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ABSTRACT

This article investigates the stability and strength of tubular elements in offshore oil
and gas structures, considering internal fluid flow, centrifugal forces, and material
nonlinearity. The main objective is to analyze the deformation of tubular elements
under various fluid flow regimes and assess their stability under eccentricity and
initial imperfections. Both elastic and elastoplastic material models are employed,
along with the effects of distributed loads and axial forces. An increase in fluid
flow velocity leads to significant changes in element behavior, reducing structural
stability. The small parameter method is applied to capture nonlinear effects
more accurately, providing analytical solutions for additional bending and their
influence on structural stability. This approach allows for precise evaluation of
tubular element behavior under internal fluid flow conditions and can be applied to
the design, strength calculation, and optimization of pipelines and other hydraulic
structures. Although fractional derivatives were not applied in this study, it is
acknowledged that they have gained significant importance in modern research as
powerful tools. These derivatives offer new analytical perspectives for modeling
complex physical systems and have been increasingly used in various fields such
as engineering, physics, and applied mathematics. The results contribute to
practical engineering recommendations, operational improvement, and the design
optimization of offshore infrastructure, ensuring applicability to a wide range of
nonlinear structural mechanics problems.
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Imprecision, uncertainty, and conflicting criteria often complicate the process
of identifying the optimal conclusions in real-world decision-making scenarios.
This paper suggests a novel multi-criteria decision-making (MCDM) framework
that combines a hybrid logarithmic precursor chain-driven objective weight-
ing–preference ranking organization method for enrichment of evaluations tech-
nique with linear DIOPHANTINE fuzzy sets to address uncertain frameworks.
The selection of the location of a Sustainable Emergency Service Station and
the selection of an investment portfolio are two real-world and socially signif-
icant decision-making challenges where traditional MCDM approaches fail to
address the uncertainties. Our suggested fuzzy-based paradigm demonstrates
the adaptability of both infrastructure design and financial decision-making.
The results provide the optimal solutions based on our requirements, even un-
der unpredictable conditions. The outcomes of sensitivity analysis and com-
parative analysis demonstrate how well the suggested approach handles am-
biguous and imprecise data, particularly when expert opinions are presented
in a linguistically or incompletely articulated manner. This work provides a
solid, scalable, and precise method for resolving MCDM issues in the face of
ambiguity, offering improved support to decision-makers in a range of fields.
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1. Introduction

Data are frequently ambiguous, partial, or im-
precise in many real-world decision-making situ-
ations because of human judgment, measurement
constraints, or a lack of accurate information.
This intrinsic ambiguity makes it more difficult to
choose the best option, particularly in situations
when there are linguistic or subjective evaluations
involved. To overcome these difficulties, Zadeh 1

introduced fuzzy set theory that can handle ambi-
guity and partial truth in information. To better

capture the subtleties of uncertainty, this funda-
mental concept has evolved to incorporate more
sophisticated models. For instance, intuitionis-
tic fuzzy set (IFS) 2 offers an intense modeling
structure by including a value of hesitancy in ad-
dition to membership(MD) and non-membership
degrees (ND). The domain available to decision-
makers is later expanded by pythagorean fuzzy
sets (PFS), which build upon IFS and permit the
squared total ofMD andND to lie between 0 and
1. 3 Furthermore, the q-Rung orthopair fuzzy set

*Corresponding Author

1

1. Introduction

The installation of subsea pipelines is an es-
sential component of modern oil and gas in-
frastructure and involves high-precision engi-
neering operations. The activities carried out
within a pipeline project consist of several stages,
each aimed at ensuring the structural integrity,
functionality, and safety of the pipeline. These
stages include welding, insulation, installation
of buoyancy modules and other technical equip-
ment, transportation of the pipeline, offshore

∗ Corresponding Author
† These authors contributed equally to this work.

installation, and the performance of hydraulic
testing.

After the completion of welding and insulation
processes, the pipeline is equipped with head and
end towing assemblies and is considered ready for
transportation. The pipeline is positioned toward
the shoreline using four pipe-laying lifting trac-
tors, lowered onto the water surface, and then
transported to the designated location by tug-
boats. Before the installation works begin, fa-
vorable weather conditions are forecasted—wave
intensity up to 2 points and wind force up to 4
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points—and the operations are carried out with
hydrographic and diving support.

During the positioning and securing of the
pipeline, specialized equipment is used, including
a 100-ton crane vessel and tugboats. Buoyancy
systems are employed to bring the pipeline into
its correct position, after which it is lowered to
the seabed under its own weight. Once the laying
process is completed, the pipeline is secured with
clamps, and the section above the water level is
stabilized.

Testing is carried out through hydraulic and
gas tightness tests of the pipeline. These tests are
performed in accordance with relevant standards
to ensure the safe and reliable operation of the
pipeline.

The implementation of these works requires
careful selection of the pipeline route. The route
is designed in areas where the seabed is relatively
flat and uniform, ensuring the pipeline’s long-term
stability against wave and current forces during
its operational life. The length of the pipeline
specified in the project is determined based on
assessments provided by specialists, considering
the minimum allowable bending radii established
for the onshore routing of the pipeline along the
selected corridor.

This article reviews the engineering challenges
encountered during the installation and testing
of subsea pipelines, as well as the methodologies
applied to address them. Using a pipeline project
as an example, the importance of the methods
and procedures employed at various stages—from
determining the design length of the pipeline to
ensure its proper installation—is emphasized.

The structural connection of vertical pipes to
the stationary platform and deck elements, as
well as their fastening to load-bearing legs, is
illustrated in Figures 1,2,3, respectively. In this
study, physically nonlinear analyses were carried
out, considering the structural connection of the
vertical pipes to the load-bearing legs of offshore
hydraulic structures.

The effects of thermal processes on material
degradation1 have been investigated, friction re-
sistance between buried coated steel pipes and
soil2 has been analyzed, and temperature effects
on the load-bearing capacity of API X60 pipe
elbows3 have been modeled, demonstrating that
thermomechanical factors can reduce pipeline
operational reliability. In recent years, various
methods for pipeline monitoring and fatigue life
enhancement, including FSI-based multi-factor
optimization approaches, have been applied.4,5

International and local studies have investi-
gated the wave and dynamic interaction of large-

section bored and CFA piles with soil,6–8 exam-
ined the stress-strain state of piles and pontoon
elements of fixed offshore platforms,9–12 and ad-
dressed seismic effects on marine hydraulic struc-
tures and methods for increasing bearing capacity
reserves.13,14 In addition, foundations for reser-
voirs in the Caspian Sea and new calculation
methods for pontoon elements of offshore fixed
platforms have been developed,15,16 as well as
the local stability of sealed pipe elements and
a methodology for calculating pile foundation
load-bearing capacity based on rational design
principles.17,18

In recent years, the dynamic and stress re-
sponses of pipelines have been investigated: the
influence of impulse loads on fiberglass pipes has
been studied using a vibroacoustic method,19 tur-
bulence modeling in pipe elbows under secondary
flow conditions has been validated,20 the effect of
internal water on underground pipeline dynamics
has been assessed,21 nonlinear vibration analyses
considering soft nonlinear clamps have been con-
ducted,22 nonlinear stress analysis of aero-engine
pipelines using a semi-analytical method has been
performed,23 emerging hydroforming technolo-
gies and their parameters have been reviewed,24

and the structural performance of fiber-reinforced
patches for repairing damaged steel pipes has
been experimentally evaluated.25

In recent years, the strength and dynamic be-
havior of underground and mechanical pipelines
have been investigated: the multi-hole grouting re-
pair of underground drainage pipeline defects has
been studied numerically and experimentally,26

the vibration behavior of viscoelastic cylindrical
shells under internal moving pressure has been
analyzed analytically,27 the stress-strain model of
austenitic stainless steel for pressure vessel design
has been developed,28 the dynamic response of
reinforced soft tubes has been investigated numer-
ically and experimentally,29 random uncertainty
modeling and vibration analysis of straight pipes
conveying fluid have been conducted,30 nonlinear
forced vibration of porous functionally graded
pipes in the subcritical regime has been evalu-
ated,31 and urban ground collapse induced by de-
fective pipelines has been studied using physical
model experiments and numerical simulation.32

Recent studies have investigated various as-
pects of pipeline systems and offshore structures:
high-precision numerical modeling of projectile
launch and failure mechanisms of structural com-
ponents,33 calculation of metal element deflection
using a three-line strain diagram,34 experimental
and numerical analysis of failure in flexible pipes
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Figure 1. Installation, routing, and fastening of the vertical pipe from the seabed to the topside structure of
the stationary offshore platform

Figure 2. Installation, routing, and fastening of the vertical pipe from the seabed to the topside structure of
the trestle-connected platform deck

due to intentional damage,35 evaluation of sub-
marine debris-flow hazard risks to planned subsea
pipeline systems,36 analysis of energy character-
istic changes in pipeline systems under hydro-
dynamic loads,37 study of structural changes in
multifaceted gas pipelines,38 vortex dynamics di-
agnosis in the stall state of mixed-flow pumps,39

and the application of artificial intelligence for
asset integrity management of offshore oil and

gas pipelines.40

In recent years, studies on pipeline systems
and related technological equipment have been
conducted: the impact of pipe materials on water
hammer in pressure pipelines has been studied
experimentally and numerically,41 a novel frac-
tal fractional mathematical model for HIV/AIDS
transmission stability and sensitivity with numer-
ical analysis has been proposed,42 the strength
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Figure 3. Schematic of the structural connection of the vertical pipe to the offshore hydraulic structure

of tanks filled with fluid under free drop condi-
tions has been determined,43 stability and non-
linear vibrations of closed cylindrical shells inter-
acting with fluid flow have been reviewed,44 pre-
stressed concrete cylinder pipes reinforced with
fiber-reinforced polymer have been analyzed,45

shear effects on axisymmetric wave propagation
in buried fluid-filled pipes have been evaluated,46

effects of operation parameters on heat trans-
fer in tubular moving bed heat exchangers have
been investigated using CFD-DEM,47 and the
deformation behavior in tube hydro-pressing of
rectangular cross-section components has been
studied.48

In recent years, the dynamic, mechanical, and
material behavior of pipeline systems has been
investigated: in-plane and out-of-plane dynamics
of curved pipes conveying fluid have been studied
using the integral transform method,49 throttle

valve erosion in the oil and gas industry has been
investigated,50 vibration manipulation properties
of phononic crystals and acoustic metamaterials
for fluid-conveying pipeline systems have been
reviewed,51 the mechanism of post-buckling and
initiation of a propagating buckle in sandwich
pipelines has been studied based on shear de-
formation theory,52 the influence of ductility on
fracture in tensile testing of cold gas sprayed
deposits has been evaluated,53 flow properties
of cemented paste backfill through L-pipe and
loop-pipe tests have been experimentally investi-
gated,54 and bending vibration control of pipes
conveying fluids has been studied using nonlinear
torsional absorbers at the boundaries.55

In recent years, the material, mechanical, and
operational characteristics of pipeline systems
have been investigated: manufacturing defects
in thermoplastic composite pipes and their in-
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situ performance in oil and gas applications have
been studied,56 plant-derived extracts for miti-
gating scale formation in pipelines and industrial
systems have been reviewed,57 fluid-induced vi-
brations of long branched pipelines have been
analyzed,58 bending stresses in pipelines have
been evaluated using hole-drilling measurements
combined with interferometry,59 the dynamic re-
sponse of water in buried pipelines under explo-
sion has been numerically simulated,60 the vis-
cosity of stabilized emulsions in different pipe
diameters has been studied using pressure drop
and phase inversion,61 and buckling analysis
of groove-corroded pipes under axial pressure
has been performed using the finite element
method.62

Recent studies have focused on pipeline sys-
tems and the effects of gas hydrates, soil, and
fluid: the influence of bend diameter rate on the
flow characteristics of natural gas hydrate par-
ticles in curved pipes has been numerically in-
vestigated,63 deformable pipelines for efficient
recovery of protective coal pillars have been
designed,64 and buckling and stability of sub-
sea high-pressure/high-temperature pipelines on
laterally sloping seabeds have been studied.65

Additionally, the dynamics of materials recy-
cling in chemostat systems have been analyzed
with the help of an artificial deep neural net-
work,66 and deep neural networks have been ap-
plied in the computational analysis of coupled
systems of fractional integro-differential equa-
tions.67

Other relevant work includes stress analysis of
buried polyethylene pipes with viscoelastic behav-
ior using the finite element method,68 evaluation
of the role of particulate shape and size in ero-
sion of pipe bends via CFD,69 and analysis of
gas flow resistance in unstable collapse boreholes
along with classification of borehole types.70 Fur-
thermore, neural network-based fixed-time track-
ing control methods for nonlinear systems with
actuator faults have been developed,71 and dy-
namic analysis of liquid-filled clamp-pipe systems
has been carried out using the spectral element
method.72

Recent studies have focused on pipeline dy-
namics, pipe-soil interaction, and corrosion issues:
recent progress on dynamics and control of pipes
conveying fluid has been reviewed,73 a numer-
ical study of pipe-soil interaction under lateral
movements on different seabed types has been
conducted,74 and stress-strain rate curves of MR
fluids and their application in sheet flexible-die
forming have been investigated.75 Additionally,
progression of localized corrosion on inner walls

of steel pipelines has been studied,76 and internal
erosion induced by infiltration of defective buried
pipes has been experimentally and numerically
investigated.77

Furthermore, pipe-soil interaction and sensi-
tivity of large-diameter buried steel pipes have
been analyzed,78 and a theoretical analysis of
deformation for steel gas pipes under surface ex-
plosion loads, considering shear effects, has been
performed.79 Corrosion inhibitors of API pipeline
steels have been reviewed,80 design pressure of
in-service welding pipes has been studied,81 and
performance and stress analysis of flat-tubular
solid oxide fuel cells fueled with methane and
hydrogen has been investigated.82

Recent studies have focused on deep-water
and offshore pipeline behavior, vibrations, and
corrosion: research on buckling propagation ex-
periments of deep-water pipelines has been con-
ducted,83 vortex-induced vibration suppression
on subsea pipelines using helical strakes has been
studied experimentally and numerically,84 and
mask privacy preservation prescribed-time con-
sensus control for nonlinear multi-agent systems
has been proposed.85 Further investigations in-
clude the impact of structural parameters of
multi-jointed pneumatic sealing discs in fluid-
driven pipeline robots on performance,86 fitness-
for-service assessment of local thin areas in line
pipes,87 and tribo-corrosion behavior of oil coun-
try tubular goods.88

Other studies have addressed modal analy-
sis of PE pipelines under seabed dynamic pres-
sure,89 damage mechanisms of offshore pipelines
impacted by falling objects,90 progress and
prospects of particle finite element method for
large deformation simulation in geotechnical en-
gineering,91 and stability and local bifurcation of
parameter-excited vibration of pipes conveying
pulsating fluid under thermal loading.92

Oil and gas pipelines and offshore structures are
subjected to mechanical, thermal, hydrodynamic,
and pipe-soil interaction effects,1− 92 yet the ex-
isting literature has not sufficiently addressed
the additional bending induced by centrifugal or
”follower forces” in standpipe-type elements con-
veying fluid. Furthermore, the combined influence
of elastic and elastoplastic material models, ini-
tial imperfections, eccentricities, distributed loads,
and axial forces remains largely unexplored. This
study aims to evaluate the bending behavior and
critical states of pipes and support elements under
internal fluid flow using analytical and numerical
approaches, filling a gap in current offshore and
pipeline research.
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1.1. Research innovations

This study introduces several innovative aspects
in the analysis of tubular elements and vertical
risers in offshore hydraulic structures:

Research perspective: The work addresses a
gap in current offshore structural research by con-
sidering the combined effects of internal fluid flow,
eccentricities, initial imperfections, and elastoplas-
tic material behavior on the stability of pipes and
risers. Unlike classical studies that focus primar-
ily on linear or weakly nonlinear systems, this
research provides a more realistic representation
of operational conditions.

Analytical method: A novel combination of
the elastoplastic constitutive model and the small
parameter method is applied, allowing for precise
evaluation of nonlinear deformations and stress-
strain behavior. The approach offers improved
predictive capability over classical Lyapunov sta-
bility analysis, particularly for systems experi-
encing significant material nonlinearity and large
deformations.

Engineering applications: The proposed
methodology facilitates practical optimization of
geometric parameters and design recommenda-
tions for offshore structures. It can be directly
applied to the design and analysis of marine risers,
pipelines, and other tubular elements, enhancing
both structural reliability and manufacturability.

By explicitly presenting these innovative points,
the study clarifies its contribution from the re-
search, analytical, and practical engineering per-
spectives, providing a clear framework for both
current and future investigations in offshore struc-
tural analysis.

2. Materials and methods

This study investigates the behavior of vertical
risers in marine hydraulic structures subjected to
internal pressure. The primary objective was to
develop a method for calculating and optimizing
their geometric parameters while considering the
material’s physical nonlinearity, thereby address-
ing practical engineering challenges associated
with offshore structures.

A general linearization approach was employed
for thin-walled structures with variable geometric
parameters, which facilitated the acceleration of
convergence in the computational process. The
computational method was based on the finite
difference technique, implemented as a custom al-
gorithm within an integrated software suite. The
analysis was conducted within the framework of
shell moment theory, enabling accurate assess-
ment of structural behavior under complex load-

ing conditions.
The proposed methodology explicitly incorpo-

rates the material’s physical nonlinearity, allowing
for precise evaluation of structural strength, defor-
mation, and manufacturability. Calculations were
performed on cylindrical shells with both constant
and variable thicknesses, subjected to external
loads and internal pressures under both axisym-
metric and non-axisymmetric loading conditions.
This ensures the applicability of the method to a
wide range of real engineering scenarios.

All results were obtained through numerical
simulations, and practical formulas and engineer-
ing recommendations were subsequently derived
to support the design and analysis of marine hy-
draulic structures. The use of the finite differ-
ence method simplifies the calculation process by
considering multiple levels of approximation, ulti-
mately enabling the selection of optimal design
solutions.

To justify the applicability of the proposed ap-
proach, it is important to compare it with classical
stability analysis methods, such as Lyapunov sta-
bility theory. While Lyapunov-based approaches
are effective for linear or weakly nonlinear sys-
tems, they are often limited in capturing complex
material nonlinearity, geometric imperfections,
and follower force effects in fluid-conveying tubu-
lar elements. In contrast, the present method
explicitly incorporates elastoplastic behavior and
nonlinear deformation effects, providing a more
realistic representation of structural response un-
der operational conditions. However, the proposed
approach is mainly applicable to systems where
material nonlinearity and large deformation ef-
fects are significant, whereas classical methods
may remain more appropriate for purely elastic
or simplified dynamic systems.

3. Results

3.1. Stability of a tubular element beyond
the elastic limit under flowing fluid

In the practice of constructing offshore oilfield
structures, in some cases, structures are used that
serve as load-bearing elements while simultane-
ously providing transportation of petroleum prod-
ucts, technical water, and other fluids. For this
purpose, the lower and upper chords of tubular
trusses are employed. During operation, these
trusses, in addition to the usual loads, also expe-
rience forces arising from the movement of fluid
inside the pipes. The problem considered in this
work has broad applications in various fields of
engineering and relates to cases where follower
forces are associated with the curvature of the
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deformable system. If the axis of the member is
straight, the member will remain in equilibrium
at any fluid flow rate. It is now necessary to de-
termine whether a curved equilibrium shape can
exist, in which the bending of the member is in-
duced by centrifugal forces of the fluid particles
arising from the curvature of their trajectories.
Such a phenomenon is natural, since when the
member bends in one direction, the centrifugal
forces are directed in the same direction, and the
question is only whether the magnitude of these
forces is sufficient to maintain the bend.

The type of problem under study was consid-
ered by the author for a member operating within
the elastic range, in connection with the design
of a special underwater pipeline. In that case, a
loss of stability in the Euler sense was observed.
As is known, in the classical stability problem of
a column, its ideal vertical position is assumed.
Due to this property of the model, the governing
equation turned out to be homogeneous, and the
displacement of the member’s axis at the point of
stability loss could be determined up to a single
unknown parameter.

However, in practice, such systems often ex-
hibit predefined deviations from ideal conditions,
such as misalignment of the member’s axis from
the vertical, differences in support elevations, and
similar imperfections. In such cases, the problem
formulation differs significantly from the classical
Euler problem. Deviations from the initial equi-
librium shape occur under any, even very small,
loads. In this situation, the governing equation
becomes nonhomogeneous. It is no longer appro-
priate to speak of stability loss as branching of
equilibrium forms, and the “bifurcation” criterion
becomes inapplicable. Considering the problem in
the presence of imperfections demonstrates that
critical states still exist, but of a different nature
than in the idealized formulation.

Let us consider a pipe of length l, subjected
to a uniformly distributed load q0along its length
and an axial force N , through which a fluid flows
with velocity V . The upper end of the pipe rests
on a horizontally compliant support. Moments
M0and M1are applied at the ends of the pipe
(Figure 4).

We apply the following sign convention: the
axis of the member points to the right, the x-axis
points downward, and placing the origin at the
center of the pipe’s upper support, the bending
moment Mxis considered positive when acting
clockwise, and the shear force Qxis considered
positive when acting to the right. Due to the
presence of the upper compliant support, there
is an initial deflection y0. The liquid will flow

through the pipe if the pressure difference at the
ends of the pipe is not zero. This can be ensured
if the pressure at the upper end at the pipe inlet
is properly defined.

Pb = P0 − ρ
ϑ2

2
, (1)

At the lower end (outlet), the pressure is

Pn = P0 + ρ
ϑ2

2
(2)

That is, fluid is drawn into the upper end of
the pipe, which is possible only if the pressure
there is lower than the pressure in the surround-
ing liquid environment, while at the lower end,
outflow occurs under a high external pressure cor-
responding to the dynamic head; otherwise, the
fluid cannot exit from the lower end. In this case,
the pressure difference will be:

P = Pn − Pv = P0 + ρ
v2

2
−
(
P0 − ρ

v2

2

)
= ρv2,

(3)
In other words, the pressure difference is equal

to twice the dynamic head.
Since the fluid flows through a pipe with a

cross-sectional area of Fn, the dynamic head will
be:

Psk = Fnρv
2 =

qv2

g
(4)

where qis the weight of the fluid per unit length
of the pipe;

is the acceleration due to gravity.
The bending moment Mxat an arbitrary sec-

tion, based on Figure 4, can be expressed as:

Mx =M0 +Q0x+ q0
x2

2
−N (y − y0)

− qv2

g
(y − y0). (5)

Using the approximate differential equation of
the curved axis of the rod

y′′ =
Mx

EJ
(6)

and by differentiating it twice, we obtain:

yIY +
1

EJ

(
N +

qv2

g

)
y′′ =

q0
EJ

. (7)

Here, qv2

g y
′′
represents the intensity of the dis-

tributed inertial load.
Thus, the transverse load on the pipe, arising

due to the flow of fluid through the pipe, “follows”
the second derivative of the function describing
the deflection of the pipe axis, and the intensity
of this load depends on the fluid flow velocity ϑ.
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Figure 4. Schematic diagram of the loading condition of a pipe element

Finding the general solution of Equation 7 does
not present any fundamental difficulties.

Equation 7 characterizes the behavior of the
tubular rod within the elastic range.

If we want to account for the behavior of the
rod beyond the elastic range, it is necessary to use
the following approximate form of the differential
bending equation:

y′′ = − σa
Ec

(8)

Here, σaand Eare the yield stress and the mod-
ulus of elasticity of the rod material, and cis the
height of the compressed zone of the elastic core.

To solve the stability problem of a tubular rod
considering the elastoplastic properties of the ma-
terial, we examine a simplified loading scheme;
that is, a tubular rod supported on two supports,
compressed by a longitudinal force Nwith an ec-
centricity e0, and subjected to the inertial load
(qv2)/g. It is assumed that local buckling of the
pipe wall is ensured. Under this loading scheme,
the magnitude of the maximum bending moment

will be:

M =

(
N +

qv2

g

)
(e0 + y0) , (9)

Here, y0is the maximum deflection at midspan.In
this case, we use the approximate expression for
the curved axis of the rod in the form:

y = y0sin
πx

l
(10)

For the section of the rod at midspan, at x = l/2,
using Equation 8, we obtain the relationship

l2 =
π2E

σa
y0c, (11)

which characterizes the equilibrium states of the
rod under axial stress σ0 = N/F . Here, F is the
cross-sectional area of the tubular rod.

We assume that the section exhibits one-sided
yielding. The stress distribution for the midsec-
tion of the rod under one-sided yielding is shown
in Figure 5. As the current coordinate, we take
the central angle α, measured from the verti-
cally downward radius. The boundary between
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Figure 5. Midsection stress under one-sided yielding

the elastic core and the plastic zone is character-
ized by the central angle φ, and the maximum
fiber stresses in the midsection of the rod are: on
the concave side σ1 = σa, and on the convex side
σ2 < σa.

The equilibrium condition for the tubular sec-
tion, based on Figure 5, will have the form:

N = 2πrδσ0 = 2πrδσa − 2rδ
σ2 − σ1
1− cosφ

∫ φ

0
(cosα − cosφ )dα = 2rδ

×
[
πσa −

sinφ− φcosφ

1− cosφ
(σ2 + σa)

]
; (12)

M =

(
N +

qv2

g

)
(e0 + y0) = 2r2δ

σ2 − σ1
1− cosφ

×
∫ φ

0
cosα (cosα − cosφ )dα

= r2δ
φ− sinφcosφ

1− cosφ
(σ2 + σa) ; (13)

Eliminating σ2from these equations, we obtain

y0
r

=
σa − σ0

2
(
σ0 +

qv2

g

) φ− sinφcosφ

sinφ− φcosφ
− e0F

2w
(14)

Here, wis the section modulus of the tubular
section, and the distance cfrom the neutral axis
of the stress distribution to the boundary of the

elastic core is given by:

c

r
=

1

π

σa
σa − σ0

(sinφ− φcosφ ) . (15)

Therefore, based on 11 and considering expres-
sions 14 and 15, we obtain the formula for the
flexibility of the tubular rod in the equilibrium
state:

l2

r2
= λ2 =

πEϕ

2
(
σ0 +

qϑ2

gF

) , (16)

where the following are denoted:

ϕ = φ− sinφcosφ− σ0gF + qϑ2

(σa − σ0) g

•e0
w

(sinφ− φcosφ ) . (17)

Stability (or Buckling) loss criterion:

dϕ

dα
= 0 (18)

allows one to determine

σ0 =
σa − qv2

2g • e0
w

φ
sinφ

1 + e0F
2w

φ
sinφ

(19)

We have considered a section with one-sided
yielding. Now we move on to the consideration of
a section with two-sided yielding Figure 6. Re-
taining the previously adopted angle reference, we
denote by ϕand ψthe angles that define the bound-
aries of the elastic core at the points adjoining
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Figure 6. Midsection stress under two-sided yielding

the zones of plastic compression and, respectively,
tension.

The equilibrium condition for the tubular sec-
tion, based on Figure 6, will be:

N = 2πrδσ0 = 2πrδσ1 (π − 2ψ)− 4rδσa
cosψ − cosφ

×
∫ φ

ψ
(cosα − cosψ ) dα =4rδσa[

π

2
− (sinφ− φcosφ )− (sinψ − ψcosψ )

cosψ − cosφ

]
(20)

M =

(
N +

qϑ2

g

)
e0 + y0 = 4r2δσa[∫ φ

0
cosαdα+

1

cosψ − cosφ∫ φ

ψ
cosα (cosα− cosψ ) dα

]
= 2r2δσa

(φ− sinφcosφ )− (φ− sinψcosψ )

cosψ − cosφ
(21)

From Equation 21, we find:

y0
r

=
σa

σ0 +
qϑ2

gF

• 1
π

(φ− sinφ cosφ )− (ψ − sinψ cosψ )

cosψ − cosφ
− e0F

2w

(22)

The distance c from the zero point of the stress
diagram to the boundary of the elastic core is
equal to:

c

r
=

cosψ − cosφ

2
(23)

Consequently, based on 5 and considering expres-
sions 16 and 17, we obtain the flexibility formula
for the tubular rod in the equilibrium state:

λ2 =
πEψ

2
(
σ0 +

qϑ2

gF

) , (24)

where it is denoted:

ψ (φ,ψ) = (φ− sinφcosφ )− (φ− sinψ cosψ )

−σ0gF + qυ2

2gσa

e0
w
π (cosψ − cosφ ) . (25)

The stability analysis problem is reduced to find-
ing the function of two variables Ψ(ϕ, ψ)under
the additional condition:

Θ (φ,ψ) =
(sinφ − φcosφ )− (sinψ − ψcosψ )

cosψ − cosφ

=
π

2

σa − σ0
σa

, (26)

which follows from 20.

1073



Latif F. Aslanov and Ulvi L. Aslanli / IJOCTA Vol. 16, No. 3, pp.1064-1085 (2026)

We obtain an equation that relates the angles
φ and ψ in the critical state of the rod.[π

2
(cosψ − cosφ ) + (sinψ − ψcosψ )

− (sinφ − φcosφ )
e0F

2w
= sinψ

cosψ − sinφcosφ+
(sinφ− sinψ )2

φ− ψ

]
(27)

Based on Equation 21, we obtain

σ0 =
σa

(e0 + y0)

• r
π

(φ− sinφ cosφ )− (ψ − sinψ cosψ )

cosψ − cosφ
− qϑ2

gF
.

(28)

As can be seen from expressions 19 and 28,
the magnitude of the critical stress or axial force
depends on the square of the velocity of the fluid
flowing through the pipe. The higher the fluid
velocity, the lower the allowable stress on the pipe
body.

3.2. Analysis of the stress–strain state of a
vertical riser in oil and gas production
structures

A thin-walled vertical pipe is strongly affected
by internal pressure (Figure 7). To analyze the
stress state of such a pipe, the main equations of
the moment theory for rotational shells symmet-
rically loaded along the axis can be applied.

Tx =
Eh

1− µ2

(
du

dx
+ µ

ω

r

)
Tt =

Eh

1− µ2

(
ω

r
+ µ

du

dx

)
Mx = D

d2ω

dx2

Mt = µD
d2ω

dx2

(29)

In Equation 29, Tx, Tt – are normal forces
in the shell’s cross sections; r, h, z – is a current
coordinate; P1, P2 – are the meridian, tangential
projections of the given plane forces normal to the
plane; u, w – are the displacement projections;
E, β, µ – are elastic constants of material; ϵx, ϵy
– are relative and anglular deformastions, D =

Eh3

12(1−µ2) – flexural rigidity of the pontoon.

Taking the dependence between stress and
strain as σ = εE – βε3, we accept the physical
equations as follows:

Eεx − βε3x = σx − µσy;Eεy − βε3y = σy − µσx
(30)

If we find σx, σy from Equations 30 and con-
sider them in their nonlinear dependence between
stress and strain

σx =
4

3

{
E

(
∂u

∂x
+
∂2w

∂x2
z +

1

2

w

r

)

−β

[
(
∂u

∂x
+
∂2w

∂x2
z)

3

+
1

2
(
ω

r
)
3
]}

σy =
4

3

{
E

(
w

r
+

1

2
(
∂u

∂x
+
∂2w

∂x2
z)

)

−β

[
(
ω

r
)
3
+

1

2
(
∂u

∂x
+
∂2w

∂x2
z)

3
]}

(31)

Considering the physical nonlinearity of the
material and loading, it is necessary to solve
the system of nonlinear differential equations for
studying the case of deformation under tension.
To solve such a complex task, we use the method
of small parameters. For this, we take a small pa-

rameter as follows: ν = βε20
E , here: ε0 is the relative

linear deformation corresponding to the strength
limit. The solution of the system of Equations 29
is sought in the form of the following series with
small parameters. Here: ϵ0, γ0 are relative and
angular deformations corresponding to ultimate
strength. It is seen from this expression that at
the assumption of incompressibility of nonlinear
materials.

u =
∑
j=0

ujν
j ;w =

∑
j=0

wjν
j , there (j = 0, 1, 2. . .)

(32)
We substitute the series 32 in 29 taking this

into account, we get the following system of linear
equations:

for j=0,



Tx0
=

4

3
Eh(

∂u0
∂x

+
ω0

2r
)

Tt0 =
4

3
Eh(

ω0

r
+

1

2
· ∂u0
∂x

)

Mx0
=
Eh3

9
· d

2ω0

dx2

Mt0 =
Eh3

18
· d

2ω0

dx2

(33)
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Figure 7. Structure and load calculation diagram of a thin-walled vertical pipe

for j=1,

Tx1
=

4

3
Eh

{
du1
dx

+
1

2
· ω
r
− 1

ε20

[
1

2

(ω0

r

)3

+

(
du0
dx

)3

+
h2

4
· du0
dx

(
d2w0

dx2
)
2
]}

Tt1 =
4

3
Eh

{
ω1

r
+

1

2
· du1
dx

− 1

ε20

[(ω0

r

)3

+
1

2

(
du0
dx

)3

+
h2

8
· du0
dx

(
d2w0

dx2
)

]}

Mx1
=
Eh3

9

{
d2w1

dx2
− 3

ε20

[(
du0
dx

)2

· d
2w0

dx2

+
h2

20
· (d

2w0

dx2
)

]}
Mt1 =

Eh3

9

{
1

2

d2w1

dx2
− 3

2ε20

[
(
du0
dx

)
2

· d
2w0

dx2

+
h2

20
· (d

2w0

dx2
)
3
]}

(34)

for j=2,

Tx2 =
4

3
Eh

{
du2
dx

+
1

2
· ω
r
− 1

ε20

[
3

2r3
ω2
0ω1

+3

(
du0
dx

)2
du1
dx

+
h2

4
· du1
dx

(
d2w0

dx2

)2

+
h2

2
· du0
dx

· d
2w0

dx2
· d

2w1

dx2

]}
Tt2 =

4

3
Eh

{
w2

r
+

1

2

du2
dx

− 1

ε20

[
3

r3
ω2
0ω1

+
3

2

(
du0
dx

)2
du1
dx

+
h2

8
· du1
dx

(
d2w0

dx2

)2

+
h2

4
· du0
dx

· d
2w0

dx2
· d

2w1

dx2

]}
Mx2 =

Eh3

9

{
d2w2

dx2
− 3

ε20

[
2 · du0

dx
· du1
dx

· d
2w0

dx2

+

(
du0
dx

)2
d2w1

dx2
+

3h2

20
·
(
d2w0

dx2

)2

· d
2w1

dx2

]}

Mt2 =
Eh3

9

{
1

2
· d

2w2

dx2
− 3

ε20

[
du0
dx

· du1
dx

· d
2w0

dx2

+

(
du0
dx

)2
d2w1

dx2
+

3h2

20
·
(
d2w0

dx2

)2

· d
2w1

dx2

]}
(35)

If we consider the system of Equations(33-
35) in equilibrium equations dQ/dx+ Tt/r = P1;
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dTx

dx = P2;
dMx

dx = Q , we get the following system
of linear differential equations:

d4ω0

dx4 + 4β4ω0 = −1
2 · Tx0

rD + P1

D

d4ω1

dx4
+ 4β4ω1 =

3

ε20
· d

2

dx2

[(
3

4
· Tx0

Eh
· 1
2
· ω0

r

)2

·d
2w0

dx2
+
h2

20
·
(
d2w0

dx2

)3

+
9

r4h2ε20
ω3
0

]
(36)

d4ω2

dx4
+ 4β4ω2 =

27

ε20r
4h2

ω2
0ω1 +

3

ε20
· d

2

dx2

×

[
2
du0
dx

· du1
dx

· d
2w0

dx2
+

(
du0
dx

)2d2w1

dx2

+
3h2

20
·
(
d2w0

dx2

)2

· d
2w1

dx2

]
The physical nonlinearity and the variation in

the geometric parameters of the elements were
taken into account while performing complex cal-
culations and optimizations for the pipe and verti-
cal riser (riser) elements used in offshore hydraulic
structures. Analytical solutions were obtained for
vertical pipe elements. The mechanical behav-
ior of the structures was assessed under various
loading conditions, considering both external and
internal pressure effects. The application of the
physical nonlinear theory allowed for a more accu-
rate determination of the stress and strain fields,
revealing additional strength reserves of the ma-
terial. Generalized equations and engineering rec-
ommendations were developed for optimizing the
dimensions of structural elements, resulting in en-
hanced load-bearing capacity, structural efficiency,
and manufacturing technological feasibility. Over-
all, the results demonstrate the potential appli-
cation of the proposed methodology in nonlinear
structural mechanics. A graphical representation
of the dimensionless stress-strain relationship is
provided in the Graphical Abstract.

A methodology for calculation based on
the theory of moments, considering internal
pressure and material nonlinearity, has been
developed using the finite difference method.
The analysis of the obtained results showed
that the meridional stress decreased by 13.6%
in the first approximation, 8.74% in the sec-
ond approximation, and 3.26% in the third
approximation, compared to the linear case. The
radial displacement accumulation increased by
10.26% in the first approximation, 7.82% in the
second approximation, and 3.82% in the third
approximation, compared to the linear case.

Based on the developed methodology, a cal-
culation algorithm has been formulated, and the
results of the performed calculations are presented
in the form of graphs, which allows for their ap-
plication in engineering practice.

3.3. Nomenclature (symbols and
terminology)

As shown in Table 1, the symbols and terminol-
ogy used in this analysis are defined systemati-
cally to enhance clarity and ensure consistency
throughout the paper.

4. Discussion

The adoption of the elastoplastic model allows for
a more precise representation of material behavior
under critical loading conditions. This approach,
unlike traditional linear models, accounts for
both elastic and plastic deformations, providing a
deeper understanding of the structural response
in real-world applications. The adoption of the
elastoplastic model allows for a more precise repre-
sentation of material behavior under critical load-
ing conditions. Unlike traditional linear models,
this approach accounts for both elastic and plastic
deformations, offering a deeper understanding of
the structural response in real-world applications.
An analytical investigation was conducted on the
stability of a fluid-conveying tubular element, tak-
ing into account the elastoplastic behavior of the
material. Analytical relationships were derived to
determine critical states and assess the influence
of flow velocity on structural stability.

The developed method for calculating and op-
timizing the geometric parameters of marine hy-
draulic structure elements, specifically vertical ris-
ers under internal pressure, while considering the
material’s physical nonlinearity, has proven highly
effective in addressing practical engineering chal-
lenges. The results indicate that the application
of nonlinear theory facilitates the identification of
additional strength reserves, a refinement of stress
and deformation distributions, and optimization
of cross-sectional dimensions and shapes.

When compared to conventional thin-shell anal-
ysis methods, the proposed approach demon-
strates clear advantages in terms of conver-
gence speed and accuracy in predicting the
stress-strain state. Furthermore, the method is
versatile, applicable to a wide range of struc-
tural problems, including shells with constant
and variable thicknesses subjected to various
external and internal loads. Its ability to ac-
curately capture material nonlinearity and ef-
ficiently handle various loading scenarios sets
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Table 1. Nomenclature of symbols used in the analysis.

Symbol Definition Unit Application/Comment

1 2 3 4

Pb Pressure at the upper end (pipe inlet) Pa Pressure at the pipe inlet

P0 Reference pressure Pa The pressure at a reference point, often the atmospheric

pressure

ρ Density of the fluid kg/m3 Fluid density

ϑ Fluid velocity m/s Fluid velocity in the pipe

Pn Pressure at the lower end (pipe outlet) Pa Pressure at the pipe outlet

Pv Pressure at the upper end (inlet) Pa Pressure at the pipe inlet

Psk Dynamic head Pa Dynamic head, representing the fluid’s kinetic energy

per unit volume

Fn Cross-sectional area of the pipe m2 Cross-sectional area through which the fluid flows

q Weight of the fluid per unit length of

the pipe

N/m Weight of the fluid per unit length

g Acceleration due to gravity m/s2 Gravitational acceleration, typically 9.81m/s2

Mx Bending moment at an arbitrary section Nm Bending moment at the given section along the x-axis

M0 Initial bending moment at the reference

point

Nm Initial bending moment at the reference section

Q0 Shear force at the reference point N Shear force at the reference section

x Distance from the reference point to the

section

m Distance along the beam from the reference point to

the current section

N Axial force N Axial force along the length of the beam

y Vertical distance from the neutral axis m Vertical displacement from the neutral axis

y0 Vertical distance of the reference point

from the neutral axis

m Vertical displacement at the reference point from the

neutral axis

E Modulus of elasticity Pa Material property, representing the stiffness of the ma-

terial

J Area moment of inertia m4 Geometrical property of the rod’s cross-section that

resists bending

q0 Distributed load at the reference point N/m Load per unit length at the reference point

σa Yield stress of the rod material Pa

(N/m2)

Stress at which the material begins to plastically deform

c Height of the compressed zone of the

elastic core

m Height of the compressed zone in the rod’s elastic region

e0 Initial deflection or displacement at ref-

erence point

m Initial deflection or displacement at the reference point

l Length of the rod m Total length of the rod

F Cross-sectional area of the rod m2 Cross-sectional area of the tubular rod

α Central angle of the section radians Angle measured from the vertically downward radius

φ Boundary angle between elastic core and

plastic zone

radians Angle separating the elastic core from the plastic zone

in the rod

σ1 Maximum stress on the concave side

(yield stress)

Pa

(N/m2)

Maximum stress in the concave region of the rod at

midsection

σ2 Stress on the convex side (less than yield

stress)

Pa

(N/m2)

Stress in the convex region of the rod at midsection,

which is less than σa
σ0 Axial stress Pa Tubular rod, critical load calculation

r Radius of the tubular section m Radius of the cross-section of the tubular rod

δ Small displacement factor m Small displacement factor, possibly related to strain or

deflection

w Section modulus of the tubular section m3 Section modulus of the tubular section, related to resis-

tance to bending

λ Flexibility coefficient - A dimensionless parameter related to flexibility

ϕ Angle for the elastic-plastic boundary radians Angle representing the boundary of elastic core

ψ Angle for the start of the plastic zone

in the tubular section

radians Angle marking the beginning of the plastic deformation

zone

λ2 Flexibility parameter for the tubular rod

in equilibrium

- Flexibility parameter for the tubular rod in equilibrium

π Mathematical constant - Constant used in circular and angular calculations

1 2 3 4

Θ (φ,ψ) Stability function - Function used to determine the critical state of the rod

under stress and bending. Specifically, it describes the

equilibrium condition for the stress

1077



Latif F. Aslanov and Ulvi L. Aslanli / IJOCTA Vol. 16, No. 3, pp.1064-1085 (2026)

Table 2. (Continued)

Symbol Definition Unit Application/Comment

Tx Longitudinal normal force N/m Force in the shell’s cross-section along the pipe’s length

Tt Tangential normal force N/m Force in the shell’s cross-section perpendicular to the

length

h Pipe wall thickness m Pipe wall thickness

P1, P2 Meridian and tangential projections of

forces

N Meridian and tangential projections of forces

u Axial displacement m Displacement along the axis of the pipe

w Radial displacement m Displacement perpendicular to the pipe’s axis.

µ Poisson’s ratio - Material constant describing the ratio of lateral strain

to axial strain

β Nonlinear constant - Constant related to the nonlinear stress-strain behavior

of the material

ϵx, ϵy Relative and angular deformations - Deformations in the pipe due to applied forces

D Flexural rigidity N·m2 Flexural rigidity of the shell

Mx Longitudinal bending moment N·m Bending moment acting in the longitudinal direction of

the pipe due to internal pressure and displacement.

Mt Tangential bending moment N·m Bending moment acting in the tangential direction of

the pipe due to internal pressure and displacement.

x Axial coordinate m Position along the length of the pipe.

σx Longitudinal stress Pa Stress acting along the axial direction of the pipe (or

rod), caused by internal pressure or external force

σy Radial stress Pa Stress acting in the radial direction of the pipe (or rod),

typically associated with internal pressure or external

loads

z Coordinate in the longitudinal direction m Longitudinal coordinate along the pipe or rod, used to

define the position along the structure.

ν Small parameter - Represents the ratio of the nonlinear behavior to the

material’s linear elasticity.

ϵ0 Relative linear deformation - The deformation corresponding to the material’s

strength limit.

γ0 Angular deformation - Angular deformation corresponding to the material’s

ultimate strength.

Tx0 Normal force in the shell’s cross-section,

axial direction

N/m Initial normal force in axial direction at j=0

Tt0 Tangential force in the shell’s cross-

section

N/m Initial tangential force at j=0

Mx0 Bending moment in the shell at j=0 N·m Initial bending moment at j=0

Mt0 Tangential bending moment in the shell

at j=0

N·m Initial tangential moment at j=0

Tx1 Normal force in the shell’s cross-section,

axial direction at j=1

N/m Normal force after considering nonlinearity

Tt1 Tangential force in the shell’s cross-

section at j=1

N/m Tangential force after considering nonlinearity

Mx1 Bending moment in the shell at j=1 N/m Bending moment after considering nonlinear effects

Mt1 Tangential bending moment in the shell

at j=1

N/m Tangential moment after considering nonlinear effects

Tx2 Normal force in the shell’s cross-section,

axial direction at j=2

N/m Normal force for the second term in the series expansion

Tt2 Tangential force in the shell’s cross-

section at j=2

N/m Tangential force for the second term in the series expan-

sion

Mx2 Bending moment in the shell at j=2 N/m Bending moment for the second term in the series ex-

pansion

Mt2 Tangential bending moment in the shell

at j=2

N/m Tangential moment for the second term in the series

expansion

ω0 Displacement at j=0 m Displacement at the first term in the series expansion

ω1 Displacement at j=1 m Displacement at the second term in the series expansion

ω2 Displacement at j=2 m Displacement at the third term in the series expansion

it apart from traditional methods. This advan-
tage is especially noticeable when analyzing
large-scale offshore structures, where traditional
approaches may fail to predict failure modes

and stress distributions with the required pre-
cision.

The practical significance of this study lies in
the application of the derived formulas and recom-
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mendations to the design and analysis of marine
hydraulic structures, thereby enhancing both reli-
ability and manufacturability. A limitation of the
method is its reliance on the accurate specifica-
tion of material properties and element geometry,
requiring reliable experimental data. Nevertheless,
the analysis of the results clearly demonstrates
that accounting for material nonlinearity in stress
determination leads to a more accurate definition
of the stress-strain state, ensuring the robustness
and safety of offshore structures.

5. Conclusion

This study has developed a method for calculat-
ing and optimizing the geometric parameters of
elements in marine hydraulic structures, specifi-
cally vertical risers subjected to internal pressure,
while accounting for material physical nonlinear-
ity. The results demonstrate the method’s ability
to accurately predict the stress-strain state, iden-
tify additional strength reserves, and optimize the
shapes and dimensions of structural elements.

The proposed method exhibits both high accu-
racy and rapid convergence, making it suitable
for a broad range of nonlinear structural mechan-
ics problems. Its practical significance is evident
in the ability to apply the derived formulas and
recommendations in the design and analysis of
marine hydraulic structures, thereby enhancing
both reliability and manufacturability.

Furthermore, the stress-strain relationship in
a vertical pipe under internal fluid flow has been
analyzed using nonlinear theory, and the findings
are presented in the Graphical Abstract.

5.1. Future research directions

The methodology provides a robust framework
for further studies. Future work could focus on
the refinement of material models, expansion to
more complex engineering scenarios, integration
with other offshore structural components, and
iterative improvement of analytical and numerical
techniques. These directions ensure that the
method remains applicable and adaptable for
subsequent research in the field of offshore
hydraulic structures.

Additionally, while fractional derivatives were
not used in this study, it is emphasized that they
are becoming an important tool in modern re-
search. These derivatives offer new analytical per-
spectives for modeling complex physical systems
and are increasingly applied in various fields such
as engineering, physics, and applied mathematics.
In these areas, fractional derivatives provide signif-
icant contributions to both the development of an-

alytical methods and computational approaches
and could be used for modeling nonlinear material
behavior and analyzing complex structures.
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