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The outbreak of the COVID-19 pandemic has highlighted the need for
advanced mathematical tools capable of accurately describing complex disease
transmission dynamics. Fractional calculus has emerged as a powerful
modeling framework due to its ability to incorporate memory effects and
nonlocal behavior, which are intrinsic to infectious disease spread. This review
provides a comparison of solutions obtained through the application of various
fractional operators, including Caputo, Caputo–Fabrizio, Atangana–Baleanu
derivative in Caputo sense, and fractal-fractional derivatives with power-law,
exponential decay, and Mittag–Leffler memories. Key analytical properties
such as positivity, boundedness, equilibrium analysis, basic reproduction
number estimation, existence and uniqueness of solutions, Hyers–Ulam–Rassias
stability, and chaos control are systematically discussed. The review further
highlights the application of fractional models in capturing the effects of
vaccination, quarantine, hospitalization, environmental transmission, and
control interventions. By consolidating recent theoretical and applied
advances, this work demonstrates the superiority of fractional-order models
over classical integer-order approaches in reproducing real world COVID-19
dynamics. The presented review serves as a valuable reference for researchers
and policymakers seeking robust and flexible modeling strategies for epidemic
analysis and control.
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1. Introduction

The COVID-19 pandemic has highlighted the
need for accurate and reliable mathematical
models to understand disease dynamics and
guide public health interventions. Fractional
calculus, which generalizes classical integer-order

derivatives, provides a powerful framework for
capturing memory-dependent and hereditary
effects inherent in biological and epidemiological
systems. By incorporating fractional-order
derivatives, mathematical models can better
reflect the influence of past states on current
dynamics, offering more realistic predictions of
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infection spread, recovery, and hospitalization
patterns. In this study, we focus on the
application of fractional-order mathematical
models in COVID-19, demonstrating how
advanced analytical and numerical techniques can
enhance our understanding of epidemic behavior
and inform control strategies.

1.1. Background of COVID-19

In the first quarter of 2020, the spread of
COVID-19 to several countries on every continent
prompted the World Health Organization (WHO)
to declare it a pandemic. The novel coronavirus
has been shown to contain various mutations
in multiple regions, which can cause various
symptoms. Fever, dry cough, and fatigue are
more frequent signs of illness than rash, diarrhea,
loss of taste or smell, and sore throat. COVID-19
can spread through direct contact, indirect
contact, droplet spray (from someone sneezing),
short-range transmission, aerial transmission (via
aerosol), and long-range transmission. In January
2020, the WHO announced a global health
emergency due to the virus’s rapid transmission
among individuals and to several countries.1

Consequently, the number of doctors and medical
needs were insufficient to manage the increasing
number of affected individuals.2 Concerned about
the rapid spread of the virus, many nations were
racing to develop solutions to reduce fatalities
among the growing number of patients.3 The
duration of the incubation phase varies from
1 to 14 days, with most cases being shorter
than seven days.4 Fever (37.5 °C) with a sore
throat, cough, or both are typical signs of
COVID-19.5 Over 5,000 people have died from
COVID-19 in China thus far, while over 10
million people have died worldwide. In addition
to significantly affecting people’s physical and
emotional well-being, the pandemic has also
had profound impacts on the global economy.
Therefore, thorough investigation is essential to
understand the effects of the COVID-19 pandemic
on both mental health and economic stability.6

The COVID-19 pandemic has profoundly
impacted human history, transforming the world
in unprecedented ways and affecting nearly
every aspect of society. Amid the numerous
challenges and far-reaching consequences of the
crisis, statistics have become increasingly vital
as countries strive to understand and respond
effectively to the pandemic. The review of
the data focuses on the numerous facets of
the COVID-19 pandemic, its impact on social
dynamics, population health, the environment,
and others, through an attentive analysis of data

sources. The purpose of the given research is
to provide a comprehensive image of the global
implications of the pandemic by collecting and
analyzing a number of data sources, focusing on
the colossal scale of the effects and the experience
gained when managing an event of this scale.
Regarding the issue of public health, it proves
the extent of morbidity, the cases of death, and
the burden of health care systems in the world,
which all plays a significant role in the lives of
people. With regard to public health, it highlights
the extent of morbidity, mortality rates, and the
strain on healthcare systems worldwide, all of
which play a significant role in people’s lives.7

As the virus infected millions and spread to
over 100 countries in the early stages of the
pandemic, it appeared nearly unstoppable. It is
important to contact current, trustworthy sources
like the WHO for the most accurate and current
information regarding COVID-19’s impact in
various nations, as a number of factors, such as
developing variations, vaccination programs, and
public health measures, can constantly change
the status of the pandemic. To manage the
spread of COVID-19 within the population,
vaccines became available in January 2021.9,10 In
March 2023, the WHO permitted booster shots
and primary series vaccination (i.e., using any
two doses of vaccine) to counteract COVID-19
dynamics in the population. The duration
of COVID-19 vaccination programs depends
on vaccine effectiveness and the population’s
vulnerability to the disease. As of June 2023,
an estimated 13 billion immunizations have
been administered to stop the global spread
of COVID-19. COVID-19 immunizations have
avoided serious illness, hospitalization, and death,
saving millions of lives; however COVID-19
immunization may not ensure complete recovery
since recipients may still be able to spread the
virus.11,12

1.2. Literature review

Over the past 20 years, advancements in medicine,
access to healthcare, and hygiene have decreased
the mortality and morbidity caused by viral
diseases. However, infectious disease frequency
remains high in low– and lower-middle-income
nations, and neglected tropical diseases,
tuberculosis, human immunodeficiency virus
infection,13 and malaria are still closely linked
to death and morbidity. Khan et al.14

used actual data from 1992 to 2020 to
examine the spread of human immunodeficiency
virus/acquired immunodeficiency syndrome in
Pakistan using a mathematical model. In
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Figure 1. Distribution of COVID-19 cases worldwide. (A) Number of deaths from COVID-19 by four age
groups in the years 2020 to 2025. The population aged 65 and above had the greatest mortality during the
period, with steep peaks in the case of great infection waves in 2020–2021 and a slow decrease subsequently.
Moderate changes were observed in the 15–64 age group with lower yet significant increases in the same wave
patterns. Deaths in children in the age category 0–4 and 5–14 were very low and almost flat, showing that
there is slight effect of mortality in the younger age groups. As a whole, the figure indicates the evident
age-specific pattern of risks, according to which older adults are more susceptible to detrimental outcomes.
(B) The confirmed number of cases in different countries. (C) The number of all confirmed deaths. According
to data from January 2020 to December 4, 2023, the countries most affected by the COVID-19 pandemic were
the United States of America, Brazil, and India.

834



A comprehensive review on fractional-order coronavirus models: Optimization of numerical results, ...

the 21st century, infectious diseases continue
to emerge and re-emerge, claiming lives
worldwide.15 Tuberculosis dynamics were
analyzed using fractal-fractional derivatives,16

and validated against real-world data for
enhanced epidemic forecasting accuracy. Uar17

employed fractal-fractional Caputo derivatives
to model hepatitis B, while Ahmad et al.18

calibrated with real Turkish data for precise
disease insights, bifurcation, and theoretical
analysis of a fractional-order hepatitis B model,
accounting for varied chronic infection stages.
Evirgen et al.19 used a new mathematical
model to examine the connection between heart
attacks and the Omicron variant. Evirgen20

investigated Nipah virus transmission dynamics
through Caputo fractional derivatives. Naik
et al.21 explored fractional modeling of tumor
carcinogenesis and macrophage interactions.
In epidemiology, mathematical modeling has
emerged as an essential tool for understanding
the biological mechanism behind the dynamic
transmission of SARS-CoV-2. The COVID-19
pandemic22 highlighted the critical necessity
for prompt and reliable infectious disease
surveillance. Artificial intelligence (AI) can
identify trends in massive datasets that may
indicate the start of epidemics. In addition, a
number of mathematical models were created to
segment the entire population. Compartmental
models are helpful tools for problem explanation
because they can properly depict patterns of
disease transmission. Many models have been
developed to study the dynamics of disease
transmission in a community.

1.2.1. Integer-order models

Olaniyi et al.23 examined three categories of
transmission in their thorough study of the
dynamics of coronavirus disease transmission:
hospitalized individuals, asymptomatic
individuals, and symptomatic individuals. The
model was calibrated using all of Nigeria’s
COVID-19 cases. Two time-dependent optimal
controls were added in the study to prevent
COVID-19 from spreading throughout the
population. A solid mathematical model
that included environmental influences on the
dynamics of coronavirus disease transmission
was created and examined by Asamoah et
al.24 Economic research identified the most
economical strategy to prevent the maximum
number of COVID-19 cases in the community.
Using the concept of optimum control, the
authors integrated control techniques into the
constructed model. The authors concluded that

the non-pharmaceutical strategy is the most
economical means of preventing the greatest
number of illnesses in the community among all
the intervention options aiming for the same goal.

Kumar Rai et al.,25 examined a mathematical
model that considers the combined impact of
environmental factors and vaccine efficacy on
COVID-19 transmission. Similarly Das et al.
,26 looked into how immigration and emigration
affected COVID-19 transmission with respect to
environmental conditions. Sharbayta et al.27

highlighted the effect of double-dose vaccination
on the dynamics of the coronavirus using a
mathematical framework based on a system
of ordinary differential equations. The study
separated the developed model into two groups:
the vaccination model and the no-vaccination
model. Following a careful examination of the
model, it was concluded that further vaccination
efforts were required to effectively stop the threat
of coronavirus infection. By including both
isolated infected individuals getting treatment
and isolated infected individuals not receiving
treatment, Rois et al.28 proposed a unique
compartmental mathematical model. The study
examined public education campaigns as a control
approach to lower COVID-19 using optimal
control theory. To comprehend how the alpha
variant of the coronavirus propagated in Nigeria,
Idisi et al.29 developed a useful mathematical
model. The effects of vaccination and a number
of non-pharmaceutical strategies were considered
to identify long-term answers to the current
epidemic. Shen et al.30 examined the optimal
control analysis of a COVID-19 model with four
control processes and vaccination.

Ullah and Khan31 employed a mathematical
model to examine the dynamics of the COVID-19
infection and employed several combinations
of controls to determine the ideal approach
for reducing the infection. Khan et al.32

described the dynamics of COVID-19 infection
during isolation and quarantine. In the work
by Asamoah et al.33 the coronavirus model’s
worldwide perspectives on Ghana’s actual data
and its economic analysis with environmental
changes were examined. Péni et al. 34

developed a nonlinear predictive control model
to treat the coronavirus infection. In the
work of Matouk,35 the use of drug resistance in
coronavirus infection was proposed and studied.
The spread probability of coronavirus infection
in China has been computed and predicted
by Sun et al.36 To comprehend the dynamic
analysis of the COVID-19-infected cases in the
Kingdom of Saudi Arabia, Alshammari et al.
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created a mathematical model and examined
it.37 A bacterial model for assessing coronavirus
infection with vaccine availability was considered
by Kumar et al.38 The effectiveness of the
vaccination was presented by Acuna-Zegarra39

while a control analysis was performed by
Asamoah et al.40 In the work by Gatyeni et al.41

the use of optimal control modeling to coronavirus
infection using South African cases was examined.
Using Malaysian infection cases, the effect of
control intervention on coronavirus infection
modeling was investigated by Abidemi et al.42

Numerous additional important studies focused
on coronavirus infection, its dynamical analysis,
and infection controls. For further information
on SARS-CoV-2 dynamical transmission in the
population, readers should consult the following
recent studies.43,44

1.2.2. Fractional-order models

Since the 19th century, the use of fractional
calculus theory has grown significantly,
encompassing, among other things, fractional
dynamics, fractional geometry, and fractional
differential equations. Fractional calculus
methods and resources are used in practically
every field of study and engineering.45 For
instance, chemical46 and electrical engineering,47

optical science, statistical and chemical
physics,48 bioengineering,49 and other fields
have many beneficial applications. Ahmad et
al.5051 developed a Leptospirosis model using
fractal-fractional derivative in the Mittag–Leffler
sense to investigate the dynamics of disease
transmission incorporating human, animal, and
bacterial populations.

In recent years, researchers have also
created a number of fractional and fractal
mathematical models of COVID-19. In, the
work by Tajadodi et al.52 the Atangana–Baleanu
fractional derivative was used to address optimum
control issues. Kouidere et al.53 investigated
the time series for the total number of
confirmed cases of COVID-19, a novel coronavirus
infection, for numerous African nations, and
other studies54,55 investigated the use of a
fractional-order derivative for the COVID-19
model. Using the Caputo–Fabrizio operator,
Farman et al. 56 created a COVID-19 Omicron
variant model to study the dynamic transmission
of the virus. Ma et al.57 developed optimal control
options for the mutant COVID-19 pandemic using
fractional modeling.

Two-sided fractional modeling was used
both qualitatively and statistically in COVID-19
multi-model selection and analysis.58,59 The

COVID-19 model consists of a system of
fractional differential equations developed by
researchers to capture the dynamics and effects
of the disease. A thorough study of COVID-19
stochastic modeling with varying transmission
rates and simulations based on actual statistical
data from several has been conducted by
Xu et al.60 Rihan et al.61 investigated the
dynamics of a fractional-order asymptomatic
COVID-19 model with several time delays,
emphasizing stability and bifurcation analysis to
comprehend the model’s behavior under different
circumstances. Moreover, the examines the
dynamics and sensitivity of a fractional-order
delay differential model for COVID-19 infection
has been previously examined.62 Padmavathi et
al.63 investigated the effect of the COVID-19
pandemic on mucus fluid. Environmental viral
load was thought to be one of the primary
ways that COVID-19 spreads, and it also has a
significant impact on how the illness develops.

The model64 with the effects of isolation,
quarantine, and the environment on the dynamics
of coronavirus transmission was reformulated
using the Caputo derivative. In addition, a new
fractional-order COVID-19 model that integrates
lockdown intensity to more accurately capture
real epidemic has also been presented.65 Using
fractional calculus, the model demonstrated
improved flexibility in representing memory
effects and behavioral changes during lockdown
interventions. A fractional COVID-1966 model
with non-singular derivatives was developed to
capture memory-driven infection dynamics more
realistically. Numerical investigations reveal
that varying the fractional order significantly
alters epidemic trajectories, providing valuable
insight for outbreak control. A delayed fractional
order SEIHRM model67 was formulated to
capture the effects of memory and time lag
in COVID-19 transmission alongside media
influence. Results showed that media coverage
and fractional dynamics jointly shaped infection
trends, leading to more accurate predictions for
behaviour of disease in Malaysia. Furthermore,
innovative mathematical models were presented
to describe the new coronavirus.68,69 Several
stochastic modeling approaches have been
employed to study COVID 19 dynamics. A
stochastic differential equation model was
used to predict the spread of the novel
coronavirus, examining long-term behavior,
extinction probability, and sensitivity to random
perturbations for more realistic forecasting
amid uncertainties in transmission dynamics.70

Another stochastic model captured random
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variations in transmission to assess potential
impacts on healthcare systems in India.71

Additional studies investigated the role of
random fluctuations in epidemic spread,72 applied
Bayesian vector autoregressions with stochastic
volatility to account for data outliers and improve
forecast robustness,73 and analyzed infection
dynamics using real-world data to provide
insights into the inherent randomness of disease
transmission.74

The use of fractional-order derivatives
reveals the memory-dependent behavior of
COVID-19 transmission, which cannot be
captured by classical integer-order models. Unlike
integer-order systems, the fractional framework
incorporates the entire past history of infection,
recovery, and hospitalization into the current
dynamics. This allows the model to reflect
non-exponential decay, hereditary immunity
effects, and delayed responses more realistically.
As a result, the fractional model uncovers richer
dynamical patterns and more flexible epidemic
trajectories that are not visible in integer-order
formulations.

1.3. Motivation and contributions of study

The COVID-19 pandemic spread underscore the
need for advanced mathematical models that
can precisely represent the complex dynamics
of COVID transmission. Memory effects
and hereditary properties present in biological
systems, especially in disease progression
and recovery patterns, are frequently ignored
by integer-order systems. By considering
the memory-dependent aspect of disease
transmission, the non-local operators of fractional
calculus offer a more realistic framework for
simulating such processes. The Caputo derivative
offers substantial advantages for modeling
biological systems, because it can handle initial
conditions in a physically meaningful way.
Despite these advantages, comprehensive studies
integrating chaos control, advanced stability
analysis, and efficient numerical schemes for
fractional-order biological models are rare.75

This research gap motivates the development of
a comprehensive analytical and computational
framework for a Caputo fractional-order SEAIHR
COVID-19 model that bridges theoretical
framework with practical applicability.

There are numerous contributions from this
research. First, we expand the integer-order
SEAIHR model into a fractional-order model
that more realistically depicts the dynamics of
COVID-19 transmission. Second, we ensure the
well-posedness of the proposed model by verifying

positivity and boundedness, and the presence
of a single solution by employing fixed-point
theory. Third, we examine the Hyers–Ulam
stability that provides strong analytical surety
for the behavior of the solution under variations.
Fourth, we employ chaos control technique to
govern the complex nonlinear dynamics that arise
in epidemic models, improving the predictive
power of the model. Fifth, to visualize the
dynamical behavior of the system under different
situations, we provided two-dimensional and
three-dimensional phase space analysis. Sixth,
we create an effective numerical approach
based on Newton polynomials designed for the
Caputo fractional-order system, providing better
model simulation accuracy and computational
efficiency. Collectively, these contributions
improve the mathematical knowledge and
practical application of fractional models,
providing researchers and decision-makers better
suggestions for assessing and predicting the
dynamics of COVID-19 diseases.

The biological motivation is grounded in
the fact that COVID-19 transmission involves
memory effects, delayed progression, and
inherited immunity patterns that classical
integer-order models cannot fully capture. The
use of the Caputo fractional operator allows
the model to reflect how past infection history,
hospitalization, and recovery influence current
dynamics. By incorporating compartments such
as exposed, asymptomatic, hospitalized, and
recovered individuals, the model directly connects
mathematical structure with realistic epidemic
processes. The novelty of this work is based on the
development of a comprehensive fractional-order
SEAIHR COVID-19 framework that not only
extends the classical integer-order SEAIHR
COVID-19 model but also incorporates advanced
analysis techniques such as Hyers–Ulam stability
theory, chaos control, and a powerful numerical
method based on Newton polynomials. This
work is based on the fractional-order SEAIHR
COVID-19 model because it is recognized that
infectious diseases such as COVID-19 exhibit
hereditary properties that cannot be captured
by integer-order models. The use of fractional
derivatives, particularly of the Caputo type,
enables the SEAIHR COVID-19 model to
incorporate the past history of the infections
as well as the long-term immunity. This is
particularly beneficial as the prediction accuracy
of the SEAIHR COVID-19 model is enhanced, as
is the understanding of the complex behavior of
the SEAIHR COVID-19 model.

837



KS Nisar, et al. / IJOCTA, Vol.16, No.3, pp.832-868 (2026)

1.4. Structure of the article

The remaining part of the article is arranged
as follows. In Section 2, we provide the basic
concepts that will be used in the major part
of the article. In Section 3, we review some
existing COVID-19 models with several fractional
and fractal fractional order derivatives. In
Section 4, we provide a Caputo fractional-order
derivative SEAIHR model. In Section 5, we
report the verification of positivity, boundedness,
computed equilibrium points and reproductive
number, prove the existence of a single solution
and Hyers Ulam stability in Section 5. In
Section 6, we perform chaos control analysis,
while Section 7 generates the numerical scheme
based on Newton polynomials. Section 8 provides
the numerical solution of the studied model
with various fractional orders. Lastly, Section 9
summarizes the research.

1.4.1. Basic concepts

In this section, we aim to provide some basic
concepts that will be used in the main part of
the article.

Definition 1. 76 The Riemann–Liouville
fractional integral of order σ ∈ [0, 1] for a function
Q(t) can be defined as follows:

RLIσ0,t(𭟋(t)) =
1

Γ(σ)

∫ t

0
(t− ϑ)σ−1[𭟋(ϑ)]dϑ (1)

The Caputo fractional derivative is very
useful in applied sciences because it enables
the inclusion of classical initial conditions
represented in terms of integer-order derivatives.
It is suitable for biological, epidemiological,
and viscoelastic systems where past states
significantly influence the current state because
its power-law kernel naturally models long-term
memory and hereditary effects.

Definition 2. 77 For the function 𭟋(t), a Caputo
derivative of fractional order σ ∈ [0, 1] can be
expressed as follows:

CDσ
t (𭟋(t)) =

1

Γ(e− σ)

∫ t

0

𭟋e(ϑ)

(t− ϑ)σ−n+1
dϑ,

e = [σ] + 1

(2)

Definition 3. 77 The corresponding Caputo
integral operator with a fractional order σ ∈ [0, 1]
is defined as follows:

CIσt (𭟋(t)) =
1

Γ(σ)

∫ t

0
(t− ϑ)σ−1𭟋(ϑ)dϑ (3)

In the Caputo–Fabrizio derivative, a
non-singular exponential kernel replaces the
singular power-law kernel. This formulation is
more suitable for systems with memory loss,
fast decay processes, and numerical stability
requirements because it avoids infinite memory
effects and offers smoother dynamics.78

Definition 4. 79The Caputo–Fabrizio derivative
for a function 𭟋(t) is defined as follows:

CFDσ
0,t(𭟋(t)) =

W(σ)

1− σ

∫ t

0
σ

′
(ϑ) exp[

σ(ϑ− t)

1− σ
]dϑ (4)

where W(0) = 0 = W(1), σ > 0 and a − 1 <
σ < a, a ∈ N.

Definition 5. 79The Caputo–Fabrizio integral is
defined as follows:

CF Iσ0,t(𭟋(t)) =

2(1−σ)
(2−σ)W(σ) ς(t) +

2σ
(2−σ)W(σ)

∫ t
0 𭟋(ϑ)dϑ (5)

The ABC fractional derivative uses
Mittag–Leffler kernel (FFM), which interpolates
between properties of power-law and exponential
memory. Because of its adaptability, the model
can more accurately represent crossover dynamics
and nonlocal impacts, particularly in biological
and epidemiological processes with different time
scales.

Definition 6. 80For a function 𭟋(t), the
Antagana–Baleanu–Caputo derivative is defined
as:

ABC
0 Dσ

t (𭟋(t)) =

AB(σ)
1−σ

∫ t
σ

d
dϑ𭟋(ϑ)Eσ

(
−σ (t−ϑ)σ

1−σ

)
dϑ (6)

where AB(σ) is a normalization function and
Eσ is the Mittag–Leffler function.

Remark 1. The Laplace transformation for
Equation (6) is defined as follows:

L[ABC
0 Dσ

t (𭟋(t))](S) =
AB(σ)
1−σ

SσL[𭟋(ϑ)](S)−Sσ−1𭟋(0)
Sσ+ σ

1−σ
(7)

Using ST for Equation (6), we get

ST [ABC
0 Dσ

t (𭟋(t))](S) =
AB(σ)

1−σ+σSσ [ST 𭟋(t)−𭟋(0)] (8)

Definition 7. The Atangana–Baleanu fractional
integral of order σ for a function 𭟋(t) is expressed
as81:

ABC
0 Iσt (𭟋(t)) = 1−σ

AB(σ)𭟋(t) + σ
AB(σ)Γ(σ) (9)∫ t

σ 𭟋(ϑ)(t− ϑ)σ−1dϑ
838
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Definition 8. 82 The MABC derivative of order
0 < σ < 1 is defined by 𭟋 ∈ L1(0,T):

MABCDσ
0𭟋(t) =

AB(σ)

1− σ[
𭟋(t)− Eσ(−ησtσ)𭟋(0)− ησ

t∫
0

(t− ϑ)σ−1Eσ,σ (−ησ(t− ϑ)σ)𭟋(ϑ)dϑ
] (10)

where ησ = σ
1−σ and AB(σ) = 1− σ + σ

Γ(σ)

The following is an expression for the Laplace
transformation of the MABC derivative:

L
{
MABCDσ

t 𭟋(t);u
}

=
AB(σ)

(1− σ)

uσL{𭟋(t);u} − uσ−1𭟋(0)

uσ + ησ
,

∣∣∣ησ
uσ

∣∣∣ < 1

(11)
Systems with excellent long-term memory

and scale invariance use the power-law based
fractal-fractional derivative. By adding spatial
or temporal fractality, it improves fractional
models and produces more realistic simulations
of complex systems.

Definition 9. Let 𭟋(t) be a function that may
or may not be differentiable. With 0 < σ ≤ 1
and 0 < ϖ ≤ 1,83 defines the fractal fractional
derivative with a power-law kernel as follows for
a given fractal dimension ϖ and fractional order
σ.

FFPDσ,ϖ
0,t (𭟋(t)) =

1

Γ(a− σ)

d

dtϖ

∫ t

0
(t− ϑ)a−σ−1𭟋(ϑ)dϑ (12)

d

dϑϖ
𭟋(ϑ) = limt→ϑ

𭟋(t)−𭟋(ϑ)

tϖ − ϑϖ
(13)

The associated integral is defined as:

FFP Iσ,ϖ0,t (𭟋(t)) =
1

Γ(σ)∫ t

0
(t− ϑ)σ−1ϑ1−ϖ𭟋(ϑ)dϑ (14)

Fractal-fractional derivative with exponential
kernel explains the memory effects and the fractal
nature of complex media simultaneously. It is
helpful for simulating biological tissues, porous
structures, and heterogeneous environments
where geometric irregularity and memory loss are
important factors.84

Definition 10. Let 𭟋(t) be a possibly
non-differentiable function. With 0 < σ ≤ 1
and 0 < ϖ ≤ 1,83 presents the fractal fractional
derivative with an exponential decay kernel for a
fractal dimension ϖ and a fractional order σ.

FFEDσ,ϖ
0,t (𭟋(t))

=
W(σ)

Γ(a− σ)

d

dtϖ∫ t

0
exp[− σ

1− σ
(t− ϑ)a−σ−1]𭟋(ϑ)dϑ

(15)

where σ > 0, ϖ ≤ a ∈ N, and
W(0) = M(1) = 1.
The associated integral is given by:

FFEDσ,ϖ
0,t (𭟋(t)) = ϖ(1−σ)tϖ−1𭟋(t)

W(σ)

+ σϖ
W(σ)

∫ t
0 ϑ

σ−1𭟋(ϑ)dϑ (16)

The fractal-fractional operator with FFM is
very good option to use in case of anomalous
diffusion and multi-scale dynamics. This
method unifies nonlocal temporal effects, fractal
geometry, and long-range dependence.85

Definition 11. 80

FFMDσ,ϖ
0,t (𭟋(t)) =

AB(σ)
1−σ

d
dtϖ

∫ t
0 Eσ[−

σ
1−σ (t− ϑ)σ]𭟋(ϑ)dϑ (17)

where 0 < σ, ϖ ≤ 1 and AB(σ) = 1−σ+ σ
Γ(σ) .

The associated integral is provided by:

FFMDσ,ϖ
0,t (𭟋(t)) =

ϖ(1− σ)tυ−1𭟋(t)

AB(σ)
+

σϖ

AB(σ)

∫ t

0
ϑσ−1(t− ϑ)𭟋(ϑ)dϑ

(18)

Definition 12. In,86 a general non-fractional
differential operator, widely known as the
proportional or conformable operator, was
formulated as follows:

PDσ
t 𭟋(t) = K1(σ, t)𭟋(t) +K0(σ, t)𭟋′(t) (19)

where K0(σ, t) = σt1−σ, K1(σ, t) = (1− σ)tσ (20)

Moreover, K0 and K1 are functions of t and σ ∈
[0, 1] that satisfy the following conditions for all
t ∈ R:

lim
σ→0+

K0(σ, t) = 0, lim
σ→1−

K0(σ, t) = 1,

K0(σ, t) ̸= 0, σ ∈ (0, 1]

lim
σ→0+

K1(σ, t) = 1, lim
σ→1−

K1(σ, t) = 0,

K1(σ, t) ̸= 0, σ ∈ [0, 1)

(21)

Moreover, a particularly important special case
arises when the functions K0 and K1 are constant
with respect to t and depend only on σ. This
operator is known as the constant proportional
operator and is defined as follows:

CPDσ
t 𭟋(t) = K1(σ)𭟋(t) +K0(σ)𭟋′(t) (22)

Definition 13. In,87 a hybrid fractional operator,
referred to as the proportional Caputo operator,
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was introduced by combining the proportional
operator with the Caputo fractional derivative.

PC
0 Dσ

t 𭟋(t) =
1

Γ(1− σ)∫ t

0

(
K1(σ, ϑ)𭟋(ϑ) +K0(σ, ϑ)Z ′(ϑ)

)
(t− ϑ)−σdϑ

= RL
0 I1−σ

t

[
K1(σ, t)𭟋(t) +K0(µ, t)Z ′(t)

]
(23)

When K0 and K1 are independent of t,
the operator CPDσ is known as the constant
proportional Caputo operator, which is defined as
follows:

CPC
0 Dσ

t 𭟋(t) =
1

Γ(1− σ)∫ t

0

(
K1(σ)𭟋(ϑ) +K0(σ)𭟋′(ϑ)

)
(t− ϑ)−σdϑ

= K1(σ)
RL
0 I1−σ

t 𭟋(t)+

K0(σ)
C
0 D

µ
t Z(t)

(24)

The constant proportional Caputo derivative
becomes very good in controlling the impact of
memory effects by adding proportionality to the
fractional operator. This derivative increases the
flexibility of the model and helps adjust system
responses without changing the fractional order.88

Definition 14. 89 If σ ∈ (0, 1] and ϖ ∈
C, Re(ϖ) > 0, then, the left-sided generalized
proportional integral of order ϖ for the function
𭟋 is defined as:

cI
σ,ϖ
t 𭟋(t) =

1

σϖΓ(ϖ)

∫ t

c
e

σ−1
σ

(t−ϑ)(t−ϑ)ϖ−1𭟋(ϑ)dϑ

(25)

2. Description of fractional-order
COVID-19 models

2.1. SAIVR model with Caputo derivative

An important field of epidemiological research
is the study of the dynamics of COVID-19 viral
transmission and control in human populations.
The existence and uniqueness of solutions,
stability analysis using the Hyers–Ulam–Rassias
criterion, and the identification of steady states
are among the features of a compartmental
model that are examined.76 Utilizing the
non-local property of the Caputo fractional-order
derivative, which is derived from a power-law
type kernel, this study reformulates an existing
integer-order SAIVR model into the Caputo

sense. The model generalizes the classical
framework by incorporating a fractional-order
parameter, allowing for the analysis of system
dynamics across a continuum of orders. The
following set of equations represents the
Caputo-type SAIVR model:
CDσ

t S(t) = −β1I S
N − ρ1A

S
N − δ S

N + (1− λ) εV,
CDσ

t A(t) = ρ1A
S
N + β2I

S
N + ηA V

N − γA,
CDσ

t I(t) = β1I
S
N + ρ2A

S
N + υI V

N − γI,
CDσ

t V (t) = δ S
N − ηA V

N − υI V
N − εV,

CDσ
t R(t) = γI + γA+ λεV

(26)
By including memory effects and genetic traits,
this fractional generalization aims to provide a
more accurate representation of the COVID-19
pandemic dynamics than the conventional
integer-order model.

2.2. SLIIqRP model with Caputo
derivative

The dynamics of COVID-19 virus transmission
and control in human populations are an
important area of epidemiological research.90

The features of a complex compartmental model
are examined in this paper, including the
boundedness and uniqueness of its solution,
and a comprehensive stability analysis of both
endemic and disease-free equilibria. Utilizing the
non-local property of the Caputo fractional-order
derivative, this study formulates a novel model
that segments the population into susceptible
(S), latent (L), clinically infected (I), quarantined
(Iq), hospitalized (Ih), and recovered (R)
individuals, with an additional compartment for
the pathogen load in the environment (P). By
adding a fractional-order parameter, the model
expands on a traditional integer-order framework,
enabling a more detailed examination of the
memory-dependent dynamics of the system.

The Caputo model is given by the following
system of equations:

CDσ
t S(t) = ς − βS

N (I + θL)−ΘS − πSP,
CDσ

t L(t) =
βS
N (I + θL)− (Θ + ω + τ)L+ πSP,

CDσ
t I(t) = τL− (Θ + δ +Θi + φ+ α+ ϕ) I,

CDσ
t Iq(t) = ϕI − (Θ + ε+Θq) Iq,

CDσ
t R(t) = δI + ωL+ λIh + εIq −ΘR,

CDσ
t P (t) = αI −ΘpP

(27)
The primary objective of this fractional
generalization is to account for memory effects
and provide a more accurate representation of
the COVID-19 pandemic dynamics, particularly
by assessing the impact of hospitalization
and quarantine, as well as the importance of
environmental pathogen load. The boundedness

840



A comprehensive review on fractional-order coronavirus models: Optimization of numerical results, ...

of the solution is shown using the Laplace
transform on a fractional Gronwall’s inequality,
and its existence and uniqueness are confirmed
using fixed-point theory. The stability analysis
using Lyapunov functions shows that the
disease-free equilibrium is globally asymptotically
stable when R0 < 1, whereas the endemic
equilibrium is stable when R0 > 1.

2.3. Optimal control model with
Caputo–Fabrizio operator

Hanif et al.91 suggested an optimal control
Caputo Fabrizio-based fractional order model to
determine the best measures for quarantine and
hospitalization.

The suggested SEQIHR model is given by:
CFDσS(t) = λ− [βE +ΠI + β3H]S − µS,

CFDσE(t) = [βE +ΠI + β3H]S − (α+ µ+ ρ)E,

CFDσQ(t) = ρE − (Ξ + q3 + µ+ d3)Q,

CFDσI(t) = αE − (ξ + γ + µ+Ψ)I,

CFDσH(t) = ΞQ+ ξI − (ω + µ+Φ)H,

CFDσR(t) = γI + q3Q+ ωH − µR.

where S(t) is the class of vulnerable humans,
E(t) is the class of exposed humans, I(t) is
group of infected humans, and H(t) is the class
of hospitalized humans, R(t) is the group of
humans recovered from COVID disease. λ is the
inflow rate vulnerable humans, µ is the natural
mortality rate for all groups of humans, β,Π and
β3 are the contact rates with exposed, infected,
and hospitalized humans, α is the rate at which
exposed humans develop symptoms to become
infected, ξ is the rate at which infected humans
move to come hospitalized class, γ is the rate at
which infected humans are recovered, ω is the
rate at which hospitalized humans are recovered,
and Ψ, andΦ are the death rates of infected and
hospitalized humans. ρ is the quarantine rate of
exposed humans, Ξ is the hospitalization rate of
quarantined humans, q3 is the recovery rate of
quarantined humans, and d3 is the mortality rate
of quarantined humans due to COVID disease.

With the control variables u1(t) and u2(t), the
above SEQIHR COVID model takes the form:
CFDσS(t) = λ− [βE +ΠI + β3H]S − µS,

CFDσE(t) = [βE +ΠI + β3H]S − (α+ µ+ u1(t))E,

CFDσQ(t) = u1(t)E − (Ξ + q3 + µ+ d3)Q,

CFDσI(t) = αE − (u2(t) + γ + µ+Ψ)I,

CFDσH(t) = ΞQ+ u2(t)I − (ω + µ+ d2)H,

CFDσR(t) = γI + q3Q+ ωH − µR

2.4. JEIR model with Caputo–Fabrizio
derivative

This work introduces a fractional-order
COVID-19 epidemic model using the
Caputo–Fabrizio fractional derivative,92 which
more closely captures the memory effects and
non-local dynamics observed in actual disease
transmission than traditional integer-order
models. It offers a precise and effective analytical
solution to the nonlinear system by utilizing
the innovative fractional homotopy perturbation
transform method (FHPTM), providing a greater
understanding of the intricate behavior of the
pandemic.
CFDσ

t J(t) = a−KI (t)J (t) (1 + αI (t))− doJ (t) ,
CFDσ

t E(t) = KI (t)J (t) (1 + αI (t))− (do + τ)E (t) ,
CFDσ

t I(t) = b+ αE (t)− (µ+ do + β) I (t) ,
CFDσ

t R(t) = βI (t)− doR (t)
(28)

The Caputo–Fabrizio operator, used for the
JEIR model, employs a non-singular exponential
kernel suitable for systems with memory loss
and fast decay, offering smoother dynamics
and better numerical stability compared to the
Caputo operator’s singular power-law kernel
for long-term memory. In contrast to the
Atangana–Baleanu–Caputo operator’s FFM,
which interpolates between power-law and
exponential behaviors for crossover dynamics,
Caputo–Fabrizio avoids complex functions,
simplifying computations while capturing
nonlocal effects in fading-memory epidemiological
scenarios like COVID-19.

The work rigorously proves the stability and
convergence of the proposed method through
fixed-point theory, enhancing its reliability for
predictive purposes. Numerical simulations for
different fractional orders clearly demonstrate
how the disease dynamics (susceptible, exposed,
infected, and recovered populations) depend on
the fractional parameter, giving policymakers a
more flexible and realistic tool. Ultimately, this
research advances mathematical epidemiology by
showing that fractional calculus can significantly
improve the understanding and forecasting
of rapidly spreading infectious diseases like
COVID-19.

2.5. SVEAIR model with ABC derivative

Converting an integer-order epidemiological
model to a fractional-order model has many
significant advantages.93 Because fractional
models account for memory and genetic elements,
they are better able to represent the long-term
dynamics and history-dependent behavior of
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infectious illnesses. Compared to integer-order
models, which suggest that the future state
depends entirely on the present, fractional models
account for the influence of previous states,
producing more precise and realistic explanations
of disease progression.

ABCDσS(t) = Π− (a1I+a2A)S
N − (κ + ω)S+

ΘR+ θV,
ABCDσV (t) = ωS − (1− ψ) (a1I+a2A)V

N −

(θ + κ)V,
ABCDσE(t) = (a1I+a2A)S

N + (1− ψ)

(a1I+a2A)V
N − (δ + κ)E,

ABCDσA(t) = δqE − (κ + ρ1)A,
ABCDσ

t I(t) = − (d+ κ + ρ) I + δ (1− q)E,
ABCDσR(t) = ρ1A+ ρI − (κ +Θ)R

(29)
In complex systems like COVID-19, where disease
transmission is impacted by delayed reactions and
long-term immunological effects, this improved
modeling capabilities frequently leads to better
forecasts and better fitting of real-world data.

2.6. SIQPD model with fractal-fractional
power-law operator

Sinan and Alharthi94 suggested a COVID-19
fractal-fractional model to investigate the
biological effects of COVID-19 on humans. The
authors established global and local stability,
computed the reproductive number, utilized the
Castillo–Chavez method to verify the presence
of bifurcation, performed sensitivity analysis,
and formulated the optimal control system
characterized using Pontryagin’s maximum
principle. The model simulation was performed
with numerous fractal-fractional orders by
employing the Adam Bashforth method.

The system of equations suggested by94 is
given by:

FFPDσ,ϖS(t) = v − ξS(t)− θS(t)I(t)

1 + ϕI(t)
,

FFPDσ,ϖI(t) =
θS(t)I(t)

1 + ϕI(t)
−

(ξ + χ+Θ+ ϱ1)I(t),

FFPDσ,ϖQ(t) = ΘI(t)− (ξ + ς + ϱ2)Q(t),

FFPDσ,ϖP (t) = χI(t) + ςQ(t)− ξP (t),

FFPDσ,ϖDIQ(t) = ϱ1I(t) + ϱ2Q(t)

where S(t) is the group of susceptible humans,
I(t) is the group of infected humans, Q(t) is the
class of quarantined humans, and P (t) is the

class of protected humans, DIQ(t) is the group
of humans containing dead persons from infected
and quarantined groups. v is the inflow rate, ξ
is the rate of natural mortality, θ is the rate of
transmission, ω is the proportion of psychological
effects on humans, χ is the rate of recovery of
infected humans, ς is the rate at which recovery
humans are isolated, Θ denotes the rate at which
the exposed humans develop symptoms to become
period, ϱ1 is the death rate of infected humans due
to COVID, and ϱ2 is the death rate of quarantined
humans due to COVID.

2.7. SEIVR model with fractal-fractional
power-law operator

Kubra and Ali95 examined the impact of
vaccination on the spread of COVID-19 using
a five-compartment model in the sense of
a fractal-fractional derivative incorporating a
power-law kernel. The suggested model was
also fitted with real data for Pakistan. The
model underwent comprehensive qualitative
and quantitative analysis by computing the
equilibrium points, reproduction number,
verification of the feasible region, proof of
the presence of a single solution, validation
of stability, and identification of sensitive
parameters.

FFPDσ,ϖS(t) = Π− ωES − (φ+ ς)S, (30)

FFPDσ,ϖE(t) = ωSE + γV E − βIE − (υ + ς)E,
(31)

FFPDσ,ϖI(t) = βIE − (r + δ + ς)I, (32)

FFPDσ,ϖV (t) = φS − γEV − ςV, (33)

FFPDσ,ϖR(t) = rI + υE − ςR, (34)

where S(t) is the class of susceptible humans,
E(t) is the group of exposed humans, I(t) is
the class of infected humans, V (t) is the class of
vaccinated humans, R(t) is the group of recovered
humans.

Π is the inflow rate of vulnerable humans,
ω is the rate at which vulnerable humans move
to exposed humans, and φ is the rate at which
vulnerable humans are vaccinated to boost their
immunity, β is the rate at which exposed humans
develop symptoms to move in infected class, γ
is the rate of COVID exposure of vaccinated
humans, r is the rate of recovery of infected
humans, ς is the natural mortality rate for all
classes of humans, υ is the rate of recovery of
exposed humans, and δ is the mortality rate of
infected humans due to COVID.
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2.8. SQEIhIRP model with Mittag-Leffler
kernel operator

By replicating complicated dynamics, memory
effects, and non-local behaviors that are present in
epidemic processes, the fractal-fractional operator
has been applied to enhance the simulation
of the COVID-19 pandemic.96 The complex
linkages and temporal dependencies seen in
the spread of diseases like COVID-19 may be
better represented by the model with the use
of this operator. This method provides a
more comprehensive framework for researching
epidemic dynamics, improving forecast accuracy,
and providing valuable information for creating
efficient preventative and control measures. An
expanded fractal-fractional formulation using
FFM transforms this classical model into
a fractional-order framework, enabling the
assessment of societal impact and dynamic
transmission factors.
FFMDσ,ϖ

0,t S(t) = A+mR− αSP
1+ω1P

− βS(I+Ih)
1+ω2(I+Ih)

− κS,
FFMDσ,ϖ

0,t Q(t) = αSP
1+ω1P

+ βS(I+Ih)
1+ω2(I+Ih)

− γ1Q− κQ,
FFMDσ,ϖ

0,t E(t) = (1−ς)αSP
1+ω1P

+ (1−ς)βS(I+Ih)
1+ω2(I+Ih)

−

θγ2E − (1− ς) θγ2E − κE,
FFMDσ,ϖ

0,t Ih(t) = γ1Q+ (1− θ) γ2E − η1Ih−

(κ+ δ) Ih,
FFMDσ,ϖ

0,t I(t) = θγ2E − η2I − (κ+ δ) I,
FFMDσ,ϖ

0,t R(t) = η1Ih + η2I −mR− κR,
FFMDσ,ϖ

0,t P (t) = µI − κP

(35)

2.9. Sugar and diabetes coinfection
SDEICR model with Mittag–Leffler
kernel operator

Farman et al.97 suggested a coinfection fractal
fractional model in the Mittag-Leffler sense to
study the impact of COVID-19 on diabetic
patients.

FFM
0 Dσ,ϖ

t S(t) = Ω− β

(
I + C

N

)
S − (Θ + λ)S,

FFM
0 Dσ,ϖ

t D(t) = λS + γ1C − β

(
I + C

N

)
D−

(δ2 +Θ)D,

FFM
0 Dσ,ϖ

t E(t) = β

(
I + C

N

)
S + β

(
I + C

N

)
D−

(ϕ+Θ)E,

FFM
0 Dσ,ϖ

t I(t) = αϕE − (δ +Θ+ γ)I,

FFM
0 Dσ,ϖ

t C(t) = (1− α)ϕE − (δ1 +Θ)C,

FFM
0 Dσ,ϖ

t R(t) = γI −ΘR
(36)

where S(t) is the group of vulnerable humans
from COVID, D(t) is the group of the humans
vulnerable with diabetes, E(t) is the class of
exposed humans (infected but not yet infectious),
I(t) is the class of humans infected with
COVID-19 without diabetes, C(t) is the group of
humans infected with COVID and diabetes, and
R(t) is the class of humans recovered from disease.
Ω is the inflow rate of vulnerable humans, β is
the rate of transmission of COVID, Θ is the rate
of natural mortality, λ is the rate of infection of
vulnerable humans from diabetes, γ1 is the rate
of recovery of humans infected with diabetes, δ2
is the mortality induced rate due to diabetes, ϕ
is the rate at which exposed humans move to
infected humans. α is the fraction of moving
exposed humans to infected humans without
diabetes, δ is the COVID-induced mortality rate,
γ is the rate at which diabetes patients recover,
and δ1 is the rate at which patients of COVID-19
and diabetes die.

2.10. SEQ IA IS H V R model with
different kernels

Kubra et al.98 investigated a COVID model
incorporating hospitalized and vaccinated
humans by considering in the sense of
fractal fractional Caputo Fabrizio, Caputo and
Atanganaâ–Baleanu derivatives. The authors
computed the reproduction number, ensured local
and global stability of equilibrium points, and
verified the presence of a single solution. In
addition, the model was fitted with the real data
of Pakistan.

The suggested SEQIAISHV R model is given
by:
FFDσ,ϖS(t) = Π− ωES − (Ξ +m+ φ),
FFDσ,ϖE(t) = ρEV + ωSE − (γ + υ1 + υ2 + α+ φ),
FFDσ,ϖQ(t) = ΞS + γE − (Ξ1 + Ξ2 + φ),
FFDσ,ϖIA(t) = υ1E +𭟋V + Ξ1Q− (Λ1 + δ + φ),
FFDσ,ϖIS(t) = υ2E + Ξ2Q− h1HIS − (Λ2 + φ)IS ,
FFDσ,ϖH(t) = h1HIS − (h2 + Λ3 + δ + φ)H,
FFDσ,ϖV (t) = mS + h2H − ρEV − (𭟋+ φ)V,
FFDσ,ϖR(t) = αE + Λ1IA + Λ2IS + Λ3H − φR

(37)
where S(t) denotes the susceptible humans, E(t)
represents the exposed humans, Q(t) is the
class of quarantined humans, IA(t) is group
of asymptomatically infected humans, IS(t) is
class of symptomatically infected humans, H(t)
is consists of hospitalized humans, V (t) is the
population of vaccinated human population, and
R(t) is recovered human’s population. Π is the
recruitment rate through birth or immigration,
and φ is the natural mortality rate, and δ is
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the mortality rate due to COVID disease, Ξ
is the quarantine rate of susceptible humans,
ω is the rate of transmission from susceptible
to exposed humans, γ is the quarantine rate
of exposed humans, m is vaccination rate of
susceptible humans, Ξ2 is the rate at which
quarantined humans move to symptomatically
infected humans, p is the rate at which
vaccinated humans become exposed, Ξ1 rate
at which quarantined humans move towards
asymptomatically infected humans, α is the rate
of recovery of exposed humans, Λ1 is the rate of
recovery of asymptomatic infected humans, Λ2

is the rate of recovery of symptomatic infected
humans, Λ3 is rate of recovery of hospitalized
humans, h1 is the rate of hospitalization of
symptomatically infected humans, h2 is the rate
of booster dose administration to hospitalized
humans, Θ1 is the rate at which exposed humans
move to asymptomatic infected humans, Θ2

is the rate at which exposed humans move
to symptomatic infected humans, and 𭟋 is
the rate at which vaccinated humans move to
asymptomatic infected humans.

2.11. SIV model with piecewise ABC
operator

The piecewise ABC derivative allows different
fractional behaviors in different time intervals.
This is particularly important for modeling
systems with regime switching, control
interventions, or stage-wise dynamics, such as
epidemic control strategies or treatment phases.

Shah and Abdeljawad99 examined the
influence of vaccination in a susceptible, infected,
and vaccinated COVID model with piecewise
ABC derivatives and stochastic noise terms. The
authors also calculated the strength number and
simulated the model with real data.

PABC
0 DσS(t) = (1− µ)a− βSI

N
− µS,

PABC
0 DσI(t) =

βSI

N
+
αV I

N
− (Θ + ρ+ γ)I,

PABC
0 DσV (t) = µa− αV I

N
−ΘV + γI

Fractional stochastic models combine nonlocal
memory effects with random perturbations,
providing a more realistic representation
of real systems subject to environmental
noise and uncertainty. Such models are
essential for capturing randomness, robustness,
and uncertainty propagation in biological,
epidemiological, financial, and engineering
systems.

In Equation XXX 38, S(t) denotes the
number of vulnerable humans at any time t, I(t)
is the number of infected humans, V (t) is the
number of vaccinated humans, a is the inflow
rate, β is the rate at which vulnerable humans are
infected, α is the rate at which vaccinated humans
are infected rate, µ is the rate of vaccination rate,
Θ is the natural mortality rate, ρ is the death
rate of infected humans due to COVID, γ is the
rate at which infected humans get immunity and
recover, and θi is the intensity of noise, Bi(t) is
the Brownian motion process.

2.12. Caputo fractional SITR model with
lockdown

Adel et al.100 suggested an SITR model composed
of susceptible, infected, treated, and recovered
humans, with the susceptible population further
divided into susceptible with lockdown and
susceptible without lockdown. Laplace Adomian
decomposition technique was used to find a
solution, in addition to a comparison with
real data was demonstrated showing agreement
between the obtained data and the Laplace
Adomian technique solution. The authors
demonstrated that if quarantine is implemented,
COVID can be controlled easily.

The suggested model by100 is given below:

DσS1(t) = Θ− βS1(t)I(t)−Ψ1S1(t)R(t)− γS1(t)+

Π1I(t) + Π2T (t) + Λ1S2(t),

DσS2(t) = Ψ1S1(t)R(t)− γS2(t)− Λ1S2(t),

DσI(t) = βS1(t)I(t)−Π1I(t)− ξ1I(t)− γI(t)−
Ψ2I(t)R(t) + Λ2T (t),

DσT (t) = Ψ2I(t)R(t)− γT (t)− Λ2T (t)−
Π2T (t)− ξ2T (t),

DσR(t) = θI(t)− ψR(t)

where S1(t) is the class of vulnerable humans not
under lockdown, S2(t) is the class of susceptible
humans under lockdown, I(t) is the class of
infected humans not under lockdown, and T (t)
is the class of isolated or treated infected humans
under lockdown, R(t) is the group of recovered
humans. Θ is the inflow rate, β is the rate of
infection due to human-to-human contact, Π1 is
the rate of recovery of infected humans, Π2 is the
rate of recovery for treated humans, Ψ1 is the rate
at which vulnerable humans are under lockdown,
Ψ2 is the rate at whcih infected humans are under
lockdown, ξ1 is the rate at whcih infected humans
die due to COVID disease, ξ2 is the rate at
which treated humans die due to COVID, γ is
the natural mortality rate of humans, Λ1 is the
rate at which vulnerable humans under lockdown
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move to vulnerable humans not under lockdown.
Λ2 is the rate at which infected humans under
lowckdown move to infected humans class not
under lockdown, θ is the rate at which humans
obtain immunity and got recovered, and ψ is the
relapse rate of recovered humans.

3. Description of the COVID-19 model

Akanni et al.101 presented an integer-order
COVID-19 model and verified the non-negativity
and boundedness of solutions, proved the stability
of endemic equilibrium points using Lyapunov
function, when the reproductive number is greater
than 1. The impact of parameters on the spread of
COVID -19 is illustrated through the partial rank
correlation coefficient. Six control interventions
were also used to lower the burden of COVID -19
in society.

In this study, we aim to apply the Caputo
operator on the existing model from Akanni et
al.101 and provide positivity and boundedness
in the Caputo sense, Chaos control analysis,
existence of a unique solution in the Caputo
sense, and Hyers–Ulam stability. We applied
the caputo operator on the SEAIHR because
of its excellent ability to capture memory
effects and inherited characteristics present in
biological processes. The Caputo operator is
perfect for modeling epidemiological systems
where historical states affect current transmission
and recovery rates because, unlike integer-order
derivatives, it takes into account the full history
of system dynamics through its non-local kernel.
Mathematically, the Caputo derivative directly
corresponds with quantifiable epidemiological
data by considering usual initial conditions
with an obvious physical explanation.102 The
fractional order σ is a key parameter representing
various population interactions, different latency
intervals, and non-exponential delay durations
in disease progression. Additionally, when
modeling constant recruitment and mortality
rates, the Caputo formulation ensures biological
realism by maintaining dimensional consistency
and producing zero derivative for constant
functions. Together, these benefits improve the
model’s capacity to accurately depict complex
disease dynamics while maintaining mathematical
feasibility for analysis and simulation.

The COVID - 19 SEAIHR mathematical
model with Caputo operator is represented in the

following form:
CDσ

t S(t) = Λ− (λ+ µ)S,
CDσ

t E(t) = λS − (ε+ θ + µ)E,
CDσ

t A(t) = εE − (µ+ ψ + ϕ+ κ)A,
CDσ

t I(t) = θE + ψA− (µ+ δ + ω) I,
CDσ

t H(t) = ϕA+ ωI − (µ+ δ + ρ)H,
CDσ

t R(t) = κA+ ρH − µR,

(38)

where

λ =
β (I + ηA)

N
,

in terms of the non-negative initial conditions.
Figure 2 describes the pictorial representation
of the relationship between parameters and
compartments, while Table 1 includes parameter
values and descriptions of parameters from.101

4. Qualitative and quantitative analysis
of the COVID-19 model

4.1. Positivity of the model

To preserve biological significance in
epidemiological modeling, the solutions must
stay non-negative. This property prevents
non-physical negative values from being attained
by population compartments. The following
theorem verifies the positivity of solutions for
the suggested Caputo fractional-order SEAIHR
model.

Theorem 1. With non-negative initial conditions
and positive biological parameters, all solutions
for the Caputo fractional-order system given in
Equation (38) stay non-negative for all values of
time.

Proof: We start by defining the norm: ∥Y ∥ =
supt∈DY

|Y (t)|, where DY denotes the domain of
Y (t). Considering the expression for susceptible
humans from the model, we have:

CDσ
t S(t) = Λ−

(
β(I + ηA)

N
+ µ

)
S

≥ −
(
β(∥I∥+ η∥A∥)

N
+ µ

)
S

= −
(
β(∥I∥+ η∥A∥)

N
+ µ

)
S

where N(t) denotes the total population over the
time domain.

CDσ
t E(t) = λS − (ε+ θ + µ)E,

≥ −(ε+ θ + µ)E(t),

= −(ε+ θ + µ)E(t)

CDσ
t A(t) = εE − (µ+ ψ + ϕ+ κ)A,

≥ −(µ+ ψ + ϕ+ κ)A(t),

= −(µ+ ψ + ϕ+ κ)A(t)
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Table 1. The values and explanation of the COVID-19 model parameters

Parameters Description101 Values
Λ Inflow rate of humans 1500

η
Rate of reduced infectiousness of
acutely infected individuals

0.4

ϵ
Rate at which exposed humans become
acutely infected

0.18

ψ
Rate at which acutely infected
humans move to infected humans

0.1

κ
Rate of recovery of acutely infected humans
through natural immune system or hospitalization

0.13978

ω
Rate at which infected humans move
to hospitalized class

0.0264

β
Rate at which susceptible humans contact with acutely
infected and infectious humans to become exposed

0.492

µ Rate of natural death rate 0.01277

θ
Rate at which exposed humans move to
infected humans

0.02

ϕ
Rate at which acutely infected humans
move to hospitalized humans

0.083

δ Rate of COVID-19 induced mortality 0.036

ρ
Recovery rate of hospitalized
individuals

0.096

Figure 2. Flow chart of the studied SEAIHR COVID-19 model
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CDσ
t I(t) = θE + ψA− (µ+ δ + ω)I,

≥ −(µ+ δ + ω)I(t),

−(µ+ δ + ω)I(t)

CDσ
t H(t) = ϕA+ ωI − (µ+ δ + ρ)H,

≥ −(µ+ δ + ρ)H(t),

= −(µ+ δ + ρ)H(t).

CDσ
t R(t) = κA+ ρH − µR,

≥ −µR(t),
= −µR(t)

We derive the following lower bounds for
each compartment by using the properties of
the Mittag–Leffler function and the fractional
comparison principle:

S(t) ≥ S(0)Eσ

(
−
(
β(∥I∥+ η∥A∥)

N
+ µ

)
tσ
)

E(t) ≥ E(0)Eσ (−(ε+ θ + µ)tσ)

A(t) ≥ A(0)Eσ (−(µ+ ψ + ϕ+ κ)tσ)

I(t) ≥ I(0)Eσ (−(µ+ δ + ω)tσ)

H(t) ≥ H(0)Eσ (−(µ+ δ + ρ)tσ)

R(t) ≥ R(0)Eσ (−µtσ)

Since the Mittag–Leffler function Eσ(−ctσ) is
strictly positive for all c > 0, σ ∈ (0, 1], and
t ≥ 0, all compartments remained non-negative
for non-negative initial states. This completes the
proof of non-negativity.

This theorem is biologically important
because it ensures the non-negativity of each
population in each compartment, which is
important for biological feasible solution. The
ability of the model to accurately depict the
dynamics of diseases in the real world depends
on this feature.

4.2. Boundedness of solution

In dynamical systems theory, a region is called
positively invariant if, once the system enters it,
it stays there. This area serves as the biologically
feasible domain for epidemiological models, where
all compartments stay within reasonable bounds,
and the whole population stays bounded.

Theorem 2. For the suggested fractional-order
SEAIHR model (38), the closed set Ω ={
(S,E,A, I,H,R) ∈ R6

+ : N(t) ≤ Λ
µ

}
stays

positively invariant.

Proof:

CDσ
t S(t) = Λ ≥ 0,

CDσ
t E(t) = λS ≥ 0,

CDσ
t A(t) = εE ≥ 0,

CDσ
t I(t) = θE + ψA ≥ 0,

CDσ
t H(t) = ϕA+ ωI ≥ 0,

CDσ
t R(t) = κA+ ρH ≥ 0

(39)

Let

N(t) = S(t) + E(t) +A(t) + I(t) +H(t) +R(t)

be the total population of the system. Summing
all equations of Equation (38), we obtain

CDσ
t N(t) = Λ−µS−µE−µA−µI−µH−µR−δI−δH

CDσ
t N(t) = Λ−µ(S+E+A+I+H+R)−δ(I(t)+H(t))
CDσ

t N(t) = Λ− µN(t)− δ(I(t) +H(t))

Since I(t) ≥ 0 and H(t) ≥ 0, it follows that

CDσ
t N(t) ≤ Λ− µN(t)

Consider the fractional differential equation

CDσ
t N(t) = Λ− µN(t).

CDσ
t N(t) = Λ− µN − δ(I +H)

≤ Λ− µN

Using the Laplace transform and the properties
of the Mittag–Leffler function,

L{N(t)} = N(s) ≤ Λ

s(sσ + µ)
+N(0)

sσ−1

sσ + µ

where L{·} denotes the Laplace transform.
Applying the inverse Laplace transform on both
sides, the result is:

N(t) ≤ N(0)Eσ(−µtσ) +
∫ t

0
Λτσ−1Eσ,σ(−µτσ)dτ

≤ N(0)Eσ(−µtσ) +
∫ t

0
Λτσ−1

∞∑
k=0

(−µ)kτkσ

Γ(kσ + σ)
dτ

= N(0)Eσ(−µtσ) + Λ
∞∑
k=0

(−µ)k

Γ(kσ + σ)

∫ t

0
τkσ+σ−1dτ

= N(0)Eσ(−µtσ) + Λ
∞∑
k=0

(−µ)ktkσ+σ

Γ(kσ + σ + 1)

=
Λ

µ
+ Eσ(−µtσ)

(
N(0)− Λ

µ

)
where Eσ(z) denotes the one-parameter
Mittag–Leffler function and Eσ,σ(z) represents
the two-parameter Mittag–Leffler function. This
expression makes it clear that for any t > 0,
N(t) ≤ Λ

µ if N(0) ≤ Λ
µ . Consequently, under

the dynamics of the Caputo fractional derivative
system, the closed set Ω is positively invariant.
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Biologically, this invariant region denotes
the carrying capacity of the population, which
is established by the equilibrium between the
natural mortality rate µ and the recruitment
rate Λ. The greatest sustainable population
size in the absence of disease-induced mortality
is represented by the upper bound Λ

µ . The

total population is never permitted to surpass
it until it is below this carrying capacity by the
disease-related fatalities δ(I +H). In accordance
with real-world population dynamics with few
resources, this mathematical feature guarantees
that the model solutions stay biologically realistic,
with the overall population never expanding
unboundedly, since positive invariance ensures
that all epidemiological trajectories starting
within it will stay contained within it. Ω is
the natural domain for examining the dynamics
of the disease. Because it guarantees that
the solutions will not diverge to implausible
values, this characteristic is especially crucial
for numerical simulations and long-term behavior
analysis.

4.3. Existence and uniqueness

In this section, we aim to provide the verification
of presence of a unique solution in the Caputo
sense. By imposing Lipschitz continuity and
boundedness conditions on the model equations,
the well-posedness of the system is rigorously
established. Thus, to maintain simplicity, we
write our suggested model in the following form:

CDσ
0,tS (t) = Ξ1 (t, S) ,

CDσ
0,tE (t) = Ξ2 (t, E) ,

CDσ
0,tA (t) = Ξ3 (t, A) ,

CDσ
0,tI (t) = Ξ4 (t, I) ,

CDσ
0,tH (t) = Ξ5 (t,H) ,

CDσ
0,tR (t) = Ξ6 (t, R)

(40)

where

Ξ1 (t, S) = Λ−
(
β(I+ηA)

N + µ
)
S,

Ξ2 (t, E) = β(I+ηA)
N S − (ε+ θ + µ)E,

Ξ3 (t, A) = εE − (µ+ ψ + ϕ+ κ)A,
Ξ4 (t, I) = θE + ψA− (µ+ δ + ω) I,
Ξ5 (t,H) = ϕA+ ωI − (µ+ δ + ρ)H,
Ξ6 (t, R) = κA+ ρH − µR

(41)

Using the Equation (40) and the
fractional-order Caputo operator,

S (t)− S (0) = ℑ (σ) Ξ1 (t, S) + Υ (σ)

t∫
0

Ξ1 (ϑ, S) dϑ,

E (t)− E (0) = ℑ (σ) Ξ2 (t, E) + Υ (σ)

t∫
0

Ξ2 (ϑ,E) dϑ,

A (t)−A (0) = ℑ (σ) Ξ3 (t, A) + Υ (σ)

t∫
0

Ξ3 (ϑ,A) dϑ,

I (t)− I (0) = ℑ (σ) Ξ4 (t, I) + Υ (σ)

t∫
0

Ξ4 (ϑ, I) dϑ,

H (t)−H (0) = ℑ (σ) Ξ5 (t,H) + Υ (σ)

t∫
0

Ξ5 (ϑ,H) dϑ,

R (t)−R (0) = ℑ (σ) Ξ6 (t, R) + Υ (σ)

t∫
0

Ξ6 (ϑ,R) dϑ

(42)

where Υ (σ) and ℑ (σ) are positive real
constants. We will now display the Lipchitz
condition for the Caputo system (Equation 38).

Theorem 3. 76The vector field Ξ1 (t, S),
Ξ2 (t, E), Ξ3 (t, A), Ξ4 (t, I), Ξ5 (t,H) and
Ξ6 (t, R) fulfills the Lipchitz requirement.
Proof: Each component of the vector field is
verified to satisfy a Lipschitz condition with
respect to the state variables. For example, for
the first component, it follows that∥∥Ξ1 (t, S)− Ξ1

(
t, S̄

)∥∥ ≤∥∥(Λ− (λ+ µ)S)−
(
Λ− (λ+ µ) S̄

)∥∥
≤ (λ+ µ)

∥∥S − S̄
∥∥

≤ τ1
∥∥S − S̄

∥∥
(43)

Assuming τ1 = (λ+ µ) , where λ and µ
are bounded functions, similar procedures can be
used to establish the norms for the remaining
model equations. Then τ2 = (ε+ θ + µ) , τ3 =
(µ+ ψ + ϕ+ κ) , τ4 = (µ+ δ + ω) , τ5 =
(µ+ δ + ρ) , and τ6 = µ

We will show that there is at least one solution
to the examined Caputo model (Equation 38).
Consequently, the recursive formula for (Equation
42) is as follows:
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

Sn (t) = ℑ (σ) Ξ1 +Υ(σ)
t∫
0

Ξ1 (ϑ, Sn+1) dϑ,

En (t) = ℑ (σ) Ξ2 +Υ(σ)
t∫
0

Ξ2 (ϑ,En+1) dϑ,

An (t) = ℑ (σ) Ξ3 +Ψ(σ)
t∫
0

Ξ3 (ϑ,An+1) dϑ,

In (t) = ℑ (σ) Ξ4 +Φ(σ)
t∫
0

Ξ4 (ϑ, In+1) dϑ,

Hn (t) = ℑ (σ) Ξ5 +Φ(σ)
t∫
0

Ξ5 (ϑ,Hn+1) dϑ,

Rn (t) = ℑ (σ) Ξ6 +Φ(σ)
t∫
0

Ξ6 (ϑ,Rn+1) dϑ

(44)

The first value of iteration are the initial
conditions.

Φ1n = Sn (t)− Sn−1 (t)

= ℑ (σ) (Ξ1 (t, Sn−1)− Ξ1 (t, Sn−2))+

Υ (σ)

t∫
0

(Ξ1 (ϑ, Sn−1)− Ξ1 (ϑ, Sn−2))dϑ,

Φ2n = En (t)− En−1 (t)

= ℑ (σ) (Ξ2 (t, En−1)− Ξ2 (t, En−2))+

Υ (σ)

t∫
0

(Ξ2 (ϑ,En−1)− Ξ1 (ϑ,En−2))dϑ,

Φ3n = An (t)−An−1 (t)

= ℑ (σ) (Ξ3 (t, An−1)− Ξ3 (t, An−2))+

Υ (σ)

t∫
0

(Ξ3 (ϑ,An−1)− Ξ1 (ϑ,An−2))dϑ,

Φ4n = In (t)− In−1 (t)

= ℑ (σ) (Ξ4 (t, In−1)− Ξ4 (t, In−2))+

Υ (σ)

t∫
0

(Ξ4 (ϑ, In−1)− Ξ4 (ϑ, In−2))dϑ,

Φ5n = Hn (t)−Hn−1 (t)

= ℑ (σ) (Ξ5 (t,Hn−1)− Ξ5 (t,Hn−2))+

Υ (σ)

t∫
0

(Ξ5 (ϑ,Hn−1)− Ξ5 (ϑ,Hn−2))dϑ,

Φ6n = Rn (t)−Rn−1 (t)

= ℑ (σ) (Ξ6 (t, Rn−1)− Ξ6 (t, Rn−2))+

Υ (σ)

t∫
0

(Ξ6 (ϑ,Rn−1)− Ξ6 (ϑ,Rn−2))dϑ

It is crucial to remember that
n∑

i=0
Φ1i = Sn (t) ,

n∑
i=0

Φ2i = En (t) ,
n∑

i=0
Φ3i = An (t) ,

n∑
i=0

Φ4i = In (t) ,
n∑

i=0
Φ5i = Hn (t) ,

n∑
i=0

Φ6i = Rn (t)

(45)

We analyze the following using the first
equation of system (4.3).

Φ1n = ∥Sn (t)− Sn−1 (t)∥
= ∥ℑ (σ) (Ξ1 (t, Sn−1)− Ξ1 (t, Sn−2))+

Υ (σ)

t∫
0

(Ξ1 (ϑ, Sn−1)− Ξ1 (ϑ, Sn−2))dϑ

(46)

The triangle inequality is used to reduce the
above equation to

∥Sn (t)− Sn−1 (t)∥
≤ ℑ (σ) ∥(Ξ1 (t, Sn−1)− Ξ1 (t, Sn−2))∥+

Υ(σ)

∥∥∥∥∥∥
t∫

0

(Ξ1 (ϑ, Sn−1)− Ξ1 (ϑ, Sn−2))dϑ

∥∥∥∥∥∥
(47)

Equation (43) shows that the kernel Ξ1(t, S)
meets the Lipchitz condition. As a result, we can
write it as follows

∥Sn (t)− Sn−1 (t)∥ ≤ ℑ (σ)ϖ1 ∥Sn−1 − Sn−2∥+

Υ(σ)ϖ1

t∫
0

∥Sn−1 − Sn−2∥dϑ

(48)

Using (45), we can simplify the above
differences as follows:

∥Φ1n (t)∥ ≤ ℑ (σ)ϖ1

∥∥Φ2(n−1) (t)
∥∥+

Υ(ε)ϖ1

t∫
0

∥∥Φ1(n−1) (ϑ)
∥∥dϑ (49)
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An analogous expression can also be written
as under:

∥Φ2n (t)∥ ≤ ℑ (σ)ϖ2

∥∥Φ2(n−1) (t)
∥∥+

Υ(ε)ϖ2

t∫
0

∥∥Φ2(n−1) (ϑ)
∥∥dϑ,

∥Φ3n (t)∥ ≤ ℑ (σ)ϖ3

∥∥Φ2(n−1) (t)
∥∥+

Υ(ε)ϖ3

t∫
0

∥∥Φ3(n−1) (ϑ)
∥∥dϑ,

∥Φ4n (t)∥ ≤ ℑ (σ)ϖ4

∥∥Φ4(n−1) (t)
∥∥+

Upsilon (ε)ϖ4

t∫
0

∥∥Φ4(n−1) (ϑ)
∥∥dϑ,

∥Φ5n (t)∥ ≤ ℑ (σ)ϖ5

∥∥Φ5(n−1) (t)
∥∥+

Υ(ε)ϖ5

t∫
0

∥∥Φ5(n−1) (ϑ)
∥∥dϑ,

∥Φ6n (t)∥ ≤ ℑ (σ)ϖ6

∥∥Φ6(n−1) (t)
∥∥+

Υ(ε)ϖ6

t∫
0

∥∥Φ6(n−1) (ϑ)
∥∥dϑ

(50)

Theorem 4. 76The non-integer-order system
with Caputo derivative (Equation 38) possesses
an analytical solution at Φ0 if the following
condition is satisfied:

ℑ (σ)ϖi +Υ(σ)ϖiΦ1,0 < 1, for i = 1, 2, ..., 6

Proof: Using equation (Equation 49) and the
recursive relation, we note that the Lipschitz
condition is fulfilled and compartments of model
are bounded:

∥Φ1n∥ ≤ ∥S (0)∥ [ℑ (σ)ϖi +Υ(σ)ϖit]
n (51)

Thus, the previously described remedies will
continue to be used. However, to show that the
functions mentioned above are solution of the
suggested model, we obtain

S (t)− S (0) = Sn (t)− ς1n (t)

As a result, we have

∥ς1n (t)∥ ≤ ∥ℑ (σ) (Ξ1 (t, Sn−1)− Ξ1 (t, Sn−2))+

Υ (σ)

t∫
0

(Ξ1 (ϑ, Sn−1)− Ξ1 (ϑ, Sn−2))dϑ

(52)
By applying the Lipchitz condition,

∥ς1n (t)∥ ≤ ℑ (σ)ϖ1 ∥S − Sn−1∥+
Υ(σ)ϖ1 ∥S − Sn−1∥ t

(53)

This offers,

∥ς1n (t)∥ ≤ (ℑ (σ) + Υ (σ) t)n+1ϖn+1
1 ξ (54)

Then, at t0, we have

∥ς1n (t)∥ ≤ (ℑ (σ) + Υ (σ) t0)
n+1ϖn+1

1 ξ (55)

As n gets closer to ∞, we arrive at

∥ς1n (t)∥ → 0 (56)

In the same direction, we can conclude for other
variables. This shows that there is a solution.

Theorem 5. It is now necessary to show that the
solution obtained is single. For this, we assume
that S̄(t) is an other solution of the studied model:

S (t)− S̄ (t) = ℑ (σ)
(
Ξ1 (t, S)− Ξ1

(
t, S̄

))
+

Υ(σ)

t∫
0

(
Ξ1 (ϑ, S)− Ξ1

(
ϑ, S̄

))
dϑ

(57)

Utilizing the norm on the above equation, we
have:∥∥S (t)− S̄ (t)

∥∥ (1−ℑ (σ)ϖ1 +Υ(σ)ϖ1t) ≤ 0
(58)

Theorem 6. In the following scenario, the
Caputo fractional model has a unique analytical
solution

(1−ℑ (σ)ϖ1 +Υ(σ)ϖ1t) > 0 (59)

Proof: Note that (Equation 59) is equivalent
to:

∥∥S (t)− S̄ (t)
∥∥ (1−ℑ (σ)ϖ1 +Υ(σ)ϖ1t) ≤ 0

(60)
It is therefore possible to state∥∥S (t)− S̄ (t)

∥∥ = 0

It suggests that the result is unique and that

S (t) = S̄ (t) ,

The following results are obtained by applying the
same technique to another function.

E = E1, A = A1, I = I1, H = H1, R = R1

(61)
This concludes the verification of presence of a
single solution of the studied model in Caputo
sense.

4.4. Hyers–Ulam–Rassias stability

The study of functional equations employs
the Hyers–Ulam stability concept, which was
introduced by,103,104 which characterizes the
robustness of solutions under small perturbations
of their arguments. Specifically, this notion
quantifies the extent to which an approximate
solution remains close to an exact solution of
a functional equation. Such stability properties
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play a fundamental role in establishing the
presence of a unique solution across multiple areas
such as mathematics, physics, engineering, and
economics.

In this part, we aim to prove that
our suggested SEAIHR COVID-19 model is
Hyers–Ulam stable. For this purpose, Equation
(38) is reformulated as follows:

CDσ
t υ (t) = Ξ (t, υ (t)) ,&υ (0) = υ0,, , , ,

0 < t < T <∞
(62)

where Ξ = (Ξ1,Ξ2,Ξ3,Ξ4,Ξ5,Ξ6) is a continuous
vector function and υ = S,E,A, I,H,R is a
vector.

Definition 15. Assume that Ξ : [0, T ]×R6 → R6

is a continuous mapping. The system (62) is
Hyers–Ulam stable if the following condition holds
for each solution σ ∈ B([0, T ], R6):∣∣CDσ

t υ − Ξ (t, υ)
∣∣ ≤ N, , , , ,∀t ∈ [0, T ]

there exists a solution υ ∈ B
(
[0, T ] , R6

)
of model

(62), such as∣∣υ − υ′
∣∣ ≤ ηN, , , , ,∀t ∈ [0, T ]

where η > 0 and N > 0.

Definition 16. Assume that σ is the fractional
order. Both χ : [0, T ] → R+ and Ξ : [0, T ] ×
R6 → R6 are continuous mappings. Equation
(62) possesses generalized Hyers–Ulam stability
for χ if there exists BΞ, χ > 0, such that the
following expression holds for every solution υ ∈
B
(
[0, T ] , R6

)∣∣CDσ
t υ (t)− Ξ (t, υ (t))

∣∣ ≤ χ(t), , , , , ∀t ∈ [0, T ]
(63)

there exists solution υ ∈ B
(
[0, T ] , R6

)
of

Equation (62), such as∣∣υ − υ′
∣∣ ≤ BΞ,χχ (t) , , , , , ∀t ∈ [0, T ]

To prove that model (62) possesses
Hyers-Ulam stability, we assume the following:

• [W1]Ξ : [0, T ] × R6 → R6 is a continuous
mapping.

• [W2]∃BΞ > 0 such that for each solution
υ, υ′ ∈ B

(
[0, T ] , R6

)
∣∣υ − υ′

∣∣ ≤ BΞ

∣∣υ − υ′
∣∣ , , , , ,∀t ∈ [0, T ]

• [W3] Let χ ∈ ([0, T ] , R+) be an increasing
mapping, and let Yχ > 0, such that

t∫
0

χ (ϑ) dϑ ≤ Yχχ (t) , , , ,∀υ ∈ [0, T ]

Theorem 7. Assume that [W1] − [W3] exist,
and the generalized Equation (62) Hyers–Ulam

stability with respect to χ on the interval provided
that φ (σ)BΞ < 1.
Proof: Let υ′ ∈ B([0, T ],R6) be an approximate
solution of the fractional system, and let υ denote
the exact solution. The system can then be written
in the form

υ = υ (0) + φ (σ) Ξ (t, φ) + ג (σ)
t∫

0

Ξ (υ, υ (ϑ)) dϑ

Subtracting the approximate solution from the
exact solution gives∣∣∣∣∣∣υ − υ (0) + φ (σ) Ξ

(
t, φ′)+ ג (σ)

t∫
0

Ξ
(
υ, υ′ (ϑ)

)
dϑ

∣∣∣∣∣∣
≤ φ (σ)χ (t) + ג (σ)

t∫
0

σ (ϑ) dϑ&

≤ (φ (σ) + ג (σ)Yχ)χ (t) .
(64)

Using the Lipschitz property of the vector field Ξ,
the inequality becomes∣∣υ − υ′

∣∣
≤

∣∣∣∣∣∣υ − υ (0)− φ (σ) Ξ
(
t, φ′)− ג (σ)

t∫
0

Ξ
(
ϑ, υ′ (ϑ)

)
dϑ

∣∣∣∣∣∣
≤ |υ − υ (0)− φ (σ) Ξ (t, υ)− ג (σ)
t∫

0

Ξ (ϑ, υ (ϑ)) dϑ− φ (σ) Ξ
(
t, υ′

)
− ג (σ)

t∫
0

Ξ
(
ϑ, υ′ (ϑ)

)
dϑ

+φ (σ) Ξ
(
t, υ′

)
− ג (σ)

t∫
0

Ξ
(
ϑ, υ′ (ϑ)

)
dϑ

∣∣∣∣∣∣
≤

∣∣∣∣∣∣υ − υ (0)− φ (σ) Ξ (t, υ)− ג (σ)
t∫

0

Ξ (ϑ, υ (ϑ)) dϑ

∣∣∣∣∣∣+
φ (σ)

∣∣Ξ (t, υ)− Ξ
(
t, υ′

)∣∣
+ ג (σ)

t∫
0

∣∣Ξ (ϑ, υ (ϑ))− Ξ
(
ϑ, υ′ (ϑ)

)∣∣dϑ& ≤ (φ (σ)+

ג (σ)Yχχ (t)+

φ (σ)WΞ
∣∣υ − υ′

∣∣+ χ (σ)WΞ

t∫
0

∣∣υ (ϑ)− υ′ (ϑ)
∣∣dϑs

(65)
Rearranging terms and assuming φ(σ)WΞ < 1,
the inequality can be written in a form suitable
for applying the fractional Gronwall inequality
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∣∣υ − υ′
∣∣ ≤ (φ (σ) + ג (σ)Yσ)χ (t)

1− φ (χ)Uג
+

ג (σ)UΞ
1− φ (σ)UΞ

t∫
0

∣∣υ (ϑ)− υ′ (ϑ)
∣∣dϑ

(66)
Using the fractional Gronwall inequality leads to
the explicit bound∣∣υ − υ′

∣∣ ≤ [
υ (σ) + ג (σ)Yχ
1− φ (σ)UΞ

exp (t)

]
ג (σ)

On setting UΞ, χ =
[
φ(σ)+ג(σ)Wχ
1−φ(σ)UΞ exp (t)

]
, we have∣∣υ − υ′

∣∣ ≤ UΞ,χχ (t) (67)

where UΞ,χ is explicitly defined in terms of the
model parameters and Lipschitz constants. This
inequality explicitly shows that the approximate
solution υ′ remains close to the exact solution υ
within a bound proportional to χ(t), which verifies
the Hyers–Ulam stability of the fractional-order
system.

4.5. Equilibrium points and reproductive
number

The disease-free equilibrium, indicated by Eo and
given by, is attained when there is no coronavirus
in the community.

Eo = (So, Eo, Ao, Io, Ho, Ro) =

(
Λ

µ
, 0, 0, 0, 0, 0

)
(68)

For the examination of the population’s
COVID-19 prevalence, if the endemic equilibrium
of the coronavirus model is defined as E∗ =
(S∗, E∗, A∗, I∗, H∗, R∗), the model Equation (38)
can then be simultaneously solved at steady state
to provide

E∗ = (S∗, E∗, A∗, I∗, H∗, R∗)

S∗ =
Λ

λ∗ + µ
,E∗ =

λ∗Λ

C1(λ∗ + µ)
,

A∗ =
ελ∗Λ

C1C2(λ∗ + µ)
,

I∗ =
(C2θ + ψε)λ∗Λ

C1C2C3(λ∗ + µ)
,

H∗ =
[C3ϕε+ ω(C2θ + ψε)]λ∗Λ

C1C2C3C4(λ∗ + µ)
,

R∗ =
[C3C4κε+ ρ(C3ϕε+ ω(C2θ + ψε))]λ∗Λ

C1C2C3C4(λ∗ + µ)
(69)

where

λ∗ = β(I∗+ηA∗)
N∗ ,

C1 = (ε+ θ + µ) , C2 = (µ+ ψ + ϕ+ κ) ,
C3 = (µ+ δ + ω) , C4 = (µ+ δ + ρ)

The basic reproduction number R0, is a classical
variable that is important to epidemiology since it
governs the persistence and extinction of diseases
in society. The basic reproduction number is
the average number of secondary COVID-19 cases
caused by a coronavirus-infected individual when
they are introduced into a community that solely
has susceptible individuals. The reproductive
number for the studied model computed through
next generation matrix technique105 is given by:

R0 =
β (ηεC3 + ψε+ θC2)

C3C2C1
. (70)

The effective contact rate β, reduced
infectiousness factor η, progression rates from
exposed to infectious classes, and ε, θ,
hospitalization, recovery parameters ϕ, ω, κ, andρ,
and disease-induced mortality δ, all of which
directly affect the basic reproduction number and
outbreak magnitude.

4.6. Impact of key parameters on R0

Figure 3 presents the impact of key parameters
on reproductive number R0 through surface plots.
The six subfigures show how various combinations
of epidemiological parameters affect R0, offering
suggestions for possible intervention measures.

Figure 3A shows the combined influence
of the lowered infectiousness parameter η and
the transmission rate β on the reproductive
number R0. The surface demonstrates that
R0 rises linearly with β, suggesting that social
separation and other efforts that control contact
rates significantly reduce the spread of disease.
η has a moderate impact on R0. This shows
the importance to find and separate acutely
infected humans in order to stop the spread
of COVID-19 spread. Figure 3B illustrates
the impact of (ε) and (θ), which are the
progression rates from exposed to acutely infected
and exposed to infected compartments on R0.
The surface shows that R0 is very sensitive to
changes in ε, indicating that measures (such as
early treatment or quarantine) that slow the
transition from exposed to infectious states may
be useful in preventing the spread of disease.
Figure 3C shows the combined influence of
the acutely infected progression rate ψ and the
exposed progression rate ε on R0. R0 increases
when both ψ and ε are high, highlighting the
necessity of quickly identifying and isolating both
acutely infected and exposed persons. The
relationship between the progression rate ε and
the transmission rate β is observed in Figure
3D. This surface plot shows that high progression
rates can result in increasing R0 values even
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with low transmission rates, highlighting the
significance of controlling disease progression and
transmission for efficient disease management.
Figure 3E shows the relationship between the
acute infection progression rate ψ and the lowered
infectiousness parameter η. The surface shows
that R0 achieves its highest values when acutely
infected persons are extremely contagious and
quickly move to infectious stages when ψ is high.
The use of extensive testing to identify acutely
infected humans is supported by this finding.
Figure 3F shows the relationship between
transmission rate β and natural death rate µ. The
surface indicates that populations with greater
natural turnover rates have somewhat lower R0

values because individuals spend less time in
infectious compartments, even though µ has a
smaller effect than transmission parameters.

These sensitivity studies together contribute
to public health decision-making by determining
which parameters most strongly influence disease

transmission and, thus, where intervention efforts
should be focused for optimum efficacy in
reducing COVID-19 outbreaks.

5. Chaos control

In this part, we stabilize the system (38) to
equilibrium points using the linear feedback
control method as discussed in.106 We shall study
the fractional-order system in its controlled form
Equation (38) as follows:

CDσ
t S(t) = Λ− (λ+ µ)S + a1 (S − S◦) ,

CDσ
t E(t) = λS − (ε+ θ + µ)E + a2 (E − E◦) ,

CDσ
t A(t) = εE − (µ+ ψ + ϕ+ κ)A+ a3 (A−A◦) ,

CDσ
t I(t) = θE + ψA− (µ+ δ + ω) I + a4 (I − I◦) ,

CDσ
t H(t) = ϕA+ ωI − (µ+ δ + ρ)H + a5 (H −H◦) ,

CDσ
t R(t) = κA+ ρH − µR+ a6 (R−R◦) .

(71)
where ai, i = 1, 2, · · · 6 are control variables
representing practical intervention strategies and
E◦ (Equation 38) denotes the COVID - free
equilibrium points

For the Equation (71), the Jacobian matrix at COVID-free equilibrium points E◦ takes the form
as:

J(E◦) =



−a1 − µ 0 −Λβη
µN

−Λ
µ
β 0 0

0 −a2 − ϵ− µ− θ Λβη
µN

Λ
µ
β 0 0

0 ϵ −a3 − κ− µ− ϕ− ψ 0 0 0
0 θ ψ −a4 − δ − µ− ω 0 0
0 0 ϕ ω −a5 − δ − µ− ρ 0
0 0 κ 0 ρ −a6 − µ


Using the control variables a1 = 1, a2 = 2, a3 = 3, a4 = 4, a5 = 5, a6 = 6 and the parameter values
listed in Table 1, and employing the COVID-free equilibrium points, the characteristic equation from
the above Jacobian matrix is obtained as follows:

C (λ) = λ6 − 240760λ5 − 106460λ4 − 18130λ3−
966.4878λ2 + 21.7938λ− 152430

(72)

In addition, the roots of Equation (72) are as λ1 = −1.0128, λ2 = −6.0128, λ3 = −5.1448, λ4 =
−31.3050, λ5 = −36.6927, and λ6 = −4.2358. Thus, COVID-free equilibrium points E◦ are stable
since all eigenvalues are negative.

Since the system is of fractional order 0 < σ < 1, the Matignon stability criterion can be applied,
which states that a fractional-order linear system is asymptotically stable if all eigenvalues satisfy

|arg(λi)| >
σπ

2
, i = 1, 2, . . . , 6

All eigenvalues λi are real and negative, hence arg(λi) = π. Therefore, for any 0 < σ < 1, we have:

π >
σπ

2
.

This confirms that the Matignon criterion is satisfied. Consequently, the COVID-free equilibrium
points E◦ are asymptotically stable for the fractional-order system under the chosen control strategy.
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Figure 3. Impact of parameters on reproduction number R0 through surface plots. (A) Influence of
transmission rate and reduced infectiousness on reproductive number. (B) Influence of progression rates and θ
on reproductive number. (C) Influence of acutely infection progression and ε on reproductive number. (D)
Combined impact of β and ε on reproductive number. (E) Relation between η and ψ on reproductive number.
(F) Impact of β and natural death rate µ on reproductive number.

6. Numerical scheme

The Caputo fractional derivative is approximated using Newton polynomials107 in the suggested
numerical approach, which has a number of benefits over traditional techniques. When compared
to conventional methods, it offers better accuracy and higher-order convergence rates, especially for
non-smooth solutions. Physical characteristics like improved stability of the fractional model system
are preserved by an unconditionally stable structure. By lowering memory requirements through
polynomial interpolation of historical data, it offers computational efficiency. It may be readily
extended to higher dimensions and adjusted to different mesh structures. It is accurate over a large
range of fractional orders.
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To keep things simple, we can describe the Equation (38) as follows:

CDσ
t S (t) = Ξ1 (t, S) ,

CDσ
t E (t) = Ξ2 (t, E) ,

CDσ
t A (t) = Ξ3 (t, A) ,

CDσ
t I (t) = Ξ4 (t, I) ,

CDσ
t H (t) = Ξ5 (t,H) ,

CDε
tR (t) = Ξ6 (t, R)

(73)

So,

S (t)− S (0) =
1− σ

Γ (σ)

t∫
0

Ξ1 (ϑ, S (ϑ)) (t− ϑ)σ−1dϑ (74)

We can write as follows at the moment ta+1 = (a+ 1)∆t:

S (ta+1)− S (0) =
1− σ

Γ (σ)

ti+1∫
0

Ξ1 (ϑ, S (ϑ)) (ta+1 − ϑ)σ−1dϑ (75)

As a result,

S (ta+1) = S (0) +
1− σ

Γ (σ)

a∑
c=2

tc+1∫
tc

Ξ1 (ϑ, S (ϑ)) (ta+1 − ϑ)σ−1dϑ (76)

The Newton polynomial can be replaced by Equation (76) to produce

Sa+1 = S0 +
1− σ

Γ (σ)

a∑
c=2

tc+1∫
tc

{
Ξ1

(
tc−2, S

c−2
)
+

Ξ1

(
tc−1, S

c−1
)
− Ξ1

(
tc−2, S

c−2
)

∆t
(ϑ− tc−2)

Ξ1 (tc, S
c)− 2Ξ1

(
tc−1, S

c−1
)
− Ξ1

(
tc−2, S

c−2
)

2(∆t)2
(ϑ− tc−2) (ϑ− tc−1)

}
× (ta+1 − σ)σ−1dϑ

(77)

As a result, the preceding equation can be rewritten as follows:

Sa+1 = S0 +
1− σ

Γ (σ)

a∑
c=2


tc+1∫
tc

Ξ1

(
tc−2, S

c−2
)
(ti+1 − ϑ)σ−1dϑ

+

tc+1∫
tc

Ξ1

(
tc−1, S

c−1
)
− Ξ1

(
tc−2, S

c−2
)

∆t
(ϑ− tc−2) (ta+1 − ϑ)σ−1dϑ

+

tc+1∫
tc

Ξ1 (tc, S
c)− 2Ξ1

(
tc−1, S

c−1
)
− Ξ1

(
tc−2, S

c−2
)

2(∆t)2
(ϑ− tc−2) (ϑ− tc−1) (ta+1 − σ)σ−1dϑ

}
.

(78)
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Consequently,

Sa+1 = S0 +
1− σ

Γ (σ)

a∑
c=2

Ξ1

(
tc−2, S

c−2
) tc+1∫

tc

(ta+1 − ϑ)σ−1dϑ

+
1

Γ (σ)

a∑
c=2

Ξ1

(
tc−1, S

c−1
)
− Ξ1

(
tc−2, S

c−2
)

∆t

tc+1∫
tc

(ϑ− tc−2) (ta+1 − ϑ)σ−1dϑ

+
1

Γ (σ)

a∑
c=2

Ξ1 (tc, S
c)− 2Ξ1

(
tc−1, S

c−1
)
− Ξ1

(
tc−2, S

c−2
)

2(∆t)2

tc+1∫
tc

(ϑ− tc−2) (ϑ− tc−1) (ta+1 − σ)σ−1dϑ

(79)
Equation (79) allows us to compute the previously mentioned integrals

tc+1∫
tc

(ta+1 − ϑ)σ−1dϑ =
(∆t)σ

σ
[(a− c+ 1)σ − (a− c)σ] ,

tc+1∫
tc

(ϑ− tc−2) (ta+1 − ϑ)σ−1dϑ =
(∆t)σ+1

σ (σ + 1)
[(a− c+ 1)σ (a− c+ 3 + 2σ)− (a− c)σ (a− c+ 3 + 3σ)] ,

tc+1∫
tc

(ϑ− tc−2) (ϑ− tc−1) (ta+1 − σ)σ−1dϑ = (∆t)σ+2

σ(σ+1)(σ+2)

×

 (a− c+ 1)σ
[
2(a− c)2 + (3σ + 10) (a− c)
+2σ2 + 9σ + 12

]
−(a− c)σ

[
2(a− c)2 + (5σ + 10) (a− c)
+6σ2 + 18σ + 12

]


We may see the following approach if we insert the values into Equation (79).

Sa+1 = S0 +
(∆t)σ

Γ (σ + 1)

a∑
c=2

Ξ1

(
tc−2, S

c−2
)
×Θ

+
(∆t)σ

Γ (σ + 2)

a∑
c=2

[
Ξ1

(
tc−1, S

c−1
)
− Ξ1

(
tc−2, S

c−2
)]

×Θ1

+
(∆t)σ+2

σ (σ + 1) (σ + 2)

a∑
c=2

[
Ξ1 (tc, S

c)− 2Ξ1

(
tc−1, S

c−1
)
− Ξ1

(
tc−2, S

c−2
)]

×Θ2

(80)

Similarly, we may write from the system’s other Equations (7).
Here,

Θ = [(a− c+ 1)σ − (a− c)σ] ,

Θ1 = [(a− c+ 1)σ (a− c+ 3 + 2σ)− (a− c)σ (a− c+ 3 + 3σ)] ,

Θ2 =

 (a− c+ 1)σ
[
2(a− c)2 + (3σ + 10) (a− c)
+2σ2 + 9σ + 12

]
−(a− c)σ

[
2(a− c)2 + (5σ + 10) (a− c)
+6σ2 + 18σ + 12

]


Remark: The Newton polynomial based
scheme developed for the Caputo fractional order
system ensures consistency with the integral
formulation of the fractional derivative and
accurately approximates the memory-dependent
terms. The method satisfies convergence under
standard Lipschitz conditions and maintains

numerical stability for different fractional orders.
Additionally, it preserves essential qualitative
properties of the model, including positivity
and boundedness of solutions. These properties
confirm that the scheme is both mathematically
reliable and biologically consistent for long-term
COVID-19 simulations.
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7. Numerical simulation of the
proposed scheme

The graphs illustrate the dynamic behavior of
the six epidemiological compartments susceptible
S(t), exposed E(t), acutely infected A(t),
infectious I(t), hospitalized H(t), and recovered
R(t) when the COVID-19 model is formulated
using the fractional Caputo operator. The
fractional order σ controls the memory effect of
the system, where smaller values of σ introduces
stronger memory and nonlocal behavior into
the disease transmission process. The primary
motivation for employing fractional derivatives
is their ability to capture long-term dependence
and non-exponential decay behavior through the
fractional parameter σ, thereby enhancing model
flexibility and realism. This framework allows
more accurate representation of complex epidemic
patterns and provides improved agreement
with observed data compared to classical
integer-order approaches. The Figure (4)
shows a decreasing trend as individuals leave
the susceptible population through infection. As
the fractional order decreases, the decline in
S(t) becomes gradually slower. This indicates
that stronger memory effects reduce the effective
transmission rate, causing susceptible individuals
to remain in their class for longer durations. The
exposed population in Figure (5) displays very
slight variations over time, with higher values
observed at larger fractional orders. When σ
decreases, E(t) becomes smaller, reflecting that
with stronger memory effects, the transition
from susceptible to exposed is moderated. This
leads to reduced accumulation of newly exposed
individuals. The acutely infected class in Figure
(6) remains nearly constant, with minimal
fluctuations as time evolves. Higher fractional
orders produce slightly larger values of A(t).
The results demonstrate that fractional dynamics
suppress sharp transitions, stabilizing the acute
infection level and preventing rapid escalation.
The Figure (6) shows that the infectious
population increases gently with time. Lower
fractional orders lead to noticeably reduced values
of I(t), indicating that memory-driven fractional
dynamics delay and weaken the progression
from acute to infectious stages. This effect
highlights the role of fractional operators in
slowing disease propagation. Similar to Figure
(7), the hospitalized class in Figure (8) also
experiences a mild rise over time. As σ decreases,
H(t) becomes lower, implying that fractional
memory reduces the flow of infected individuals
into hospitalization. This behavior reflects a more

diffuse, delayed progression through the disease
stages. The recovered class in Figure (9) shows
a smooth upward trend. Larger fractional orders
yield higher recovery values, whereas decreasing σ
slows the accumulation of recovered individuals.
This confirms that fractional dynamics slow
down the recovery process, consistent with
the delayed transitions observed in other
compartments. These results demonstrate
the flexibility and realism of fractional-order
modeling, particularly its ability to account for
historical effects, latency, behavioral response
delay, and other nonlocal influences inherent
in real-world disease dynamics. The results
show that decreasing σ leads to slower decay of
infected and hospitalized populations, indicating
stronger memory effects and prolonged disease
persistence. Biologically, this reflects delayed
immune response and extended infectious periods,
confirming that fractional dynamics capture
non-exponential transmission patterns more
realistically than classical models. Variations
in key epidemiological parameters significantly
influence the outbreak dynamics of the
SEAIHR fractional model. Changes in the
transmission rate β, progression rates ε, θ,
and hospitalization-related parameters directly
modify the peak magnitude and timing of infected
and hospitalized populations, while recovery κ,
and ρ and mortality δ rates strongly affect the
reduction of active cases and long-term stability.
The fractional order σ plays a crucial role in
controlling memory intensity, where lower values
lead to slower decay and prolonged infection
persistence. Unlike classical integer-order models,
the Caputo fractional operator incorporates past
disease history into current dynamics, resulting
in more flexible epidemic trajectories, improved
data fitting, and a more realistic representation
of delayed biological responses.

7.1. Phase plots analysis

Figure 10A shows the connection between
susceptible and exposed populations over
time. Biologically, this graph shows how the
disease transmission influences the change from
susceptibility to exposure. High infection rates
decrease the susceptible humans initially, followed
by a slow stabilization as the system tends to the
equilibrium position. Given the rapid starting
drop, this trajectory illustrates the significance
of early intervention steps to flatten the curve
from a policy point of view. The convergence
toward equilibrium implies that in the absence
of continuous control efforts, the disease forms
an endemic state in which a particular class of
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Figure 5. Simulation of E at different fractional order

the population moves toward the susceptible
class while others become exposed due to
persistent transmission. Figure 10B shows
the relation between asymptomatic and infected
humans. This graph is biologically relevant
because it depicts the infection progression
from asymptomatic to infected stages, which
is essential for comprehending disease dynamics
and allocating healthcare resources. The curve
highlights the difficulty of managing diseases
with significant asymptomatic transmission by

demonstrating how asymptomatic cases can
build up before appearance of infected cases.
The policy implications from the plot highlight
the importance of complete testing methods
that identify asymptomatic carriers since their
presence greatly affects the spread of the disease
and makes disease eradication more difficult.
The important connection between hospitalized
and infected humans is observed in Figure
10C. Biologically, this connection shows the
strain that disease epidemics place on healthcare
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systems. The plot illustrates how infected
people move into hospitalized states, and the
rate at which this happens affects both disease
mortality and the burden on the healthcare
system. From a policy point of view, this
plot signifies how important it is to maintain
a sufficient number of hospital beds and put

policies in place to lower the hospitalization
rate, like early treatment guidelines and focused
interventions for high-risk groups. The curve
shows that hospitalization rates may fluctuate
nonlinearly with infection prevalence, indicating
possible threshold effects in healthcare system
overload. Figure 10D shows the relationship
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between hospitalized and recovered people,
which illustrates the recovery dynamics and the
efficiency of the healthcare system. Biologically,
this figure illustrates the recovery process and
the effects of treatment as infected humans move
from sickness to recovery. Hospitalization and
recovery are positively correlated, suggesting
that successful patient outcomes are influenced
by quality medical care. For the success of the
healthcare system, this discussion recommends
that strengthening healthcare infrastructure,
guaranteeing appropriate treatment procedures,
and tracking recovery rates should be adopted.
The curve reflects that better hospital treatment

might greatly boost recovery rates, lower disease
mortality, and shorten illness duration.

Figure 10E offers a comprehensive
understanding of early infection dynamics by
providing a combined relationship between
susceptible, exposed, and acutely infected
humans. This graph is biologically significant
as it interconnects various compartments and
the multi-stage nature of illness progression.
The three-dimensional plot illustrates the
complex feedback processes involved in the
spread of disease by showing how variation
in one compartment impacts the others.
This illustration highlights the necessity of
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intervention techniques that address several
phases of infection from a policy standpoint.
The trajectory highlights the significance of
combined public health measures addressing all
facets of disease transmission and development
by indicating that interventions concentrating
on any one compartment may have cascade
impacts on the entire system. Figure 10F
shows the relationship between hospitalization,
recovery, and infected humans. Biologically,
this graph depicts the entire duration of the
COVID-19 disease, from active infection to
medical intervention to final healing. The three
dimensions of this plot highlight the connections
between various disease outcomes and the
ways in which interventions in one area might
impact outcomes in others. The significance of
combined healthcare approaches that address the
continuum of treatment from infection detection
through hospitalization to post-recovery follow-up
is one of the policy implications gained from
this investigation. According to the trajectory,
improving the transition between these states
by prompt interventions can greatly enhance
overall illness outcomes and lessen the epidemic’s
long-term effects on population health.

8. Conclusion

This study has presented a detailed and
systematic examination of fractional-order
mathematical models developed to study the
transmission dynamics of COVID-19. By
surveying a wide range of fractional and
fractal-fractional operators, including Caputo,
Caputo–Fabrizio, Atangana-Baleanu, and
FFM-based formulations, the study demonstrates
how memory effects, hereditary properties, and
nonlocal interactions significantly enhance the
realism of epidemic modeling. Theoretical
analyses such as positivity, boundedness,
equilibrium behavior, reproduction number
assessment, existence and uniqueness of solutions,
Hyers–Ulam–Rassias stability, and chaos control
confirm the mathematical robustness of these
models. The proposed numerical scheme offers
improved accuracy and stability in solving the
fractional-order model compared to existing
schemes. By efficiently handling memory effects
and nonlinear dynamics, it provides reliable
predictions of infection and hospitalization
trends, making it a robust tool for analyzing
epidemic scenarios and assessing control
strategies. The significance of these findings
lies in the clear superiority of fractional-order
frameworks over classical integer-order models, as
they provide substantially better fits to real-world

COVID-19 data by naturally incorporating long
term memory and anomalous diffusion behaviors
that are inherent to infectious disease spread.
This enhanced realism translates into more
reliable predictions of epidemic trajectories,
enabling more effective evaluation of control
interventions such as vaccination, quarantine, and
environmental mitigation strategies, ultimately
supporting policymakers in reducing infections,
hospitalizations, and mortality on a global
scale. Overall, fractional-order COVID-19 models
represent a powerful and reliable modeling
paradigm for understanding complex infectious
disease dynamics. Future research may focus
on data-driven parameter estimation, stochastic
fractional models, and hybrid machine-learning
fractional approaches to further improve
prediction accuracy and decision-making in public
health policy.
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Figure 10. Phase plots showing the relationship between different compartments of the model. (A)
Susceptible versus exposed humans plot. The curve starts at the initial condition denoted by the green circle
and converges to the red circle, which represents the endemic equilibrium point. The dynamic interaction
between the susceptible and exposed compartments is shown by the curve, which also shows how the force of
infection moves people from the susceptible class to the exposed class. (B) Phase plot showing the relationship
of asymptomatic and infected humans. The curve shows how COVID progresses from an asymptomatic
human to an infected human, and the slope shows how frequently these changes occur. Within the infected
class, the balance between natural disease progression and recovery process is shown by the initial conditions
and final equilibrium. (C) Phase diagram comparing hospitalized and infected humans. The figure shows how
people move from infection to hospitalized states; the hospitalization rate and capacity limitations of the
healthcare system are reflected in the curvature of the plot. Planning for healthcare resources and intervention
techniques are directly impacted by the relationships between these divisions. (D) Phase plot showing
relationship between hospitalized and recovered humans. This illustration shows the efficacy of both natural
recovery process and medical treatment by following the recovery pathway from hospitalization to complete
recovery. The increasing curve illustrates both the rate of recovery and the importance of medical care given
to hospitalized patients. (E) Three-dimensional phase plot illustration of acutely infected, exposed, and
vulnerable humans. This comprehensive depiction shows the complex dynamics of infection transmission along
several paths by capturing the interactions among the initial illness states. The progressive process from
vulnerability through exposure to acutely infected class is shown by the helical trajectory. (F)
Three-dimensional phase plot showing the relationship between hospitalized, recovered, and infected humans.
This diagram captures the entire range of disease outcomes by showing the entire process from active infection
through hospitalization to recovery. The complex trajectory shows how the severity of the illness, the use of
healthcare, and the healing process are all interconnected.
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