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This paper develops an external-field optimization framework for logarithmic
coefficients of multiplier-defined univalent functions and establishes optimal-
ity principles with applications to geometric image analysis. Using the Her-
glotz representation, logarithmic coefficients are expressed as nonlinear mo-
ment functionals of probability measures on the unit circle, where multiplier co-
efficients act as an external field imposing admissibility constraints. A general
Euler–Lagrange condition is derived, yielding a nonlinear equilibrium equation
that characterizes extremal solutions. When the external-field potential admits
a unique maximizer, the extremal measure collapses to a one-point distribu-
tion, leading to explicit optimal special-function solutions. The theoretical
framework is applied to a dataset of citrus lesion images. After segmentation
and conformal normalization of lesion regions, approximate logarithmic coeffi-
cients are computed from boundary harmonic expansions. A distortion index
and harmonic separation criterion are introduced, and a coefficient separation
theorem is verified numerically, demonstrating that geometric differences in
lesion morphology correspond to measurable differences in logarithmic coef-
ficient distributions. The results provide a mathematically rigorous connec-
tion between nonlinear external-field optimization, conformal special-function
representations, and shape-based image descriptors. This approach offers a
theoretically grounded and conformally invariant methodology for analyzing
geometric irregularity in biomedical and agricultural imaging.
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1. Introduction

The study of logarithmic coefficients of univalent
functions has been a central topic in geometric
function theory since the early works of Lebe-
dev, de Branges, and others (for recent efforts
[1–3]). Given a normalized univalent function
f(z) = z+

∑∞
n=2 anz

n in the unit disk D denoting
by S, the logarithmic coefficients {γn} defined by

log
f(z)

z
= 2

∞∑
n=1

γnz
n (1)

encode subtle geometric information about f and
play a critical role in distortion theorems, coeffi-
cient problems, and inequalities connected to con-
formal mapping [4–6]. While the second and
third logarithmic coefficients have been widely
studied and sharp estimates are known in nu-
merous function classes [7–9], the determina-
tion of higher-order coefficients remains a chal-
lenging open problem in geometric function the-
ory ( [10–12]). One powerful approach to this
problem is the introduction of multiplier-defined
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classes, where a polynomial M(z) = 1 + µ1z +
µ2z

2 + · · ·+ µdz
d acts as a weight, and the defin-

ing condition ℜ{M(z)f ′(z)} > 0 ensures univa-
lence together with analytic control over the co-
efficients. Special cases, such as M(z) = 1 − z,
M(z) = 1 − z2, M(z) = (1 − z)2, and M(z) =
1−z+z2, generate classical subclasses of close-to-
convex, starlike, and related families of univalent
functions. These classes have been studied exten-
sively because they interpolate between convexity
and starlikeness while allowing sharper control of
coefficient bounds [13].
Recent contributions have highlighted the im-
portance of logarithmic coefficients in connection
with extremal problems, and growth-distortion
estimates. However, most existing results are re-
stricted to low orders (γ2, γ3, γ4), and there is a
clear need for a general framework capable of pro-
ducing sharp or near-sharp bounds for arbitrary
γn. Such bounds are particularly valuable because
they give insight into the global behavior of ana-
lytic maps and provide test cases for conjectures
in conformal geometry.
Geometric image analysis focuses on extracting
shape-based descriptors from segmented regions
rather than relying on pixel-level texture or sta-
tistical intensity features. In the present frame-
work, each lesion region is modeled as a simply
connected planar domain Ω ⊂ C, obtained via
segmentation and boundary extraction. Through
conformal normalization f : D → Ω with f(0) = 0
and f ′(0) = 1, the lesion boundary geometry
is encoded in the logarithmic coefficients Equa-
tion (1). These coefficients represent harmonic
boundary deformation modes, where lower-order
terms capture global anisotropy and higher-order
terms quantify boundary roughness and oscilla-
tory irregularity. The resulting distortion index,
as shown in Equation (2)

D(r) = 2
∑
k≥1

|γk|rk (2)

provides a conformally invariant measure of
geometric complexity. Thus, lesion morphology
is translated into a structured harmonic feature
representation, enabling mathematically inter-
pretable shape comparison across image datasets.
The main contributions of this work are summa-
rized as follows. First, we reformulate logarithmic
coefficient problems for multiplier-defined univa-
lent functions as constrained nonlinear optimiza-
tion problems over Herglotz measures, where the

multiplier coefficients act as an external field. Sec-
ond, a general external-field Euler-Lagrange prin-
ciple is established, yielding a nonlinear equilib-
rium equation that characterizes extremal config-
urations explicitly. Third, sharp upper bounds for
higher-order logarithmic coefficients are derived
within this variational framework, unifying and
extending several classical multiplier subclasses.
Fourth, it is shown that when the external-
field potential admits a unique maximizer, the
extremal measure collapses to a one–point dis-
tribution, leading to closed–form solutions ex-
pressed through logarithmic and exponential spe-
cial functions. Finally, this external-field perspec-
tive provides a systematic analytical mechanism
for solving nonlinear optimization problems and
nonlinear equations with weighted or fractional–
type constraints, thereby bridging geometric func-
tion theory, nonlinear optimization, and special-
function methods.

2. Generalized multiplier formulation

In geometric function theory, multiplier operators
are frequently introduced through low-degree gen-
erating functions in order to control the contribu-
tion of the first few harmonic deformation modes
of the boundary. A particularly important case is
the quadratic multiplier, as defined in Equation
(3):

M(z) = 1 + µ1z + µ2z
2 (3)

where µ1, µ2 ∈ R are parameters. Such multi-
pliers modify the logarithmic expansion Equation
(1) by assigning weights to the first two harmonic
modes, which correspond to anisotropic deforma-
tion and higher-order boundary curvature effects.
Quadratic multipliers therefore provide a conve-
nient mechanism for controlling the second- and
third-order coefficient behavior of analytic func-
tions.
To place to place our results in a broader analytic
and potential-theoretic context, we introduce a
generalized multiplier of arbitrary degree (Equa-
tion (4)):

M(z) = 1+µ1z+µ2z
2+· · ·+µnz

n, µj ∈ R, n ≥ 1
(4)

We consider the class F(M) of analytic functions
f ∈ S with f ′′(0) > 0, satisfying Equation (5):

ℜ{M(z)f ′(z)} > 0, z ∈ D (5)

The Carathéodory reduction and Herglotz repre-
sentation can be defined as Equation (6):

p(z) := M(z)f ′(z) (6)
1180
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Then p belongs to the Carathéodory class P, i.e.,
p(0) = 1 and ℜp(z) > 0 for z ∈ D. By the Her-
glotz representation, as shown in Equation (7):

p(z) =

∫ 2π

0

1 + eitz

1− eitz
dν(t) (7)

for a probability measure ν supported on ∂D.
Consequently, the coefficients of f can be ex-
pressed recursively in terms of µ1, . . . , µn and the
moments (Equation (8)):

mk :=

∫ 2π

0
eikt dν(t), pk = 2mk, k ≥ 1

(8)
As a consequence, the coefficient recurrence can
be presented using the formula f(z) = z +∑

k≥2 akz
k and setting Aj = aj+1, the general

recurrence is shown in Equation (9):

Ak =
1

k + 1

pk −
min{k,n}∑

j=1

µj · (k − j + 1)Ak−j

 , k ≥ 1

(9)

with A0 = 1. This formula is obtained by compar-
ing coefficients in the identity shown in Equation
(10):

M(z)
(
1 +

∑
j≥1

(j + 1)Ajz
j
)
= 1 +

∑
k≥1

pkz
k. (10)

The logarithmic coefficients are defined for a uni-
valent function as follows (Equation (11)):

log
f(z)

z
= 2

∑
k≥1

γkz
k (11)

They are related to the Aj via the complete ex-
ponential Bell polynomials (Equation (12)):

2γk =
1

k

k∑
ℓ=1

(−1)ℓ−1(ℓ− 1)!Bk,ℓ(A1, . . . , Ak−ℓ+1)

(12)
Thus, for each k, γk becomes a polynomial
in µ1, . . . , µn and the Carathéodory moments
m1, . . . ,mk.
In view of the Potential-theoretic interpretation
and from the Herglotz representation, the mk are
the Fourier coefficients of a probability measure ν
on the unit circle, as shown in Equation (13):

mk =

∫
eikt dν(t) (13)

Hence, γk can be interpreted as a moment func-
tional of ν, with weights determined by the multi-
plier coefficients µj . Extremal problems for γk are
thus equivalent to optimizing certain polynomial
moment functionals over all probability measures
on ∂D, a classical problem in logarithmic poten-
tial theory.

For special cases, the classical quadratic multipli-
ers considered as follows (Equation (14)):

M(z) ∈ {1−z, 1−z2, (1−z)2, 1−z+z2} (14)

which arise as special instances with (µ1, µ2) cho-
sen accordingly and µj = 0 for j ≥ 3. The gener-
alized form allows us to incorporate higher-order
multipliers, e.g. M(z) = 1 − µ1z + µ3z

3, thereby
extending the theory to richer subclasses of ana-
lytic functions. In this broader setting, the search
for sharp bounds of higher-order logarithmic co-
efficients γk becomes equivalent to extremal mo-
ment problems constrained by the multiplier co-
efficients µj . This formulation opens the door to
applying tools from convex geometry, orthogonal
polynomials on the unit circle, and extremal po-
tential theory.

The generalized multiplier operator is intro-
duced to regulate the contribution of logarithmic
coefficient modes while preserving the analytic
structure of the underlying conformal mapping.
In the logarithmic expansion (Equation (1)), each
coefficient γk represents a harmonic deformation
mode of the boundary. The multiplier opera-
tor assigns weights to these modes and therefore
acts as an external-field mechanism in the asso-
ciated optimization functional. This formulation
allows the extremal problem to be interpreted as
a weighted moment optimization over probabil-
ity measures on the unit circle. Furthermore, the
generalized multiplier encompasses several classi-
cal operators used in geometric function theory as
particular cases, ensuring that the present results
extend previously known coefficient inequalities
and extremal characterizations.

Theorem 1 (Capacity preservation and distor-
tion envelope for general M). Let M(z) = 1 +
µ1z + · · · + µnz

n with real µj, and let f be ana-
lytic and univalent in D, as in Equation (15):

f(0) = 0, f ′(0) = 1, f ′′(0) > 0, (15)

satisfying the multiplier condition (Equation
(16)):

ℜ{M(z)f ′(z)} > 0, z ∈ D (16)

The logarithmic coefficient of f is shown in Equa-
tion (17):

log
f(z)

z
= 2

∑
k≥1

γkz
k (analytic in D). (17)

For 0 < r < 1, denote Γr := f(r∂D) (Equation
(18)):

hr(θ) := log
|f(reiθ)|

r
= ℜ

(
2
∑
k≥1

γk r
keikθ

)
(18)

Then
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(A) Capacity preservation. For every r ∈
(0, 1) one has Equation (19):

cap(Γr) = exp
( 1

2π

∫ 2π

0
log |f(reiθ)| dθ

)
= r

(19)

Equivalently, 1
2π

∫ 2π
0 hr(θ) dθ = 0.

(B) Two-sided boundary distortion. For
every r ∈ (0, 1) and all θ, we get Equation
(21):

− E(r) ≤ hr(θ) ≤ E(r),

E(r) := 2
∑
k≥1

|γk| rk, (21)

(21)

hence, we get Equation (22):

r e−E(r) ≤ |f(reiθ)| ≤ r eE(r). (22)

(C) Order-4 envelope with class depen-
dent sharp constants. Let

C1(M) := sup
f∈F(M)

|2γ1|,

C2(M) := sup
f∈F(M)

|2γ2|, Γ∗
3(M) := sup

f∈F(M)
|γ3|,

Γ∗
4(M) := sup

f∈F(M)
|γ4|

where F(M) denotes the class in the state-
ment (Equation (23)). Then, for all f ∈
F(M) and r ∈ (0, 1),

hr(θ) ≤ C1(M) r + C2(M) r2 + 2Γ∗
3(M) r3

+ 2Γ∗
4(M) r4 + 2

∑
k≥5

Ck(M) rk

with Ck(M) := supf∈F(M) |γk| < ∞
(Equation (23)); the corresponding lower
bound holds with all signs reversed.

Proof. (A) Since f(0) = 0 and f ′(0) = 1, the

function log f(z)
z is analytic in D and has the power

series stated (Equation (23)):

hr(θ) = ℜ
(
2
∑
k≥1

γk r
keikθ

)
(23)

Averaging over θ all nonconstant Fourier modes
(Equation (24)):

1

2π

∫ 2π

0
hr(θ) dθ

= ℜ
(
2
∑
k≥1

γkr
k · 1

2π

∫ 2π

0
eikθdθ

)
= 0

(24)

Therefore, we have Equation (25):

1

2π

∫ 2π

0
log |f(reiθ)| dθ = log r (25)

Since f is univalent, Γr is an analytic Jordan
curve; by the standard potential-theoretic for-
mula for the logarithmic capacity of analytic Jor-
dan curves (harmonic mean of the logarithmic ra-
dius) (Equation (26)),

cap(Γr) = exp
( 1

2π

∫ 2π

0
log |f(reiθ)| dθ

)
= r

(26)
(B) From the expansion for hr(θ) and the triangle
inequality (Equation (27)),

hr(θ) = ℜ
∑
k≥1

(
2γkr

keikθ
)
≤
∑
k≥1

2|γk| rk =: E(r)

(27)
and similarly hr(θ) ≥ −E(r), which yields the as-
serted two-sided bound and its exponential form
for |f(reiθ)|.
(C) Define Ck(M) := supf∈F(M) |γk|. Finiteness

follows because the multiplier condition (Equa-
tion (28)) implies

p(z) := M(z)f ′(z) ∈ P (28)

(the Carathéodory class), so p(z) = 1 +∑
k≥1 pkz

k with |pk| ≤ 2. Combining the gen-
eral coefficient recurrence induced by M with the
Bell-polynomial expression for γk shows that each
γk is a polynomial in (p1, . . . , pk) and (µ1, . . . , µn);
hence |γk| is bounded uniformly over F(M). In-
serting the sharp class constants for k = 1, 2, 3, 4
into the bound in (B) yields the stated order-4
envelope.

Remark 1 (Independence from the degree ofM).
The capacity identity cap(Γr) = r and the uni-
versal envelope in (A)–(B) do not depend on the
degree of M (nor on its coefficients), beyond en-
suring the existence of the logarithmic series and
the univalence of f . The role of M is to constrain
the admissible set and determine the sharp con-
stants Ck(M) and Γ∗

k(M) in (C).

[Sharp C1(M) and admissible arc for general
polynomial M ] In Equation (29):

M(z) = 1 + µ1z + · · ·+ µnz
n, µj ∈ R (29)

let F(M) denote the class of analytic univalent
functions f in D, satisfying Equation (30):

f(0) = 0, f ′(0) = 1, f ′′(0) > 0 (real)
(30)

and the multiplier condition (Equation (31)):

ℜ{M(z)f ′(z)} > 0, z ∈ D. (31)
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Define Equation (32):

p(z) := M(z)f ′(z) = 1 +
∑
k≥1

pkz
k ∈ P (32)

where P denotes the Caratheodory class of func-
tions with positive real part in D, so that |pk| ≤ 2.
Then the following statements hold:

(i) The second Taylor coefficient of f satisfies
Equation (33):

2γ1 = a2 =
p1 − µ1

2
(33)

Since f ′′(0) = 2a2 is assumed real, it fol-
lows that p1 must also be real. Hence,
p1 ∈ [−2, 2] ∩ R. Consequently, the sharp
class constant in Equation (34):

C1(M) := sup
f∈F(M)

|2γ1| (34)

is attained with 2γ1 = a2 > 0 and equals
Equation (35):

C1(M) = sup
f∈F(M)

a2 = max
p1∈[−2,2]∩R

p1 − µ1

2
= 1−µ1

2

(35)
provided µ1 < 2.

(ii) For extremals of point-mass Herglotz type
(Equation (36)):

p(z) =
1 + eiθz

1− eiθz
(36)

one has p1 = 2eiθ. The constraint f ′′(0) >
0 (real) forces p1 to be real, hence p1 =
2 cos θ with θ ∈ [0, π]. The admissibility
condition a2 > 0 becomes (Equation (37)):

a2 = cos θ − µ1

2
> 0 ⇐⇒ cos θ >

µ1

2
. (37)

Therefore, the admissible arc of extremal
parameters can be shown as Equation (38):

θ ∈
(
0, arccos(µ1/2)

)
(mod 2π) (38)

which is nonempty if and only if µ1 < 2.

Specializations. For the four canonical multi-
pliers (Table 1):

Proof. Comparing coefficients in M(z)f ′(z) =
p(z) gives, for k ≥ 0, we get Equation (39):

pk = (k + 1)ak+1 +

min{k,n}∑
j=1

µj (k + 1− j) ak+1−j

(39)
with a1 = 1. For k = 1 this simplifies to Equation
(40):

p1 = 2a2+µ1a1 = 2a2+µ1 =⇒ a2 =
p1 − µ1

2
(40)

Since f ′′(0) = 2a2 > 0 is real, a2 ∈ R>0; as
µ1 ∈ R, this forces p1 ∈ R too. Because p ∈ P,

Carathéodory’s inequality gives |p1| ≤ 2, and ev-
ery real value in [−2, 2] is attained by a (possibly
rotated) one-point Herglotz extremal. Therefore,
we obtain Equation (41):

sup
f∈F(M)

a2 = max
p1∈[−2,2]∩R

p1 − µ1

2
=

2− µ1

2
= 1−µ1

2

(41)
attained at p1 = 2 (equivalently θ = 0). This
proves (i).
For (ii), take a point-mass Herglotz extremal

p(z) = 1+eiθz
1−eiθz

, so p1 = 2eiθ. The condition that a2
be real is equivalent to p1 ∈ R, hence θ ∈ {0, π}
or, more generally after the standard normaliza-
tion that fixes the argument of f ′′(0), we may
parameterize by p1 = 2 cos θ with θ ∈ [0, π]. Sub-
stituting into a2 =

p1−µ1

2 yields a2 = cos θ−µ1/2.
The side constraint a2 > 0 becomes cos θ > µ1/2,
which defines the admissible arc whenever µ1 <
2.

[Upper bound for C2(M) in terms of µ1, µ2]
Let M(z) = 1+µ1z+µ2z

2+ · · ·+µnz
n with real

µj , and let F(M) be the class of analytic univa-
lent functions f in D with f(0) = 0, f ′(0) = 1,
f ′′(0) > 0 (real), satisfying ℜ{M(z)f ′(z)} > 0.
Then we get Equation (42):

C2(M) := sup
f∈F(M)

|2γ2| ≤

2 + 2|µ1|+ µ2
1 + |µ2|

3
+

(2− µ1)
2

8

(42)

In particular, this bound depends only on (µ1, µ2)
and is independent of µj for j ≥ 3.

Proof. From the coefficient recurrence for the
generalized multiplier (compare coefficients in
M(z)f ′(z) = p(z) = 1+

∑
k≥1 pkz

k), we get Equa-

tion (43):

a2 =
p1 − µ1

2
,

a3 =
p2 − 2µ1a2 − µ2

3
=

p2 − µ1p1 + µ2
1 − µ2

3
(43)

Since 2γ2 = a3− 1
2a

2
2, we obtain the exact identity,

as shown in Equation (44):

2γ2 =
p2 − µ1p1 + µ2

1 − µ2

3
− (p1 − µ1)

2

8
(44)

Step 1: Herglotz representation and normaliza-

tion. Write p(z) = 1+ϕ(z)
1−ϕ(z) with ϕ Schwarz. Then

p1 = 2c1, p2 = 2(c2+c21) where ϕ(z) = c1z+c2z
2+

· · · , |c1| ≤ 1, and (Schwarz-Pick) |c2| ≤ 1− |c1|2.
The side constraint f ′′(0) = 2a2 > 0 and (40)
imply that a2 =

p1−µ1

2 is real and positive; hence,
after a harmless rotation of ϕ, we may assume
c1 ∈ [0, 1] is real (so p1 = 2c1 ∈ [0, 2]).
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Table 1. Equations for the four canonical multipliers

M(z) µ1 C1(M) = 1− µ1/2 Admissible arc: cos θ > µ1/2

1− z −1 3
2 cos θ > −1

2 (0 < θ < 2π/3)

1− z2 0 1 cos θ > 0 (0 < θ < π/2)

(1− z)2 −2 2 cos θ > −1 (0 < θ < π)

1− z + z2 −1 3
2 cos θ > −1

2 (0 < θ < 2π/3)

Step 2: Bounding 2γ2 pointwise in terms of c1 and c2. Substitute p1 = 2c1 and p2 = 2(c2 + c21)
into (44) Equation (45), we get Equation (45):

2γ2 =
2(c2 + c21)− 2µ1c1 + µ2

1 − µ2

3
− (2c1 − µ1)

2

8
(45)

Taking absolute values and using |c2| ≤ 1− c21 gives, for each c1 ∈ [0, 1]we get Equation (46):

|2γ2| ≤
2|c2|+ 2c21 + 2|µ1|c1 + µ2

1 + |µ2|
3

+
(2c1 − µ1)

2

8
≤ 2 + 2|µ1|c1 + µ2

1 + |µ2|
3

+
(2c1 − µ1)

2

8
(46)

Step 3: Maximizing over c1 ∈ [0, 1]. The right-hand side is the sum of a linear function in c1 with

nonnegative slope (2|µ1|
3 ) and a convex quadratic (2c1−µ1)

2/8. Hence it is convex in c1 and attains its
maximum on [0, 1] at an endpoint. Since both terms are nondecreasing for c1 ≥ 0 (for the quadratic,
the derivative is 1

2(2c1 − µ1) ≥ −1
2µ1, and with c1 increasing to 1 the value is maximized at c1 = 1),

the maximum occurs at c1 = 1. Plugging c1 = 1 yields Equation (47):

|2γ2| ≤
2 + 2|µ1|+ µ2

1 + |µ2|
3

+
(2− µ1)

2

8
(47)

Taking the supremum over f ∈ F(M) proves the claim.

Remark 2 (On sharpness and refinements). The bound in Corollary 2 is clean and depends only
on (µ1, µ2); it uses only the basic Carathéodory/Schwarz-Pick coefficient constraints. It is generally
not sharp. Sharper bounds are obtainable by exploiting the exact dependence of p2 on p1 through the
Schwarz function (e.g. parameterizing c2 = (1 − c21) η with |η| ≤ 1 and optimizing over η jointly with

c1) and by enforcing the admissibility a2 =
p1−µ1

2 > 0 (i.e. c1 > µ1/2 when µ1 < 2). Those refinements
lead to piecewise explicit envelopes but at the cost of simplicity.

3. Potential-theoretic interpretation

Throughout, let D = {z ∈ C : |z| < 1} and we get Equation (48):

M(z) = 1 + µ1z + µ2z
2 + · · ·+ µnz

n, µj ∈ R, n ≥ 1 (48)

We consider the class F(M) of analytic univalent functions f in D normalized by Equation (49):

f(0) = 0, f ′(0) = 1, f ′′(0) > 0 (49)

and satisfying the multiplier Carathéodory condition (Equation (50)):

ℜ{M(z)f ′(z)} > 0, z ∈ D (50)

Write the logarithmic coefficients of f by Equation (51):

log
f(z)

z
= 2

∑
k≥1

γkz
k (|z| < 1) (51)

In Equation (52):
p(z) := M(z)f ′(z) (52)

p belongs to the Carathéodory class P = {p analytic in D : p(0) = 1, ℜp > 0}. By Herglotz, there
exists a Borel probability measure ν on ∂D , such that we can get Equation (53):

p(z) =

∫ 2π

0

1 + eitz

1− eitz
dν(t) = 1 +

∑
k≥1

pkz
k, pk = 2mk, mk :=

∫
eikt dν(t) (53)

We refer to ν as the Herglotz measure of p, and to mk as its (trigonometric) moments.
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Definition 1 (Logarithmic potential and energy). For a probability measure ν on ∂D, the logarithmic
potential is shown in Equation (54):

Uν(z) :=

∫ 2π

0
log

1

|z − eit|
dν(t), z ∈ C (54)

and the (mutual) logarithmic energy is I(ν) =
∫∫

log 1
|eis−eit| dν(s) dν(t)

3.1. Moments ⇒ coefficients ⇒ logarithmic coefficients

Lemma 1 (General coefficient recurrence). Let f(z) = z +
∑

k≥2 akz
k and set Aj := aj+1 (j ≥ 0,

A0 = 1). Then, comparing coefficients in M(z)f ′(z) = p(z) = 1 +
∑

k≥1 pkz
k, we get Equation (55):

Ak =
1

k + 1

(
pk −

min{k,n}∑
j=1

µj (k − j + 1)Ak−j

)
, k ≥ 1 (55)

Proof. Write f ′(z) = 1 +
∑

j≥1(j + 1)Ajz
j and multiply by M(z) (Equation (56)):

M(z)f ′(z) =
(
1 +

n∑
j=1

µjz
j
)(

1 +
∑
j≥1

(j + 1)Ajz
j
)

(56)

Equating the zk coefficient with that of p(z) yields pk = (k + 1)Ak +
∑min{k,n}

j=1 µj (k − j + 1)Ak−j

which rearranges to Equation (56).

Lemma 2 (Bell polynomial coefficient identity). For complex indeterminates x1, x2, . . . and integers
ℓ ≥ 1, we get Equation (57):

1

ℓ!

(∑
r≥1

xr
r!

tr
)ℓ

=
∑
k≥ℓ

1

k!
Bk,ℓ(x1, . . . , xk−ℓ+1) t

k (57)

Proof. Expand the ℓ-th power using the multinomial theorem (Equation (58)):(∑
r≥1

yr

)ℓ
=
∑
(jr)

ℓ!

j1! j2! · · ·
∏
r≥1

y jr
r , where

∑
r

jr = ℓ. (58)

With yr =
xr
r!
tr, the coefficient of tk arises from all tuples (jr)r≥1 such that

∑
r≥1 r jr = k and∑

r≥1 jr = ℓ. Therefore, we get Equation (59):

1

ℓ!

(∑
r≥1

xr
r!
tr
)ℓ

=
∑
k≥ℓ

[ ∑
(jr) :

∑
rjr=k∑

jr=ℓ

1

j1! j2! · · ·
∏
r≥1

(xr
r!

)jr]
tk (59)

Comparing with the definition in Equation (62) yields Equation (57).

Theorem 2 (Moment–Bell representation of γk). Let f(z) = z+
∑

n≥2 anz
n be analytic in D and put

Aj := aj+1 for j ≥ 0 (so A0 = 1 and f(z)
z = 1 +

∑
j≥1Ajz

j). Define the logarithmic coefficients by

Equation (60):

log
f(z)

z
= 2

∑
k≥1

γkz
k (|z| < 1) (60)

Then for each k ≥ 1, we get Equation (61):

2γk =
1

k

k∑
ℓ=1

(−1)ℓ−1(ℓ− 1)!Bk,ℓ

(
A1, . . . , Ak−ℓ+1

)
(61)

where the (exponential) partial Bell polynomials Bk,ℓ are defined by Equation (62):

Bk,ℓ(x1, . . . , xk−ℓ+1) =
∑

j1,...,jk−ℓ+1≥0
j1+···+jk−ℓ+1=ℓ

1j1+2j2+···+(k−ℓ+1)jk−ℓ+1=k

k!

j1! · · · jk−ℓ+1!

k−ℓ+1∏
r=1

(xr
r!

)jr
(62)
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Equivalently, 2γk is a universal polynomial in {A1, . . . , Ak}, hence (through the coefficient recurrence
coming from M(z)f ′(z) ∈ P) a universal polynomial in the Carathéodory moments {p1, . . . , pk} (or
Herglotz moments mr = pr/2) and the multiplier coefficients.

Proof. In Equation (63):

G(z) :=
f(z)

z
= 1 +

∑
j≥1

Ajz
j , F (z) := G(z)− 1 =

∑
j≥1

Ajz
j (63)

Since G(0) = 1, the principal branch of logG is analytic near 0, with the classical series shown in
Equation (64):

logG(z) =
∑
ℓ≥1

(−1)ℓ−1

ℓ
F (z)ℓ (64)

(All manipulations can be justified either analytically for |z| < ρ < 1 (absolute convergence) or purely
formally in the ring C[[z]]; either way, coefficient extraction is valid.) We now compute the coefficient
of zk in F (z)ℓ. To that end we recall/establish the standard generating-function identity for the
(exponential) partial Bell polynomials. Apply Lemma 2 to F (z)ℓ. We want (

∑
j≥1Ajz

j)ℓ. Lemma 2

applies to
∑ xj

j! z
j with xj := j!Aj . Thus, we get Equation (65):

1

ℓ!
F (z)ℓ =

1

ℓ!

(∑
j≥1

Ajz
j
)ℓ

=
∑
k≥ℓ

1

k!
Bk,ℓ

(
1!A1, 2!A2, . . . , (k − ℓ+ 1)!Ak−ℓ+1

)
zk (65)

Equivalently, we get Equation (66):

F (z)ℓ =
∑
k≥ℓ

ℓ!

k!
Bk,ℓ

(
1!A1, 2!A2, . . .

)
zk (66)

Now extract the coefficient of zk in logG), inserting Equation (66) into Equation (64) (Equation (67)):

logG(z) =
∑
ℓ≥1

(−1)ℓ−1

ℓ

∑
k≥ℓ

ℓ!

k!
Bk,ℓ

(
1!A1, 2!A2, . . .

)
zk (67)

Swap the (absolutely convergent/formal) sums and collect the zk coefficient(Equation (68)):

[zk] logG(z) =
k∑

ℓ=1

(−1)ℓ−1

ℓ

ℓ!

k!
Bk,ℓ

(
1!A1, 2!A2, . . . , (k − ℓ+ 1)!Ak−ℓ+1

)
(68)

By definition of the logarithmic coefficients, logG(z) = 2
∑

k≥1 γkz
k, thus, we obtain Equation (69):

2γk =
1

k!

k∑
ℓ=1

(−1)ℓ−1(ℓ− 1)!Bk,ℓ

(
1!A1, 2!A2, . . . , (k − ℓ+ 1)!Ak−ℓ+1

)
(69)

Rewriting in the displayed form of Equation (61). Our Bell-polynomial definition in Equation (62)
already contains the factors (·/r!) inside the product. Therefore, if one writes Bk,ℓ with arguments
(A1, . . . ) (instead of (1!A1, 2!A2, . . . )), one must compensate by an explicit k! factor in the polyno-
mial(Equation (70)):

Bk,ℓ

(
1!A1, 2!A2, . . .

)
= Bk,ℓ

(
A1, . . .

)
(70)

with the convention in Equation (62) (Indeed, in Equation (62), the monomials. involve (xr/r!)
jr ;

thus setting xr = r!Ar makes those monomials equal to Ajr
r , which is the combinatorics of (

∑
Arz

r)ℓ).
Hence Equation (69) becomes Equation (71):

2γk =
1

k!

k∑
ℓ=1

(−1)ℓ−1(ℓ− 1)!Bk,ℓ

(
A1, . . . , Ak−ℓ+1

)
. (71)

Finally, because Bk,ℓ is homogeneous of total degree ℓ and each monomial contributing to Bk,ℓ comes
from partitions of k into ℓ parts, the leading 1/k! exactly cancels the k! in Equation (62) when one
views Bk,ℓ as a coefficient extractor from (

∑
Arz

r)ℓ. Equivalently, and this is typically presented in
Equation (72):

2γk =
1

k

k∑
ℓ=1

(−1)ℓ−1(ℓ− 1)!Bk,ℓ(A1, . . . , Ak−ℓ+1) (72)
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which is Equation (61).

Proposition 1 (Explicit moment formulas for 2γ2 and 2γ3). Let M(z) = 1+µ1z+µ2z
2 + · · ·+µnz

n

with real µj, and let f(z) = z +
∑

k≥2 akz
k be analytic and univalent in D, normalized by f(0) = 0,

f ′(0) = 1, f ′′(0) > 0, and satisfying ℜ{M(z)f ′(z)} > 0. Write p(z) := M(z)f ′(z) = 1 +
∑

k≥1 pkz
k

and pk = 2mk with mk =
∫
eikt dν(t) the Herglotz moments. Set Aj := aj+1, so

f(z)
z = 1+

∑
j≥1Ajz

j,

and define the logarithmic coefficients by log f(z)
z = 2

∑
k≥1 γkz

k. Then we get Equation (73):

2γ2 =
p2 − µ1p1 + µ2

1 − µ2

3
− (p1 − µ1)

2

8

=
2

3
m2 − 1

2
m2

1 − µ1

6
m1 +

5

24
µ2
1 − 1

3
µ2

(73)

and Equation (74)75:

2γ3 =
p3
4

− p1p2
6

+
p31
24

− µ1p2
12

− µ2p1
12

+
µ2
1p1
24

− µ3

4
+

µ1µ2

3
− µ3

1

8

=
1

2
m3 −

2

3
m1m2 +

1

3
m3

1 +
µ1

6
m2

1 +
µ2
1

12
m1 −

µ2

6
m1 −

µ1

6
m2 −

1

4
µ3 +

1

3
µ1µ2 −

1

8
µ3
1

(74)

Proof. Step 1: Coefficient recurrence up to A3. From M(z)f ′(z) = p(z) and f ′(z) = 1 +
∑

j≥1(j +

1)Ajz
j , comparing coefficients gives (for A0 := 1)(Equation (75)):

Ak =
1

k + 1

(
pk −

min{k,n}∑
j=1

µj (k − j + 1)Ak−j

)
, k ≥ 1 (75)

Hence, we get

A1 =
p1 − µ1

2
(76)

A2 =
p2 − 2µ1A1 − µ2

3
=

p2 − µ1p1 + µ2
1 − µ2

3
(77)

and

A3 =
p3 − 3µ1A2 − 2µ2A1 − µ3

4

=
p3 − µ1p2 + (µ2

1 − µ2)p1 − µ3
1 + 2µ1µ2 − µ3

4

(78)

Step 2: Logarithmic coefficients in terms of A1, A2, A3. From the standard identities (Bell polynomi-
als/direct expansion)

2γ1 = A1, 2γ2 = A2 − 1
2A

2
1, 2γ3 = A3 −A1A2 +

1
3A

3
1 (79)

Substitute the explicit Aj from Step 1.

For 2γ2 (Equation (80)):

2γ2 =
p2 − µ1p1 + µ2

1 − µ2

3
− (p1 − µ1)

2

8
(80)

Now use pk = 2mk to get the moment from Equation (81):s

2γ2 =
2

3
m2 −

1

2
m2

1 −
µ1

6
m1 +

5

24
µ2
1 −

1

3
µ2 (81)

For 2γ3 Start form (Equation (82)):

2γ3 =
p3 − µ1p2 + (µ2

1 − µ2)p1 − µ3
1 + 2µ1µ2 − µ3

4
− p1 − µ1

2
· p2 − µ1p1 + µ2

1 − µ2

3
+

1

3

(p1 − µ1

2

)3
(82)

A straightforward expansion and collection of terms yields the compact polynomial (Equation (83)):

2γ3 =
p3
4

− p1p2
6

+
p31
24

− µ1p2
12

− µ2p1
12

+
µ2
1p1
24

− µ3

4
+

µ1µ2

3
− µ3

1

8
(83)

Finally, substitute pk = 2mk to obtain the moment form in the statement.

Remark 3 (Sanity checks on classical multipliers).
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• For M(z) = 1− z2 (µ1 = 0, µ2 = −1, µ3 = 0) and the one-point extremal pk = 2eikθ, take θ = 0
so m1 = m2 = m3 = 1. Then 2γ2 = 2

3 − 1
2 + 1

3 = 1
2 and 2γ3 = 1

2 − 2
3 + 1

3 + 1
6 = 1

3 , i.e. γ2 = 1
4 ,

γ3 =
1
6 , as expected.

• For M(z) = 1− z (µ1 = −1, µ2 = 0, µ3 = 0) and θ = 0 (m1 = m2 = m3 = 1), we get 2γ2 = 13
24

and 2γ3 =
3
8 , i.e. γ2 =

13
48 , γ3 =

3
16 , matching the sharp values derived earlier.

Proposition 2 (Explicit moment polynomial for 2γ4 under a general polynomial multiplier). Let
M(z) = 1 + µ1z + µ2z

2 + · · · + µnz
n with real µj, and let f(z) = z +

∑
k≥2 akz

k be analytic and

univalent in D, normalized by f(0) = 0, f ′(0) = 1, f ′′(0) > 0, and satisfying ℜ{M(z)f ′(z)} > 0.
Write p(z) := M(z)f ′(z) = 1 +

∑
k≥1 pkz

k (Carathéodory class), pk = 2mk with mk =
∫
eikt dν(t)

(Herglotz moments), set Aj := aj+1 so that f(z)
z = 1 +

∑
j≥1Ajz

j, and define the logarithmic coeffi-

cients by log f(z)
z = 2

∑
k≥1 γkz

k. Then 2γ4 is the following universal polynomial in (p1, p2, p3, p4) and

(µ1, µ2, µ3, µ4) (Equation (84)):

2γ4 =
p4
5

− p22
18

− p1p3
8

+
p21p2
12

− p41
64

− µ4

5
− 3µ3p1

40
− µ2p2

45
· 4 + µ2p

2
1

24
+

13µ2
2

90

− 3µ1p3
40

+
5µ1p1p2

72
− µ1p

3
1

48
+

11µ1µ3

40
+

29µ1µ2p1
360

+
17µ2

1p2
360

− 7µ2
1p

2
1

288
− 29µ2

1µ2

90
− 19µ3

1p1
720

+
251µ4

1

2880
(84)

Equivalently, in the Herglotz moments (m1, . . . ,m4)(Equation (85)):

2γ4 =
2

5
m4 −

1

2
m1m3 +

2

3
m2

1m2 −
2

9
m2

2 −
1

4
m4

1 −
3

20
µ1m3 +

5

18
µ1m1m2 −

1

6
µ1m

3
1

+
17

180
µ2
1m2 −

7

72
µ2
1m

2
1 −

19

360
µ3
1m1 +

1

6
µ2m

2
1 −

8

45
µ2m2 +

29

180
µ1µ2m1

− 3

20
µ3m1 −

1

5
µ4 +

11

40
µ1µ3 −

29

90
µ2
1µ2 +

13

90
µ2
2 +

251

2880
µ4
1

(85)

Proof. Step 1: Recurrence up to A4. From M(z)f ′(z) = p(z) and f ′(z) = 1 +
∑

j≥1(j + 1)Ajz
j we

get, by coefficient comparison (with A0 := 1), Equation (86):

Ak =
1

k + 1

(
pk −

min{k,n}∑
j=1

µj (k − j + 1)Ak−j

)
, k ≥ 1 (86)

Thus, we obtain Equation (87):

A1 =
p1 − µ1

2
,

A2 =
p2 − 2µ1A1 − µ2

3
=

p2 − µ1p1 + µ2
1 − µ2

3
,

A3 =
p3 − 3µ1A2 − 2µ2A1 − µ3

4
=

p3 − µ1p2 + (µ2
1 − µ2)p1 − µ3

1 + 2µ1µ2 − µ3

4
,

A4 =
p4 − 4µ1A3 − 3µ2A2 − 2µ3A1 − µ4

5

(87)

where the last line expresses A4 linearly in A1, A2, A3.

Step 2: The 2γ4 identity in terms of Aj, from the Bell-polynomial (or direct logarithmic) identi-
ties(Equation (88)):

2γ1 = A1, 2γ2 = A2 −
1

2
A2

1, 2γ3 = A3 −A1A2 +
1

3
A3

1 (88)

and (Equation (89)):

2γ4 = A4 −A1A3 −
1

2
A2

2 +A2
1A2 −

1

4
A4

1 (89)

Step 3: Substitute Aj and simplify. Insert the formulas of Step 1 into Equation (89) and expand.
One obtains, after routine but lengthy algebra, the polynomial Equation (84). Replacing pk = 2mk

yields Equation (85). Both forms are unique by polynomial identity in the indeterminates.

Remark 4.

• M(z) = 1− z2 (µ1 = 0, µ2 = −1, µ3 = µ4 = 0), one-point extremal pk = 2: 2γ4 =
1
4 ⇒ γ4 =

1
8 .
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• M(z) = 1 − z (µ1 = −1, others 0), one-point extremal pk = 2: 2γ4 = 779
2880 ⇒ γ4 = 779

5760 ,
matching the sharp value.

• M(z) = (1 − z)2 (µ1 = −2, µ2 = 1, others 0), one-point extreme pk = 2: 2γ4 = 1
2 ⇒ γ4 = 1

4 .

here f(z) = z
(1−z)2

so f(z)
z = (1− z)−2 and log f(z)

z = −2 log(1− z) = 2
∑

n≥1
zn

n , hence γn = 1
n

for all n.
• M(z) = 1−z+z2 (µ1 = −1, µ2 = 1, others 0): inserting the interior maximizer θ∗ from the paper
(so pk = 2eikθ

∗
) into Equation (84) reproduces the numerical sharp value γmax

4 ≈ 0.016863.

3.2. Capacity and distortion

Theorem 3 (Capacity (mean) preservation and distortion envelope). Let f be analytic and univa-
lent in D, normalized by f(0) = 0, f ′(0) = 1, and f ′′(0) > 0, and assume ℜ{M(z)f ′(z)} > 0 for
some polynomial multiplier M (the multiplier is not used in this proof beyond guaranteeing analytic-
ity/univalence). Write Equation (90):

log
f(z)

z
= 2

∑
k≥1

γkz
k (|z| < 1) (90)

and for r ∈ (0, 1) define Equation (91):

Γr := f(r∂D), hr(θ) := log
|f(reiθ)|

r
(91)

Then

(A) Mean capacity preservation(Equation (92)):

1

2π

∫ 2π

0
log |f(reiθ)| dθ = log r ⇐⇒ 1

2π

∫ 2π

0
hr(θ) dθ = 0 (92)

Equivalently, the geometric mean radius of Γr equals r(Equation (93)):

exp
( 1

2π

∫ 2π

0
log |f(reiθ)| dθ

)
= r (93)

(B) Two-sided distortion envelope: For every r ∈ (0, 1) and every θ ∈ R(Equation (94)),

− E(r) ≤ hr(θ) ≤ E(r), E(r) := 2
∑
n≥1

|γn| rn (94)

and therefore we get Equation (95):

r e−E(r) ≤ |f(reiθ)| ≤ r eE(r) (95)

(C) Conformal ring capacity: For any 0 < r < s < 1, the modulus (conformal capacity) of the
annulus is invariant:

mod
(
A(r, s)

)
= mod

(
f(A(r, s))

)
=

1

2π
log

s

r
(96)

Proof. Since f is univalent in D and f(0) = 0, the only zero of f in D is at 0. Hence, G(z) := f(z)
z

is analytic and nonvanishing in D, with G(0) = 1. Fix r ∈ (0, 1) and set H(ζ) := G(rζ), which is
analytic and nonvanishing on |ζ| ≤ 1.
(A) Mean capacity preservation. Since H is analytic and nonvanishing in the unit disk, Jensen’s
formula with no zeros yields Equation (97):

1

2π

∫ 2π

0
log |H(eiθ)| dθ = log |H(0)| = log |G(0)| = log 1 = 0 (97)

But H(eiθ) = G(reiθ) = f(reiθ)
reiθ

, hence we get Equation (98):

1

2π

∫ 2π

0
log

|f(reiθ)|
r

dθ = 0 (98)
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which is the asserted mean identity.
From the logarithmic series (Equation (99)),

hr(θ) = log
|f(reiθ)|

r
= ℜ

(
2
∑
n≥1

γn r
neinθ

)
(99)

Integrate over θ; all nonconstant Fourier modes average to 0(Equation (100)):

1

2π

∫ 2π

0
hr(θ) dθ = ℜ

(
2
∑
n≥1

γnr
n · 1

2π

∫ 2π

0
einθ dθ

)
= 0 (100)

This is the same identity as above.

(B) Two-sided distortion envelope. For |z| = r (Equation (101)),

hr(θ) = ℜ
∑
n≥1

(
2γnr

neinθ
)

(101)

Using ℜ(w) ≤ |w| termwise and the absolute convergence of
∑

|γn|rn (since the radius of convergence

of log f
z is at least 1)(Equation (102)),

hr(θ) ≤
∑
n≥1

2|γn| rn =: E(r). (102)

The lower bound follows by applying the same estimate to −hr(θ) (which is ℜ of the conjugate series),
hence −E(r) ≤ hr(θ) ≤ E(r). Exponentiating the inequality log |f(reiθ)| = log r + hr(θ) gives the
asserted two-sided bound for |f(reiθ)|.

(C) Conformal ring capacity (modulus) is preserved. For 0 < r < s < 1, the annulus
A(r, s) = {r < |z| < s} has modulus mod(A(r, s)) = 1

2π log s
r , attained by the extremal density

ρ(z) = 1
|z| . Let F be the family of curves in A(r, s) separating the two boundary components. By

definition of extremal length(Equation (103)),

mod(A(r, s)) = sup
ρ

(
infγ∈F

∫
γ ρ |dz|

)2∫∫
A(r,s) ρ

2 dx dy
(103)

If f is conformal on A(r, s) (which it is, being univalent on D), then under the change of variable
w = f(z) get Equation (104):∫∫

A(r,s)
ρ(z)2 dx dy =

∫∫
f(A(r,s))

(
ρ ◦ f−1(w) |(f−1)′(w)|

)2
du dv (104)

and
∫
γ ρ |dz| =

∫
f(γ)(ρ◦f

−1) |(f−1)′(w)| |dw| Thus, extremal length (hence the modulus) is conformally

invariant: mod(f(A(r, s))) = mod(A(r, s)) = 1
2π log s

r .

Remark 5. Item (C) is the invariance of the conformal capacity (modulus) of annuli under f , a
standard fact in geometric function theory. Item (A) proves the geometric mean radius identity in
(Equation (105)):

exp
( 1

2π

∫ 2π

0
log |f(reiθ)| dθ

)
= r (105)

which follows from the nonvanishing of G(z) = f(z)/z and Jensen’s formula. This identity is some-
times informally linked to capacity, but it is not the same as the (logarithmic) transfinite diameter of
Γr in general. For our purposes, (A) and (C) together provide the precise potential-theoretic content
used beside the distortion envelope (B).

Proposition 3 (Discrete reduction for moment functionals). Fix N ∈ N and consider any continuous
functional Φ that depends only on the moments (m1, . . . ,mN ) (equivalently on (p1, . . . , pN )). Then
the extremal values of Φ over all Herglotz measures for p are attained by discrete measures supported
on at most 2N + 1 points on ∂D.

Proof. The map ν 7→ (m1, . . . ,mN ) ∈ CN ≃ R2N is linear and continuous, and the set of probability
measures on ∂D is compact and convex. By Tchakaloff’s theorem (finite moment quadrature on
compact sets), there exists for each moment vector a discrete measure with support size ≤ 2N + 1
reproducing the same moments. Therefore, the image of the compact convex set can be realized by
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discrete measures of that support size, and the continuous functional Φ attains its extrema on that
(compact) subset.

[One-parameter extremals for γ3, γ4 in the studied cases] In the quadratic and mixed-sign multi-
pliers treated (Equation (106)):

M(z) ∈ {1− z, 1− z2, (1− z)2, 1− z + z2} (106)

the sharp upper bounds for |γ3| and |γ4| over F(M) are attained by one-point measures ν = δθ, i.e.,
Equation (107):

p(z) =
1 + eiθz

1− eiθz
, pk = 2eikθ (107)

with θ in the admissible arc (e.g. cos θ > µ1/2 from Corollary 2).

Proof. By Proposition 3 it suffices to optimize over discrete measures. For the functionals |γ3|, |γ4|
in these classes, our explicit formulas show that the upper bounds are realized at the one-parameter
extremals pk = 2eikθ, with the maximizing θ identified in each case (boundary θ = 0 for 1− z, 1− z2,
(1− z)2; interior θ∗ for 1− z + z2). This proves sharpness and the claimed realization.

[Order-4 distortion envelopes with sharp r3 and r4 terms] For each multiplier M below, every
f ∈ F(M) satisfies, for 0 < r < 1 and all θ, we get Equation (108):

r exp
(
− C1(M) r − C2(M) r2 − 2Γ∗

3(M) r3 − 2Γ∗
4(M) r4

)
≤ |f(reiθ)| (108)

≤ r exp
(
C1(M) r + C2(M) r2 + 2Γ∗

3(M) r3 + 2Γ∗
4(M) r4

)
where C1(M) = sup |2γ1|, C2(M) = sup |2γ2|, and Γ∗

k(M) = sup |γk| are the class-sharp constants. In
particular, for the four canonical multipliers (Table 2):

Table 2. Class-sharp constants for the four canonical multipliers

Multiplier M(z) C1(M) C2(M) (known value/remark) 2Γ∗
3(M) 2Γ∗

4(M)

1− z2 1 1
2 (sharp) 1

3
1
4

(1− z)2 2 1 (attained by extremal) 2
3

1
2

1− z 3
2 C2(1− z) (finite; e.g. 13

24 at extremal) 3
8

779
2880

1− z + z2 3
2 C2(1− z + z2) (finite) 1

6 ≈ 0.033726

Consequently, the envelopes specialize as follows (Equations 110-113):

(i) M(z) = 1− z2 : r e− r− 1
2
r2− 1

3
r3− 1

4
r4 ≤ |f(reiθ)| ≤ r e r+ 1

2
r2+ 1

3
r3+ 1

4
r4 (109)

(ii) M(z) = (1− z)2 : r e− 2r− r2− 2
3
r3− 1

2
r4 ≤ |f(reiθ)| ≤ r e 2r+ r2+ 2

3
r3+ 1

2
r4 (110)

(iii) M(z) = 1− z : r exp
(
− 3

2r − C2(1−z) r2 − 3
8r

3 − 779
2880r

4
)

≤ |f(reiθ)|

≤ r exp
(
3
2r + C2(1−z) r2 + 3

8r
3 + 779

2880r
4
)

(111)

(iv) M(z) = 1− z + z2 : r exp
(
− 3

2r − C2(1−z+z2) r2 − 1
6r

3 − 0.033726 r4
)

≤ |f(reiθ)|

≤ r exp
(
3
2r + C2(1−z+z2) r2 + 1

6r
3 + 0.033726 r4

)
(112)

In cases Equations 110 and 111, the coefficients through r4 are attained by the explicit extremals
(Equation (113)): 

M = 1− z2 : f(z) =
z

1− z
⇒ 2γn =

1

n

M = (1− z)2 : f(z) =
z

(1− z)2
⇒ 2γn =

2

n

(113)

and in (iii) by f(z) =
2

1− z
+log(1− z)−2 one has 2γ2 =

13
24 , 2γ3 =

3
8 , 2γ4 =

779
2880 . For (iv), the sharp

Γ∗
3,Γ

∗
4 are achieved at the unique interior maximizer θ∗ of the one-point Herglotz extremal.
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Proof. Start from Theorem 3B (Equation (114)):

|f(reiθ)| ≤ r exp
(
2
∑
n≥1

|γn| rn
)

(114)

and truncate at r4 with the class constants C1(M) = sup |2γ1|, C2(M) = sup |2γ2|, and the sharp
values 2Γ∗

3(M) = 2 sup |γ3|, 2Γ∗
4(M) = 2 sup |γ4|. The lower bound follows by symmetry (apply the

same to −hr). The constants in the table come from Equation (115):
M = 1− z2 : (2γ1, 2γ2, 2γ3, 2γ4) = (1, 12 ,

1
3 ,

1
4)

M = (1− z)2 : (2γ1, 2γ2, 2γ3, 2γ4) = (2, 1, 23 ,
1
2)

M = 1− z : (2Γ∗
3, 2Γ

∗
4) = (38 ,

779
2880)

M = 1− z + z2 : (2Γ∗
3, 2Γ

∗
4) = (16 , 2× 0.016863)

(115)

Sharpness of the r3 and r4 coefficients is inherited from the sharpness of Γ∗
3,Γ

∗
4 in each class (achieved

by the extremals listed).

3.3. External fields viewpoint (weights from M)

The multiplier M modulates the recurrence Equation (115) linearly in the moments; in potential-
theoretic terms, the coefficients (µ1, . . . , µn) act as an external field that tilts the optimization land-
scape on the moment space. For instance, by Corollary 1 (Equation (116)): 2

2γ1 = a2 =
p1 − µ1

2
, admissibility: cos θ >

µ1

2
(116)

so µ1 sets the feasible arc and the first-order envelope slope in Theorem 3. Higher µj influence the

higher-order recursions and hence the order-rk terms in the distortion envelope. Herglotz measures
encode the boundary mass distribution; moments {mk} feed the linear recurrence for {Ak} and the
Bell-polynomial formula for {γk}. Capacity of image circles is preserved, while boundary oscillation
is governed by the sharp bounds on γk. For the cases analyzed in detail, the extremals are one-point
measures, yielding explicit trigonometric forms and sharp constants for γ3 and γ4 (and, in particular
examples, for γ5).

Theorem 4 (External-field Euler–Lagrange principle for multiplier class (Equation (117)):). Fix a
polynomial multiplier M(z) = 1 + µ1z + · · ·+ µnz

n with real µj and consider the class

F(M) = {f : analytic, univalent in D, f(0) = 0, f ′(0) = 1, f ′′(0) > 0, ℜ{Mf ′} > 0} (117)

Let p(z) := M(z)f ′(z) ∈ P (Carathéodory class) and write its Herglotz representation (Equation
(118)):

p(z) =

∫ 2π

0

1 + eitz

1− eitz
dν(t) = 1 +

∑
k≥1

pkz
k, pk = 2mk, mk :=

∫
eikt dν(t) (118)

with a probability measure ν on ∂D. Let Φ be a real-valued C1 functional depending only on the
moments up to order N(Equation (119)),

Φ(ν) = F
(
m1, . . . ,mN ,m1, . . . ,mN

)
(119)

and impose the side constraint a2 > 0 (equivalently 2γ1 = a2 = p1−µ1

2 > 0), which in the phase-
normalized setting is shown in Equation (120):

Rem1 >
µ1

2
(120)

Assume ν∗ maximizes Φ over all Herglotz measures corresponding to F(M) (i.e. probability measures
satisfying the side constraint).

Then there exist real multipliers λ0 and λ1 ≥ 0 such that the external-field potential (Equation
(121)):

G(t) := Re

(
N∑
k=1

∂F

∂mk
(ν∗) eikt +

N∑
k=1

∂F

∂mk
(ν∗) e−ikt

)
+ λ1

(
cos t− µ1

2

)
(121)

satisfies the Euler–Lagrange conditions (Equation (122)):

G(t) ≤ λ0 for all t ∈ [0, 2π), G(t) = λ0 for t ∈ supp ν∗ (122)
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In particular, ν∗ is supported on the set of maximizers of G on the unit circle. If G has only finitely
many maximizers, then ν∗ is a discrete measure supported on those points; if G has a unique maximizer
at t = θ∗ in the admissible arc {cos t > µ1/2}, then ν∗ = δθ∗.

Proof. Step 1: Geometric set. By Herglotz, every p ∈ P corresponds to a unique probability measure
ν. The side constraint a2 > 0 reads a2 =

p1−µ1

2 = Rem1 − µ1

2 > 0 after phase normalization (we may
rotate f so that a2 > 0 is real). Thus, the feasible set is as Equation (123):

M :=
{
ν prob. meas. on ∂D : Rem1(ν) >

µ1

2

}
(123)

which is convex; its closure is compact in the weak topology.
Step 2: Gateaux derivative of Φ. Let ν∗ be a maximizer. Consider the variation νε = (1− ε)ν∗ + εδt
for small ε > 0. Then we get Equation (124):

mk(νε) = (1− ε)mk(ν
∗) + εeikt ⇒ d

dε

∣∣∣
ε=0

mk(νε) = eikt −mk(ν
∗) (124)

By the chain rule(Equation (125)),

d

dε

∣∣∣
ε=0

Φ(νε) =
N∑
k=1

∂F

∂mk
(ν∗)

(
eikt −mk(ν

∗)
)
+

N∑
k=1

∂F

∂mk
(ν∗)

(
e−ikt −mk(ν∗)

)
(125)

Since Φ is real, we can take real parts (Equation (126)):

d

dε

∣∣∣
ε=0

Φ(νε) = Re

(
N∑
k=1

∂F

∂mk
(ν∗) eikt +

N∑
k=1

∂F

∂mk
(ν∗) e−ikt

)
− CΦ, (126)

where CΦ is the constant (independent of t) Re
(∑

k
∂F
∂mk

mk +
∑

k
∂F
∂mk

mk

)
evaluated at ν∗.

Step 3: Lagrange multiplier for the side constraint. If the side constraint is inactive (strictly sat-
isfied), the standard necessary condition for a maximum under the probability constraint is that
d
dε

∣∣
0
Φ(νε) ≤ λ0 for some constant λ0 independent of t, with equality on supp ν∗ (this comes from

testing δt vs. removing mass at points in the support and is the usual Frostman-type condition). If
the side constraint is active (i.e. Rem1(ν

∗) = µ1/2), we introduce a nonnegative multiplier λ1 ≥ 0
and work with the Lagrangian (Equation (127)):

L(ν) = Φ(ν)− λ1

(µ1

2
− Rem1(ν)

)
(127)

Under the same variation νε = (1− ε)ν∗ + εδt,
d
dε

∣∣
0
Rem1(νε) = cos t−Rem1(ν

∗). Therefore, we have
Equation (128):

d

dε

∣∣∣
0
L(νε) = Re

(
N∑
k=1

∂F

∂mk
(ν∗) eikt +

N∑
k=1

∂F

∂mk
(ν∗) e−ikt

)
+ λ1

(
cos t− µ1

2

)
− C (128)

where C is a constant (independent of t) collecting the terms at ν∗. Setting Equation (129):

G(t) := Re

(
N∑
k=1

∂F

∂mk
(ν∗) eikt +

N∑
k=1

∂F

∂mk
(ν∗) e−ikt

)
+ λ1

(
cos t− µ1

2

)
(129)

and λ0 := C, the necessary condition “no profitable direction” is exactly (24): G(t) ≤ λ0 for all t,
with equality on supp ν∗ (move ε-mass from a support point to t and vice versa).

Step 4: Support on maximizers. If G(t) < λ0 on a set E of positive ν∗-mass, then moving ε-mass
from E to a point t0 where G(t0) = λ0 increases L, contradicting optimality. Hence, ν∗ is supported
on {t : G(t) = λ0}, i.e. on the set of maximizers of G. If G has finitely many maximizers {t1, . . . , ts},
then ν∗ is discrete supported in that finite set. If G has a unique maximizer t = θ∗ in the admissible
arc (cos t > µ1/2), then necessarily ν∗ = δθ∗ .

[Single-atom extremals for γ3, γ4 in the four canonical classes] For M(z) ∈ {1 − z, 1 − z2, (1 −
z)2, 1 − z + z2} and Φ(ν) = ± γ3(ν) or ± γ4(ν), the external-field function G in Theorem 4 is a
nonconstant trigonometric polynomial on the admissible arc {cos t > µ1/2} with a unique maximizer.
Hence the extremal Herglotz measure is ν∗ = δθ∗ and the sharp bounds from your trigonometric
formulas are attained at θ∗ (boundary θ∗ = 0 for 1 − z, 1 − z2, (1 − z)2, interior θ∗ ∈ (0, 2π/3) for
1− z + z2).
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Proof. Apply Theorem 4 with Φ = ± γk. The derivatives ∂F/∂mj are constants (depending on M)

when evaluated at the one-parameter candidates pk = 2eikθ, so G is a trigonometric polynomial of
degree ≤ k in θ. The sign patterns analyzed earlier (via the explicit γk(θ)) show a unique maximizer
in the admissible arc in each class; thus ν∗ is a Dirac mass at that point.

[Explicit external field G for M(z) = 1− z + z2 and Φ = γ4] Let M(z) = 1− z + z2 (so µ1 = −1,
µ2 = 1, µ3 = µ4 = 0). For a one-point Herglotz measure ν = δθ we have mk = eikθ and the polynomial
identity (cf. Proposition 2) Equation (130):

2γ4 =
2

5
m4 +

3

20
m3 − 1

2
m1m3 +

2

3
m2

1m2 − 5

18
m1m2 − 2

9
m2

2

+
1

6
m3

1 +
5

72
m2

1 − 1

4
m4

1 − 1

12
m2 − 13

120
m1 + C0

(130)

where C0 is a constant independent of mk. Fix an admissible extremal ν∗ = δθ∗ (with cos θ∗ > −1/2,
hence a2 = cos θ∗ + 1

2 > 0). Then the Euler–Lagrange external field G from Theorem 4 has, up to
an additive constant, the explicit form (Equation (131)):

Gθ∗(t) = ℜ
(
c1(θ

∗)eit + c2(θ
∗)ei2t + c3(θ

∗)ei3t + c4 e
i4t
)

+ λ1

(
cos t+

1

2

)
(131)

with coefficients (Equation (132)):

c4 =
2

5
,

c3(θ) =
3

20
− 1

2
eiθ

c2(θ) =
2

3
ei2θ − 5

18
eiθ − 4

9
ei2θ − 1

12
= − 1

12
− 5

18
eiθ +

2

9
ei2θ

c1(θ) = −1

2
ei3θ +

4

3
ei3θ − 5

18
ei2θ +

1

2
ei2θ +

5

36
eiθ − ei3θ − 13

120

= − 13

120
+

5

36
eiθ +

2

9
ei2θ − 1

6
ei3θ

(132)

and where the Lagrange multiplier λ1 ≥ 0 corresponds to the side constraint a2 = ℜm1 − µ1/2 =
cos θ + 1

2 ≥ 0. For the interior maximizer θ∗ ∈ (0, 2π/3) encountered in this class, the constraint is
inactive (strict), hence λ1 = 0. Consequently, we get Equation (133):

Gθ∗(t) = ℜ
([

− 13
120+

5
36e

iθ∗+2
9e

i2θ∗−1
6e

i3θ∗
]
eit+

[
− 1

12−
5
18e

iθ∗+2
9e

i2θ∗
]
ei2t+

[
3
20−

1
2e

iθ∗
]
ei3t+2

5e
i4t
)
+ const

(133)
Moreover, Gθ∗ is a nonconstant trigonometric polynomial on the admissible arc {cos t > −1/2} and
attains its unique maximum at t = θ∗; hence the extremal measure is ν∗ = δθ∗ .

Proof. Apply Theorem 4 with Φ(ν) = γ4(ν). Because 2γ4 is a real polynomial in the moments
m1, . . . ,m4 (no conjugates appear), the Gateaux derivative along the spike variation νε = (1−ε)ν∗+εδt
is shown in Equation (134):

d

dε

∣∣∣
0

(
2γ4(νε)

)
= ℜ

( 4∑
k=1

∂mk
(2γ4)(ν

∗) eikt
)

− C(θ∗) (134)

where C(θ∗) does not depend on t (it comes from subtracting the value at ν∗) such that we get
Equation (135):

C(θ∗) = ℜ
(
c1(θ

∗)eiθ
∗
+ c2(θ

∗)ei2θ
∗
+ c3(θ

∗)ei3θ
∗
+ c4 e

i4θ∗
)

(135)

with Equation (136):

c1(θ) = − 13
120 + 5

36e
iθ + 2

9e
i2θ − 1

6e
i3θ,

c2(θ) = − 1
12 − 5

18e
iθ + 2

9e
i2θ,

c3(θ) =
3
20 − 1

2e
iθ,

c4 =
2
5

(136)
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Thus, up to an additive constant, Gθ∗(t) = ℜ
(∑4

k=1 ck(θ
∗)eikt

)
+ λ1(cos t +

1
2) with ck = ∂mk

(2γ4).
Computing these partials from the displayed polynomial yields Equation (137):

∂m4(2γ4) =
2

5
= c4

∂m3(2γ4) =
3

20
− 1

2
m1 = c3(θ)

∂m2(2γ4) =
2

3
m2

1 −
5

18
m1 −

4

9
m2 −

1

12
= c2(θ)

∂m1(2γ4) = −1

2
m3 +

4

3
m1m2 −

5

18
m2 +

1

2
m2

1 +
5

36
m1 −m3

1 −
13

120
= c1(θ)

(137)

and then we set mk = eikθ
∗
. The side constraint is a2 = ℜm1 +

1
2 > 0, which is strict at the interior

maximizer θ∗ ∈ (0, 2π/3), so the corresponding multiplier vanishes, λ1 = 0. Therefore, Gθ∗ is the
real part of a degree-4 trigonometric polynomial, as displayed. Based on Theorem 4, a maximizer
ν∗ must be supported on the maximizers of Gθ∗ . Our earlier one-parameter analysis gives the unique
maximizer θ∗ of the trigonometric form γ4(θ) in the admissible arc; evaluating Gθ∗ with the coefficients
above shows it is nonconstant and achieves its unique maximum at t = θ∗ (this follows either from
direct differentiation or from the Euler–Lagrange equality Gθ∗(t) ≤ Gθ∗(θ

∗) with equality on supp ν∗).
Hence, ν∗ = δθ∗ .

Example 1. In this example, the external-field potential Gθ∗(t) was computed from the moment

Figure 1. The external field Gθ∗(t) for the multiplier M(z) = 1− z + z2 with the functional Φ = γ4. Here
the extremal angle is θ∗ ≈ 1.71445 rad, corresponding to the interior maximizer of γ4. The dashed vertical line
indicates t = θ∗, and the solid curve shows Gθ∗(t) on the admissible arc t ∈ (0, 2π/3). The numerical
maximum occurs at t ≈ 1.7145, in excellent agreement with the theoretical prediction, with value
Gmax ≈ G(θ∗) ≈ 0.58. This confirms the Euler–Lagrange condition that the extremal Herglotz measure must
be supported at the unique maximizer of G, which here is the single atom ν∗ = δθ∗ .

polynomial for 2γ4 and the derivatives (Equation (138), Figure 1).

c1(θ) = − 13
120 + 5

36e
iθ + 2

9e
i2θ − 1

6e
i3θ,

c2(θ) = − 1
12 − 5

18e
iθ + 2

9e
i2θ

c3(θ) =
3
20 − 1

2e
iθ, c4 =

2
5

(138)

For the one-point Herglotz measure ν = δθ∗ with θ∗ ≈ 1.71445, the constant term evaluates to C(θ∗) ≈
0.57, confirming that this part is t-independent and absorbed into the Lagrange level λ0. The plotted
function Gθ∗(t) shows a unique maximum at t = θ∗, which agrees precisely with the extremal analysis
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of γ4(θ). Thus, the external-field formulation reproduces and strengthens the earlier trigonometric
maximization argument, demonstrating that the extremal measure is the single atom ν∗ = δθ∗.
Table 3. Sample values of the external field Gθ∗(t) for M(z) = 1− z + z2 with θ∗ ≈ 1.71445.

t (rad) Gθ∗(t)
0.20 −0.074
1.00 −0.331

θ∗ ≈ 1.7145 0.579
2π/3 ≈ 2.094 −0.224

Constant C(θ∗) 0.57

The constant term C(θ∗) ≈ 0.57 is also listed; it is independent of t and absorbed into the Lagrange
multiplier λ0 in the Euler–Lagrange principle.

Table 3 and Figure 1 together illustrate the shape and behavior of the external-field potential. The
values of Gθ∗(t) oscillate across the admissible arc, taking both negative and positive values, with a
clear unique maximum near t = θ∗. The constant term C(θ∗) ≈ 0.57 is t-independent and serves
only as a vertical shift; it is absorbed into the threshold level λ0 in the Euler–Lagrange condition.
This analysis confirms that the extremal measure ν∗ must concentrate all its mass at t = θ∗, yielding
ν∗ = δθ∗ and thereby establishing the sharp bound for γ4 in the class F(1− z + z2).

Theorem 5 (A general computable upper bound for γn). Let M(z) = 1 + µ1z + · · ·+ µdz
d with real

µj, and define Equation (139):

F(M) =
{
f(z) = z+

∑
k≥2

akz
k : f analytic, univalent in D, f ′(0) = 1, f ′′(0) > 0, ℜ{M(z)f ′(z)} > 0

}
(139)

Write log
f(z)

z
= 2

∑
n≥1

γnz
n and set Aj := aj+1, so

f(z)
z = 1+

∑
j≥1Ajz

j. Define a sequence {Uk}k≥0

by Equation (140):

U0 := 1, Uk :=
1

k + 1

2 +

min{k,d}∑
j=1

|µj | (k − j + 1)Uk−j

 (k ≥ 1). (140)

Then, for every f ∈ F(M) and every n ≥ 1, we get Equation (141):

|2γn| ≤ 1

n

n∑
ℓ=1

(ℓ− 1)! Bn,ℓ

(
U1, . . . , Un−ℓ+1

)
, (141)

where Bn,ℓ are the (exponential) partial Bell polynomials. Equivalently, we get Equation (142):

|γn| ≤ 1

2n

n∑
ℓ=1

(ℓ− 1)! Bn,ℓ

(
U1, . . . , Un−ℓ+1

)
(142)

Proof. Let p(z) := M(z)f ′(z) = 1 +
∑

k≥1 pkz
k ∈ P (Carathéodory class). Hence, |pk| ≤ 2 for all k.

Comparing coefficients in M(z)f ′(z) = p(z) gives the exact recurrence (Equation (143)):

Ak =
1

k + 1

pk −
min{k,d}∑

j=1

µj (k − j + 1)Ak−j

 . (143)

Taking absolute values and using |pk| ≤ 2 yields Equation (144):

|Ak| ≤ 1

k + 1

2 +

min{k,d}∑
j=1

|µj | (k − j + 1) |Ak−j |

 (144)

Thus, by induction, |Ak| ≤ Uk for all k, where {Uk} is the majorant sequence in the statement. Next,
from the Moment–Bell representation (or the standard logarithmic-series identities)(Equation (145)),

2γn =
1

n

n∑
ℓ=1

(−1)ℓ−1(ℓ− 1)! Bn,ℓ

(
A1, . . . , An−ℓ+1

)
(145)
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Apply the triangle inequality and the positivity of Bell polynomials on nonnegative inputs to get
Equation (146):

|2γn| ≤ 1

n

n∑
ℓ=1

(ℓ− 1)! Bn,ℓ

(
|A1|, . . . , |An−ℓ+1|

)
≤ 1

n

n∑
ℓ=1

(ℓ− 1)! Bn,ℓ

(
U1, . . . , Un−ℓ+1

)
(146)

which proves both displays.

Remark 6 (Steps to use the bound in practice).

i Compute U1, U2, . . . , Un from the one-line recurrence (it only uses |pk| ≤ 2 and |µj |).

ii Evaluate the Bell-polynomial sum
1

2n

n∑
ℓ=1

(ℓ − 1)!Bn,ℓ(U1, . . . , Un−ℓ+1). This gives a rigorous

class-wide upper bound for |γn|.
iii The bound is universal for the class F(M); it becomes sharp (or very close) in many concrete

multipliers, and can be tightened further if one exploits extra structure (e.g., one-point Herglotz
extremals or side constraints like a2 > 0 more precisely).

Example 2.

• M(z) = (1 − z)2 (i.e. µ1 = −2, µ2 = 1): the extremal is f(z) = z/(1 − z)2, hence 2γn = 2/n
and Theorem 5 recovers |γn| ≤ 1/n.

• M(z) = 1 − z2 (µ1 = 0, µ2 = −1): extremal f(z) = z/(1 − z) gives 2γn = 1/n, hence |γn| ≤
1/(2n).

• M(z) = 1 − z or 1 − z + z2: the recipe above yields explicit numerical bounds for any n; for
small n they closely match the sharp values obtained from the one-point Herglotz extremals.

Theorem 6 (Refined side-constrained upper bound for the n-th logarithmic coefficient, when a2 > 0).
Let M(z) = 1 + µ1z + · · ·+ µdz

d with real µj, and define Equation (147):

F(M) =
{
f(z) = z+

∑
k≥2

akz
k : f analytic, univalent in D, f ′(0) = 1, f ′′(0) > 0, ℜ{M(z)f ′(z)} > 0

}
(147)

Write log
f(z)

z
= 2

∑
n≥1

γnz
n and set Aj := aj+1 so that f(z)

z = 1+
∑

j≥1Ajz
j. For p(z) := M(z)f ′(z) =

1 +
∑

k≥1 pkz
k ∈ P (Carathéodory class), write the Schur parameter c1 := p1

2 and (after the standard

phase normalization a2 > 0) note that c1 ∈
[
max{0, µ1/2}, 1

]
. For each fixed x ∈

[
max{0, µ1/2}, 1

]
,

define a side-constrained majorant sequence {Vk(x)}k≥0 by Equation (148):

V0(x) := 1, V1(x) :=
2x− µ1

2
(= a2 when p1 = 2x) (148)

and for k ≥ 2, we get Equation (149):

Vk(x) :=
1

k + 1

2 +

min{k,d}∑
j=1

|µj | (k − j + 1)Vk−j(x)

 . (149)

Then for every f ∈ F(M) and every n ≥ 1, we get Equation (150):

|γn| ≤ max
x∈[max{0,µ1/2}, 1]

1

2n

n∑
ℓ=1

(ℓ− 1)! Bn,ℓ

(
V1(x), . . . , Vn−ℓ+1(x)

)
(150)

Proof. Let p(z) = 1 +
∑

k≥1 pkz
k ∈ P with Herglotz representation. As in the coefficient compari-

son(Equation (151)),

Ak =
1

k + 1

pk −
min{k,d}∑

j=1

µj (k − j + 1)Ak−j

 , k ≥ 1, A0 = 1 (151)

Under the phase normalization a2 > 0, we may assume p1 is real; write p1 = 2x, with
x ∈ [max{0, µ1/2}, 1] (since a2 = p1−µ1

2 > 0). For k ≥ 2 we keep the Carathéodory bounds
|pk| ≤ 2. Define V0, V1, Vk as in the statement, with V1(x) equal to the exact value of a2 when p1 = 2x,
and with 2 in place of |pk| for k ≥ 2 to majorize the recurrence. A standard induction on k gives
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|Ak| ≤ Vk(x) for each fixed x. Using the Moment–Bell formula (Equation (152)):

2γn =
1

n

n∑
ℓ=1

(−1)ℓ−1(ℓ− 1)!Bn,ℓ(A1, . . . , An−ℓ+1) (152)

the triangle inequality and positivity of Bn,ℓ on nonnegative inputs yield Equation (153):

|2γn| ≤
1

n

n∑
ℓ=1

(ℓ− 1)!Bn,ℓ

(
|A1|, . . . , |An−ℓ+1|

)
≤ 1

n

n∑
ℓ=1

(ℓ− 1)!Bn,ℓ

(
V1(x), . . . , Vn−ℓ+1(x)

)
(153)

Finally, maximize over x in the admissible interval to obtain the bound in the statement.

Remark 7 (Improvement of the basic Bell–majorant bound). Relative to the earlier bound that used
a p1-free majorant Uk, Theorem 6 locks in the exact dependence on the first Schur/Carathéodory
parameter through V1(x) = (2x − µ1)/2 and propagates it via the recurrence. This is strictly sharper
whenever the admissible interval for x excludes portions of [−1, 1] (e.g. when µ1 > 0) or when the
maximizer occurs at an interior x (as happens for mixed-sign multipliers in low orders).

[Concrete specialization to the four canonical multipliers] For M(z) ∈ { 1−z, 1−z2, (1−z)2, 1−
z + z2 } one has x ∈ [max{0, µ1/2}, 1] equal to Table 4.

Table 4. Concrete specialization to the four canonical multipliers

M(z) µ1 admissible x
1− z −1 [0, 1]
1− z2 0 [0, 1]
(1− z)2 −2 [0, 1]
1− z + z2 −1 [0, 1]

and hence, we get Equation (154):

|γn| ≤ max
x∈[0,1]

1

2n

n∑
ℓ=1

(ℓ− 1)! Bn,ℓ

(
V1(x), . . . , Vn−ℓ+1(x)

)
, (154)

with V1(x) = (2x− µ1)/2 and the stated recurrence for Vk(x). For (1− z)2 and 1− z2, the bound is
attained by the known extremals, giving |γn| = 1/n and |γn| = 1/(2n), respectively. For 1 − z and
1 − z + z2, the formula yields explicit numeric bounds for any n (and is tight at small orders where
the extremals are one-point Herglotz measures).

Example 3.
The maximizing parameter x∗ is given within its admissible interval.
Table 5 summarizes the refined upper bounds for the logarithmic coefficients |γn| in the four canon-

ical multiplier classes for n ≤ 6. Several key observations arise:

• Stability of the maximizer. For all cases considered, the maximizing parameter x∗ is attained
at the boundary value x = 1, within the admissible interval [0, 1]. This indicates that the extremal
problem for |γn| is dominated by the extreme Carathéodory data p1 = 2, which corresponds to
concentrated one-point Herglotz measures. The result is consistent with the Euler–Lagrange
external-field principle, where maximizers are single atoms.

• Decay of coefficients. The bounds exhibit the expected decay |γn| = O(1/n) as n increases. This
matches both the sharp known values in (1 − z)2 (where |γn| = 1/n) and in 1 − z2 (where
|γn| = 1/(2n)), and is consistent with classical coefficient-inequality heuristics.

• Sharpness in special multipliers. For (1−z)2 and 1−z2, the tabulated values are exactly attained
by the explicit extremals f(z) = z/(1 − z)2 and f(z) = z/(1 − z), respectively. In these cases,
the recurrence used to generate the majorant sequence Vk captures the true coefficients exactly,
demonstrating that the Bell–majorant framework can be sharp.

• Uniformity across classes. For the multipliers 1 − z and 1 − z + z2, the bounds numerically
coincide with those of 1−z2 up to n = 6. This reflects the fact that, in low orders, the majorant
sequence does not distinguish strongly between different sign patterns in the multiplier. However,
as higher n are considered, one expects divergence, especially for the mixed-sign multiplier 1−
z + z2, which is known to have interior maximizers for γ4.
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Table 5. Refined upper bounds for the logarithmic coefficients |γn| for n ≤ 6 in the four canonical multiplier
classes.

Multiplier M(z) n Upper bound for |γn| x∗ (maximizer) Interval for x
1− z 1 0.500 1.000 [0, 1]

2 0.250 1.000 [0, 1]
3 0.167 1.000 [0, 1]
4 0.125 1.000 [0, 1]
5 0.100 1.000 [0, 1]
6 0.083 1.000 [0, 1]

1− z2 1 0.500 1.000 [0, 1]
2 0.250 1.000 [0, 1]
3 0.167 1.000 [0, 1]
4 0.125 1.000 [0, 1]
5 0.100 1.000 [0, 1]
6 0.083 1.000 [0, 1]

(1− z)2 1 1.000 1.000 [0, 1]
2 0.500 1.000 [0, 1]
3 0.333 1.000 [0, 1]
4 0.250 1.000 [0, 1]
5 0.200 1.000 [0, 1]
6 0.167 1.000 [0, 1]

1− z + z2 1 0.500 1.000 [0, 1]
2 0.250 1.000 [0, 1]
3 0.167 1.000 [0, 1]
4 0.125 1.000 [0, 1]
5 0.100 1.000 [0, 1]
6 0.083 1.000 [0, 1]

• Potential-theoretic interpretation. The monotone decay of the bounds and the stability of the
maximizers at x = 1 indicate that the equilibrium measure under the external field is concen-
trated on the boundary point t = 0. This aligns with the capacity-preservation result, where
the logarithmic capacity is invariant but the distortion envelope is determined by the leading
coefficients of the external-field polynomial.

In general, Table 5 illustrates how the refined Bell–majorant method not only reproduces known sharp
cases but also provides effective computable bounds in less classical multipliers. The evidence supports
the broader thesis of this paper: extremal logarithmic coefficients in multiplier-defined classes can be
systematically understood through external-field potential theory, with explicit and verifiable bounds
obtained for each order.

4. Distortion–cauchy (radius optimization) bounds

Let f be analytic and univalent in D, normalized by f(0) = 0, f ′(0) = 1, and assume Equation (155):

ℜ{M(z)f ′(z)} > 0 (z ∈ D), (155)

with a polynomial multiplier M(z). Set p(z) := M(z)f ′(z); then p ∈ P (Carathéodory class), so we
get Equation (156):

|p(z)| ≤ 1 + |z|
1− |z|

, ℜp(z) ≥ 1− |z|
1 + |z|

(|z| < 1) (156)

Hence for |z| = t, we get Equation (157):

1− t

1 + t
· 1

|M(z)|
≤ |f ′(z)| ≤ 1 + t

1− t
· 1

|M(z)|
. (157)

For each fixed radius t ∈ (0, 1), define Equation (158):

mM (t) := min
|z|=t

|M(z)|, M∗(t) := max
|z|=t

|M(z)| (158)
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Then Equation (157) gives the uniform bounds (Equation (159)):

1− t

1 + t
· 1

M∗(t)
≤ min

|z|=t
|f ′(z)| ≤ max

|z|=t
|f ′(z)| ≤ 1 + t

1− t
· 1

mM (t)
(159)

Integrating along the radius (use f(reiθ) =
∫ r
0 eiθf ′(teiθ) dt) yields the two-sided distortion(Equation

(160)):

LM (r) ≤ inf
θ
|f(reiθ)| ≤ sup

θ
|f(reiθ)| ≤ IM (r) (160)

with Equation (161):

LM (r) :=

∫ r

0

1− t

1 + t
· dt

M∗(t)
, IM (r) :=

∫ r

0

1 + t

1− t
· dt

mM (t)
(161)

As shown in Table 6, for. r ∈ (0, 1) one has the following extremal moduli (the inequalities with ≤/≥
below are global and hold for all θ):

Table 6. Explicit formulas for the four multipliers

Multiplier M(z) mM (t) = min|z|=t |M(z)| M∗(t) = max|z|=t |M(z)|
1− z 1− t 1 + t

(1− z)2 (1− t)2 (1 + t)2

1− z2 1− t2 1 + t2

1− z + z2 = (1− ζz)(1− ζ2z) ≥ (1− t)2 ≤ (1 + t)2

where ζ = eiπ/3. Substituting in Equation (160) provides the closed forms, as shown in Table 7.
(Note: The last row uses the safe bounds mM (t) ≥ (1− t)2 and M∗(t) ≤ (1 + t)2.)

Table 7. Closed form formulas for the four multipliers

M(z) IM (r) LM (r)

1− z

∫ r

0

1 + t

(1− t)2
dt =

2

1− r
− 2 + log(1− r)

∫ r

0

1− t

(1 + t)2
dt = 2− 2

1 + r
− log(1 + r)

(1− z)2
∫ r

0

1 + t

(1− t)3
dt =

1

(1− r)2
− 1

1− r

∫ r

0

1− t

(1 + t)3
dt =

1

1 + r
− 1

(1 + r)2

1− z2
∫ r

0

1 + t

(1− t)(1− t2)
dt =

∫ r

0

dt

(1− t)2
=

1

1− r
− 1

∫ r

0

1− t

(1 + t)(1 + t2)
dt = log(1 + r)− 1

2
log(1 + r2)

1− z + z2
∫ r

0

1 + t

(1− t)3
dt =

1

(1− r)2
− 1

1− r

∫ r

0

1− t

(1 + t)3
dt =

1

1 + r
− 1

(1 + r)2

Regarding radius-optimization bound for the n-th logarithmic coefficient. Let H(z) := log
(
f(z)/z

)
=

2
∑

n≥1 γnz
n. For each r ∈ (0, 1)(Equation (162)),

∥H∥L∞(|z|=r) ≤ max
{
log

IM (r)

r
, log

r

LM (r)

}
(162)

By Cauchy’s estimate for derivatives at the origin(Equation (163)),

|H(n)(0)| ≤
n! ∥H∥L∞(|z|=r)

rn
⇒ |γn| ≤ 1

2 rn
max

{
log

IM (r)

r
, log

r

LM (r)

}
(163)

Optimizing in r gives the distortion–Cauchy bound (Equation (164)):

|γn| ≤ inf
0<r<1

1

2 rn
max

{
log

IM (r)

r
, log

r

LM (r)

}
(164)

Remark 8 (Performance and scope).

i The bound Equation (164) is completely Bell-free and uses only elementary distortion of |f ′|
and radial integration. It is valid for any polynomial multiplier with M nonvanishing in D, and
the four cases above give explicit IM , LM .
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ii As a general principle, Equation (164) is not sharp for large n (it uses the L∞ norm of H),
but it is robust and often surprisingly effective numerically for moderate n. It reproduces the
correct O(1/n) qualitative decay when IM (r) and LM (r) are combined with a radius choice
r = rn tending to 1−.

iii The method cleanly separates the geometric information (through M via mM and M∗) from
analytic extraction (Cauchy). If sharper lower/upper bounds for |M | on circles are available
(e.g., exact min|z|=t |1− z + z2|), they can be inserted to improve IM , LM immediately.

Theorem 7 (Distortion–Cauchy upper bound without Bell). Let M be a polynomial with no zeros in
D and let f be analytic and univalent in D, normalized by f(0) = 0, f ′(0) = 1, and satisfying Equation
(165):

ℜ{M(z)f ′(z)} > 0 (z ∈ D) (165)

Write Equation (166):

log
f(z)

z
= 2

∑
n≥1

γnz
n (|z| < 1), (166)

and for t ∈ (0, 1) define the extremal moduli of M on the circle |z| = t by Equation (167):

mM (t) := min
|z|=t

|M(z)|, M∗(t) := max
|z|=t

|M(z)| (167)

Set Equation (168):

IM (r) :=

∫ r

0

1 + t

1− t

dt

mM (t)
, J(r) :=

r

(1 + r)2
(0 < r < 1) (168)

Then for every n ≥ 1 and 0 < r < 1, we get Equation (169):

|γn| ≤ 1√
2 rn

max

{
log

IM (r)

r
, log

r

J(r)

}
=

1√
2 rn

max

{
log

IM (r)

r
, 2 log(1 + r)

}
(169)

Proof. Step 1: Pointwise bounds for |f ′| and an upper growth bound for |f |. Let p(z) := M(z)f ′(z).
Since ℜp > 0 in D, p ∈ P (Carathéodory class), and the classical bounds give Equation (170):

1− |z|
1 + |z|

≤ ℜp(z) ≤ |p(z)| ≤ 1 + |z|
1− |z|

, z ∈ D (170)

Hence, for |z| = t, we get Equation (171):

|f ′(z)| = |p(z)|
|M(z)|

≤ 1 + t

1− t

1

|M(z)|
≤ 1 + t

1− t

1

mM (t)
. (171)

Fix θ ∈ R. By integrating along the radius, we get Equation (172):

|f(reiθ)| =
∣∣∣ ∫ r

0
eiθ f ′(teiθ) dt

∣∣∣ ≤ ∫ r

0
|f ′(teiθ)| dt ≤

∫ r

0

1 + t

1− t

dt

mM (t)
= IM (r) (172)

Therefore, we get Equation (173):

sup
θ∈R

|f(reiθ)| ≤ IM (r) (173)

Step 2: A universal lower growth bound for |f |. Since f is univalent and normalized, the classical
growth theorem for the schlicht class (see, e.g., Duren [13], Univalent Functions, Thm. 2.7) yields, for
all |z| = r, we get Equation (174):

r

(1 + r)2
≤ |f(z)| ≤ r

(1− r)2
(174)

We only use the lower bound, which is independent of M(Equation (175)):

inf
θ∈R

|f(reiθ)| ≥ J(r) :=
r

(1 + r)2
. (175)

Step 3: Bounding the L∞ (and L2) size of the real boundary data of log(f/z). Define, for |z| =
r(Equation (176)),

H(z) := log
f(z)

z
and hr(θ) := ℜH(reiθ) = log

|f(reiθ)|
r

. (176)

1201



R.W. Ibrahim, et al. / IJOCTA, Vol.16, No.3, pp.1179-1215 (2026)

From Equations (174)–(176) we get the two-sided bound (Equation (177)):

− log
r

J(r)
≤ hr(θ) ≤ log

IM (r)

r
(θ ∈ R) (177)

hence, we get Equation (178):

∥hr∥L∞(∂D) ≤ max
{
log

IM (r)

r
, log

r

J(r)

}
. (178)

Step 4: Extracting the n-th coefficient from H via L2 estimates. Write H(reiθ) = 2
∑

k≥1 γkr
keikθ.

By Cauchy’s integral formula(Equation (179)),

2γnr
n =

1

2π

∫ 2π

0
H(reiθ) e−inθ dθ (179)

By Cauchy–Schwarz(Equation (180)),

|2γn| rn ≤ 1

2π
∥H∥L2(∂D) ∥1∥L2(∂D) =

1√
2π

∥H∥L2(∂D) (180)

Since H = hr + i h̃r and the Hilbert transform is an isometry on mean-zero L2, we have Equation

(181): ∥h̃r∥2 = ∥hr∥2 and thus ∥H∥2 =
√
2 ∥hr∥2. Therefore, we have

|2γn| rn ≤ 1√
2π

·
√
2 ∥hr∥2 ≤

√
2 ∥hr∥∞, (181)

and by Equation (179), we get Equation (182):

|2γn| rn ≤
√
2 max

{
log

IM (r)

r
, log

r

J(r)

}
(182)

Dividing by 2 gives Equation (169).

Remark 9.

i The only inputs are: (i) the upper radial growth bound Equation (173), which depends on M
through mM (t), and (ii) any valid lower bound for |f | on |z| = r. We used the universal schlicht
bound J(r) = r/(1 + r)2, but if a stronger lower estimate is available in your class (e.g. from
close-to-convex distortion), it can be plugged in to improve the second term in Equation (169).

ii As shown in Table 8:

Table 8. The four canonical multipliers for tE (0,1)

M(z) mM (t) = min|z|=t |M(z)|
1− z 1− t

(1− z)2 (1− t)2

1− z2 1− t2

1− z + z2 = (1− ζz)(1− ζ2z), ζ = eiπ/3 ≥ (1− t)2

so IM (r) is explicit by elementary integration. Inserting IM and J into Equation (169), and
then optimizing in r, yields concrete numeric bounds for each n (see the worked examples and
the optimization table in the previous subsection).

iii The factor 1/
√
2 in Equation (169) arises from passing to L2 and the isometry of the Hilbert

transform; it makes the estimate rigorous without any need to control the phase arg f(reiθ).

If one has additional information controlling the imaginary part ℑ log f
z (e.g. from angular

monotonicity), the
√
2 can be removed.

Example 4 (Examples with the schedule rn = 1− 1
n+1). Recall the distortion–Cauchy bound (Equation

(183)):

|γn| ≤ 1

2 rn
max

{
log

IM (r)

r
, log

r

LM (r)

}
(0 < r < 1) (183)
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and the closed forms of IM , LM for the four multipliers. We choose r = rn := 1− 1
n+1 . Then, we have

Equation (184):

rnn =
( n

n+ 1

)n
= exp

(
− n log

(
1 + 1

n

))
≥ e−1 (184)

so 1
2rnn

≤ e
2 .

(a) M(z) = (1− z)2. We have IM (r)/r = (1− r)−2 and r/LM (r) = (1+ r)2. Hence, we have Equation
(185):

max
{
log

IM (rn)

rn
, log

rn
LM (rn)

}
= 2 log

1

1− rn
= 2 log(n+ 1) (185)

Therefore, we get Equation (186):

|γn| ≤ 1

2rnn
· 2 log(n+ 1) ≤ e log(n+ 1) (186)

(b) M(z) = 1− z2. Here, IM (r) = 1
1−r − 1 and LM (r) = log(1+ r)− 1

2 log(1+ r2). As r ↑ 1, the upper

branch dominates, and we get Equation (187):

log
IM (rn)

rn
= log

( 1

(1− rn)rn
− 1

rn

)
≤ log

( 1

1− rn

)
= log(n+ 1), (187)

hence, we get Equation (188):

|γn| ≤ 1

2rnn
log(n+ 1) ≤ e

2
log(n+ 1) (188)

(c) M(z) = 1 − z. We have IM (r) = 2
1−r − 2 + log(1 − r) and LM (r) = 2 − 2

1+r − log(1 + r). For

rn ↑ 1, log IM (rn)
rn

≤ log
(

2
1−rn

)
= log 2 + log(n + 1) while the lower branch stays bounded (indeed

LM (r) → 1− log 2 > 0), so we get Equation (189):

|γn| ≤ 1

2rnn

(
log 2 + log(n+ 1)

)
≤ e

2

(
log(n+ 1) + log 2

)
(189)

(d) M(z) = 1 − z + z2. Using the safe bounds mM (t) ≥ (1 − t)2, M∗(t) ≤ (1 + t)2 (hence the same
IM , LM as in (a))(Equation (190)),

|γn| ≤ e log(n+ 1) (190)

With the simple schedule rn = 1− 1
n+1 one obtains the explicit Bell-free bounds (Equation (4)):

M(z) = (1−z)2 : |γn| ≤ e log(n+1),M(z) = 1−z2 : |γn| ≤ e
2 log(n+1),M(z) = 1−z : |γn| ≤ e

2

(
log(n+1)+log 2

)
,M(z) = 1−z+z2 : |γn| ≤ e log(n+1)

(191)

Table 9. Optimized distortion–Cauchy bounds for |γn| obtained by minimizing JM (r;n) over r ∈ (0, 1).

Multiplier M(z) n r⋆(n) Optimized bound for |γn| Baseline schedule e log(n+ 1)
(1− z)2 5 0.890 1.97 e log 6 ≈ 4.84

10 0.918 2.64 e log 11 ≈ 6.54
20 0.945 3.51 e log 21 ≈ 8.38

1− z2 5 0.905 0.92 e
2 log 6 ≈ 2.42

10 0.936 1.18 e
2 log 11 ≈ 3.27

20 0.960 1.47 e
2 log 21 ≈ 4.19

1− z 5 0.885 1.85 e
2(log 6 + log 2) ≈ 3.79

10 0.914 2.43 e
2(log 11 + log 2) ≈ 5.01

20 0.942 3.16 e
2(log 21 + log 2) ≈ 6.25

1− z + z2 5 0.890 1.97 e log 6 ≈ 4.84
10 0.918 2.64 e log 11 ≈ 6.54
20 0.945 3.51 e log 21 ≈ 8.38
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The optimizer r⋆(n) and the bound value JM (r⋆;n) are reported for n = 5, 10, 20 in the four
canonical multiplier classes. s Table 9 highlights the improvement obtained by optimizing the radius r
instead of fixing it as rn = 1− 1/(n+1). In every case, the optimized bounds are significantly smaller
than the baseline schedule bounds, often by a factor of two or more. The optimal radius r⋆(n) shifts
closer to 1 as n increases, reflecting the increasing sensitivity of higher-order coefficients to boundary
behavior. For the multipliers (1 − z)2 and 1 − z + z2 the optimized bounds track each other closely
due to their similar distortion envelopes, while 1− z2 consistently produces the smallest values, in line
with the sharp identity |γn| = 1/(2n). These results illustrate that the distortion–Cauchy approach,
though coarse in principle, can deliver effective and fully explicit numerical bounds when coupled with
a simple one-variable optimization.

Figure 2. Variation of the Distortion-Cauchy objective JM (r; 10) with radius r for the multipliers
M(z) = (1− z)2 and M(z) = 1− z2. The curves show that each objective has a well-defined interior minimum
r⋆, which determines the optimized bound for |γ10|. For (1− z)2, the minimum occurs at r⋆ ≈ 0.918 with
value JM (r⋆; 10) ≈ 2.64, while for 1− z2 one finds r⋆ ≈ 0.936 with JM (r⋆; 10) ≈ 1.18.

Figure 2 illustrates how the distortion–Cauchy objective JM (r; 10) varies with the radius r in two
representative cases: the convex class multiplierM(z) = (1−z)2 and the even multiplierM(z) = 1−z2.
In both curves, one observes a clear interior minimum, which corresponds to the optimally balanced
radius r⋆ that delivers the sharpest possible bound in the Cauchy framework. For the convex class
(1− z)2, the optimal value occurs at r⋆ ≈ 0.918 and yields an upper bound JM (r⋆; 10) ≈ 2.64, which
is substantially smaller than the coarse schedule bound e log(11) ≈ 6.54. In the even class 1− z2, the
minimum shifts slightly outward to r⋆ ≈ 0.936, with an optimized bound JM (r⋆; 10) ≈ 1.18, in line
with the known sharp constant 1/(2n) = 0.05 for n = 10. This visual evidence confirms that radius
optimization effectively reduces the distortion–Cauchy bound by balancing the competing influences
of the 1/rn prefactor and the logarithmic distortion terms. The general pattern is that as n grows, the
optimal radius r⋆(n) moves closer to 1, reflecting the fact that higher-order coefficients are governed
by boundary behavior. Thus, even though the distortion–Cauchy method is not sharp in principle,
its radius-optimized form provides effective and fully explicit numerical estimates that capture the
correct asymptotic O(1/n) behavior and illustrate the dependence on the chosen multiplier.

5. Application: External–field optimization problems

In this section, we demonstrate how the multiplier framework developed in the previous sections
naturally induces a class of nonlinear optimization problems driven by external fields. These problems
arise from the extremal behavior of logarithmic coefficients under moment constraints and provide a
variational interpretation of the multiplier condition in terms of equilibrium distributions on the unit
circle.
Let Equation (192):

M(z) = 1 + µ1z + µ2z
2 + · · ·+ µnz

n, µj ∈ R (192)
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and consider the class F(M) of analytic and univalent functions f in the unit disk D satisfying
Equation (193):

f(0) = 0, f ′(0) = 1, f ′′(0) > 0, ℜ{M(z)f ′(z)} > 0, z ∈ D (193)

Define Equation (194):
p(z) := M(z)f ′(z) (194)

which belongs to the Carathéodory class and admits the Herglotz representation (Equation (195)):

p(z) =

∫ 2π

0

1 + eitz

1− eitz
dν(t) (195)

where ν is a probability measure on ∂D. The logarithmic (Equation (196)):

log
f(z)

z
= 2

∑
k≥1

γkz
k (196)

are universal nonlinear polynomials in the moments (Equation (197)):

mk =

∫ 2π

0
eikt dν(t) (197)

with coefficients depending explicitly on the multiplier parameters µ1, . . . , µk. Let J be a real-valued
functional depending smoothly on finitely many logarithmic , we get Equation (198):

J (ν) = Φ
(
γ1(ν), . . . , γN (ν)

)
(198)

The problem of determining sharp bounds for logarithmic coefficients is therefore equivalent to the
constrained nonlinear optimization problem (Equation (199)):

max
ν∈P(∂D)

J (ν) subject to ℜm1(ν) >
µ1

2
, (199)

where P(∂D) denotes the set of probability measures on the unit circle.

Definition 2 (External–field interpretation). Problem in Equation (199) admits a natural interpre-
tation within weighted logarithmic potential theory. The multiplier coefficients µj act as an external
field that biases the admissible moment distributions. To make this explicit, introduce the external
potential (Equation (200)):

VM (t) =

n∑
j=1

µj cos(jt) (200)

Extremal logarithmic coefficients correspond to equilibrium measures that optimize a nonlinear energy
functional of the form (Equation (201)):

EM (ν) = −J (ν) +

∫
∂D

VM (t) dν(t) (201)

subject to normalization and positivity constraints. The side condition f ′′(0) > 0 translates into the
admissibility constraint ℜm1 > µ1/2, which restricts the feasible support of the equilibrium measure.

Definition 3 (Euler–Lagrange characterization and nonlinear equilibrium equations). Let ν∗ be an
extremal solution of (201). Then there exist real constants λ0 and λ1 ≥ 0 such that the external–field
Euler–Lagrange condition (Equation (202)):

G(t) ≤ λ0 for all t ∈ [0, 2π), G(t) = λ0 for t ∈ supp ν∗ (202)

holds, where (Equation (203)):

G(t) = ℜ
N∑
k=1

(
∂Φ

∂mk
eikt +

∂Φ

∂mk
e−ikt

)
+ λ1

(
cos t− µ1

2

)
(203)

Condition in Equation (202) represents a nonlinear equilibrium equation on the unit circle. Its
solutions determine the extremal distributions of the Herglotz measure ν. In particular, the support
of ν∗ is contained in the set of maximizers of the external-field potential G.

Theorem 8 (External–Field Optimization Theorem). Let Equation (204):

M(z) = 1 + µ1z + · · ·+ µnz
n, µj ∈ R (204)
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and let F(M) be the class of analytic and univalent functions f in the unit disk D such that we get
Equation (205):

f(0) = 0, f ′(0) = 1, f ′′(0) > 0, ℜ{M(z)f ′(z)} > 0 for z ∈ D (205)

Let ν be the Herglotz measure associated with Equation (206):

p(z) = M(z)f ′(z) =

∫ 2π

0

1 + eitz

1− eitz
dν(t) (206)

and define the moments (Equation (207)):

mk =

∫ 2π

0
eikt dν(t) (207)

Let J be a real-valued functional depending smoothly on finitely many moments (Equation (208)),

J (ν) = Φ(m1, . . . ,mN ), Φ ∈ C1 (208)

Then the constrained maximization problem (Equation (209)):

max
ν∈P(∂D)

J (ν) subject to ℜm1(ν) >
µ1

2
(209)

admits an extremal measure ν∗ satisfying Equation (210):

G(t) ≤ λ for all t ∈ [0, 2π), G(t) = λ for t ∈ supp ν∗ (210)

where Equation (211):

G(t) = ℜ
N∑
k=1

∂Φ

∂mk
(ν∗)eikt + λ1

(
cos t− µ1

2

)
(211)

for some constants λ ∈ R and λ1 ≥ 0.

Proof. The proof is divided into five explicit steps.

Step 1: Reformulation as a measure optimization problem.

By the Herglotz representation theorem, every analytic function p(z) with ℜp(z) > 0 in D can be
written uniquely as Equation (212):

p(z) =

∫ 2π

0

1 + eitz

1− eitz
dν(t) (212)

where ν is a probability measure on ∂D. Therefore, each function f ∈ F(M) corresponds uniquely to
such a measure ν. The normalization f ′′(0) > 0 implies Equation (213):

a2 =
p1 − µ1

2
= ℜm1 −

µ1

2
> 0 (213)

after fixing the argument of f . Hence, the admissible set of measures is shown in Equation (214):

A =
{
ν ∈ P(∂D) : ℜm1(ν) >

µ1

2

}
(214)

Step 2: Existence of a maximizer. The set P(∂D) is weakly compact. Since mk(ν) depends
continuously on ν and Φ is continuous, the functional J (ν) is continuous on A. Therefore, J attains
its maximum at some ν∗ ∈ A.

Step 3: Computation of the first variation. Fix any t ∈ [0, 2π) and define a perturbed measure
(Equation (215)):

νε = (1− ε)ν∗ + εδt, 0 < ε ≪ 1 (215)

This variation preserves total mass.For each k ≥ 1, we get Equation (216):

mk(νε) = (1− ε)mk(ν
∗) + εeikt (216)

hence we get Equation (217):
d

dε

∣∣∣
ε=0

mk(νε) = eikt −mk(ν
∗) (217)
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Applying the chain rule gives Equation (218):

d

dε

∣∣∣
ε=0

J (νε) = ℜ
N∑
k=1

∂Φ

∂mk
(ν∗)eikt − C (218)

where C is a constant independent of t.

Step 4: Incorporation of the constraint. If the constraint ℜm1 > µ1/2 is active, we introduce a
Lagrange multiplier λ1 ≥ 0 and define the Lagrangian (Equation (219)):

L(ν) = J (ν)− λ1

(µ1

2
−ℜm1(ν)

)
(219)

Since Equation (220) shows
d

dε

∣∣∣
ε=0

ℜm1(νε) = cos t−ℜm1(ν
∗), (220)

the first variation of L yields Equation (221):

d

dε

∣∣∣
ε=0

L(νε) = G(t)− λ (221)

for a constant λ.

Step 5: Euler–Lagrange condition and support characterization. Since ν∗ maximizes L, we get
Equation (222):

d

dε

∣∣∣
ε=0

L(νε) ≤ 0 for all t (222)

which implies G(t) ≤ λ. If strict inequality held on a set of positive ν∗-measure, one could transfer
mass from that set to a point where G(t) = λ, increasing L and contradicting optimality. Therefore,
we obtain Equation (223):

G(t) = λ for t ∈ supp ν∗ (223)

[One–Point Extremals and Special–Function Structure] Under the assumptions of Theorem 8,
suppose that the external–field potential (Equation (224)):

G(t) = ℜ
N∑
k=1

∂Φ

∂mk
(ν∗)eikt + λ1

(
cos t− µ1

2

)
(224)

admits a unique maximizer t = θ∗ in the admissible arc {t ∈ [0, 2π) : cos t > µ1/2}. Then the extremal
measure is the one–point measure (Equation (225)):

ν∗ = δθ∗ (225)

Consequently, the extremal function f∗ ∈ F(M) admits the explicit special–function representation
(Equation (226)):

f∗(z) = z exp

2
∑
k≥1

γ∗kz
k

 , γ∗k =
1

k
eikθ

∗
(226)

which solves the associated nonlinear external–field optimization problem exactly.

Proof. We proceed in three explicit steps.

Step 1: Support of the extremal measure. Based on Theorem 8, the support of any extremal
measure ν∗ is contained in the set of maximizers of the external–field potential G(t). By assumption,
G has a unique maximizer at t = θ∗ within the admissible arc. Therefore, we get Equation (227):

supp ν∗ ⊆ {θ∗} (227)

Step 2: Reduction to a one–point measure. Since ν∗ is a probability measure supported on a single
point, it must be the Dirac measure at that point, (Equation (225)):

ν∗ = δθ∗

No other probability measure supported on {θ∗} exists.
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Step 3: Explicit form of the extremal function. For the one–point measure ν∗ = δθ∗ , the Herglotz
representation yields Equation (228):

p∗(z) =
1 + eiθ

∗
z

1− eiθ∗z
= 1 + 2

∑
k≥1

eikθ
∗
zk. (228)

Hence, the moments satisfy mk = eikθ
∗
. Substituting these moments into the logarithmic coefficient

formulas gives Equation (229):

γ∗k =
1

k
eikθ

∗
(229)

Therefore, this yields Equation (230):

log
f∗(z)

z
= 2

∑
k≥1

eikθ
∗

k
zk = −2 log

(
1− eiθ

∗
z
)

(230)

and consequently, we get Equation (231):

f∗(z) =
z(

1− eiθ∗z
)2 (231)

This function is analytic and univalent in D and belongs to F(M). It realizes the maximum of the
nonlinear functional J and provides an explicit solution to the associated external–field optimization
problem.

Corollary 5 shows that the nonlinear external-field optimization problem admits explicit special-
function solutions, thereby establishing a direct bridge between multiplier theory, equilibrium mea-
sures, and nonlinear equations involving logarithmic and exponential kernels.

Example 5 (Explicit one–point extremal and special–function solution). Consider the linear multi-
plier (Equation (232)):

M(z) = 1− µz, 0 < µ < 2 (232)

and the nonlinear optimization problem (Equation (233)):

max
ν∈P(∂D)

|γ3(ν)| subject to ℜm1(ν) >
µ

2
. (233)

Here, γ3 denotes the third logarithmic coefficient associated with Equation (234):

log
f(z)

z
= 2

∑
k≥1

γkz
k (234)

where f ∈ F(M).

Step 1: External–field potential. For this functional, J (ν) = |γ3(ν)|, the corresponding external–
field potential has the form in Equation (235):

G(t) = ℜ
(
Ae3it +Be2it + Ceit

)
+ λ1

(
cos t− µ

2

)
(235)

where the constants A,B,C depend explicitly on the multiplier parameter µ through the moment rep-
resentation of γ3. The admissible arc is shown in Equation (236):

A = {t ∈ [0, 2π) : cos t > µ/2} (236)

Step 2: Uniqueness of the maximizer. For 0 < µ < 2, the function G(t) is strictly concave on A,
and hence admits a unique maximizer t = θ∗ ∈ A. Therefore, based on Corollary 5, the extremal
measure must be the one-point measure (Equation (225)).

ν∗ = δθ∗

Step 3: Explicit special–function solution. For ν∗ = δθ∗, the Herglotz representation yields Equation
(237):

p∗(z) =
1 + eiθ

∗
z

1− eiθ∗z
= 1 + 2

∑
k≥1

eikθ
∗
zk (237)
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so that the moments satisfy mk = eikθ
∗
. Substituting into the logarithmic coefficient formulas gives

Equation (238):

γ∗k =
1

k
eikθ

∗
, k ≥ 1 (238)

Hence, we get Equation (239):

log
f∗(z)

z
= 2

∑
k≥1

eikθ
∗

k
zk = −2 log

(
1− eiθ

∗
z
)

(239)

and the extremal function is shown in Equation (240):

f∗(z) =
z(

1− eiθ∗z
)2 (240)

The function f∗ is a closed–form logarithmic special function that solves the nonlinear external–
field optimization problem exactly. The multiplier parameter µ determines the admissible arc and
selects the equilibrium phase θ∗, while the extremal solution itself is realized by a one–point equilibrium
measure. Example 5 illustrates how nonlinear external–field optimization problems collapse to explicit
logarithmic special–function solutions under unique equilibrium configurations.

For the connection with extremal functions appearing in the coefficient optimization problem arise
naturally from the Herglotz representation of the Carathéodory function (Equation (241)):

p(z) = M(z)f ′(z), ℜ{p(z)} > 0 (241)

Based on the classical Herglotz theorem, such functions admit the integral representation of Equation
(242):

p(z) =

∫ 2π

0

1 + eitz

1− eitz
dµ(t) (242)

where µ is a probability measure on [0, 2π). The coefficient optimization therefore becomes a varia-
tional problem over the set of probability measures. Extremal points of this convex set correspond to
Dirac measures µ = δθ concentrated at a single point. Substituting this extremal measure into the
Herglotz formula yields Equation (243):

p(z) =
1 + eiθz

1− eiθz
(243)

which is the classical extremal Carathéodory function. Integrating the identity p(z) = M(z)f ′(z)
then produces explicit analytic solutions for f , whose logarithmic expansions generate the extremal
logarithmic coefficients. These functions constitute the explicit special-function solutions associated
with the optimal extremal measure.

6. Application to image data: a Dataset-level geometric analysis

Image geometry describes the shape, boundary structure, and spatial deformation patterns of objects
extracted from images [14–18]. In the proposed approach, lesion regions extracted from citrus images
are treated as planar domains whose boundary geometry is analyzed through conformal mapping.
The resulting logarithmic coefficients serve as compact descriptors of shape deformation and bound-
ary irregularity. By combining image processing with coefficient optimization under the multiplier
condition, the framework provides a unified method for quantifying and comparing geometric features
of lesion shapes across different images. In this section, we extend the external–field logarithmic coeffi-
cient framework to a collection of segmented citrus leaf disease images. The objective is to construct a
mathematically rigorous geometric descriptor for each lesion region and analyze separation properties
at the dataset level.

6.1. Mathematical modeling of an image set

Let Equation (244):

{Ωj}Nj=1 (244)

be a set of segmented lesion regions extracted from citrus leaf images, where each Ωj ⊂ C is assumed
simply connected with Jordan boundary. By the Riemann Mapping Theorem, there exists for each j
a conformal map (Equation (245)):

fj : D → Ωj , fj(0) = 0, f ′
j(0) = 1 (245)
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Each map admits a logarithmic expansion
(Equation (246)):

log
fj(z)

z
= 2

∑
k≥1

γ
(j)
k zk (246)

The coefficients γ
(j)
k encode geometric properties

of the lesion boundary. To model anisotropic in-
fection patterns, we impose a common multiplier
(Equation (247)):

M(z) = 1 + µ1z + µ2z
2, (247)

and assume each fj satisfies Equation (248)

ℜ{M(z)f ′
j(z)} > 0 (248)

This ensures uniform external–field admissibility
across the dataset. For each image j, define the
feature vector (Equation (249)):

Fj =
(
|γ(j)2 |, |γ(j)3 |, |γ(j)4 |, θ∗j ,Dj(r)

)
, (249)

where (Equation (250)):

Dj(r) = 2
∑
k≥1

|γ(j)k |rk (250)

and θ∗j is the equilibrium phase obtained from the
external–field maximizer. These features are con-
formally invariant; scale normalized; sensitive to
boundary irregularity; and sensitive to directional
growth bias.

Proposition 4 (Uniform Distortion Bound).
Suppose all fj belong to the same multiplier class
F(M). Then for every r ∈ (0, 1), we get Equation
(251):

sup
j,θ

∣∣∣∣log |fj(reiθ)|
r

∣∣∣∣ ≤ sup
j

Dj(r) (251)

Proof. For each j, we get Equation (252):

log
fj(re

iθ)

r
= 2

∑
k≥1

γ
(j)
k rkeikθ. (252)

Taking absolute values and using the triangle in-
equality, we get Equation (253):∣∣∣∣log |fj(reiθ)|

r

∣∣∣∣ ≤ 2
∑
k≥1

|γ(j)k |rk = Dj(r) (253)

Taking the supremum over j yields the result.

6.2. Separation between disease categories

Assume the dataset is partitioned into two classes:
healthy (H) and infected (I). Define the class
means (Equation (254)):

γ̄Hk =
1

|H|
∑
j∈H

γ
(j)
k , γ̄Ik =

1

|I|
∑
j∈I

γ
(j)
k (254)

Theorem 9 (Coefficient Separation Criterion).
Let H and I be two classes (e.g., healthy and

infected) of simply connected planar regions (or
their associated normalized conformal maps), and
suppose that for each sample j in either class we

have logarithmic coefficients {γ(j)k }k≥1 defined by
Equation (255):

log
fj(z)

z
= 2

∑
k≥1

γ
(j)
k zk, fj(0) = 0, f ′

j(0) = 1

(255)
For each class C ∈ {H, I} define the class mean
as Equation (256):

γ̄Ck =
1

|C|
∑
j∈C

γ
(j)
k , k ≥ 1 (256)

Assume there exists an integer K ≥ 2, such that
we get Equation (257):

K∑
k=2

∣∣γ̄Ik − γ̄Hk
∣∣ > 0 (257)

Then the two classes are geometrically distin-
guishable by the finite logarithmic-coefficient fea-
ture map (Equation (258)):

ΦK : j 7−→ (γ
(j)
2 , γ

(j)
3 , . . . , γ

(j)
K ) ∈ CK−1, (258)

in the following sense: the class centroids in fea-
ture space are different(Equation (259)),(

γ̄I2 , . . . , γ̄
I
K

)
̸=
(
γ̄H2 , . . . , γ̄HK

)
(259)

and therefore there exists a (linear) decision rule
in CK−1 that separates these two centroids.

Proof. We give a direct proof.

Step 1: Reduce the condition to a single co-
efficient difference. The assumption (Equation
(260))

K∑
k=2

∣∣γ̄Ik − γ̄Hk
∣∣ > 0 (260)

implies that at least one term in the sum is
strictly positive. Hence, there exists an index
k0 ∈ {2, 3, . . . ,K} such that (Equation (261)):∣∣γ̄Ik0 − γ̄Hk0

∣∣ > 0 (261)

equivalently(Equation (262)),

γ̄Ik0 ̸= γ̄Hk0 (262)

Step 2: Conclude that the feature centroids
differ. Consider the two vectors of class means in
feature space (Equation (263)):

mI :=
(
γ̄I2 , γ̄

I
3 , . . . , γ̄

I
K

)
, mH :=

(
γ̄H2 , γ̄H3 , . . . , γ̄HK

)
(263)

If mI = mH, then all coordinates would coincide,
in particular γ̄Ik0 = γ̄Hk0 . This contradicts Step 1.
Therefore, we get Equation (264):

mI ̸= mH (264)
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Step 3: Explicit separating rule for the cen-
troids. Since mI ̸= mH in the finite-dimensional
inner-product space CK−1, define Equation (265):

w := mI −mH ̸= 0 (265)

Consider the real-valued linear functional (Equa-
tion (266))

L(x) := ℜ⟨x,w⟩ (266)

where ⟨·, ·⟩ is the standard Hermitian inner prod-
uct on CK−1. Then (Equation (267))

L(mI)−L(mH) = ℜ⟨mI−mH,w⟩ = ℜ⟨w,w⟩ = ∥w∥2 > 0
(267)

Hence, L(mI) > L(mH), so the hyperplane
(Equation (268))

L(x) =
L(mI) + L(mH)

2
(268)

separates the two centroids.

Step 4: Geometric meaning. The coefficients
{γk} are conformal invariants of the normalized
map f and encode harmonic boundary deforma-
tion modes. Therefore, a difference in the cen-
troid vectors implies a difference in the aver-
age geometric signature of the two classes in the
(γ2, . . . , γK) feature representation. This is pre-
cisely the stated geometric distinguishability by
logarithmic coefficient features.

Distortion index and geometric irregularity.
To quantify the geometric complexity of lesion
boundaries we introduce a distortion index based
on the logarithmic coefficients of the conformal
mapping associated with the lesion domain. Let
f : D → Ω be the conformal normalization of the
lesion region Ω satisfying f(0) = 0 and f ′(0) = 1,
and let (Equation (269))

log
f(z)

z
= 2

∑
k≥1

γkz
k (269)

denote the corresponding logarithmic expansion.
The distortion index is defined by (Equation
(270))

D(r) = 2
∑
k≥1

|γk| rk, 0 < r < 1 (270)

This quantity measures the cumulative contribu-
tion of harmonic boundary deformation modes.
Lower-order coefficients describe global shape
anisotropy, while higher-order coefficients capture
local oscillations and boundary roughness. Con-
sequently, larger values of D(r) correspond to
stronger deviations from circular geometry and
therefore indicate greater boundary irregularity
of the lesion region.

6.3. Citrus lesion image dataset

To illustrate the proposed geometric analysis
framework, we used a small dataset of citrus fruit
images exhibiting visible lesion patterns. The
dataset contains N images collected from pub-
licly available citrus disease image repositories
and laboratory photographs. Each image depicts
a single fruit with clearly visible surface lesions.
The images were acquired under natural lighting
conditions using standard red, green, blue cam-
eras with resolutions ranging from 1024× 1024 to
2048× 2048 pixels. To ensure consistent analysis,
all images were resized to a common spatial reso-
lution before processing. Lesion regions were ob-
tained through a semi-automatic annotation pro-
cedure. First, a color-based segmentation step
was applied in the hue, saturation, value color
space to isolate potential lesion regions. Morpho-
logical operations were then used to remove noise
and enforce connected components. Finally, the
dominant lesion region was manually verified to
ensure correct boundary extraction. For each seg-
mented lesion domain Ω, a conformal normaliza-
tion f : D → Ω was constructed, and the associ-
ated logarithmic coefficients (Equation (269))

log
f(z)

z
= 2

∑
k≥1

γkz
k

were computed numerically from the ex-
tracted boundary curve. These coefficients were
subsequently used to evaluate the distortion in-
dex and to analyze geometric irregularity across
the dataset.

Example 6 (Dataset-Level Geometric Separa-
tion of Citrus Lesions). We illustrate Theorem 9
on a set of six citrus fruit images {Ωj}6j=1 ex-
tracted from a lesion dataset.

Step 1: Geometric modeling.
For each lesion region Ωj, a conformal nor-

malization fj : D → Ωj is assumed with (Equation
(271))

fj(0) = 0, f ′
j(0) = 1 (271)

The logarithmic expansion is (Equation (272))

log
fj(z)

z
= 2

∑
k≥1

γ
(j)
k zk (272)

In practice, the coefficients γ
(j)
k are approximated

from the Fourier expansion of log rj(θ), where
rj(θ) denotes the radial boundary function of Ωj.

Step 2: Distortion index. Define the geomet-
ric distortion index (Equation (273))

Dj(r) = 2

4∑
k=1

|γ(j)k |rk, r = 0.7 (273)
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C1 C2
C3

C4
C5 C6

Figure 3. Representative citrus lesion images used for logarithmic-coefficient geometric analysis. The first
row (C1-C3) and second row (C4-C6) illustrate variations in boundary irregularity and anisotropic spread
patterns.

Computed values for the dataset are summa-
rized in Table 9.

Step 3: Grouping by geometric irregular-
ity. Using the median distortion value as thresh-
old, the dataset splits into (Equation (274)):

High irregularity: {C1, C2, C5},
Low irregularity: {C3, C4, C6}

(274)

Define the class means (Equation (275))

γ̄
(H)
k =

1

3

∑
j∈H

|γ(j)k |, γ̄
(L)
k =

1

3

∑
j∈L

|γ(j)k |

(275)

The separation quantity from Theorem 9 is
(Equation (276))

S =

4∑
k=2

∣∣∣γ̄(H)
k − γ̄

(L)
k

∣∣∣ . (276)

Numerically, (Equation (277))

S ≈ 0.168 > 0 (277)

Since S > 0, the two groups are geometri-
cally distinguishable by logarithmic coefficient fea-
tures. Hence the external–field logarithmic frame-
work provides a mathematically justified geomet-
ric separation criterion for lesion morphology. In
Figure 3, images C1 and C2 exhibit significantly
larger second harmonic magnitudes |γ2|, indicat-
ing stronger boundary anisotropy. Images C3
and C4 display small higher-order coefficients and
correspond to smoother lesion geometry. Thus,
disease severity or morphological variation is re-
flected directly in the logarithmic coefficient struc-
ture.

Figure 3 presents six representative citrus
fruit images used in the dataset-level geomet-
ric analysis. The first row (C1–C3) and sec-
ond row (C4–C6) exhibit visually distinct lesion
morphologies, which are quantitatively captured
using the logarithmic coefficient framework de-
veloped in this work. Images C1 and C2 dis-
play pronounced boundary irregularity and visi-
ble anisotropic spread patterns. This observa-
tion is reflected mathematically by larger second
harmonic magnitudes |γ2| and elevated distortion
index values Dj(0.7). In particular, the domi-
nance of the second harmonic indicates elliptical-
type deformation and directional bias in lesion ex-
pansion. Image C5 exhibits intermediate irreg-
ularity, with moderate |γ2| and distortion mag-
nitude, corresponding to partial anisotropy and
boundary oscillation. In contrast, images C3 and
C4 show smoother, more regular lesion bound-
aries. Their higher-order logarithmic coefficients
are comparatively small, leading to significantly
reduced distortion index values. This behavior
aligns with the geometric stability bounds estab-
lished earlier. Image C6 presents localized irreg-
ularity captured by higher-order coefficients, but
with lower overall distortion compared to C1 and
C2. The separation criterion of Theorem 9 is
verified numerically for this dataset, since the
aggregated coefficient differences between high-
irregularity and low-irregularity groups are strictly
positive. Therefore, the visual differences ob-
served in Figure 3 correspond directly to measur-
able differences in logarithmic coefficient distri-
butions. From a geometric perspective, the figure
illustrates how lesion morphology translates into
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harmonic boundary modes, while the external-
field framework provides a theoretical mechanism
for interpreting directional spread via the equilib-
rium phase θ∗ = arg(γ1). Thus, Figure 3 serves
as a visual confirmation that external-field loga-
rithmic coefficient analysis offers a mathemati-
cally rigorous and interpretable descriptor of le-
sion boundary complexity. The equilibrium phase
θ∗ represents the dominant harmonic orientation
of lesion expansion under the external-field frame-
work. Variations in θ∗ across the dataset in-
dicate directional anisotropy in boundary growth
patterns in Table 9. Image Preprocessing, prior
to geometric analysis, each citrus image was seg-
mented to extract the fruit region and the domi-
nant lesion component. A foreground mask was
obtained using a region-based segmentation proce-
dure, followed by morphological filtering to remove
noise and ensure simple connectivity of the lesion
domain. The resulting binary mask defines a pla-
nar region Ωj ⊂ C, to which the conformal map-
ping framework was applied. No texture-based or
learning-based features were used; all descriptors
were derived solely from boundary geometry.

7. Conclusion

In this paper, we established sharp upper bounds
for higher-order logarithmic coefficients of univa-
lent functions defined by polynomial multipliers.
Our analysis focused on four representative multi-
pliers, namely one minus z, one minus z2, (1−z)2,
and 1 − z + z2, which together illustrate both
boundary and interior extremal behaviors. Us-
ing explicit coefficient recursions, we derived ex-
act formulas for the third and fourth logarithmic
coefficients under the assumption that the second
derivative at the origin is real and positive. The
sharp constants obtained unify earlier scattered
results and extend them to a broader multiplier
framework. A central contribution of this work
is the introduction of a potential-theoretic per-
spective. By interpreting the multiplier as an ex-
ternal field acting on the Herglotz measure, we
linked the extremal problems for logarithmic coef-
ficients with classical questions in logarithmic po-
tential theory and conformal mapping. Through
this lens, we derived capacity-preservation iden-
tities, distortion envelopes, and Euler–Lagrange
conditions that characterize the structure of ex-
tremal measures. In particular, we demonstrated
that the sharp bounds are attained by single-point
measures, leading to boundary extremals for most
cases and a unique interior extremal in the class
defined by 1− z + z2. Numerical evaluations and
graphical illustrations confirmed the theoretical
predictions, showing excellent agreement between

the explicit trigonometric maximization and the
external-field variational principle. The frame-
work developed here thus provides not only sharp
coefficient bounds but also a deeper structural un-
derstanding of multiplier classes in terms of ex-
ternal fields, conformal capacity, and potential
theory. The proposed framework translates le-
sion regions into conformally normalized domains
whose boundary geometry is encoded by logarith-
mic coefficients. These harmonic modes capture
anisotropy and boundary irregularity in a scale-
and conformally invariant manner. The result-
ing distortion index provides a mathematically
interpretable measure of geometric complexity,
enabling rigorous shape-based comparison across
image datasets.

Future research directions. An interesting di-
rection for future work is the integration of the
proposed conformal geometric descriptors with
modern deep learning frameworks for image clas-
sification and disease detection. In particular,
the logarithmic coefficients and the distortion in-
dex introduced in this work provide compact,
mathematically interpretable shape descriptors
that can be used as additional features in con-
volutional neural networks or hybrid geometric–
learning models. Such an approach could combine
the interpretability of conformal geometric anal-
ysis with the data-driven representation power of
deep neural networks. Furthermore, incorporat-
ing conformally invariant descriptors into learn-
ing architectures may improve robustness to geo-
metric deformations and variations in lesion mor-
phology. These directions open promising possi-
bilities for combining classical geometric function
theory with modern machine learning methods
in biomedical and agricultural imaging applica-
tions.
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