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This study presents a complex variable neural network (CVNN) controller
designed for unmanned aerial vehicles (UAVs) using the port-Hamiltonian
formulation with non-holonomic constraints. The approach begins by deriving
the dynamic model of a quadrotor UAV in port-Hamiltonian form, where
the Hamiltonian is constructed from the system’s total kinetic and potential
energies. Dirac structures are implemented to preserve the system’s structural
properties while incorporating non-holonomic constraints specifically in the
attitude loop. The proposed control architecture decouples the attitude and
position control loops, with each utilizing a CVNN controller designed through
Lyapunov stability analysis. Theoretical proofs establish the stability of both
control loops, while numerical simulations demonstrate the effectiveness of the
proposed approach for trajectory tracking tasks. Comparative analysis against
existing controllers shows superior performance in reducing root mean square
errors while maintaining reasonable control effort. The results confirm that
the CVNN controller effectively manages the UAV’s dynamic behavior even
with non-holonomic constraints limiting the vehicle’s orientation range.
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1. Introduction

a survey of the literature on the following
issues, such as the practical applications of

Unmanned aerial vehicles (UAVs) have been
increasingly studied, considering the vast amount
of civil and military applications. Due to
the increase in tasks and novel UAV, the
design of appropriate and suitable control
strategies is crucial for this kind of robotic
system. The port-Hamiltonian formulation
provides significant advantages for modeling
UAV dynamics as it explicitly accounts for
energy properties and structural characteristics
of these systems.  Neural control strategies
have emerged as fundamental approaches for
UAVs, particularly when considering real-time
hardware implementation in experimental or
practical settings. This introduction provides
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UAV, the implementation of the Dirac structure,
the port-Hamiltonian formulation of UAVs, the
non-Holonomic formulations of UAVs’ dynamic
models, neural control, and complex variable
neural controllers.

Civil and military applications of UAVs are
diverse, with implementations in plague control,
surveillance, and search and rescue, among
others. For example, in Pu et al.,' UAV were used
for the inspection of solar/wind energy resources.
In Li et al.,> computer vision-based UAV are
used for pest monitoring in forests. Tarpenning
et al.® compared the performance of UAV for
the surveillance of trash sites in which Aedes
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aegypti were found. Furthermore, Xu et al.
used UAVs for the inspection of aerial power
lines. Van Haeften,® performed the phenotyping
of agronomics traits with UAVs, while Li et al.
used UAVs for a prototype of a space—air—ground
network.

Other advances in the implementation of
UAV can be found in Liller et al.,” in which
a battery-free and solar-powered fixed-wing
unmanned aerial vehicle is presented. = Han®
performed aerial tracking wusing the whale
optimization and gray wolf optimizer. Moreover,
Liu et al.,” presented the implementation
of adaptive particle swarm optimization for
trajectory planning of UAV.

This study extends beyond UAVs to include
a broader range of unmanned vehicles, such
as unmanned submarine vehicles or marine
vessels. For example, in Bouzid et al.,' the
port-controlled representation of a unmanned
aerial vehicle with flight constraint is obtained
to derive an energy-based three-dimensional
autopilot. Rashad et al.'' presented a
port-Hamiltonian approach for an hexarotor UAV
for energy impedance control design. In Souza et
al.,'? the passivity-based control of a quadrotor
UAV is presented. Meanwhile, In Rashad etal.,'
the port-Hamiltonian modeling of an unmanned
aerial vehicle by passivity-based control is shown.
Nonlinearity and coupled dynamic systems are
important for this research study considering that
quadrotor unmanned aerial vehicle posses these
nonlinear attributes. Hence, for these reasons, the
study by Avazzadeh et al.,'* in which the optimal
solution of nonlinear 2D variable order fractional
optimal control problem is evinced, is useful for
our study.

Other types of unmanned vehicles represented
in the port-Hamiltonian formulation are found in
studies by Zhou et al.,'> who designed an energy
tracking controller for an unmanned surface
vessel. In Ma et al.,'® a passivity-based and
sliding mode controller for unmanned surface
vessels was designed considering uncertainties
and disturbances. Lv et al.'" presents
an adaptive neural network combined with
a port-controlled Hamiltonian framework for
unmanned surface vessels subject to input
saturation and uncertainties.  Meanwhile, in
the study by Jin et al.,'® the port-Hamiltonian
formulation was implemented for H — oo
controller design of an unmanned underwater
vehicle. In the work by Wang et al.,'® the
port-Hamiltonian formulation was implemented
for unmanned surface vessels by a Fourier-based
formation control. In Lv et al.,® the
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port-Hamiltonian formulation was implemented
for unmanned surface vessels with cooperative
formation control.

Neural control has been fundamental for the
trajectory tracking control of UAV and other
types of robotics mechanisms. So, for this
reason, it is worth mentioning the following
studies to clarify this issue. For example, in
the study by Feng et al.,>' the finite fixed
time synchronization of complex variable neural
networks was considered. In the work by
Jayanthi and Santhakumari,?? a passivity analysis
of complex variable neural networks was evinced.
Moreover, in Liu et al.?® a nonpenalty neuro
dynamic model for complex variable neural
network optimization was presented. In light of
the importance of neural network stability for
controller design, the study by Sriraman et al.?*
was considered.

Other kinds of neural network controllers
are presented studies such as Chen et al.?®
in which a fuzzy-sliding mode controller UAVs
werepresented based on radial basis neural
networks. Additionally, Xiong et al.?6 envinced
a neuro-adaptive sliding mode controller for a tilt
quadrotor unmanned aerial vehicle. In the study
by Li et al.?” a recurrent neural network with
a super-twisting terminal sliding mode controller
for UAVs are shown. Chai et al.?® presented
an adaptive compensation of a double pendulum
aerial transportation system. In the study by
Mahmood et al.?? a neural adaptive sliding mode
controller for camera positioning of a unmanned
aerial vehicle was presented.

Other references for the mneural network
control of UAV are found in other studies such
as Li et al.® in which a neural network observer
was implemented for the fault-tolerant control
of an UAV. In the study by Wu et al3! a
neural network and particle swarm optimization
technique was implemented for the control for the
unmanned aerial vehicle boat landing. In Peng
et al.??, the spiking neural control for 12 rotor
unmanned aerial vehicle was evinced. Zhang et
al.33 presented an adaptive observer based neural
control of the swarm of UAV. Additionally, in
Bekhiti et al.3* a fixed-wing UAV was controlled
with sensor fault recoveries.

The Dirac structures were implemented in this
research study due to the structure preservation
characteristics of this kind of operator in dynamic
systems established in the port-Hamiltonian
formulation. Hence, we included studies such
as van der Schaft et al.?® in which differential
operators and Dirac structures are presented.
Meanwhile, Ye et al.>® presented a generalized
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soliton Dirac structure. Furthermore, Yoshimura
et al3" presented the Dirac structures in
non-equilibrium thermodynamics. In the work
by Kumar et al.,*3 the Dirac structures were
implemented for linear dynamic systems on
Sobolev spaces. In the study by Gay-Balmaz
et al.,>® the Dirac structures for interconnected
discrete-time systems were evinced.

Moreover, Tortorella et al.,* reported the
deformation of the L — oo Dirac—Jacobi structure.
Seslija et al.*' presented the reduction of
Dirac—Stokes operators for port-Hamiltonian
systems. Lamoline et al.? showed the Dirac
structures of infinite dimensional stochastic
port-Hamiltonian systems.

This paper presents the results of a
complex variable neural network (CVNN)
controller designed for quadrotor UAVs within
a port-Hamiltonian framework. One of the
main contributions of this research study is
the application of non-holonomic constraints
exclusively in the attitude loop, ensuring that
the orientation of the unmanned aerial vehicle
remains within an appropriate and allowable
range. The main motivation of this study
is that the position and attitude dynamics of
a quadrotor UAV can be decoupled through
the use of a Dirac structure. Notably, this
approach has not been implemented in previous
research. Due to the derivation of the
position and attitude dynamics in the form of
port-Hamiltonian systems, the non-holonomic
constraints make it difficult to obtain a feasible
port-Hamiltonian formulation, in specific, for the
attitude loop. Hence, the Dirac structure in
the attitude loop facilitates the establishment
of both loops dynamics in the port-Hamiltonian
formulation. The proposed control architecture
decouples the attitude and position loops.
Both controllers are developed using Lyapunov
functionals—the position loop CVNN controller
through appropriate Lyapunov selection, and the
attitude loop CVNN controller through Lyapunov
implementation to derive non-holonomic and
input torques. As it is verified, apart from
obtaining the port-Hamiltonian dynamics of
the attitude and position loops, the main
contribution of the proposed control strategy
is that the complex variable neural networks
provide the framework in which the dynamics
in this formulation is obtained by ensuring an
appropriate weights of these controllers. This
means that the dynamics of the quadrotor UAV
is used to derive the CVNN behaviour to reduce
the position and attitude errors to zero. It is
important to mention that the non-holonomic
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torque must be kept at its lowest value to
prevent constraint violations.  This research
presents a comprehensive theoretical analysis and
experimental validation, followed by a discussion
and conclusion.

The novelty of this research study resides
in which the non-holonomic constraints of
the quadrotor unmanned aerial vehicle are
considered, in specific, in the attitude loop. Most
studies in the literature overlook these aspects, as
they assume a position trajectory without fully
accounting for the attitude constraints necessary
to define the permissible attitude regions and
determine the corresponding rotation angles of
the quadrotor UAV.

The non-holonomic constraints considered in
this study are incorporated into the attitude
controller design to define feasible turning regions
for the quadrotor UAV in real-time. This
approach enables more realistic control, allowing
the implementation of the control strategy for
real-time missions regardless of the assigned
tasks.

The sections of this paper are summarized
as follows. In Section 2, the mathematical
background for this research study is presented;
in Section 3 the port-Hamiltonian representations
of the attitude and position loops are presented.
Then, in Section 4, the proposed control
approach is established. Meanwhile, in Section
5, two numerical experiments are presented; and
finally in Section 6 and Section 7, the respective
discussions and conclusions of this research work
are evinced.

2. Mathematical background

In this section, the mathematical background of
this research study is presented. Specifically, we
focus on the definitions of Dirac structures that
are essential for the port-Hamiltonian modeling
of both attitude and position dynamics of the
quadrotor unmanned aerial vehicle.

2.1. Dirac structures

Consider the following bilinear Dirac structure
?,35,37,42,43

<< 2 ),( 2 )> = (f1. fo)Fr + (e1,e2)e (1)

in which (fl,el),(fg,eg) € Bfor B=Fx¢&,
where which F is the flow space and £ is the
effort space.?"l2 Then, any Dirac structure can

be established in kernel form?Z:

D={(fe)e FxF*:Ff+ Ee=0} (2)
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In  which
met35,37,42,43.
i EF*+FE*=0
ii rank[F + E| = dim[F]
for linear maps F' : F — V and F : F* —
V.42 Meanwhile, every Dirac structure can be
established in image representation as shown in
Equation 3%2:

the following conditions are

D={(fie) eFXF" i f=EAe=F\
Aevy (3)

The power variables for each Dirac structure
are given®?:

P={f*f)

in which (f, f*) € F x F*.12

The Dirac structure is a compact and
suitable operator to obtain the port-Hamiltonian
formulation of the attitude and position
dynamics. Considering that the attitude
dynamics is nonlinear and coupled, due to its
complexity, the Dirac structure becomes in a
compact form which ease the dynamic model
derivation, not only in the attitude loop, but also
in the position loop.

(4)

2.2. Euler angles’ matrices and coordinate
transformation

The Euler angles matrices, along with coordinate
transformation, are shown in this subsection.
Consider the following transformation®*:

Ry =SRp
in which the Euler angles are given by:

()

CyCo SeSsCy —SvCs CaCySe + SaSw
Rp = CoSw SeSvSe + CeSy CaSySe — SeCyw
—Seo SsCe CsCo

(6)

where S and C are the sine and cosine
functions, and v = [®,0, ¥]T are the respective
Euler angles. Meanwhile the skew symmetric

matrix S is given by Equation 7%4:
0 Q. Q
S=1 - 0 Q (7)
-Q, —Q, 0
where Q = [Q,Q,Q]T represents the

angular velocities around the z, y, and z axes.
The relation between -~ and €) is given by
Equation 8%

1 tan(©)sin® tan© cos(P)
=10 cos(®) — sin(®) Q (8)
0 secOsin®  secOcosd
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Now, to find the input torques of the
propellers T; for ¢ 1,2,3,4, the following
transformation is necessary:

[Rs Rs Rs Rp | 'fo=V

in which V. = [V;,Va, V3, V4]T for 1}
(0,0, T3], Vo = [0,0,T»]T, V3 = [0,0,73]", and
Vi = [0,0,74)7. Equation 8 is used to transform
the attitude orientation of the quadrotor UAVs to
the Euler angles.

9)

3. Port-Hamiltonian representation of
the quadrotor unmanned aerial
vehicles

As explained in the previous section, the
position and attitude dynamics of the quadrotor
unmanned aerial vehicle are decoupled and
represented in the port-Hamiltonian formulation
by Dirac structures. First, a flow vector and
an effort vector are developed to implement
the Dirac structure to establish the position
and attitude dynamics in the port-Hamiltonian
formulation. It is important to consider that
the non-holonomic constraints in the attitude
loop are taken into consideration. This means
that constraints are applied only to the rotation
angles of the unmanned aerial vehicle when
tracking a desired position. To represent the
unmanned aerial vehicle attitude dynamics in
the port-Hamiltonian formulation, consider the
following port-Hamiltonian formulation®3:

da vpaH(Qaapa)
Pa = —V.H(qapa) + A(ga) X + B(qa)ta
Ya B(4a)" Vp, H (qas Pa)
0 = A(ga)"Vp.H(qa:Pa) (10)

where V, is the partial gradient with respect
to qq, Vp, is the partial gradient with respect to
Pa, ¢a € R? is the orientation vector, p, € R? is
the momentum vector, H(qq,ps) : R> — R is the
Hamiltonian for the attitude loop, A(gg)A is the
constrained torque, B(qq)u, is the input torque,*
and y, € R? is the system output. The Dirac
structure used in this paper is considered as:

<f|€> + <fa|€a> + <fc|ec> =0 (11)
where f = —i(t) and e = agix)’ fo = —2a(t),
€q = Ug, fe = —Zc(t), e = A. The vector z(t) =
[qa(t), pa(t)]T is the state vector. It is worthy to
mention that %, is the velocity generated by the
controller input, & is the velocity obtained by the

constraint torque, e, = u, is the torque generated
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by the controller input, and e, = A is the torque
generated by the constraints.

Equation 11 is converted to the following
result, considering the kernel property of the
Dirac structure:

. OH

Hence, by making F =1, E =
On, Eo = B(Qa)a and E. = A(Qa)§
equation becomes:

J, Fe=F, =
the previous

OH (¢a(t), Pa(t))

Qf(t) J 8$(t) + G(Qa(t))ua(t)
+  Alga(t))A(t) (13)
which is the same port-Hamiltonian

formulation as evinced in Equation 10.

Meanwhile, the position loop in the
port-Hamiltonian formulation is given by:
Gz V. H(qz; pz)
De = _vqg;H(QIapz) + B(Qz)ua:
Yz = B(qx)Tvsz(Qxa px) (14)

Similar to the attitude loop, Equation 14 can
be represented by Dirac structures as follows:

<f|e>+<fx|6x> =0 (15)
Obtaining the following by the kernel
property gives:
OH

where F : R6%6 — RS is the flow matrix and
E : R6%6 5 RS is the effort matrix. The vector
x(t) = [qz(t), pz(t)]T is the state vector, making
F=1,E=1J, F, =0, and E; = B(gz) in
which n = 6; the previous equation becomes:

OH (q2(1), px(t))
0x(t)

In this way, we have demonstrated how
both the attitude and position dynamics are
synthesized through the implementation of Dirac
structures, providing a unified and elegant
mathematical framework.

B(t) = J

+ G(ga(t))ua(t)  (17)

3.1. Port-Hamiltonian representation of
the quadrotor’s position loop

For the position loop dynamics, we followed a
similar approach to the previous demonstration,
implementing the Dirac structure to obtain the
port-Hamiltonian formulation. Consider the

+Fafa+Ea€a+Fcfc+Ec€c:0

1
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following unmanned aerial vehicle position vector
¢z = |7,y,2]T along with the momentum vector
in the z,y, and z axes p, = [pu,py,p:]L-
Additionally, consider the following mass matrix:

m 0 O
M = 0 m O (18)
0O 0 m

2) in which m is the mass of the quadrotor.

Now, consider the following Hamiltonian for the
position loop [44]:

1 _
Hy = 5pp, M™'pp + Mgesgs (19)

where, the kinetic energy is given by K =
%p;;FM *1pp and the potential energy is given by
P = Mgesq, in which g is the gravity constant,
€3 [0,0,1]7.  Then, consider the following
partial derivatives of the Hamiltonian H,:

0H,
= Mge
PR ges
OH. _ _ . .
G = M= M (Mi) =d. (20)
Pp
So, according to Equation 14, the

port-Hamiltonian formulation for the position
loop is given as:
do } [

[pp]:[

where u, = [0,0,0,uy,u2,uz]? is the system
input. Meanwhile, B is an identity matrix of the
appropriate dimension.

03
__[3

I3
0

Mges

] + Bu,  (21)

qz

3.2. Port-Hamiltonian representation of
the quadrotor’s attitude loop

For the attitude dynamics loop, we implemented a
similar procedure to obtain the port-Hamiltonian
formulation. Consider the following Hamiltonian
with the kinetic and potential energy®*:

H, = %pg‘]]_;lpa +/ Ga X JBGadqa (22)
da

The integral term which appears in Equation
22 represents the potential energy of the
quadrotor unmanned aerial vehicle, this means,
that this integral represents the accumulated
potential energy related to the respective torque.
Considering the following variables ¢,
[a1,a2,a3]” in which a;, a2, and a3 are the
rotation angles of the unmanned aerial vehicle
in the z, y, and 2z axes. Meanwhile, p, =
[’pax,pay,paz]T is the angular momentum vector.
Then, the inertia matrix is given by:



Complex variable neural network controller for port-Hamiltonian systems with non-holonomic constraints . . .

I.. 0 0
0 0 I,

where I;4, Iy, and I.. are the inertia in the
x, Yy, and z axes, respectively. Now, consider
the following partial derivatives of the attitude
Hamiltonian:

0H, . .

aq = (Ga X JBQa

0H, _ _ ) .

ap = JBlpa = JBl(JBQa) = {a (24)

So, according to Equation 10, the attitude
dynamics in the port-Hamiltonian formulation are
given by:

2] = % 8](*e]
Pa —13 qa
- [ A(SQ)A ] + Batg (25)

where u, = [0,0,0, Ugz, Uqy, tqz]" is the input
torque vector, and B, is an identity matrix of
appropriate dimensions. The constraints matrix
elements are obtained by Cholesky factorization
as follows:

OH
AT (o) 5 =
(Q)apa 0

AT(Qa)Qa =
R(Qa)(RT(Qa)Qa) =0

in which the Cholesky factorization is given
by A(qa) = R(qa)RT (qa); hence, RT(q,) is found
by implementing a solver. The main reason that
the Cholesky factorization was implemented, is
to facilitate the calculation of the non-holonomic
constraints. Due to these constraints, the
unmanned aerial vehicle quadrotor dynamics
consider mnon-allowed positions of the UAV
itself. Hence, to be non-holonomic constraints,
the elements of the matrix AT (q,) are found
numerically when the non-holonomic conditions
are met.

(26)

To clarify how the non-holonomic constraints
are found by the Cholesky factorization of
AT(q,), consider it in Equation 26, where the
computation effort is reduced if only R(g,) = 0
or the product of R7(gy)d, = 0. In summary, the
Cholesky factorization was implemented mostly
to reduce the computation effort in a real-time
hardware implementation of the quadrotor UAV’s
dynamic system.
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4. Complex variable neural network
controller for the quadrotor
unmanned aerial vehicle

In this section, the complex variable neural
networks controllers are obtained. It is important
to remark that by decoupling the position and
attitude loops makes it easy to design the two
complex variable neural network controllers for
the unmanned aerial vehicle.  As explained
in the previous section, the establishment
of the separated position and attitude loops
provides an easiest way to design the separated
controllers to guarantee a precise trajectory
tracking control. Firstly, the controller in the
position loop is obtained and then this loop
generates the trajectories for the attitude loop by
a transformation, as seen in Figure 1.

The complex variable neural
component is given as Equation 27 4:

network

n
j:ci(t) = —d{L'CZ‘(t) + f((]?cz) + CZ a,-jl“a:cj + Unni
j=1
(27)
where I' = diag{h1,...,h,} € C"" d =
diag{hi,....,h,} € C"™" ¢ € is the coupling
strength, and A = {a;;} nxn is the weight matrix
with a;; € C.%6 The complex variable neural
network structure given in Equation 27 was
implemented in the attitude and position loop
controllers, see (Figure 1), as explained later in
this section.
The following property is important to clarify
the bounds of the nonlinear complex variable
neural network terms.

Property 1. Consider the following nonlinear
term of the complex wvariable neural network
f(xe) € C™. This term posses the following upper
bound property:

[f(zei)|| < @ (28)
where a € R is a positive constant.
With this property, the attitude and

position loops controllers are designed effectively
considering the bounded characteristics of the
neural network nonlinear term f(z¢;).

4.1. Complex variable neural network
controller design of the position loop

For the position trajectory control tracking,
consider the following error variables:

€iq = Quxdi — 4xi

€ip = Pxdi — Pzi
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Figure 1. Block diagram of the proposed control strategy

in which ¢4, and pge are the desired
position and momentum in the z, y and =z
frames respectively for i = 1,2,3. The following
theorem presents the derivation of the position
loop complex variable neural network controller:

Theorem 1. Consider  the  controlled
port-Hamiltonian formulation of the position loop
given in Equation 21. The trajectory tracking
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of the position to drive the error wvariables in
Equation 29 to the origin in finite time, if and
only if, the following control law is implemented:

Ddzi + P + €ig + TRiT RS

Tl

: 2 2
+ ZaiZen + Kigiejy + Kogi€j,

Uj

(30)
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where zpr; € R and xzg; € R are the
real and complexr components of the complex
variable neural network controller in FEquation
27. Meanwhile, K1,; € RT and Koy € RT are
the respective gain matrices.

Proof. Consider

function:

the following Lyapunov

3 3
1 1
W = Z leig| + Z |eip| + §CL'ZR.TUCR + 59651:60]1
i=1 i=1
(31)
Now, by taking the first time derivative of
Equation 31, the following result is obtained:

3 3 3
W = Z éiq + Z éip + Z TcRiTcRi
i=1 i=1 i=1
3
+ ) weida (32)
=1

Now, by substituting the elements of
Equation 21 into Equation 32 the following result
is obtained:

‘ 3 3 O
W= > g+ (ﬁdm’ t3 = - U1>
i=1 i=1 Qe

3 3
+ 5 xcRifccRi + 5 CCcl[ij:c]Ii
i=1 i=1

Now, by substituting the control law in
Equation 30 into Equation 33 the following result
is obtained:

(33)

3
W =— Z(Klme%q + Kgm-e%p) <0
i=1
Hence, the position loop is closed-loop stable,
and the proof of the theorem is complete.

(34)

4.2. Complex variable neural network
controller design of the attitude loop

For the design of the complex variable neural
controller for the attitude loop, a similar
procedure was followed. Consider the following
error variables:

€iq = d4di — Yai
€p = DPdi — Pai (35)
in which e;; and e; are the angular
orientation and angular momentum error

variables for ¢ = 1,2,3. The following theorem

demonstrates how the control input variable was
synthesized.

Theorem 2. Consider the error wvariables
described in Equation 35 and the controlled
port-Hamiltonian formulation of the attitude
position in Equation 25, this nonlinear dynamic
system is stabilized, if and only if, the following
control and constraint inputs are implemented in
Equation 25:

8Ha7j

Usi = Pai+ + Kiq€l
ai Ddi 8Qai 1a€iq
+  Koah, + Teridicrs + Tt
1 T
o= — (a) ¢ 36
7 ||a7,” ( Z) q ( )

where K1, € RT, Ko, € RT are positive
constant gains, and xT.r; € R and xq; € R are
the real and imaginary components of the complex
variable neural network controller. Meanwhile, a;
is the row vector of the matriz A(q,) related to the
non-holonomic constraints of the system.

Proof. Consider the following Lyapunov
function:
W =

3 3
Z |€iq| + Z |ep
i=1 i=1

3 3
1 1
T 3 Z olg; + 5 Z zly (37)
i=1 i=1

By obtaining the first time derivative of the
Lyapunov functional Equation ( 37), the following
result is obtained:

3 3
W= (dai — Gai) + > _ (Pai — Pai)
i=1 =1
3 3
+ Z mc]Ri-fc]Ri + Z xc]lij;c]li (38)

1 i=1

<.
Il

Now implementing the required substitutions
in Equation ( 38), we obtain:

3
W= (dai — dai)
=1
> OH.,;
+ ; (pdi + Oau aiX; — uai)

3 3
+ Z xc]RiitcRi + Z 'fUcI[ij:c]Ii (39)
i=1 i=1

Now by substituting A and wug; in Equation
( 36) the following result is obtained:
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3
W = — Z (—Klaie?q - KQaieZzp) <0
=1

(40)

With these results, the proof is completed and
the theorem is established.

5. Numerical experiment

In this numerical experiment section, two
numerical experiments are shown in which the
first one is related to a trajectory path with
aggresive maneuvering and a second scenario in
which a smooth trajectory is provided to test
the efficiency of the proposed control strategy
in comparison with the strategy shown in%’
and a proportional derivative (PD) controller.
Meanwhile, the parameters of the quadrotor
unmanned aerial vehicle are as follows: m = 1 kg,
g = 9.81 m/s?, with the following inertia matrix:

1000 O 0
Jp = 0 1000 O
0 0 1000

where the unit of the inertia matrix Jg is
given in kg.m?. The main objective of this
research study is to validate the theoretical results
obtained in this research study and, at the same
time, to demonstrate the effects of non-holonomic
constraints in the dynamics and control of the
unmanned aerial vehicle. This section is divided
into two parts, which are the following:

(41)

i Numerical simulation of the position loop.
ii Numerical simulation of the attitude loop.

This organization improves the comprehension
of this section to establish comprehensive
validation of the theoretical framework developed
in this research.

5.1. Experiment 1

This numerical experiment presents the results
of path trajectory tracking for the modeled UAV
during aggressive maneuvers. A desired position
vector is implemented as the desired trajectory
of the unmanned aerial vehicle to test and
validate the theoretical results obtained in this
research study. The simulation parameters are as
explained in the beginning of this section. The
simulation analysis is divided into the closed-loop
numerical simulation of the position loop and the
closed-loop numerical simulation of the attitude
loop.

956

5.1.1. Numerical Simulation of the Position
Loop

For this numerical simulation, the gain values for
the controller of the neural network controller
were given by K; = 04 and Ko = 1 X
10~% to achieve a precise trajectory tracking
by the studied unmanned aerial vehicle. The
results of this numerical simulation experiment
were compared with the results obtained by
Singha et al.*” and a standard PD controller.
A comparative table of the root mean square
error (RMSE) of the three control strategies
is presented. It is important to clarify that
the strategy shown by Singha et al.*” was
adapted to the dynamics in the port-Hamiltonian
formulation of the unmanned aerial vehicle
developed in this research study.

In Figures 2 and 3 show the respective
evolution in time of the position and error
variables in this numerical experiment. It can be
noticed that the results obtained by the proposed
control strategy provided a better trajectory
tracking performance in comparison with the
results obtained with the adapted control strategy
shown in?” and the standard PD controller. It is
also important to clarify that these results were
not affected by the constraints established in the
unmanned aerial vehicle presented in this research
study, something that can be noticed in the
analysis shown in the simulation of the attitude
loop, as evidenced in this numerical experiment.

Meanwhile, Figure 4 demonstrates the
control inputs of the position variables to verify
was obtained without saturating the actuators,
as corroborated in the numerical simulation of
the attitude loop as shown in this numerical
simulation section.

5.1.2. Numerical Simulation of the Attitude
Loop

For the numerical simulation of the attitude loop
system, the gain of the controller was given by
K1 = 58; hence, it is verified in this numerical
experiment that the control strategy yielded in
this research study provides the best results in
comparison with the adapted control strategy
shown by Singha et al.*” and a standard PD
controller. Later in this section, a table with
the resulting RMSEs is presented to verify which
of the controller strategies provide the optimal
performance.

Figure 5 shows the angular momentums in
the x,y, z axes. It is important to consider that
these angular momentums were related directly
with the angular velocities of the analyzed
unmanned aerial vehicle. This fact is verified
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Figure 2. Position trajectory in the x, y, and z (A) x, (B) y, and (C) z axes
Abbreviations: PD: Proportional derivative; UAV: Unmanned aerial vehicle.

later the following figure. It is noticeable how
the constraints were maintained for these state
variables of the unmanned aerial vehicle nonlinear
dynamics.

Figure 6 shows the evolution in time of the
errors of the angular velocity of the constrained
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unmanned aerial vehicle studied in this research
study. It is corroborated that the optimal results
were obtained with the proposed control strategy
in comparison with the results of Singha et
al.4” and the PD controller. These results are
corroborated later in Table 1.
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Abbreviations: PD: Proportional derivative; UAV: Unmanned aerial vehicle.
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Table 1. Comparison of root mean square errors from different strategies for Experiment 1

Variables Normalized values of the root mean square error
(Position) Proposed approach 0.8900 m
(Position)(Singha et al., 2024)17 2.4105 m
(Position) Proportional derivative controller 8.0149 m
(Attitude) Proposed approach 0.065056 rads
(Attitude) (Singha et al., 2024)%" 0.018947 rads
(Attitude) Proportional derivative controller 0.3184 rads

Table 2. Mean comparative table for the performance different strategies for Experiment 1

Variables Proposed (Singha et al., Proportional
approach 2024)%7 derivative
controller
x (m) 0.016470 0.2867 —0.9470
y (m) —0.066614 0.047745 —0.1557
z (m) 0.2588 0.4753 0.4853

) 1.1607 x 103 1.1960 x 103 1.2034 x 1073
1.2760 x 10~1 1.9960 x 10~1 1.9960 x 10~1
) 0.011388 0.011808 0.011409
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Abbreviations: PD: Proportional derivative; UAV: Unmanned aerial vehicle.
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Table 3. Variance comparative table for the performance of different strategies for Experiment 1

Variables Proposed (Singha et al., Proportional
approach 2024)47 derivative
controller
x (m) 0.078588 0.8005 9.1974
y (m) 0.067362 0.7330 8.3849
z (m) 0.5758 3.9778 45.625

6.1616 x 10~* 3.2564 x 10~° 0.015451
5.0271 x 10~% 2.8287 x 10~° 0.012880
2.9906 x 10~* 1.5770 x 1074 0.073103
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Finally, Figures 7 and 8 show the rotor
torques along with the constrained inputs with
the calculation of A(q)A. It was verified how
these variables evolve in time, proving that the
torque of the quadrotor unmanned aerial vehicle
is sufficiently small considering the constraints in
this nonlinear dynamic system in the form of a
port-Hamiltonian formulation.

Table 1, presents the RMSE obtained using
the adapted control strategy in Singha et al.%7,
the PD control strategy, and the proposed control
strategy of this study. It can be observed that,
in general, the RMSE yielded by the proposed
control strategy was smaller than that of the
strategy by Singha et al.*” and the standard PD
controller, which was expected, considering the
design and mathematical representation of the
quadrotor unmanned aerial vehicle. Tables 2
and 3 depict the respective mean and variance
of the attitude and position errors. It was
verified that the mean and variance are smaller
for the proposed strategy compared to Singha
et al.¥” and the PD controller. Apart from
this, the histograms of the position and attitude
errors are evinced in Figure 9, demonstrating the
distribution of the errors for the proposed control
strategy, the strategy by Singha et al.4”, and the
PD controller, ratifying the results evinced in
Table 2 and 3.

The RMSE formula used in Experiment 1 and
2 is given by:

N
1
RMSE = \| 33" eilP (42)
=1
In which N is the maximum number of

samples of the error variable e;.

5.2. Experiment 2

In this section, the results of the numerical
simulation of the proposed control strategy
in comparison with the strategies by Singha
et al.*” with the trajectory vector ¢ =
[10sin(t),10cos(t),2t]7 m and a PD controller
for the quadrotor unmanned aerial vehicle with
non-holonomic constraints are reported. The
difference between this numerical experiment and
the previous one is that it involves a smooth,
non-aggressive maneuver and a more realistic
simulation scenario. The trajectory path shown in
this research study consisted of a spiral, which was
used as the reference trajectory in the position
loop while generating the attitude reference to
achieve the desired position.
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5.2.1. Numerical Simulation of the Position
Loop

As explained in the theoretical sections of this
research study, the non-holonomic constraints
was only considered in the attitude loop. The
numerical simulation performed in this section
demonstrates how, under a spiral trajectory,
the complex variable neural network controller
effectively tracks the desired trajectory of the
quadrotor unmanned aerial vehicle. It is
important to note that the position loop CVNN
controller implements a decoupled control system
approach. The results presented in this
subsection include:

Figure 10 shows the trajectories in the x, y,
and z axes. The results confirm that the proposed
controller for the position loop provided superior
performance compared to the strategies by Singha
et al.*” and PD control strategy. This improved
performance is attributed to the flexibility and
enhanced characteristics of the complex variable
neural network controller in the position loop.

i Plots of the positions in each axis.

ii 3D plot of the trajectory tracking
problem.

iii Plots of the control inputs in the position
loop.

To corroborate the results shown in Figures
10, and 11 validates that the proposed control
strategy achieved the lowest accumulated error
compared to the approaches by Singha et al.%”
and the standard PD controller. Later in this
section, Table 6 presents the RMSEs for both
the attitude and position loops.

Figure 13 shows the 3D trajectory of
the quadrotor unmanned aerial vehicle, further
confirming the results presented in Figures 10,
and 11. The figure demonstrates how the
unmanned aerial vehicle accurately tracks the
desired trajectory using the proposed control
strategy. The complex variable neural network
controller clearly outperformed other control
approaches such those by Singha et al.*” and the
standard PD controller.

Figure 12 illustrates the control efforts
generated by the proposed control strategy
compared to those by Singha et al.4” and the
standard PD controller. The proposed approach
showed optimal results with significantly smaller
control effort compared to the other approaches,
demonstrating greater efficiency.

5.2.2. Numerical Stmulation of the Attitude
Loop

For the attitude loop, non-holonomic constraints
were considered. The non-holonomic force yielded
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Figure 10. Position trajectory in the (A)z, (B)y and (C)z axis for experiment 2
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Table 4. Qualitative comparative analysis of the different strategies for the position loop

Control Advantages Disadvantages
approach
Proposed The root mean square If more nodes are
control error is reduced with needed, a  higher
strategy a small number of computational effort is
neurons or nodes. needed.
(Singha et It is a simple The performance is
al. 2024) 47 and fast control difficult to obtain due
strategy for hardware to uncertainties and
implementation. disturbances.
Standard Extremely simple. If the gains of the
proportional proportional derivative
derivative controller are  too
controller high, then the closed

loop performance is
degraded.

Table 5. Qualitative comparative analysis of different strategies the attitude loop

Control Advantages Disadvantages
approach
Proposed The root mean square Computational
control error is reduced with a complexity is high.
strategy small number of neuron
or nodes. Additionally,
Non-holonomic
behavior is estimated
better.
(Singha et It is a simple Non-holonomic
al. 2024)*7  and fast control behavior is not well
strategy for hardware supported.
implementation.
Standard Extremely simple. If the gains of the
proportional proportional derivative
derivative controller are  too
controller high, then the closed
loop performance is
degraded, specially
when  non-holonomics

contraints are included
in the attitude loop
dynamics.

Table 6. Comparison of root mean square errors of different strategies for Experiment 2

Variables Normalized values of the root mean square error
(Position) Proposed approach 1.4113 m
(Position)(Singha et al., 2024)%" 9.6421 m
(Position) proportional derivative controller 31.482 m

(Attitude) Proposed approach

0.044716 rads

(Attitude) (Singha et al., 2024)%

0.042833 rads

(Attitude) proportional derivative controller

0.058856 rads
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Figure 12. Input variables in the (A)z, (B)y, and (C)z axes for experiment 2
Abbreviations: PD: Proportional derivative; UAV: Unmanned aerial vehicle.

the force generated by the dynamic system
constraints of the quadrotor unmanned aerial
vehicle. These constraints were applied only to
the attitude loop to ensure that the orientation
of the quadrotor remains within an appropriate
region. This subsection presents and discusses the

plots of the attitude loop to examine the position
dynamic loop performance.

The angular momentum trajectories in the x,

y, and z axes are shown in Figure 14. The results

show that the reference momentum was tracked

more efficiently by the proposed control strategy
969
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Abbreviations: PD: Proportional derivative; UAV: Unmanned aerial vehicle.

Table 7. Mean comparative table for different strategies for Experiment 1

Variables  Proposed (Singha et al., Proportional

approach 2024)47 derivative
controller

x (m) 0.1126 -0.086144 0.3826

y (m) 0.3825 0.1338 0.3381

z (m) 0.042235 1.1957 -2.0287

ay (rad) —2.5556 x 10~*  —3.6875 x 10~%*  3.6391 x 10~*

as (rad) 5.8944 x 10~4 6.9451 x 10~4 1.0503 x 1073

ag (rad) 0.014782 0.014787 0.014851

Table 8. Variance comparative table for the performance of different strategies for Experiment 1

Variables  Proposed (Singha et al., Proportional
approach 2024)47 derivative
controller
x (m) 0.1804 43.799 486.44
y (m) 1.6509 47.732 500.49
z (m) 1.7255 x 104 2.5030 x 1073 0.010992

7.9682 x 10~ 4 7.6049 x 107 1.6473 x 1073
9.8406 x 10~ % 8.5512 x 107 1.5954 x 10~3
4.3760 x 1078 9.9163 x 10~ 8 2.9834 x 107
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Figure 14. Angular momentum trajectory in the (A)z, (B)y, and (C)z axes for experiment 2
Abbreviations: PD: Proportional derivative; UAV: Unmanned aerial vehicle.

compared to the approach by Singha et al.*” and
the standard PD controller.

Figure 15 displays the error variables of
the angular velocity. These error variables
represent the difference between the desired
angular velocity generated by the position

971

loop and the actual angular velocity. Unlike
other control strategies in the literature, our
approach demonstrated that despite the presence
of non-holonomic constraints in the attitude
loop, the effectiveness of both the attitude and
position loops ensured that the controller action
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Figure 15. Error of the angular velocity in the (A)z, (B)y and (C)z axes for experiment 2
Abbreviations: PD: Proportional derivative; UAV: Unmanned aerial vehicle.

drives the state variables of the system in the
port-Hamiltonian formulation to their desired
values.

Figure 16 presents the torques generated
by the four rotor propellers of the quadrotor
unmanned aerial vehicle. The non-holonomic
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constraints helped maintain the rotor torques
within appropriate operational ranges. These
rotor torques are denoted as 17, T, T3 and Tj.

Figure 17 shows the torques generated
by the non-holonomic constraints, where A(g)A
was computed to achieve the desired value in
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1, (B) 2, (C) 3, and (D) 4 vehicle for experiment 2
Abbreviations: PD: Proportional derivative; UAV: Unmanned aerial vehicle.
finite time. The figure demonstrates that the experiment, corroborating the results in Table

non-holonomic input is maintained near the origin
at minimal values, so the constraints generated
only the small effort required by the control
action.

Table 5 presents a qualitative comparative
analysis between the proposed control strategy,
the approach by Singha et al.,*” and the standard
PD controller implemented in the attitude loop.

Table 6 presents the RMSE of the norm
of the position g, and attitude loop ¢,. For
the position loop, the proposed control approach
achieved the lowest RMSE. For the attitude loop,
the approach in*” showed slightly better results,
followed closely by our proposed strategy, with
the PD controller showing the highest error.
It is important to note that while the PD
controller can be effective in certain scenarios,
its performance significantly degrades with higher
gains and in the presence of uncertainties and
disturbances.

Table 7, and 8 show the position and attitude
errors mean and variances, evincing in this second
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2, and 3 are corroborated. Figure 18 shows
the histogram of the attitude and position errors.
This corroborates that the results are extremely
good for this numerical setup.

5.3. Computational Effort Analysis

The neural network implemented in this study
is a complex-valued neural network. Its
computational complexity is on the order
of O(n?), which is comparable to that of
real-valued neural networks. This occurs because
the complex variable neural network controller
implemented in this research study is separated
into the real and imaginary neural network
controller components. The computational
complexity indicates that if the complex variable
neural network controller increases the number
of nodes or neurons, the computational effort
increases by m?, taking into consideration that
weight matrices are implemented in the neural
network controller. As explained before, the
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Abbreviations: PD: Proportional derivative; UAV: Unmanned aerial vehicle.

computational effort is the same as a real-valued
neural network or even as other types of neural
networks, such as quaternion neural networks.
Moreover, the advantage over real-valued neural
networks is that the complex variable neural

network possesses two degrees of freedom, making
it more efficient compared with this type of
neural network. The implementation of complex
variable neural networks in hardware in the
loop is very straightforward, considering that
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the computational effort is crucial when neural
networks are implemented as controllers in
real-time experimental setups.

6. Discussion

According to the theoretical and experimental
results of this research study, the trajectory
position tracking of a quadrotor unmanned aerial
vehicle was achieved satisfactorily. The numerical
simulations confirm effective trajectory tracking
for the unmanned aerial vehicle quadrotor along
a spiral trajectory. A notable advantage of
our approach is that the complex variable
neural network controller performs -effectively
even with a small number of neurons and nodes.
Due to the implementation of the Lyapunov
function for control law synthesis, the CVNN
controller weights do not require adjustment
for nominal performance. Nevertheless, further
performance optimization could be achieved
through fine-tuning using algorithms such as
particle swarm optimization. Despite using
relatively simple parameter tuning, our results
demonstrate that the position loop is controlled
efficiently through the implemented CVNN
controller structure and architecture.

We intentionally included non-holonomic
constraints in the port-Hamiltonian formulation
of the attitude loop dynamics. This design
choice prevents forbidden orientations of the
unmanned aerial vehicle during operation. For
example, in the spiral trajectory tracking
problem, the non-holonomic constraints ensured
that the UAV does not make sudden, potentially
destabilizing turns. This feature becomes
particularly important in practical applications
where the UAV might carry payloads or operate
in environments where orientation constraints are
critical for safety and performance. The ability to
maintain appropriate orientation while following
complex trajectories represents a significant
improvement over traditional control approaches
that do not explicitly account for such constraints
within their formulation.

It is important to clarify that issues such
as controllability and observability were not
considered in this research study. Due to
the high coupling between the position and
attitude loops and nonlinearities found in the
dynamic system, these issues are difficult to
analyze.  Other studies, such as Shukla et
al.,*®49 are available in which the controllability
of a complex semilinear stochastic system is
analyzed and the controllability of a second
order complex system are evinced respectively.
These references are important to mention, as
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the coupled or decoupled controllability analysis
of the quadrotor dynamics must be taken into
consideration. However, it is important to clarify
that global closed loop stability of the errors
variables for the position and attitude loops
are ensured by the proposed neural network
controller. The complex variable neural network
controller ensures the convergence of the error
variables to zero in finite time. Taking into
consideration that CVNN are able to ”learn” the
appropriate control dynamics according to the
position and attitude loops dynamics, this aspect
ease the implementation of a ”soft” controller
for this complex system. Readers can refer to
Rezapour et al.?? for more details.

It is important to ratify that some dynamical
system issues such as disturbances and parameter
uncertainties are not considered in this research
study. However, the proposed control strategy
can be extended to a dynamic system with
parametric uncertainties easily; in this way, the
variation in parameters such as the quadrotor
mass and its inertias can be considered.
Disturbance rejection controllers can also be
obtained, clarifying that, in this study, these
issues were not considered but they will be
considered as an extension to the results shown
in this work.

7. Conclusion

This work has demonstrated the effectiveness
of a CVNN controller for trajectory tracking
in quadrotor UAV within the port-Hamiltonian
framework. By decoupling the attitude
and position control loops and implementing
non-holonomic  constraints  exclusively in
the attitude loop, we achieved robust
control that maintains appropriate orientation
constraints during trajectory tracking.  The
Lyapunov-based controller synthesis provided
theoretical guarantees of stability while numerical
experiments validated superior performance
compared to existing approaches. Our
CVNN controller exhibited significantly lower
position tracking errors (RMSE of 1.4113 m
compared to 9.6421 m for the benchmark
method) while requiring minimal computational
resources. The inclusion of non-holonomic
constraints successfully prevented forbidden
orientations of the UAV, particularly beneficial
for applications involving payload transportation
or requiring smooth trajectories. The control
architecture demonstrated excellent performance
with minimal tuning, though further optimization
could be achieved through techniques such as
particle swarm optimization. This research
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provides a solid foundation for future work in
advanced UAV control strategies that maintain
structural properties while guaranteeing robust
performance under operational constraints. The
main results of this work is that the proposed
control strategy provided the required control
effort for the stabilization of the errors in the
position and attitude loops of a quadrotor
unmanned aerial vehicle. As explained before,
as a future direction, the design of neural
networks controllers accounting for uncertainties
and disturbances will be considered.
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