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Branch-and-bound (B&B) methods are widely recognized for their ability
to provide exact solutions to combinatorial optimization problems, including
routing models. This study presents a Two-phase B&B algorithm developed
to address the Vehicle routing problem (VRP) under maximum duration
constraints, offering an effective framework for obtaining a cost-optimal routing
solution. The first phase of the algorithm employs a heuristic to construct
a tour that satisfies the classical VRP constraints. In the second phase, a
recursive dynamic programming procedure is applied to partition the obtained
tour into a set of feasible subtours that meet the maximum allowable duration
per vehicle. This dual-phase approach addresses the computational challenges
of traditional B&B methods by decoupling tour optimization from constraint
satisfaction. Computational experiments were conducted on benchmark VRP
datasets and compared with exact methods and heuristic algorithms. The
computational results demonstrate that the proposed algorithm consistently
outperforms in terms of solution quality, number of explored nodes, and
computation time. These findings demonstrate the effectiveness of the
algorithm in obtaining optimal solutions for VRP with maximum duration
constraints.
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1. Introduction

The branch and bound (B&B) algorithm is
a commonly employed method for solving
optimization problems to find optimal solutions.
It works by iteratively partitioning the solution
space into smaller regions, a procedure known as
branching, and systematically eliminating areas
that cannot yield an optimal solution, known as
pruning or bounding. Through the application
of bounds, the algorithm reduces the scope of
the search, thereby expediting the discovery of
optimal solutions. Essentially, bounding allows
the algorithm to focus only on promising areas of
the solution space while disregarding those that

are unproductive or irrelevant. After exploring
the entire search space, the algorithm considers
the best identified solution as optimal.1,2 The
B&B algorithm structures its search process in
the form of a decision tree. Due to its simplicity,
the algorithm can be adapted or enhanced
to improve performance and computational
efficiency. A faster identification of the optimal
solution typically results in a smaller search tree,
which reflects the algorithm’s effectiveness in
navigating the solution space.

According to, Morrison et al.1 the B&B
algorithm consists of three fundamental strategies
that can be adapted to suit the nature of the
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problem: the search strategy, the branching
strategy, and the pruning strategy. In the
context of routing-related research, specifically
for the Vehicle routing problem (VRP), studies
commonly employ two main search strategies:
depth-first search and best-first search. Studies
such as those by Theurich et al.3, Duman et
al.4 and Ozbaygin et al.5 have implemented
depth-first search to address various VRP
variants. Due to its tree-based nature, depth-first
search typically requires extensive exploration
time, as it progresses vertically through
sub-problems without leveraging model-specific
information, such as objective function values
or constraint evaluations. This strategy focuses
on fully exploring one branch of the search tree
before backtracking to others. In contrast, Li
et al.6 applied the best-first search strategy
in solving the split delivery VRP, emphasizing
pruning techniques to enhance performance.
However, as noted in, Morrison et al.1 best-first
search may incur delays in mid-level exploration
and can sometimes overlook branches that
contain the optimal solution.

Branching strategies in the B&B algorithm
are generally categorized into two types: binary
branching and wide branching. In binary
branching, each decision node gives rise to two
mutually exclusive branches for obtaining exact
solutions. Several studies4,7–9 have implemented
binary branching due to its straightforward
logic and compatibility with decision variables
in routing problems. However, as noted by,
Morrison et al.1 binary branching can become
computationally demanding, as the number of
branches increases significantly and leads to more
complex sub-problems. On the other hand, wide
branching3,10 employs multiple branch directions
within a single step. In this approach, two
branching mechanisms were combined: one
extends a route by adding a task at the end, while
the other inserts a task into an existing route.
Although this approach may enrich the search
space, it can also lead to redundant exploration
of similar sub-problems, potentially increasing
the computational burden through repeated or
overlapping searches.

Pruning rules are one of the components of
the B&B algorithm that enhance its performance.
Several studies have applied additional methods
this this pruning strategy. For example, research
by Theurich et al.3, Laporte et al.7 and Fischetti
et al.11 used a lower bound as a pruning
technique. This technique is simple because it
does not require high complexity, but it can be
time-consuming in terms of computation. The

branching strategy is the main focus of research
by, Theurich et al.3 while research by Duman et
al.4 and Ozbaygin et al.5 more favored its pruning
strategy in completing the routing problem.
The adaptability of the B&B framework makes
it suitable for solving complex combinatorial
problems such as the VRP.

Vehicle routing problem was introduced by
Dantzig and Ramser in 1959, discussing the
optimal route for gasoline delivery vehicles
in serving a large number of service stations
provided by a depot.12 VRP extends the
classical Traveling salesman problem (TSP)
by involving multiple vehicles and additional
constraints, such as capacity, time windows,
and route duration limits.13,14 In addition,
in line with the development of the VRP
model itself, most VRP models with additional
constraint are expressed in the form of
mixed-integer linear programming.15–17 These
added complexities make exact solution
methods, such as B&B, particularly valuable.
Several studies have developed exact B&B
approaches to solve VRP with corresponding
constraints in real-world cases, including:
branch-and-cut,8 branch-and-price,18 and
branch-price-and-cut.19,20 However, these exact
methods are sometimes highly sensitive to the
model formulation, their implementation is often
complex, and computation time is unpredictable.

Several researchers employ non-exact
approaches such as heuristics and metaheuristics
21, as demonstrated by22 and23. Several
studies have used heuristic approaches to find
feasible solutions for the given mixed-integer
linear programming.24–26 Meanwhile, the study
conducted by22 applied an improved tabu
search (TS) to solve the VRP with specific
constraints, whereas23 applied adaptive learning
neighborhood search to address a VRP with
different constraints. Although heuristic-based
algorithms can reduce computational effort, they
may fail to guarantee the discovery of an optimal
solution.

However, solving the VRP using standard
B&B can be computationally intensive due
to the enlarged solution space and the
presence of multiple feasible routes. The B&B
algorithm applied to a TSP model derived
from the assignment problem can produce
feasible solutions according to the mathematical
formulation, but these solutions may be invalid
in the context of the real problem. This occurs
because the method may generate subtours,
which are not valid solutions for TSP. To address
this issue, subtour elimination constraints must
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be added to the model, which typically introduce
additional continuous decision variables.2,27

In contrast, the VRP allows the presence of
subtours, where each subtour represents the route
of a vehicle starting and ending at the depot. The
maximum duration constraint may necessitate
the use of more than one vehicle, as each vehicle
has a limited operational duration. Moreover,
the model does not include a decision variable
representing the number of vehicles; therefore, it
is generally assumed that the number of available
vehicles is limited but sufficient. As a result,
when traditional B&B is used, repeated iterations
are required to obtain the optimal solution.
An alternative scheme, such as introducing new
decision variables into the original model, often
increases model complexity. Therefore, additional
modifications to the B&B algorithm are required,
potentially by incorporating heuristic components
to guide the solution process more efficiently.

Our research is a preliminary study on
combining a heuristic approach with the B&B
algorithm to solve a specific VRP model. To
the best of our knowledge, no previous study has
investigated solution search for a specific VRP
model using a heuristic approach within a B&B
framework. We begin with a VRP model that
incorporates an additional constraint in the form
of a maximum allowable duration for each vehicle.
This constraint is determined not only by the
vehicle’s travel time but also by the deterministic
service time required at each customer.

This study introduces a Two-phase B&B
algorithm that incorporates a heuristic approach
and a recursive step of dynamic programming
procedure within B&B framework to obtain
optimal solution for VRP with a maximum
duration constraint. This work focuses on a
specific variant of the VRP, namely addressing the
limitation imposed by the maximum operational
duration of each vehicle. Given the limitations of
heuristic algorithms, which may fail to guarantee
optimality, this study adopts a combinatorial
optimization approach to efficiently identify
optimal solutions, whereby the VRP can be
formally defined using graph theory.

The proposed B&B algorithm is modified
into two phases: the first phase employs
a heuristic approach, and the second phase
utilizes dynamic programming. As both stages
operate within B&B framework, the first phase
employs a best-first search strategy with complete
branching. This strategy provides enhanced
efficiency and is suitable for the Two-phase
B&B algorithm. It begins with wide branching

to all unexplored candidate solutions using a
heuristic approach until a complete tour is
obtained. These strategies are intended to
eliminate the possibility of repeatedly exploring
the same solution space. In the second phase,
dynamic programming with a recursive procedure
is applied to determine an optimal set of subtours
that satisfies the maximum duration constraint.
This two-stage process is executed at each
iteration and terminates when all branches have
been explored, resulting in an optimal solution.

This two-stage combination of the heuristic
and the B&B algorithm change to: can produce
an optimal solution, addressing the limitation of
the heuristic, which may yield only a near-optimal
result. Although it requires more computation
time than the heuristic method, it is faster
compared to the B&B algorithm. The detailed
aims of this study are as follows:

i To develop a Two-phase B&B algorithm
to solve a specific VRP involving a
maximum duration constraint.

ii To conduct a comparative study among
the proposed method, B&B methods, and
heuristic algorithms on several benchmark
problem instances.

iii To demonstrate the efficiency of the
proposed algorithm and identify its
limitations.

The rest of the paper is organized as follows:
the VRP model with maximum duration is
presented in section 2. The proposed Two-Phase
Branch and Bound algorithm is given in section 3.
Section 4 presents the simulation and discussion.
The conclusion is in the last section.

2. Model formulation

This section discusses the VRP model with
maximum duration constraint. The objective
of this problem is to minimize the total travel
expenses by considering the distance and the
travel speed. In contrast to the capacitated
VRP,28 this problem aims to determine the route
of each vehicle while considering the constraint
that the total travel and service duration within
a route must not exceed the vehicle’s maximum
operational time in serving the customers.
This problem assumes a deterministic service
duration and travel distance.29 Furthermore,
several assumptions are made, including that
the vehicle’s speed is constant and the cost of
travel depends solely on the trip’s duration, which
is influenced by distance and speed (not traffic
conditions), so that fuel consumption is constant.
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Most integer programming formulations of the
classical VRP represent vehicle flows using binary
variables that specify whether a vehicle travels
between a pair of customers in the resulting
solution.30 Through this formulation, the decision
variables simultaneously capture assignment
constraints, which define the sequence of
customer visits, and commodity flow constraints,
which describe the movement of goods along the
constructed routes.31

Based on the terminology of VRP,13,32 the
relationship between customers and a depot can
be described as a graph. Let G be a complete
graph with N(G) as the set of vertices and A(G)
as the set of edges. Furthermore, the set N(G) is
written as N , and A(G) is written as A. The
set of vertices in the graph G is denoted as
N = {0} ∪ Np, where 0 is the depot and Np

is the set of customers. The set A = {(i, j) |
i, j ∈ N, i ̸= j} is the set of edges connecting
vertex i to vertex j. Each edge (i, j) ∈ A has
corresponding distance hij which represents the
distance from vertex i to vertex j. In other
words, hij is the distance traveled by a vehicle
from the location of customer i to the location
of customer j. The set of vehicles is notated as
P . Each vehicle has a maximum duration limit
per assignment. This maximum duration limit
is denoted by Tmax, where the service duration
is calculated from when the vehicle arrives at
the customer’s location until the vehicle leaves to
travel back. The duration of this service for any
customer is denoted by s. Defining variables and
parameters can be seen in Table 1.

The complete model is presented as follows.
The decision variable relates to the assignment
of vehicles to visit multiple customer locations.
These trips form a route, with a vehicle visiting
a customer exactly once. The variable takes the
following form.

xijk =


1, if the travel from customer i to j

is performed by vehicle k,

0, otherwise.

The objective function is stated as follows:

min f(xijk) = c
∑
i∈N

∑
j∈N

∑
k∈P

τijxijk, (1)

with the duration of the vehicle’s travel time in
visiting a customer defined as

τij =
hij
vf

.

The constraints include:∑
i∈N
i̸=j

∑
k∈P

xijk = 1, ∀j ∈ Np (2)

∑
j∈Np

j ̸=i

∑
k∈P

xijk = 1, ∀i ∈ N (3)

∑
i∈N

xilk −
∑
j∈N
j ̸=i

xljk = 0, ∀k ∈ P, l ∈ N (4)

∑
j∈Np

x0jk = 1, ∀k ∈ P (5)

∑
j∈Np

xj0k = 1, ∀k ∈ P (6)

∑
i,j∈S

xijk ≤ |S| − 1, S ⊆ {1, 2, . . . , n},

|S| ≥ 2, ∀k ∈ P

(7)

∑
j∈N

∑
j∈N
j ̸=i

(τij + s)xijk ≤ Tmax, ∀k ∈ P (8)

Equation 1 represents the objective function
of the model. The objective is to minimize the
total travel costs. Equations 2 and 3 represent
that each customer is visited exactly once by a
vehicle. Equation 4 represents that every vehicle
that visits a customer, after serving the customer,
will leave the customer. Equations 5 and 6
represent that every vehicle leaves and returns
to the depot. Equation 7 represents the subtour
elimination constraint. Equation 8 represents
that the total working time of the vehicle in
serving customers does not exceed the maximum
working time given by the depot.

3. Proposed Method

Determining the shortest route is one of
the problems in combinatorial optimization.
Graphs are a basic combinatorial structure
where many combinatorial optimization problems
are most naturally expressed using concepts
from graph theory.33 As is known, the VRP
with the maximum duration as explained in
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Table 1. Description of notation

Notation Description
N Set of a depot and the customers
Np Set of customers
P Set of vehicles
c Fixed cost of vehicle travel per

unit time
vf Vehicle speed
τij Duration of the vehicle’s travel

time from the location of customer
i to customer j

hij Distance traveled by a vehicle
from the location of customer
i to customer j

s Service duration by vehicle in
serving customer

Tmax Maximum duration limit

the previous section can be represented as
a problem in graph theory. The proposed
algorithm is designed specifically to solve a
particular type of problem, namely the VRP,
where the distance or travel time constraints
must not exceed the predetermined maximum
limits. This proposed method modifies the
B&B framework by dividing the algorithm
into two phases, which is referred to as the
Two-phase B&B algorithm. The first phase
of the proposed method relies on a heuristic
procedure, while the second phase applies
dynamic programming.

In the first phase, a heuristic is used to
obtain a tour. Since both phases are embedded
within a B&B framework, the first phase
follows best-first search strategy with complete
branching. It expands all unexplored candidate
solutions through wide branching and a heuristic
mechanism until a full tour is obtained.

The best-first search strategy with complete
branching is an enhancement of the best-first
search strategy,Morrison et al.1 in which
branching occurs based on the minimal cost at
each level until a complete tour is achieved.
This strategy is more efficient and particularly
well suited to the Two-phase B&B algorithm.
Branching starts from node 0, which represents
the depot location lπ(1). A complete branching
is then performed over all customers, resulting
in paths from lπ(1) to each subsequent node.
The cost is evaluated to determine the path
with the minimum cost from lπ(1) to the next
node. The node with the minimum cost or total
traveled distance is then selected, and a complete
branching is repeated toward the remaining
nodes. This process continues iteratively until

a complete tour is formed. The overall procedure
is illustrated in Figure 1.

In the second phase, because any
sub-partitions of a minimal tour remain minimal,
a recursive step of the dynamic programming
procedure is employed to identify an optimal
configuration of subtours that satisfies the
maximum duration constraint. The cost
associated with this configuration serves as a
temporary upper bound. To further narrow
the search space, a pruning mechanism updates
the upper bound whenever an improved tour
configuration is found, and any branch whose cost
exceeds this bound is subsequently discarded.
In essence, the objective of the second phase
is to identify an optimal partition of the tour
that satisfies the constraint in Equation 8.
The first and second phases are executed as a
single iterative process. This process continues
iteratively and terminates when no more branches
can be explored, and the optimal solution is
obtained.

To facilitate the explanation of the proposed
method, the VRP illustrated in the previous
section can be clarified into the following graph.
Given a complete graph G = (N,A), where N
is the set of vertices representing the locations
of customers and a depot, and A is the set
of edges connecting each pair of vertices in
N . This problem involves a set of locations
N = {l1, l2, . . . , ln} that includes the locations
of all customers and the depot, and each
pair of locations (li, lj) ∈ N × N has a
distance h(li, lj), which simplifies to hij . The
solution to this problem is a tour commonly
referred to as a Hamilton circuit, expressed
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Figure 1. Best-first search strategy with complete branching.

as (lπ(1), lπ(2), . . . , lπ(n)), which minimizes the
following costs.

f =
c

vf

(
n−1∑
i=1

h(lπ(i), lπ(i+1)) + h(lπ(n), lπ(1))

)
,

(9)

where π(n) represents the n-th sequence and lπ(1)
denotes the location of the depot.

An optimal tour indicates that there is no
better sequence of vertices or customers than the
one given by this optimal tour. This forms the
basis on which the heuristic algorithm in the first
phase is built.

In the first phase of the Two-phase B&B
algorithm, a tour is required, which is the solution
of the constraints in Equations 2–7 for P = 1.
The resulting optimal tour has been defined by
Lin34 as follows.

Definition 1. 34 A tour (lπ(1), lπ(2), . . . , lπ(n)) is
called n-optimal (or simply called n-opt) if there
is no other tour with a smaller cost that replaces
any n number of edges, with the cardinality of the
edge set being n.

Based on Definition 1, n − opt tour can be
obtained if there is a complete tour that begins
at the depot, covers all customers, and ends at
the depot. To obtain such a solution, a wide
branching is done by adding one vertex or a

customer to each existing sub-problem. Once a
vertex has been added, the corresponding vertex
in the solution is removed. Finding the cost can
be obtained by choosing the minimum distance
that can be formed for each initial vertex. The
first branching process (route) starts from vertex
lπ(1), and calculates the cost denoted as ẑlπ(1)

,
obtained from

ẑlπ(1)
=
∑
i∈N

min{hil1 , hil2 , . . . , hiln}, (10)

where hij is the elements of an adjacency matrix
Aij with i, j ∈ N . The value of ẑlπ(1)

is called as

lower bound (LB). This leads to the definition of
the LB, which is used as a convergence criterion.

Definition 2. An LB value is a total cost
obtained from the minimum distance formed by
the initial vertex.

After obtaining the LB, the next step is to
begin branching by adding one vertex or customer
after the depot, or node 0. This step is carried
out by introducing a pivot. The intersection of
the two vertices on A is called a pivot, so the
next branching is to assign the value ∞ to the
p-th row and q-th column of the A matrix. This
shows that the route order pair (p, q) has been
chosen so that travel is impossible from vertex p
to a vertex other than q, and from a vertex other
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than vertex p to a vertex q. Consequently, the
cost on branch q for the next vertex from vertex
p can be obtained from

ẑ(p,q) =
∑
i∈N

zi, (11)

zi =


hpq, if p is a pivot

row or hij =∞,

∀j ∈ N,

min{hil1 , hil2 , . . . , hiln}, otherwise.

The goal of the first phase is to find a
tour effectively by employing a best-first search
strategy with complete branching. Following this
procedure, a sub-problem is selected and explored
based on the lowest cost, and then the process
continues to branching using Equation 11 until a
tour is obtained. The procedure is described in
detail in the following pseudocode.

Algorithm 1: A tour construction

Input: Set of nodes N , and A = (aij)
Output: Updated UB

1 Select lπ(1) as the starting node;

2 Compute ẑlπ(1)
;

3 Set p← lπ(1) and St ← {p};
4 t← 1;

5 for i← 2 to |N | − t do
6 Append a node q to p with q ∈ N \ St,

forming the path (p, q);

7 Assign ∞ to the pivot row and column

of matrix A and set aqp ←∞;

8 Compute the cost ẑ(p,q);

9 Update St+1 ← St ∪ {q};
10 Select the node with the minimum value of

ẑ(p,q) and set it as p;

11 Update t← t+ 1;

12 if t < |N | then
13 Go back to Step 5;

14 else
15 Update UB using the minimum value

of ẑ(p,q) over the complete tour if it

improves the previous UB;

16 End;

The algorithm then proceeds to the second
phase, where the tour obtained from the first
phase is partitioned into subtours that satisfy
he constraint in Equation 8 using dynamic
programming. A theorem is developed as the
basis for the construction of the shortest path

search algorithm derived from the optimality
principle by Cormen et al.35

Theorem 1. 35 For a graph whose edge weights
are non-negative, any sub-path of a minimal path
is itself a minimal path.

This property follows from the optimal
substructure of shortest paths, where any
sub-path of a shortest path is itself a shortest
path. Next, we will give the triangle inequality
theorem used in determining the shortest path.

Theorem 2. 35 For all li, lj , ln ∈ N ,
it holds h∗(lπ(1), lπ(n)) ≤ h∗(lπ(1), lπ(m)) +
h∗(lπ(m+1), lπ(n)), where h∗(li, lj) is the minimum
cost of the path from li to lj.

Based on both theorems, two or more paths
that are each minimal will produce a minimal
overall path, and vice versa; if there is a
minimal path, then the cut of the path is
also minimal. Therefore, the partitioned paths
can be found using a dynamic programming
algorithm. Dynamic programming algorithm is
developed to handle multi-stage processes that
exhibit specific unchanging characteristics. It
offers a structured method to identify the optimal
set of decisions.36–38

Adopting the use of dynamic programming
algorithm with recursion step, the second phase
of the Two-phase B&B algorithm proposes a
dynamic programming approach to find optimal
subtours based on the constraint in Equation 8.
Suppose f(Φ) is the minimum cost found in the
first phase, then there is a possibility that the
obtained tour (lπ(1), lπ(2), . . . , lπ(n)) does not meet
the constraint in Equation 8. Therefore, the tour
will be checked for all possibilities that can meet
the constraint by making it as subtours. Each
subtour shows a trip made by another vehicle.

Suppose fi(li) is the shortest distance to
vertex li at stage i, and define h(li−1, li) as the
distance from vertex li−1 to vertex li, then fi
is calculated based on fi−1 using the following
equation.

fi(li) = min
all feasible

(li−1,li)route

[h(li−1, li) + fi−1(li−1)]

i = 1, 2, . . . , n.

(12)

The maximum duration constraint for each
vehicle is explicitly taken into account at the
second stage, which uses a dynamic programming
algorithm. There is a path that permits a vehicle
to leave and/or return to the depot at every
stage, according to the dynamic programming
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value function. Therefore, Equation 12 can be
stated as

fi(li) = min
all feasible
(li−1,li)
partitions


h(li−1, li) + fi−1(li−1),

h(li−1, li) + h(li, l0) + fi−1(li−1),

h(l0, li) + fi−1(l0),

h(l0, li) + h(li, l0) + fi−1(l0)

i = 1, 2, . . . , n.
(13)

where l0 is a starting vertex or a depot location.
The following theorem establishes that an optimal
tour yields an optimal sequence of tour partitions
under this constraint:

Theorem 3. Let h∗(lπ(1), lπ(n)) denote the
optimal distance of a tour. For the
particular problem considered in this study,
any partition of this tour constitutes an
optimal route for each vehicle if it satisfies
1
vf

(∑nt−1
i=1 h(lπ(i), lπ(i+1)) + h(lπ(nt), lπ(1))

)
≤

Tmax − nts, where nt denotes the number of
vertices in partition t.

Proof. Suppose there exists an optimal tour
with n customers, which is decomposed into n
stages. Let ϕi(lπ(i)) denote the minimum travel
distance to customer i at stage i. As in Equation
13, the value function is defined as ϕi(li) =
h(lπ(i−1), lπ(i)) + ϕi−1(lπ(i−1)),

h(lπ(i−1), lπ(i)) + h(lπ(i), lπ(1)) + ϕi−1(lπ(i−1)),

h(lπ(1), lπ(i)) + ϕi−1(lπ(1)),

h(lπ(1), lπ(i)) + h(lπ(i), lπ(1)) + ϕi−1(lπ(1))
for i = 1, 2, . . . , n, where π(1) denotes the
depot. Furthermore, suppose that each
stage has a value function ϕi satisfying
1
vf

(∑nt−1
i=1 h(lπ(i), lπ(i+1)) + h(lπ(nt), lπ(1))

)
≤

Tmax − nts. Consequently, this condition implies
that the constraint in Equation 8 is satisfied,
and therefore the corresponding tour partition is
feasible. Let (lπ(1), lπ(n)) be a globally feasible
and optimal solution. Assume that there exists
a partition of (lπ(1), lπ(n)) that is feasible but
not optimal, corresponding to the decisions from
stage i to stage n. Then there exists another
partition of the same tour with a strictly smaller
total cost from stage i to stage n, assuming
constant cost parameters and vehicle speed vf .
Replacing this partition yields a global solution
with a smaller total cost across all vehicles,
contradicting the optimality of the original
solution. Hence, the assumption that a partition
from stage k is not optimal is false. Therefore,
every feasible partition of a globally optimal tour
constructed via a recursive step must itself be
optimal. □

The search process for the optimal solution is
conducted by calculating a backward procedure
starting from the n-th stage to the first stage.
The objective function reached from the optimal
solution in the second phase is called as upper
bound (UB). The next definition is related to
the pruning strategy using UB. In the pruning
strategy, the UB is introduced, which is the
minimum cost that has been found for the tour
that has been explored at that time.

Definition 3. Suppose there is a tour solution
of the branch, namely Φi, or commonly called a
sub-problem, with i ∈ ηt representing the index
of the sub-problem branch that appears at the t
iteration. A sub-problem with tour solution Φi can
be called bounded if it satisfies f(Φi) ≤ f(ΦUB),
where f(ΦUB) is the UB.

The condition for a search space to be
bounded is when a tour solution is found in
the sub-problem that is smaller than the UB.
As a result, the UB value can be updated with
f(ΦUB) = f(Φi). The algorithm proposed also
ensures that each iteration has a feasible solution,
namely a tour that can be updated based on
Definition 3. Therefore, the algorithm presents
it in the following Lemma:

Lemma 1. Each t-th iteration contains a
solution of the Φi tour, with i ∈ ηt representing
the sub-problem branch index.

Proof. Let Φij be a solution to the sub-problem
with j = lπ(1), lπ(2), . . . , lπ(n). Each branch of
the sub-problem is done by adding one decision
variable with the value of xpq = 1 with p, q ∈
N, p ̸= q until q = n. Consequently, there is
a complete tour solution to Φij starting from
j = lπ(1) to j = lπ(n). □

Another sub-problem is explored continuously
until a complete tour is formed, and the UB of
the current iteration is updated if the tour cost is
better than the UB from the previous iteration.
The next convergence theorem guarantees that
the algorithm will not terminate before the
stopping criterion is satisfied.

Theorem 4. Suppose the minimum or n − opt
tour solution is Φmin = argmin f(Φi), where i ∈
ηt represents the sub-problem branch index that
occurs at the t-th iteration. Furthermore, for each
ε > 0, there are a number of iterations t ≥ 1 such
that f(Φmin)− f(Φ̃LB) < ε.

Proof. For each t iteration, the property
f(Φ̃LB) ≤ f(Φmin) ≤ f(ΦUB) and the increasing
number of sub-problems explored results in
the search space size getting smaller, so that
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f(ΦUB) − f(Φ̃LB) < ε applies. After finite
iterations, based on Lemma 1, the n − opt tour
solution is obtained with f(ΦUB) = f(Φmin). As

a result, f(Φmin)− f(Φ̃LB) < ε. □

Each iteration of the Two-phase B&B
process comprises a first phase, which is then
followed by a second phase. This process is
performed iteratively by updating the value of
UB until an optimal solution is obtained, that
is, when no remaining solution space can yield
a value better than the current UB. Next, a
theorem is given that guarantees that the first
phase and second phase can solve the given
problem.

Theorem 5. The first phase and the second
phase of the Two-phase B&B algorithm solve
the VRP problem with maximum duration
constraint.

Proof. In the Two-phase B&B framework, the
first phase obtains a minimal tour, which is
then passed to the second phase to determine
the optimal routes for each vehicle corresponding
to that tour. This procedure is carried out
iteratively until the conditions of Theorem 4 are
satisfied, in other words, the optimal solution is
obtained. □

Theorem 5 shows that the proposed B&B
algorithm can find the optimal solution of the
problem. A numerical example is provided to
illustrate the solution of the problem, which
involves partitioning a tour to obtain optimal
routes for each vehicle associated with the tour,
as a validation of this procedure.

Example 1. Consider a set of nodes N =
{0, 1, 2, 3, 4, 5}, where node 0 denotes the depot.
Suppose the first phase of the Two-phase B&B
algorithm in iteration i generates the tour
0-5-3-4-2-1-0. In the second phase, this tour is
partitioned into feasible vehicle routes subject to
the maximum duration constraint Tmax = 400.
Given that vf = 0.5, s = 90, and c = 2,

A =


∞ 18.6 20.6 16.1 18.1 15.1
18.7 ∞ 2.0 3.6 3.0 4.2
20.6 2.0 ∞ 5.0 3.6 5.8
16.1 3.6 5.0 ∞ 2.0 1.0
18.1 3.0 3.6 2.0 ∞ 3.0
15.1 4.2 5.8 1.0 3.0 ∞

 .

The iterative procedure in the second stage of the
dynamic programming framework is illustrated in
Figure 2. At the end of stage 5 in dynamic
programming, an optimal cost of f = 298
is obtained, corresponding to a travel duration

of 149. By performing backward tracing for
each stage, the resulting partition is 0-5-3-0
and 0-4-2-1-0. Looking at another partition,
such as 0-5-3-4-0 and 0-2-1-0, yields a travel
duration of 154.8, corresponding to f = 309.6.
The recursive step selects this solution over
other possible partitions, such as 0-5-3-4-0 and
0-2-1-0, although all of them satisfy Tmax, because
the optimal partition yields a smaller objective
function value than these alternatives.

Algorithm 2: Two-phase branch and
bound algorithm

Input: A set of depot and customer
locations, c, vf , s, and Tmax

Output: Optimal routing solution
1 Initialize NodeList← ∅;
2 Set ẑlπ(1)

as LB, UB ←∞;

3 while true do
/* Phase 1: First-level */

4 node← Append a new vertex to the

path ; // Perform for each

branching

5 Determine cost;

6 Select node with the lowest cost and

add other node to NodeList;

7 if node is a tour then
/* Phase 2: Second-level */

8 Evaluate tour using recursive

procedure ; // Perform dynamic

programming

9 if cost ≤ UB then
10 UB ← cost;

11 Update solution;

12 foreach node in NodeList do
13 if cost > UB then
14 Remove node from NodeList ;

// Perform pruning

15 if NodeList = ∅ then
16 break ; // Stopping condition

17 return solution

The algorithm is developed based on the
theoretical foundation presented earlier, where
the iterative process involving the two phases
terminates when all branches of the sub-problems
have been fully explored. The steps to solve this
problem using the Two-phase B&B algorithm are
explained in pseudocode.
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Figure 2. Dynamic programming stages.

4. Computational results and
discussion

In this section, the computational results of using
the Two-phase B&B algorithm to solve the VRP
with maximum duration are discussed. The data
used was obtained from the Solomon’s benchmark
instance VRP with Time Windows39 in the form
of the location coordinates of each customer. The
data were taken for 20 customers in C101, R101,
and RC101. The computational results of the
Two-phase B&B algorithm were compared with
two alternative B&B algorithms employing wide
and binary branching techniques.1,9, 40

The wide and binary branching described here
utilize an integer linear programming approach
to find the optimal solution. This branching
technique is commonly used to solve integer
optimization problems. The wide branching
strategy, using the integer linear programming
approach,40 referred to in this article as B&B1,
performs branching at the initial level for each
decision variable. In contrast, binary branching
divides the branching process into two mutually
exclusive branches, which continue to expand
based on the number of decision variables.9

The B&B algorithm with this binary branching
strategy is hereafter referred to as B&B2.
For both alternative algorithms used, Gurobi
Optimization, LLC: USA, was employed to find
the optimal solution for each branch by relaxing
binary variables into continuous ones.

Since the Two-phase B&B algorithm
incorporates heuristic elements in its

modification, numerical experiments were
also conducted on two well-known heuristic
algorithms, namely the improved TS22 and the
adaptive large neighborhood search (ALNS),23

to enable a more comprehensive analysis of
the proposed algorithm’s efficiency. The TS
algorithm is widely recognized for its ability
to store previously explored solutions, thereby
preventing redundant searches. The ALNS
operates by gradually improving an initial
solution through a series of removal and insertion
operators applied in a systematic manner.

The performance of the proposed algorithm
was evaluated based on several criteria, including
the obtained UB, the number of explored
nodes or branches, and the computation time.
The solution algorithms were developed using
Python Software Foundation: USA, and tested
through computational experiments conducted on
a computing cluster equipped with an Intel(R)
Core(TM) i5-8257U CPU running at 1.40 GHz.
This study used the Euclidean distance to obtain
the distance between locations so that the
matrix obtained was a symmetric matrix. The
experiments were carried out with varying data
sizes or numbers of customers : 5, 8, 10, 15, 20,
30, and 50 using c = 2, vf = 0.5, and varying
values of Tmax.

The datasets were categorized into three
types: small instances with 5 and 8 customers,
medium instances with 10 and 15 customers, and
large instances with 20, 30, and 50 customers.
In addition to comparisons with B&B1, B&B2,
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improved TS, and ALNS, supplementary
experiments were conducted utilizing Gurobi,
employing a branch-and-cut algorithm for small
and medium cases to verify solution optimality
and efficacy. For datasets with sizes 5, 8, 10,
15, and 20, the Two-phase B&B, B&B1, B&B2,
and Gurobi were terminated after a maximum
running time of 180. Whereas for datasets with
sizes 30 and 50 the maximum computation time
was set to 5 × 103. The comparative heuristic
algorithms, namely improved TS and ALNS, were
tested for each parameter combination with 10
independent runs, with the maximum number of
iterations set to 100. Consequently, the solutions
documented for the heuristic approaches signify
the best outcomes achieved upon the conclusion
of the iterative procedure.

Table 2 displays the computational results for
small and medium datasets, which are based on
the UB obtained after completing the optimal
solution search process. For heuristic algorithms,
including improved TS and ALNS, the UB
corresponds to the best objective value achieved
throughout the total computational duration.
Among all types of datasets with varying numbers
of customers, the Two-phase B&B algorithm
consistently achieves better UB than the other
five algorithm. Although the five comparison
algorithms can obtain the same best solutions as
the proposed algorithm, the consistency of the
proposed algorithm across different numbers of
customers is superior.

Furthermore, the UB obtained by the
Two-phase B&B algorithm are identical to those
produced by the Gurobi solver, indicating that
the corresponding solutions are optimal. This
algorithm successfully obtains both best and
valid solutions for the given dataset sizes. The
heuristic procedure in the first phase effectively
finds possible solutions, which may not be unique,
with respect to the constraints in Equations 2–7,
while the dynamic programming algorithm in
the second phase identifies the optimal solution
according to the constraint in Equation 8 among
all those obtained in the first phase. In the
first phase of the Two-phase B&B algorithm, it
is crucial to store multiple non-unique solutions
for the obtained UB, as not every solution
from the first phase will become the optimal
solution to the VRP under the given constraints.
Dynamic programming is responsible for finding
a series of optimal subtours that satisfy the
maximum duration constraint of the overall
solution obtained in the first phase.

Considering the two comparison algorithms,
B&B1 and B&B2, and focusing on the number

of explored nodes as presented in Table 2, it
is evident that the Two-phase B&B algorithm
requires fewer node explorations than the other
two algorithms. This difference arises because
the B&B1 algorithm performs only limited
exploration of sub-problems when the optimal
solution consists of a single tour or a single
vehicle. The algorithm does not further explore
cases involving more than one vehicle, i.e., for
k > 1. Although B&B1 explores fewer nodes
in several cases, it was unable to consistently
produce optimal and valid solutions for larger
datasets. Given its poor performance on larger
instances, it can be concluded that the Two-phase
B&B algorithm generally requires fewer branch
explorations than the other two algorithms for
any value of k.

Similarly, the Two-phase B&B algorithm
demonstrates faster computation times compared
to the B&B1 and B&B2 algorithms. Its execution
time is significantly faster, particularly when
compared to B&B2. While B&B1 may show
faster computation in some instances, such as
the trial with 20 customers, this is primarily due
to the algorithm terminating early as it fails to
find an optimal and valid solution. This result
indicates that the Two-phase B&B algorithm is
more efficient than the other two B&B algorithms
in finding the optimal solution. The B&B
algorithm successfully reduced computation time
by dividing the process into two phases. Although
both phases require a non-trivial amount of
computation time, the first phase effectively
shortens the overall time by identifying the
optimal solution for a single tour. As a result,
the second phase becomes faster since it only
explores the already optimal tour solution to
find possible subtours that satisfy the given
constraints, referred to in this context as valid
solutions.

In comparison with the other heuristic
algorithms, namely the improved TS and ALNS,
the Two-phase B&B algorithm provides a fairly
competitive computation time for small-sized
datasets. For larger datasets, the time required
to obtain the best solution is longer than that
of the two heuristic algorithms. However, this
is proportional to the quality of the results,
as the Two-phase B&B algorithm is able to
obtain better solutions. In contrast, the two
heuristic algorithms tend to become trapped in
local optima, causing the search process to stop
early or to produce identical solutions before
reaching the maximum number of iterations.

Additional computations were conducted on
large-scale datasets to further evaluate the
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Table 2. Comparison of the upper bound, computation time, and number of nodes for different algorithms
under small- and medium-sized datasets

Number of Cust Dataset Algorithms
UB Computation Time (s) Number of Nodes

Tmax = (150; 400)

5

C101

Two-Phase B&B 709.32 298.62 0.010 0.010 51 51
B&B1 709.32 298.62 0.140 75.10 152 130
B&B2 709.32 298.62 7.060 1.060 1,802 368
Gurobi 709.32 298.62 0.130 0.060

Improved TS 709.32 298.62 0.014 0.030
ALNS 709.32 298.62 0.004 0.004

R101

Two-Phase B&B 569.04 477.93 0.010 0.010 65 55
B&B1 569.04 477.93 123.10 0.020 112 32
B&B2 569.04 477.93 88.09 0.250 1,129 217
Gurobi 569.04 477.93 0.050 0.010

Improved TS 626.42 477.93 0.030 0.020
ALNS 569.04 477.93 0.003 0.006

RC101

Two-Phase B&B 337.07 337.07 0.000 0.010 50 48
B&B1 337.07 337.07 103.00 0.040 165 32
B&B2 337.07 337.07 90.30 0.280 1,203 217
Gurobi 337.07 337.07 0.020 0.030

Improved TS 582.94 337.07 0.030 0.020
ALNS 337.07 337.07 0.000 0.010

Tmax = (200; 600)

8

C101

Two-Phase B&B 1,134.2 319.38 0.020 0.020 170 170
B&B1 1,134.2 319.38 1.170 88.50 578 690
B&B2 1,134.2 319.38 140.08 128.90 10,370 9,690
Gurobi 1,134.2 319.38 4.760 0.110

Improved TS 1,134.2 330.92 0.160 0.089
ALNS 1,134.2 330.92 0.006 0.014

R101

Two-Phase B&B 639.78 584.49 0.020 0.020 247 232
B&B1 639.78 584.49 126.80 110.30 698 590
B&B2 639.78 584.49 178.90 1.600 1,890 785
Gurobi 639.78 584.49 0.060 0.020

Improved TS 701.47 584.49 0.130 0.080
ALNS 639.78 584.49 0.006 0.010

RC101

Two-Phase B&B 383.53 383.53 0.020 0.070 943 64
B&B1 462.87 383.53 180.00 1.740 2,870 74
B&B2 462.87 383.53 180.00 0.110 3,201 784
Gurobi 383.53 383.53 0.020 0.060

Improved TS 651.99 383.53 0.110 0.080
ALNS 384.53 383.53 0.010 0.010

Tmax = (300; 700)

10

C101

Two-Phase B&B 761.23 341.09 0.030 0.140 389 8,400
B&B1 1,132.46 341.09 180.00 178.00 2,902 1,608
B&B2 1,132.46 341.09 180.00 17.730 6,880 1,903
Gurobi 761.23 341.09 0.280 0.140

Improved TS 761.23 344.09 0.220 0.240
ALNS 761.23 344.09 0.007 0.016

R101

Two-Phase B&B 781.61 692.16 0.140 0.140 7,301 7,301
B&B1 861.46 692.16 180.00 0.120 9,280 9,112
B&B2 861.46 692.16 180.00 120.30 10,983 12,209
Gurobi 781.61 692.16 0.170 0.210

Improved TS 781.61 692.16 0.130 0.160
ALNS 792.85 692.16 0.013 0.027

RC101

Two-Phase B&B 664.19 551.12 0.020 0.150 100 7,561
B&B1 664.19 551.12 78.50 0.120 250 4,509
B&B2 664.19 551.12 18.17 92.87 3,076 7,688
Gurobi 664.19 551.12 0.120 0.600

Improved TS 664.19 562.98 0.190 0.150
ALNS 664.19 551.12 0.016 0.030

Tmax = (500; 800)

15

C101

Two-Phase B&B 821.39 543.98 0.280 17.070 1,447 37,062
B&B1 2,162.81 1,485.48 180.00 180.00 15,799 15,097
B&B2 1,076.22 1,612.28 180.00 180.00 17,390 16,699
Gurobi 821.39 543.98 6.270 13.290

Improved TS 830.28 671.75 0.500 0.800
ALNS 943.01 561.86 0.010 0.030

R101

Two-Phase B&B 873.01 811.84 17.54 17.54 36,952 36,901
B&B1 1,017.34 916.66 180.00 180.00 42,677 41,890
B&B2 1,053.58 916.66 180.00 180.00 44,789 47,678
Gurobi 873.01 811.84 18.49 18.03

Improved TS 912.53 811.84 0.640 0.510
ALNS 929.62 811.84 0.030 0.070

RC101

Two-Phase B&B 614.5 614.5 17.61 18.02 35,790 36,949
B&B1 1,126.91 1,126.91 180.00 180.00 36,892 37,000
B&B2 747.77 747.77 180.00 180.00 45,899 42,789
Gurobi 614.5 614.5 78.05 178.00

Improved TS 646.37 646.37 0.510 0.510
ALNS 614.5 614.5 0.078 0.077

Note: Bold values indicate the best performance.
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Table 3. Comparison of the upper bound, computation time, and number of nodes for different algorithms
under a large-sized dataset

Number of Cust Dataset Algorithms
UB Computation Time (s) Number of Nodes

Tmax = (500; 800)

20

C101

Two-Phase B&B 1,211.73 895.93 101.73 107.88 7,316 7,394
B&B1 1,529.77 1,224.72 180.00 180.00 14,753 16,538
B&B2 1,330.27 1,055.05 180.00 180.00 28,653 26,890

Improved TS 1,211.73 902.97 1.220 1.320
ALNS 1,292.95 904.85 0.019 0.030

R101

Two-Phase B&B 1,024.23 923.54 83.57 88.44 6,330 6,432
B&B1 1,193.94 1,191.19 180.00 180.00 16,783 23,847
B&B2 1,193.94 1,133.56 180.00 180.00 20,937 23,048

Improved TS 1,024.23 990.31 1.000 1.040
ALNS 1,044.99 923.54 0.050 0.150

RC101

Two-Phase B&B 1,020.24 909.96 71.60 72.78 11,612 11,346
B&B1 1,175.21 922.62 180.00 180.00 18,924 22,352
B&B2 1,153.62 992.62 180.00 180.00 32,894 42,562

Improved TS 1,020.24 913.34 0.990 1.13
ALNS 1,034.29 909.96 0.180 0.150

Tmax = (1000; 1500)

30

C101

Two-Phase B&B 881.66 789.56 4,935.0 3,158.6 2,654,342 2,586,703
B&B1 1,092.60 953.78 5,000.0 5,000.0 3,192,070 2,590,475
B&B2 1,084.26 953.19 5,000.0 5,000.0 2,863,731 2,688,912

Improved TS 1,062.88 945.31 4.260 5.800
ALNS 982.98 973.38 0.068 0.095

R101

Two-Phase B&B 1,258.40 1,258.40 4,627.0 3,084.0 2,097,442 2,099,345
B&B1 1,551.39 1,308.67 5,000.0 5,000.0 2,103,069 2,205,712
B&B2 1,338.57 1,287.61 5,000.0 5,000.0 2,170,264 2,221,440

Improved TS 1,382.26 1,382.26 1.850 1.840
ALNS 1,287.61 1,287.61 0.230 0.340

RC101

Two-Phase B&B 1,231.28 1,231.28 4,673.0 4,673.0 182,935 187,354
B&B1 1,250.18 1,269.29 5,000.0 5,000.0 208,737 217,882
B&B2 1,234.94 1,250.18 5,000.0 5,000.0 210,904 193,889

Improved TS 1,242.09 1,242.08 2.470 3.170
ALNS 1,231.28 1,231.28 0.330 0.260

Tmax = (1200; 2000)

50

C101

Two-Phase B&B 984.82 960.10 4,589.0 4,398.0 583,947 290,651
B&B1 1,405.43 1,256.56 5,000.0 5,000.0 596,272 302,782
B&B2 1,398.85 1,256.56 5,000.0 5,000.0 580,282 318,862

Improved TS 1,048.83 1,048.43 18.210 18.260
ALNS 1,571.46 1,323.41 0.180 1.080

R101

Two-Phase B&B 1,869.64 1,786.99 3,678.0 2,785.0 44,383 1,230
B&B1 1,992.28 1,861.26 5,000.0 5,000.0 57,892 3,889
B&B2 1,971.65 1,847.33 5,000.0 5,000.0 62,688 5,317

Improved TS 2,058 1,934.08 24.34 18.24
ALNS 2,173.55 1,861.26 0.870 2.150

RC101

Two-Phase B&B 1,601.48 1,487.38 4,087.0 4,976.0 432,175 396,355
B&B1 1,650.25 1,516.93 5,000.0 5,000.0 456,822 417,822
B&B2 1,638.22 1,507.72 5,000.0 5,000.0 466,782 428,862

Improved TS 1,655.82 1,545.50 17.47 18.65
ALNS 1,852.97 1,507.72 5.150 2.000

Note: Bold values indicate the best performance.
Abbreviations: ALNS: Adaptive large neighborhood search; B&B: Branch and bound; TS: Tabu search; UB: Upper bound.

performance of the Two-phase B&B algorithm, as
reported in Table 3. The table indicates that the
Two-phase B&B algorithm achieves the optimal
solution, but with greater computational time
than the improved TS and ALNS algorithms.
Although the proposed algorithm outperforms the
traditional B&B approach and guarantees that an
optimal solution to the problem can be found,
the computational effort increases exponentially
as the number of customers grows.

Despite its ability to consistently obtain
optimal solutions, the proposed Two-phase B&B
algorithm has several limitations. The algorithm
is designed for VRP instances characterized
by a distinct constraint structure, emphasizing
a maximum route duration and homogeneous
service times. Under this structure, the method
can be directly applied to problems with similar
characteristics, such as homogeneous customer

demands with vehicle capacity constraints.
However, in real-world applications, both service
durations and customer demands often vary
across customers. Further modifications to
the dynamic programming structure would be
necessary to accommodate heterogeneous service
schedules or demands. Since this study represents
an initial contribution, extending the Two-phase
B&B algorithm to more complex problem settings
is left for future research.

Overall, the computational results show that
the Two-phase B&B algorithm outperforms the
two traditional B&B algorithms and the two
heuristic algorithms in terms of performance.
For large-scale datasets, this algorithm still
requires considerable exploration time to obtain
the optimal solution. As the dataset size
increases, the number of explored nodes and the
computation time increase accordingly.
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5. Conclusion

This study investigates the VRP with a maximum
duration constraint and proposes a Two-phase
B&B algorithm designed to guarantee optimal
solutions efficiently. The algorithm consists of
two stages: the first phase identifies a tour that
satisfies the classical VRP constraints, while the
second phase applies dynamic programming to
find feasible combinations of optimal subtours
that meet the maximum duration constraint.
The computational results demonstrate that the
Two-phase B&B algorithm performs efficiently
and consistently in obtaining an optimal solution.
Although the computation time and the number
of explored nodes increase as the dataset
size grows, the algorithm remains robust and
continues to reach optimal solutions across all
tested instances. Overall, these findings confirm
that the proposed method is both reliable and
effective for solving the VRP with maximum
duration constraints.

Our research represents an initial
investigation of the integration between heuristic
and B&B approaches, which is restricted to
a special-case formulation of the VRP. There
are several directions and suggestions for future
research. First, still related to duration-based
constraints, the VRP model can be extended
to incorporate customer time windows with
heterogeneous service durations. Furthermore,
since pruning strategies play a significant role in
reducing the search space, further modifications
may be applied to the search strategy by adopting
more efficient branching techniques that can
predict promising nodes.
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