t, s)(

f(s, u(s)) + b(s)v(s)
)
ds.

(43)

Admissible controls and cost. Let

Uad = {v ∈ L2(0, T ) : ∥v∥L2 ≤M},
and define the quadratic cost

J(v) =
1

2
∥u(v)−ud∥2L2(0,T )+

µ

2
∥v∥2L2(0,T ), µ > 0,

(44)
where u(v) is the unique state associated with v
and ud ∈ L2(0, T ) is given.

Assumptions. Assume:

(H1) f(·, ·) is measurable in t and C1 in u with

|fu(t, u)| ≤ Lu for a.e. t ∈ [0, T ], ∀u ∈ R,
for some Lu > 0;

(H2) b ∈ L∞(0, T ) and 0 < ωq,τ (t, s) ≤ 1 for
0 ≤ s ≤ t ≤ T ;

(H3) The contraction condition holds:

λ =
Lu T

α

Γq,τ (α+ 1)
< 1. (45)

Theorem 4 (Existence, uniqueness, and optimal-
ity system). Under H1–H3:

(i) For every v ∈ Uad, the state equation
(Equation 42) admits a unique solution
u(v) ∈ C([0, T ]).

(ii) The optimization problem

min
v∈Uad

J(v) subject to (Equation 42)

admits a unique optimal control v∗ ∈ Uad.
(iii) First-order optimality system: There ex-

ists an adjoint state p ∈ L2(0, T ) such that
1100
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the triple (u∗, v∗, p) satisfies:

u∗(t) = u0 +
1

Γq,τ (α)

∫ t

0
(t− s)α−1ωq,τ (t, s)(

f(s, u∗(s)) + b(s)v∗(s)
)
ds,

(46)

p(t) = u∗(t)− ud(t) +
1

Γq,τ (α)∫ T

t
(s− t)α−1ωq,τ (s, t) fu

(
s, u∗(s)

)
p(s) ds,

(47)

⟨µv∗ + b p, v − v∗⟩L2(0,T ) ≥ 0, ∀ v ∈ Uad. (48)

Moreover, v∗ is characterized by the pro-
jection formula

v∗ = PUad

(
− 1

µ
b p

)
in L2(0, T ), (49)

where PUad
denotes the metric projection

onto the closed convex set Uad.

Proof. We divide the proof into four steps.

Step 1: Well-posedness of the state equa-
tion. Fix v ∈ Uad and define Tv : C([0, T ]) →
C([0, T ]) by

(Tvu)(t) = u0 +
1

Γq,τ (α)

∫ t

0
(t− s)α−1ωq,τ (t, s)(

f(s, u(s)) + b(s)v(s)
)
ds.

Let u1, u2 ∈ C([0, T ]). Using |fu| ≤ Lu and
the mean value theorem,

|f(s, u1(s))− f(s, u2(s))| ≤ Lu|u1(s)− u2(s)|.
Thus, for t ∈ [0, T ],

|(Tvu1)(t)− (Tvu2)(t)| ≤
1

Γq,τ (α)∫ t

0
(t− s)α−1ωq,τ (t, s) |

f(s, u1(s))− f(s, u2(s))| ds

≤ Lu

Γq,τ (α)
∥u1 − u2∥∞

∫ t

0
(t− s)α−1ds

=
Lu t

α

Γq,τ (α+ 1)
∥u1 − u2∥∞.

Taking the maximum over t ∈ [0, T ] yields

∥Tvu1−Tvu2∥∞ ≤ λ ∥u1−u2∥∞, λ =
LuT

α

Γq,τ (α+ 1)
< 1.

Hence, Tv is a contraction on the complete space
C([0, T ]) and has a unique fixed point u(v) ∈
C([0, T ]). This proves (i).

Step 2: Existence and uniqueness of an
optimal control. Let {vn} ⊂ Uad be a mini-
mizing sequence for J . Since Uad is bounded in

L2, there exists a subsequence (not relabeled) and
v∗ ∈ Uad such that vn ⇀ v∗ weakly in L2(0, T ).
Let un = u(vn) and u∗ = u(v∗). We now show
that un → u∗ strongly in L2(0, T ). Subtract the
Volterra equations for un and u∗:

un(t)− u∗(t) =
1

Γq,τ (α)∫ t

0
(t− s)α−1ωq,τ (t, s)(

f(s, un(s))− f(s, u∗(s)) + b(s)(vn(s)− v∗(s))
)
ds.

Taking absolute values, using the Lipschitz
bound in u and ω ≤ 1, we get

|un(t)− u∗(t)| ≤ Lu

Γq,τ (α)

∫ t

0
(t− s)α−1|un(s)− u∗(s)|ds

+
∥b∥∞
Γq,τ (α)

∫ t

0
(t− s)α−1|vn(s)− v∗(s)|ds.

The first term has the same contraction mech-
anism as Step 1 (with constant λ < 1), and
the second term defines a compact Volterra op-
erator from L2 into C([0, T ]). Since vn ⇀
v∗ in L2, the Volterra term converges strongly
in C([0, T ]) (hence in L2). By a standard
resolvent/Neumann-series argument for Volterra
operators with λ < 1, it follows that un →
u∗ strongly in C([0, T ]), in particular un →
u∗ strongly in L2(0, T ). Now use lower semi-
continuity: v 7→ ∥v∥2L2 is weakly lower semi-

continuous, and u 7→ ∥u − ud∥2L2 is strongly con-
tinuous. Therefore,

J(v∗) ≤ lim inf
n→∞

J(vn) = inf
v∈Uad

J(v),

so v∗ exists. Uniqueness follows because J is
strictly convex in v due to the term µ

2∥v∥
2
L2 with

µ > 0 and Uad is convex. This proves (ii).

Step 3: Differentiability of the control-
to-state map and linearized equation. Fix
v ∈ Uad and denote u = u(v). For h ∈ L2(0, T )
and small ε, let uε = u(v + εh). Subtract the
Volterra equations:

uε(t)− u(t) =
1

Γq,τ (α)

∫ t

0
(t− s)α−1ωq,τ (t, s)(

f(s, uε(s))− f(s, u(s)) + b(s)εh(s)
)
ds.

Divide by ε and set wε = (uε − u)/ε:

wε(t) =
1

Γq,τ (α)

∫ t

0
(t− s)α−1ωq,τ (t, s)(f(s, uε(s))− f(s, u(s))

ε
+ b(s)h(s)

)
ds.
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By the mean value theorem,

f(s, uε(s))− f(s, u(s))

ε
= fu

(
s, θε(s)

)
wε(s),

for some θε(s) between uε(s) and u(s). Since fu
is bounded and continuous in u, and uε → u in
C([0, T ]), we have fu(s, θε(s)) → fu(s, u(s)) al-
most everywhere and boundedly. Passing to the
limit (standard dominated convergence + con-
traction argument), wε → w in C([0, T ]), where
w = S′(v)h is the unique solution of the linearized
Volterra equation

w(t) =
1

Γq,τ (α)

∫ t

0
(t− s)α−1ωq,τ (t, s)(

fu(s, u(s))w(s) + b(s)h(s)
)
ds.

(50)

Uniqueness of w follows exactly as in Step 1 since
the same constant λ < 1 controls the linearized
map. Hence, S is Fréchet differentiable.

Step 4: Adjoint equation and variational
inequality. Consider J(v) = 1

2∥u(v) − ud∥2L2 +
µ
2∥v∥

2
L2 . Using the chain rule and the linearization

above, for any direction h ∈ L2(0, T ) we obtain

J ′(v)h = ⟨u− ud, w⟩L2 + µ⟨v, h⟩L2 , (51)

where w = S′(v)h solves Equation 50. Define the
adjoint variable p as the unique solution of the
backward Volterra equation

p(t) = u(t)− ud(t) +
1

Γq,τ (α)∫ T

t
(s− t)α−1ωq,τ (s, t) fu(s, u(s)) p(s) ds.

(52)

Existence and uniqueness of p follow by the same
contraction mechanism as Step 1 (but on [t, T ]),
using |fu| ≤ Lu and Equation 45. We now show
the duality identity

⟨u− ud, w⟩L2 = ⟨b p, h⟩L2 . (53)

Indeed, multiply the linearized equation Equation
50 by p(t) and integrate over t ∈ (0, T ). Us-
ing Fubini’s theorem for Volterra kernels and the
symmetry of the integration domains (triangle re-
gions), one obtains

∫ T

0
p(t)w(t) dt =

1

Γq,τ (α)∫ T

0

∫ t

0
(t− s)α−1ωq,τ (t, s)

p(t)
(
fu(s, u(s))w(s) + b(s)h(s)

)
ds dt.

Switching the order of integration in the first
(state) part yields a term of the form

∫ T

0
fu(s, u(s))w(s)

[
1

Γq,τ (α)∫ T

s
(t− s)α−1ωq,τ (t, s)p(t) dtds,

which is precisely arranged to match Equa-
tion 52. Substituting Equation 52 back into the
identity yields Equation 53, while the remaining
term gives ⟨b p, h⟩L2 . Combining Equation 51 and
Equation 53 gives

J ′(v)h = ⟨b p+ µv, h⟩L2 .

At the optimal control v∗, the standard first-order
condition for convex minimization over the closed
convex set Uad is the variational inequality

⟨J ′(v∗), v − v∗⟩L2 ≥ 0 ∀v ∈ Uad,
which becomes exactly Equation 48 with p defined
by Equation 47. Finally, the projection charac-
terization (Equation 49) is the classical equivalent
form of the variational inequality for a metric pro-
jection in Hilbert spaces. This proves (iii).

Remark 11. The (q, τ)-Gamma function enters
optimization through the contraction constant

λ =
LuT

α

Γq,τ (α+ 1)
.

Hence, Γq,τ (α+1) acts as a tunable stabilizer for
both (i) state well-posedness and (ii) stability of
the adjoint equation, which is crucial for gradient-
based optimization and for uniqueness of the op-
timizer.

Remark 12 (Relation to variational inequality
formulations). The optimality condition in The-
orem 4 is consistent with the standard varia-
tional inequality characterization of convex opti-
mal control problems. Our contribution is that,
in the (q, τ)-deformed fractional setting, the state
and adjoint equations are shown to be well-posed
with explicit (q, τ)-dependent stability bounds (in-
volving Γq,τ (α + 1)), which provides a rigorous
foundation for the variational inequality approach
and enables reliable numerical implementation via
gradient projection schemes.

5.2. Example of (q, τ)-fractional tracking
with L2 bounded control

In this example, we present a complete, repro-
ducible optimal control problem governed by the
(q, τ)-fractional operator Dα

q,τ , together with the
optimality system and a practical gradient pro-
jection algorithm. The existence and uniqueness
of both the state and adjoint are guaranteed by
the (q, τ)-fixed point theorem in Section 2 through
the Γq,τ controlled contraction constant.
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Step 1: Model and admissible set. Fix

q = 0.5, α = 0.8, τ = 0.5, T = 1, u0 = 0,

and consider the controlled (q, τ)-fractional dy-
namics{
Dα

q,τu(t) = −a u(t) + v(t), t ∈ [0, T ],

u(0) = u0,
a = 0.6.

(54)
The admissible controls are taken as an L2 ball

Uad =
{
v ∈ L2(0, T ) : ∥v∥L2(0,T ) ≤M

}
, M = 1.

(55)
Step 2: Equivalent (q, τ)-Volterra formula-

tion. Assuming ωq,τ (t, s) ≡ 1 for simplicity, (54)
is equivalent to

u(t) = u0 +
1

Γq,τ (α)

∫ t

0
(t− s)α−1(

−a u(s) + v(s)
)
ds, t ∈ [0, T ].

(56)

Step 3: Objective functional (tracking and
Tikhonov regularization). Let the desired trajec-
tory be

ud(t) = sin(2πt), (57)

and define the cost

J(v) =
1

2

∫ T

0
|u(v)(t)− ud(t)|2 dt+

µ

2∫ T

0
|v(t)|2 dt, µ = 0.15.

(58)

The optimization problem is

min
v∈Uad

J(v) subject to Equation 54 (59)

Step 4: Existence and uniqueness. For each
v ∈ Uad define Tv : C([0, T ])→ C([0, T ]) by

(Tvu)(t) = u0 +
1

Γq,τ (α)

∫ t

0
(t− s)α−1(

−a u(s) + v(s)
)
ds.

Then for any u1, u2 ∈ C([0, T ]),

∥Tvu1 − Tvu2∥∞ ≤
a Tα

Γq,τ (α+ 1)
∥u1 − u2∥∞.

Hence the (q, τ)-contraction factor is

λ =
a Tα

Γq,τ (α+ 1)
. (60)

Whenever λ < 1, the mapping Tv is contrac-
tive and the state equation has a unique solution
u(v) ∈ C([0, T ]) for each v. This is exactly the
hypothesis needed to apply the (q, τ)-fixed point
theorem of Section 2. Moreover, since µ > 0, the
functional J is strictly convex on the convex set
Uad, and thus Equation 59 admits a unique opti-
mal control v∗.

Step 5: Optimality system (state adjoint projec-
tion). The optimal triple (u∗, v∗, p) satisfies:

u∗(t) = u0 +
1

Γq,τ (α)

∫ t

0
(t− s)α−1

(
−a u∗(s) + v∗(s)

)
ds,

(61)

p(t) = u∗(t)− ud(t) +
1

Γq,τ (α)∫ T

t
(s− t)α−1

(
−a p(s)

)
ds,

(62)

v∗ = PUad

(
− 1

µ
p

)
in L2(0, T ), (63)

where PUad
denotes the metric projection onto the

L2 ball (Equation 55). In particular, for the L2

ball,

PUad
(w) =


w, ∥w∥L2 ≤M,

M

∥w∥L2

w, ∥w∥L2 > M.

Step 6: Numerical algorithm (gradient projec-
tion). We implement the following iteration:

vk+1 = PUad

(
vk − η

(
µvk + pk

))
, k = 0, 1, 2, . . .

(64)
with step size η > 0 (here η = 0.65). At each
iteration:

i Solve the state equation (Equation 61) for
uk given vk (e.g., by Picard iteration on a
time grid).

ii Solve the adjoint equation (Equation 62)
for pk (a backward Volterra equation).

iii Update vk+1 using Equation 64.

The contraction mechanism governed by Γq,τ (α+
1) stabilizes both the state and adjoint solves at
each step, which is crucial for reliable optimiza-
tion.
Step 7: Reported numerical outcome. A represen-
tative run (uniform grid on [0, 1], Picard inner
iterations for the state and adjoint, and 45 op-
timization steps) produces Figure 2. Figure 2A
shows that the optimal state u∗ closely tracks ud,
Figure 2B shows the optimal control v∗, Figure
2C shows the adjoint p, and Figure 2D confirms
monotone decay of the objective values J(vk)
(semi log), indicating stable convergence of the
optimization loop. The results provide the miss-
ing well posedness ingredient for optimization:
the (q, τ)-fixed point theorem yields existence and
uniqueness of the state (and adjoint) equations
for each admissible control. This guarantees that
the control-to-state map is single-valued and sta-
ble, which makes the objective functional J(v)
well-defined and enables rigorous derivation of

1103



R. W. Ibrahim, and D. Baleanu / IJOCTA, Vol.16, No.3, pp.1086-1108 (2026)

Figure 2. Complete (q, τ)-fractional optimization example with q = 0.5, α = 0.8, τ = 0.5, T = 1, a = 0.6,
µ = 0.15, and ∥v∥L2 ≤ 1. (A) Optimal state u∗ versus desired ud(t) = sin(2πt). (B) Optimal control v∗. (C)
Adjoint variable p. (D) Objective decay J(vk) under the gradient projection iteration (Equation 64).

the optimality system and convergent numerical
schemes.

5.3. Algorithm and parameter table for
the complete optimization example

Parameter table (reproducible setting). We use
the tracking problem in Section 5.2 with

ud(t) = sin(2πt), ωq,τ (t, s) ≡ 1, b(t) ≡ 1.

The (q, τ)-Gamma value and contraction constant
are computed from the definition

Γq,τ (z) = (1− q)1−z (q; q)∞
(qz+τ ; q)∞

, λ =
aTα

Γq,τ (α+ 1)
.

Table 1. Parameters for the complete
(q, τ)-fractional optimization example and the
associated contraction constant.

Quantity Value
q 0.5
τ 0.5
α 0.8
T 1
u0 0
a (state damping) 0.6
µ (Tikhonov weight) 0.15
M (control bound) 1
η (step size) 0.65
Γq,τ (α+ 1) ≈ 0.7786454

λ =
aTα

Γq,τ (α+ 1)
≈ 0.770569 < 1

Gradient projection algorithm (state adjoint
loop). The optimality system in Theorem 4 yields
the L2 gradient

∇J(v) = µv + p,

where p is the adjoint solving Equation 62. We
implement a projected gradient iteration on the
admissible set Uad = {v : ∥v∥L2 ≤M}.

Algorithm 1. Gradient projection for (q, τ)-
fractional optimal control

1: Input: q, τ, α, T, u0, a, µ,M, η, grid {ti}Ni=0,
max iters Kmax, tolerances εopt, εpic.

2: Initialize v0(ti) = 0 (or any admissible guess),
set k = 0.

3: while k < Kmax do
4: State solve: Given vk, compute uk as the

fixed point of

u(t) = u0+
1

Γq,τ (α)

∫ t

0
(t−s)α−1

(
−a u(s)+vk(s)

)
ds,

e.g. by Picard iteration until ∥u(ℓ+1) −
u(ℓ)∥∞ ≤ εpic.

5: Adjoint solve: Compute pk as the fixed
point of the backward Volterra equation

p(t) = uk(t)−ud(t)+
1

Γq,τ (α)

∫ T

t
(s−t)α−1

(
−a p(s)

)
ds,

again by Picard iteration until ∥p(ℓ+1) −
p(ℓ)∥∞ ≤ εpic.

6: Gradient: Set gk(ti) = µvk(ti) + pk(ti).
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7: Projected step: ṽk+1 = vk − ηgk.
8: Project onto the L2 ball:

vk+1 =

PUad
(ṽk+1) =


ṽk+1, ∥ṽk+1∥L2 ≤M,

M

∥ṽk+1∥L2

ṽk+1, ∥ṽk+1∥L2 > M.

9: Stopping: If ∥vk+1 − vk∥L2 ≤ εopt, stop.
10: Set k ← k + 1.
11: end while
12: Output: v∗ ≈ vk, u∗ ≈ uk, p ≈ pk.

Because λ = aTα

Γq,τ (α+1) < 1 (Table 1), the state

and adjoint Volterra operators are strict contrac-
tions. Hence, each optimization step is well-
defined : for every admissible vk, there exists a
unique state uk and a unique adjoint pk, making
the gradient µvk + pk stable and ensuring robust
descent of J(vk) (as observed in Fig. 2).

5.4. Criteria for selecting the parameter
set

This subsection provides practical guidelines for
choosing the deformation and optimization pa-
rameters so that the (q, τ)-fixed point theory
of Section 2 guarantees well posedness of the
state/adjoint problems and ensures stable opti-
mization.
C1. Choose (q, τ)-through the contraction mar-
gin. The central feasibility condition is the con-
traction constraint

λ =
Lu T

α

Γq,τ (α+ 1)
< 1, (65)

where Lu is the Lipschitz constant in the state
variable (e.g., Lu = a for the linear model Dα

q,τu =
−au+ v). A robust choice is to enforce a margin

λ ≤ λtarg with λtarg ∈ [0.3, 0.8],

so that the Picard iteration converges rapidly and
numerical errors do not accumulate. Practically,
Equation 65 is checked by evaluating Γq,τ (α + 1)
from its product definition.
C2. Select α based on desired memory strength
and numerical stiffness. The order α ∈ (0, 1)
controls the strength of the fractional memory:
smaller α increases long-range memory and typ-
ically makes kernels more singular near t = s.
From Equation 65, note that Tα decreases as α
decreases when T > 1, but increases when T < 1.
Hence:

i if the time horizon is long (T > 1), smaller
α can improve contraction through Tα;

ii if the horizon is short (T < 1), increasing
α may improve contraction.

In computations, α ∈ [0.7, 0.95] is often a stable
range unless strong memory is required.
C3. Fix the time horizon T consistent with the
contraction constraint. For a fixed model Lips-
chitz constant Lu, Equation 65 implies a maxi-
mum allowable horizon:

T <

(
Γq,τ (α+ 1)

Lu

)1/α

.

Thus, if T is prescribed by the application, (q, τ)-
(and/or Lu via model scaling) should be chosen
so that Γq,τ (α+ 1) is sufficiently large.
C4. Choose (q, τ)-by interpretation: Discretiza-
tion vs. scale/memory. The deformation parame-
ter q ∈ (0, 1) typically controls the discretization
or quantum-scale effect, while τ ≥ 0 regulates de-
formation intensity/scale. A practical strategy is:

q ∈ [0.4, 0.9] (moderate discretization), τ ∈ [0, 2]

mild to strong deformation, and then select the
pair (q, τ)-that satisfies Equation 65 with a com-
fortable margin. Larger τ often increases Γq,τ (α+
1) in the shifted-q formulation and thus strength-
ens contraction (to be confirmed numerically for
the chosen definition).
C5. Choose µ by a tracking effort balance and
conditioning. The Tikhonov weight µ > 0 ensures
strict convexity and uniqueness of the optimal
control. A standard criterion is to select µ so that
the two terms in the objective are comparable at
the optimizer:

∥u∗ − ud∥2L2 ≈ µ ∥v∗∥2L2 .

In practice, µ can be tuned by a short sweep
(e.g., µ ∈ [10−3, 1]) until the control magnitude
is physically reasonable and the cost curve decays
smoothly.
C6. Choose M from physical feasibility or to
avoid saturation. The admissible boundM should
reflect actuator limits. Numerically, take M
large enough that the projection is not active at
every step, otherwise the optimization becomes
constraint-dominated. A simple check is to mon-
itor ∥ − 1

µp∥L2 : if it is always ≫ M , increase M
or µ.
C7. Choose the step size η using a de-
scent/stability rule. For gradient projection, sta-
ble behavior is typically achieved when

0 < η ≤ 2

µ+ LJ
,

where LJ is an effective Lipschitz constant of the
gradient. Since LJ is rarely known analytically in
fractional settings, a practical rule is:

i Start with η0 ∈ [0.1, 1];
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ii If J(vk+1) > J(vk), reduce η (e.g. η ←
0.5η);

iii If J decreases steadily, slowly increase η
up to a safe cap.

The contraction margin in Equation 65 improves
stability of the state and adjoint solves, which in
turn improves the robustness of the optimization
loop.
C8. Grid resolution criteria (numerics). Because
the kernel (t− s)α−1 is weakly singular, accuracy
improves with refined grids near s ≈ t. A prac-
tical criterion is to increase N until the optimal
cost and control stabilize:

|JN (v∗N )− J2N (v∗2N )|
J2N (v∗2N )

≤ 10−2.

A recommended selection workflow is: (i) pick
α, T from application, (ii) estimate Lu from the
model, (iii) choose (q, τ)-so that λ < 1 with mar-
gin, (iv) tune µ,M for a tracking/effort balance,
(v) set η by monotone cost decrease, and (vi) ver-
ify grid independence.

5.5. Discussion of potential applications
and practical relevance

The analytical results obtained in this work pro-
vide a deformation adapted foundation for mod-
eling, analysis, and optimization of systems with
nonlocal memory and scale-dependent effects.
The explicit dependence of stability and conver-
gence on the deformation parameters (q, τ)-and
on the normalization factor Γq,τ (α + 1) enables
principled tuning of memory strength and numer-
ical performance in several applied contexts.

a Viscoelasticity and anomalous dif-
fusion. Fractional models are widely
used to describe viscoelastic materials and
anomalous diffusion in heterogeneous me-
dia. The (q, τ)-fractional operator Dα

q,τ al-
lows interpolation between classical frac-
tional behavior and scale deformed mem-
ory kernels. The existence and uniqueness
results guarantee well posedness of con-
stitutive models, while the deformation
dependent contraction constants provide
guidance for selecting (q, τ)-to achieve sta-
ble numerical simulations of stress strain
evolution or transport in porous and com-
posite materials.

b Control of systems with memory.
Many engineering systems, including ther-
mal processes, chemical reactors, and ac-
tuated mechanical systems with heredi-
tary damping, are governed by dynamics
with memory. The optimal control frame-
work developed here applies directly to

such systems when the dynamics are mod-
eled by (q, τ)-fractional equations. The
derived adjoint system and gradient pro-
jection scheme enable practical controller
synthesis under memory effects, while the
(q, τ)-Gamma normalization offers a tun-
able parameter for balancing control per-
formance and stability.

c Biological and biomedical modeling.
Nonlocal and fractional models arise in
population dynamics, pharmacokinetics,
and tissue response modeling. The (q, τ)-
deformation provides a mechanism to in-
corporate multi scale memory and het-
erogeneous response in biological systems.
The proven well posedness ensures that
model predictions are stable, and the op-
timization framework supports parame-
ter identification and treatment planning
problems where one seeks to steer a bio-
logical system toward a desired state un-
der fractional dynamics.

d Signal processing and diffusion-
based regularization. Fractional dif-
fusion operators are increasingly used in
image and signal processing for edge-
preserving smoothing and nonlocal reg-
ularization. The (q, τ)-deformed kernels
offer additional flexibility in shaping the
diffusion profile across scales. The fixed
point convergence analysis provides a the-
oretical basis for iterative solvers used in
such regularization schemes, and the ex-
plicit convergence bounds can guide algo-
rithmic parameter selection.

e Data-driven modeling and inverse
problems. The deformation parame-
ters (q, τ)-can be treated as tunable hy-
perparameters in data-driven fractional
models. The explicit dependence of con-
vergence and stability on (q, τ)-facilitates
sensitivity analysis and parameter cali-
bration in inverse problems, where one
seeks to fit fractional models to experi-
mental or observational data while ensur-
ing well-posedness of the forward prob-
lem. The proposed (q, τ)-fixed point
framework and its applications to frac-
tional dynamics and optimization pro-
vide a versatile analytical toolset with
direct relevance to engineering, physics,
and biomedical modeling. The results
enable both rigorous analysis and prac-
tical algorithm design in settings where
classical integer-order or standard frac-
tional models are insufficient to capture
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multi scale memory and deformation ef-
fects.

6. Conclusion

This work established a deformation-adapted
fixed point framework for (q, τ)-quantum de-
formed spaces and demonstrated its effective-
ness for the analysis and optimization of (q, τ)-
fractional systems. First, we proved that the
distance induced by the control function Φq,τ de-
fines a complete metric whenever the underlying
space is complete. This establishes a rigorous geo-
metric foundation for applying contraction argu-
ments in a deformation-dependent setting. Based
on this framework, a Banach type (q, τ)-fixed
point theorem was derived, together with explicit
convergence estimates for Picard iterations. The
obtained bounds show that the contraction con-
stant depends explicitly on the deformation pa-
rameters (q, τ)-and, in fractional applications, on
the normalization factor Γq,τ (α + 1). This result
clarifies how quantum deformation modifies con-
vergence speed and stability in comparison with
the classical case.

The fixed point theory was then applied to
nonlinear fractional equations governed by the
(q, τ)-fractional operator Dα

q,τ . Under explicit
deformation-dependent conditions, existence and
uniqueness of solutions were established. The
analysis shows that the (q, τ)-Gamma function
plays a stabilizing role by regulating the effective
memory strength of the fractional kernel and en-
suring contractivity of the associated Volterra op-
erator. Furthermore, we formulated and analyzed
optimal control problems for (q, τ)-fractional sys-
tems. The new fixed point results guarantee the
well posedness of both the state and adjoint equa-
tions, which enabled the derivation of a complete
first order optimality system. A gradient pro-
jection scheme was implemented, and numerical
simulations confirmed monotone decay of the ob-
jective functional and convergence of the opti-
mization iterations, in agreement with the theo-
retical stability bounds. The results demonstrate
that the proposed (q, τ)-fixed point framework
provides a unified and practically effective tool
for analyzing and optimizing quantum deformed
fractional models. The explicit dependence of
stability and convergence on (q, τ)-and Γq,τ of-
fers a tunable mechanism for controlling mem-
ory effects and numerical performance. Future
studies should focus on extending the present
analysis to variable order and distributed order
(q, τ)-fractional operators, as well as to stochas-
tic deformation kernels and large scale networked
optimization problems.
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