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Minimal surfaces have zero mean curvature. These surfaces have the smallest
possible area for a given boundary curve, and are widely used in engineering,
biological design, and architecture. In this study, we present a method to
construct minimal surfaces using trigonometric Pythagorean hodograph (PH)
curves. First, we generate PH trigonometric curves, and subsequently apply
the Weierstrass representation to derive the corresponding minimal surface.
The constructed PH curve serves as a boundary isoparametric curve of the
surface. We analyze key geometric properties such as symmetry, surface area
and mean curvature. Representative examples are provided to demonstrate
the effectiveness of the proposed method.
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1. Introduction

Minimal surfaces are surfaces with zero mean
curvature and minimal area. Classic examples
include planes, Enneper surfaces, and helicoids.
Minimal surfaces are widely used in the design of
tensile structures, ship hulls, sculptures, nanos-
tructures, three-dimensional ball skinning, and
related applications.1–6 In computer-aided design
graphics, the parametric representation of mini-
mal surfaces is essential for practical modeling.
These parametric representations of minimal sur-
faces enable surface upgrading and refinement
via parameters to construct complex geometries.
Soap film stretched across wireframes is an exam-
ple of a minimal surface in everyday life.6

Over the years, mathematical modeling has
emerged as a powerful tool in industries and digi-
tal networks.7–11 Researchers have developed sev-
eral methods for constructing intriguing surfaces

with prescribed geometric properties using effi-
cient numerical techniques (geometric modeling),
including polynomial minimal surfaces. These
methods include geodesic-based approximation,
Weierstrass representation, harmonic and isother-
mal surface constructions, and partial differen-
tial equation-based approaches. Monterde12,13

used Bézier surfaces and Dirichlet functional min-
imization techniques to generate minimal surfaces
with prescribed boundaries. Xu and Wang14 con-
structed a quintic minimal surface using the re-
sult that a surface with isothermal parameters is
minimal if and only if it is harmonic. Xu et al.15

proposed harmonic and isothermal surface con-
struction methods for polynomial minimal sur-
faces of arbitrary degree, with emphasis on geo-
metric properties and conjugate surfaces. Sym-
metry and shape control have also been studied.
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Alcázar and Muntingh16 explored affine equiva-
lence and symmetry detection in minimal sur-
faces. Fang et al.17 classified polynomial mini-
mal surfaces using shape parameters derived from
Pythagorean hodograph (PH) curves. Hao and
Li18 applied Coons patches and multi-resolution
analysis to satisfy boundary conditions and re-
duce surface area. Kassabov19 provided general
Weierstrass-based formulas for surfaces of degree
five. Chen et al.20 focused on mesh-based surface
construction using area minimization fairing tech-
niques. Güler21 studied algebraic forms of En-
neper surfaces, while Li and Zhu22 developed bi-
quintic minimal surfaces using holomorphic func-
tions and parameter transformation.

Pythagorean hodograph curves, introduced by
Farouki and Sakkalis,2 are special polynomial
curves whose hodographs satisfy Pythagorean
conditions. These curves allow exact computa-
tion of arc length, bending energy, and offsets,
which makes them suitable for machining path
planning, rotation-minimizing frames, and route
design.1,2, 4 Hao23 explored the relationship be-
tween PH curves and minimal surfaces and con-
structed a minimal surface corresponding to a PH
Bézier curve. Romani et al.24 extended the poly-
nomial PH curve over the six-dimensional alge-
braic trigonometric space to solve the C1 Her-
mite interpolation problem. The defined curves
exhibit the same properties as their quintic pla-
nar polynomial counterpart, such as polynomial
representation of arc length and hodographs. Al-
brecht and Farouki25 defined a quintic C2 PH
spline to interpolate a sequence of points and
their derivative by solving a system of equations,
whereas González et al.26 extended this construc-
tion to C2 algebraic trigonometric PH splines.
Hao and Wu27 discussed the G1 Hermite interpo-
lation problem for quintic-like algebraic trigono-
metric PH curve.
Trigonometric polynomial interpolation has also

received attention for the design of smooth and
aesthetic curves. Specifically, for robot path
design in geometric modelling and software de-
sign in computer-aided design,28 the trigonomet-
ric Bézier curves are extensively used. Han et
al.29 demonstrated that trigonometric methods
often outperform traditional interpolation tech-
niques. Moreover, the derivatives of trigonomet-
ric interpolation curves are smooth and continu-
ous; therefore, these curves provide improved con-
trol and flexibility in shape design. Despite these
advantages, the existing literature does not pro-
vide a framework for generating minimal surfaces
whose boundaries are defined by trigonometric
PH curves. This gap motivates the development

of a trigonometric PH-based minimal surface
scheme. The goal of this study is to present a sim-
ple and effective method that combines the geo-
metric advantages, shape-control properties, and
approximation properties of trigonometric inter-
polation. Important surface properties of minimal
surfaces, such as symmetry, curvature, and area,
are also investigated and compared with the ex-
isting literature. The main contributions of this
research study are as follows:

(i) The formulation of a trigonometric PH
curve based on a trigonometric interpolation
scheme with flexible shape parameters.

(ii) The construction of a corresponding minimal
surface whose boundary contains the derived
trigonometric PH curve as an iso-parametric
curve for parameter v. The isoparametric
curves on the surface are obtained by tak-
ing one of the parameters (v) of the surface
constant.

(iii) An analytic study of geometric properties,
including symmetry, mean curvature behav-
ior, and area.

(iv) Numerical examples showing that the pro-
posed surface achieves significantly low mean
curvature.

(v) Values of minimum, average, and maximum
mean curvatures of the proposed numerical
scheme are compared to the existing numer-
ical technique,23 which highlights that the
proposed scheme produces better results.

The paper is organized as follows. In Section 2,
the preliminaries of PH curves and minimal sur-
faces are presented. In Section 3, the trigonomet-
ric PH curve and its control points are derived.
The trigonometric minimal surface is constructed
in Section 4, and the conclusion is presented in
Section 5.

2. Preliminaries

Definition 1.2 A planar polynomial curve, r(t) =
(x(t), y(t)) , r : [a, b] → R2, is said to be a
PH curve if and only if its derivative r

′
(t) =

(x′(t), y′(t)), satisfies the Pythagorean equation,
x

′
(t)

2
+ y

′
(t)

2
= δ(t)2 for some polynomial δ(t).

Here x
′(t) and y′(t) are the first-order deriva-

tives of x(t) and y(t) respectively and r
′
(t) is the

derivative of r(t).

Remark 1. Definition 1 of the PH curve is also
true for a planar trigonometric curve, i.e. a pla-
nar trigonometric curve, r(t) = (x(t), y(t)) , r :
[a, b] → R2, is a PH curve if and only if it satisfies
the Pythagorean equation, x′

(t)
2
+ y

′
(t)

2
= δ(t)2,

for some polynomial δ(t). Here r
′
(t), x′(t), and
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y′(t) are first-order derivatives with respect to the
parameter t.
The following results are of great importance for

the construction of Pythagorean triples of polyno-
mials.

Theorem 1.30 Three real polynomials
a(t), b(t), c(t), satisfy the Pythagorean condi-
tion a(t)2 + b(t)2 = c(t)2, if and only if they are
computed as Equation 1:

a(t) =
(
k2(t)− l2(t)

)
m(t),

b(t) = 2 k(t) l(t) m(t),
c(t) =

(
k2(t) + l2(t)

)
m(t)

 (1)

in terms of some real polynomials k(t), l(t), and
m(t).

Definition 2.30 Let U be an open set in the com-
plex plane C. The function f : U → C is said to
be holomorphic or analytic if it is complex differ-
entiable at every point of U .

Theorem 2.31 Any minimal surface Ω : D → R3,
over the simply connected domain D, can be ob-
tained as Ω = Re

(∫
φ
)

where φ = (φ1, φ2, φ3) ,
and φ1, φ2 and φ3 holomorphic functions satisfy-
ing φ2

1 + φ2
2 + φ2

3 = 0.
The φ′

is of Theorem 2 are derived by taking the
values of a(t), b(t), and c(t) from Equation 1 and
replacing t by z. Let us denote φ1 = a(z), φ2 =
b(z), and φ3 = ic(z), then φi, i = 1, 2, 3, satisfies
the Pythagorean condition a(z)2 + b(z)2 = c(z)2

or equivalently φ2
1 + φ2

2 + φ2
3 = 0.

Theorem 3.23 For a(z), b(z), and c(z) as defined
in Equation 1,

Ω(u, v) = Re(
∫ z
z0
(a(z), b(z), ic(z))dz,

where z = u+ iv (2)

Ω(u, v) is a minimal surface in isothermal pa-
rameters (u, v).

These definitions were used to construct mini-
mal surfaces in the subsequent sections. The PH

trigonometric curve was computed using Defini-
tion 1 and Theorem 1. The minimal surfaces were
constructed using the PH trigonometric curve,
following Theorem 2 and Theorem 3.

3. Pythagorean hodograph
trigonometric curve

In this section, the PH trigonometric curve is
constructed using the cubic trigonometric Bézier
curve.32 The basis functions of the trigonomet-
ric Bézier curve are comprised of sine and co-
sine functions, which ensure smoothness. More-
over, these basis functions satisfy the properties
of non-negativity, partition of unity, monotonicity
and symmetry. The mathematical formula of the
trigonometric Bézier curve32 is as follows:

P (t) = (x(t), y(t)) =
∑3

i=0 bi(t)Pi,
µ, ρ ∈ [−2, 1], t ∈

[
0, π2

]
(3)

Here, P ′
is are the control points and bi(t)

′s rep-
resent the following four basis functions.

b0(t) = (1− sin t)2 (1− µ sin t)
b1(t) = sin t (1− sin t) (2 + µ− µ sin t) (4)
b2(t) = cos t (1− cos t) (2 + ρ− ρ cos t)

b3(t) = (1− cos t)2 (1− ρ cos t)

Here µ and ρ are the shape parameters. For
µ, ρ = 0, the basis functions are reduced to qua-
dratic trigonometric polynomials. For µ, ρ ̸= 0,
the basis functions are the cubic trigonometric
polynomials. Figure 1 illustrates the effect of
variation of shape parameters on a trigonometric
Bézier curve. In Figure 1, the interpolated data
points are {Pi = (xi, yi) : −2 ≤ x ≤ 2} , which
are computed from the function, y = x2. Fig-
ure 1 clearly demonstrates that the cubic trigono-
metric Bézier curve provides a better approxima-
tion to the original curve than the traditional
cubic Bézier curve. In Equation 3, if Pi =
(xi, yi, zi) ∈ R3, then it is a space curve, and if
Pi = (xi, yi) ∈ R2, i = 0, 1, 2, 3, then it is a
planar curve.

A B C

Figure 1. The effect on a cubic trigonometric Bézier curve by varying shape parameters µ and ρ. (A) µ = 0
and ρ = 1. (B) µ = 1 and ρ = 0. (C) µ = 1 and ρ = 1
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In this study, minimal surface construction
was performed using a trigonometric Bézier curve
(Equation 3), as trigonometric Bézier curves
offer advantages over traditional Bézier curves.
Since the basis functions of these curves are
trigonometric functions, sines and cosines,28 their
derivatives are continuous, smooth, and non-
vanishing. Trigonometric Bézier curves and
trigonometric splines are extensively applied to
geometric modeling of smooth approximation
of robot paths, data fitting on spherical ob-
jects, and software design in computer-aided
design/computer-aided manufacturing.28

Proposition 1. If P1 = P0 + 1
6µ (A1, B1) +

µ−1
3µ(2+µ) (A3, B3) , P2 = 2(µ+ 1)P 1− (1+2µ)P0+
a0(ρ−1)
(2+ρ) (A0, B0) +

1
2a0 (A2, B2) , P3 = P2 + b0(ρ−

1) (A0, B0) +
1
6ρ (A2, B2) , and P0 is arbitrarily

or freely selected, then the trigonometric Bézier
curve (Equation 3) represents the PH trigono-
metric curve.

Proof. Substituting the values of control points
Pi = (xi, yi) ∈ R2, i = 0, 1, 2, 3, and the deriva-
tives of the basis functions bi(t) in Equation 3,
the following derivatives of the parametric equa-
tions, x(t) and y(t), of Equation 3 are obtained.

x
′
(t) =

(
(2 + µ) + 3 µ sin2 t

)
cos t ∆x1

+
(
(2 + ρ) + 3ρ cos2t

)
sin t ∆x3

+(−(4µ+ 2)∆x1 + 2∆x2 (5)
−(4 ρ+ 2)∆x3) sin t cos t

y
′
(t) =

(
(2 + µ) + 3 µ sin2 t

)
cos t ∆y1

+
(
(2 + ρ) + 3ρ cos2t

)
sin t ∆y3

+(−(4µ+ 2)∆y1 + 2∆y2 (6)
−(4 ρ+ 2)∆y3) sin t cos t

Here, ∆xi+1 = xi+1 − xi and ∆yi+1 = yi+1 −
yi, i = 0, 1, 2. The ∆ represents the forward
difference (see Appendix for derivatives of ba-
sis functions bi(t), i = 0, 1, 2, 3). Squaring and

adding Equations 5 and 6, we have
(
x

′
(t)

)2
+(

y
′
(t)

)2
= (δ(t))2 , where δ(t) is a trigonomet-

ric polynomial in the variable t. Here (δ(t))2 =
δ(t) · δ(t), and ‘·’ stands for dot product. δ(t) =

R̃0 cost+R̃1 sint+R̃2 sin
2
t cost+R̃3 cos2 t sint+

R̃4 cost sint, with R̃0 = (µ+2) (∆x1,∆y1) , R̃1 =

(ρ + 2) (∆x3,∆y3) , R̃2 = 3µ (∆x1,∆y1) , R̃3 =

3ρ (∆x3,∆y3) , R̃4 = −(4µ+2) (∆x1,∆y1)−(4ρ+
2) (∆x3,∆y3) + 2 (∆x2,∆y2) , and (∆xi,∆yi) ∈
R2, i = 0, 1, 2. (Complete expression of (δ(t))2 is
given in Appendix).

To apply the Definition 1 and Theorem 1 to
Equations 5 and 6, here x

′
(t) and y

′
(t) are rep-

resented by a(t) and b(t) respectively. Second,
for incorporating Theorem 1, the following values
of k(t), l(t), and m(t) are judiciously selected to
construct the required PH curve.

k(t) = u0 sin t+ u1 cos t,
l(t) = v0 sin t+ v1 cos t, (7)
m(t) = w0 sin t+ w1 cos t

Here, k(t) and l(t) are relatively prime and are
not both zero for t ∈ [0, π2 ], as desired for the
construction of PH curve. Here u0 , u1, v0, v1,
w0, w1 are the free parameters and they can be
any real number but they must satisfy the condi-
tion u0v1 ̸= u1v0.

To construct the PH trigonometric curve from
Equation 7, the values of k(t), l(t), and m(t)
are substituted into Equation 1 as

a(t) =
(
(u0 sin t+ u1 cos t)

2 − (v0 sin t+ v1 cos t)
2
)

(w0 sin t+ w1 cos t)
= w0

(
u20 − v20

)
sin3 t +w0

(
u21 − v21

)
sin t cos2 t +

2w0 (u0u1 − v0v1) sin
2 t cos t

+w1

(
u20 − v20

)
sin2 t cos t+ w1

(
u21 − v21

)
cos3 t

+2w1 (u0u1 − v0v1) sin t cos2 t
= w0

(
u20 − v20

)
sin t

(
1− cos2 t

)
+w0

(
u21 − v21

)
sin t cos2 t+2w0

(u0u1 − v0v1) sin
2 t cos t+ w1

(
u20 − v20

)
sin2 t cos t

+w1

(
u21 − v21

)
cos t

(
1− sin2 t

)
+ 2w1 (u0u1 − v0v1) sin t cos2 t

Similarly, b(t) and c(t) are calculated in the same
way

b(t) = 2 (u0 sin t+ u1 cos t) (v0 sin t+ v1 cos t)
(w0 sin t+ w1 cos t) ,

c(t) =
(
(u0 sin t+ u1 cos t)

2 + (v0 sin t+ v1 cos t)
2
)

(w0 sin t+ w1 cos t) ,

After simplification, the following values of
x

′
(t) = a(t), y

′
(t) = b(t) and δ(t) = c(t) are ob-

tained.

a(t) = x
′
(t) = A0 sin t+ (A2 −A0) sin t cos2 t

+(A1 − A3) sin
2 t cos t+A3 cos t (8)

b(t) = y
′
(t) = B0 sin t+ (B2 −B0) sin t cos2 t

+(B1 − B3) sin
2 t cos t+B3 cos t (9)

c(t) = δ(t) = C0 sin t+ (C2 − C0) sin t cos2 t
+(C1− C3) sin2 t cos t+C3 cos t (10)

where
A0 = w0

(
u20 − v20

)
,
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A1 = w1

(
u20 − v20

)
+ 2w0 (u0u1 − v0v1) ,

A2 = w0

(
u21 − v21

)
+ 2w1 (u0u1 − v0v1) ,

A3 = w1

(
u21 − v21

)
,

B0 = 2 w0u0v0,
B1 = 2 (u0v0w1 + u1v0 w0+u0v1w0),
B2 = 2 (u0v1w1 + u1v0 w1+u1v1w0),
B3 = 2 w1u1v1,
C0 = w0

(
u20 + v20

)
,

C1 = w1

(
u20 + v20

)
+ 2w0 (u0u1 + v0v1) ,

C2 = w0

(
u21 + v21

)
+ 2w1 (u0u1 + v0v1) , and

C3 = w1

(
u21 + v21

)
.

It is clear that a(t), b(t), and c(t) computed
in Equations 8–10 satisfy the PH condition
a(t)2+ b(t)2 = c(t)2, by construction. Comparing
the coefficients of sin t, cos t, sin t cos2 t, sin2 t cos t
and sin t cos t, in Equations 5 and 6 to 8 and 9,
the following system of equations is obtained:

(2+µ)∆x1 = A3 (11)

(2 + µ)∆y1 = B3 (12)

(2+ρ)∆x3 = A0 (13)

(2+ρ)∆y3 = B0 (14)

3 µ∆x1 = A1− A3 (15)

3 µ∆y1 = B1− B3 (16)

3ρ∆x3 = A2−A0 (17)

3ρ∆y3 = B2 −B0 (18)

−(4µ+ 2)∆x1 + 2∆x2 − (4 ρ+ 2)∆x3 = 0 (19)

−(4µ+ 2)∆y1 + 2∆y2 − (4 ρ+ 2)∆y3 = 0 (20)

Solving the above system of equations simul-
taneously, the following control points of the PH
trigonometric curve are computed below: Adding
Equations 11 and 15, we have:

∆x1 =
1
2

(
A3
2+µ + A1− A3

3 µ

)
= A1

6µ + µ−1
3µ(2+µ)A3 (21)

As ∆x1 = x1 − x0, so we have:

x1 = x0+
A1
6µ +

µ−1
3µ(2+µ)A3 (22)

Similarly, adding Equations 12 and 16, we
have:

y1 = y0+
B1
6µ + µ−1

3µ(2+µ)B3 (23)

From the above calculation, it follows that:

P1 = P0 +
1
6µ (A1, B1) +

µ−1
3µ(2+µ) (A3, B3) (24)

where P1 = (x1, y1) , P0 = (x0, y0) .

Adding Equations 13 and 17, we have:

∆x3 =
1
2

(
A0
2+ρ + A2− A0

3 ρ

)
= A2

6ρ + ρ−1
3ρ(2+ρ)A0 (25)

As ∆x3 = x3 − x2, so we have:

x3 = x2+
A2
6ρ +

ρ−1
3ρ(2+ρ)A0 (26)

Similarly, by solving Equations 14 and 18, we
have:

y3 = y2+
B2
6ρ + ρ−1

3ρ(2+ρ)B0 (27)

It leads to the following value of the control
point: P3 = P2 + b0(ρ− 1) (A0, B0) +

1
6ρ (A2, B2) ,

where b0 =
1

3ρ(2+ρ) .

From Equation 19, we have:

∆x2 =
1
2 ((4µ+ 2)∆x1 + (4 ρ+ 2)∆x3) (28)

Substituting the values of ∆x1, ∆x2, and ∆x3,
we have:

x2 − x1 = (2µ+ 1) (x1 − x0)
+(2 ρ+1) (x3 − x2) (29)

(2 ρ+ 2)x2 = (2µ+ 2)x1 − (2µ+ 1)x0
+(2 ρ+ 1)x3 (30)

Substituting the value of x3, we have:

(2 ρ+ 2)x2 = (2µ+ 2)x1 − (2µ+ 1)x0 + (2 ρ

+1)
(
x2 +

A2
6ρ + ρ−1

3ρ(2+ρ)A0

)
(31)

x2 = (2µ+ 2)x1 − (2µ+ 1)x0 + (2 ρ

+1)
(
A2
6ρ + ρ−1

3ρ(2+ρ)A0

)
(32)

Similarly, from Equation 20, we have:

y2 = (2µ+ 2)y1 − (2µ+ 1)y0 + (2 ρ

+1)
(
B2
6ρ + ρ−1

3ρ(2+ρ)B0

)
(33)

From x2 and y2, the final value of the control
point P2 is the following:

P2 = 2(µ+ 1)P 1 − (1 + 2µ)P0 +
a0(ρ−1)
(2+ρ) (A0, B0)

+1
2a0 (A2, B2) (34)

Here, a0 = 2ρ+1
3ρ , b0 =

1
3ρ(2+ρ) .

The complete set of control points obtained
above is given below

P1 = P0 +
1
6µ (A1, B1) +

µ−1
3µ(2+µ) (A3, B3)

P2 = 2(µ+ 1)P 1− (1+2µ)P0+
a0(ρ−1)
(2+ρ) (A0, B0)+

1
2a0 (A2, B2)

P3 = P2 + b0(ρ− 1) (A0, B0)+
1
6ρ (A2, B2) (35)
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Here, a0 = 2ρ+1
3ρ , b0 =

1
3ρ(2+ρ) , Pi’s are computed

in terms of initial control point P0 and shape pa-
rameters µ and ρ. Ai and Bi i = 0, 1, 2,3 are
already defined.

The desired PH trigonometric curve P (t) is
achieved by substituting the values of control
points Pi, i = 0, 1, 2,3, from Equation 35, in
Equation 3. As in Equation 35, all the control
points are represented in terms of P0, therefore
P0 can be freely selected.

Remark 2. Here k(t), l(t), and m(t) are cho-
sen as linear functions of sin t and cos t with real
parameters u0 , u1, v0, v1, w0, w1 so that Equa-
tions 8 and 9 can be compared with Equations
5 and 6, by comparing the coefficients of trigono-
metric functions. These trigonometric functions
are in the products of linear and quadratic com-
binations of sin t and cos t in Equations 5 and
6.

4. Construction of minimal surface

This section presents the construction of a min-
imal surface corresponding to the PH trigono-
metric curve computed in Section 3. The intrin-
sic relation between PH curves and the minimal
surfaces described in Theorem 2 and Theorem 3
was used here for the construction of trigonomet-
ric minimal surfaces. The holomorphic functions
φ1, φ2, φ3 used for Weierstrass representation in
Theorem 2 are defined in the form of a(t), b(t),
and c(t) in Equations 8–10 for the newly de-
fined PH trigonometric curve (Equation 3). The
condition φ2

1+φ2
2+φ2

3 = 0 is satisfied by the con-
struction. Using Theorem 3, the construction is
as follows: Insert the values of a(z), b(z), c(z) in
Equation 2 to define the integral in the form:

Ω(u, v) = Re(
∫
Ω̃1(u, v)dz,

∫
Ω̃2(u, v)dz,

i
∫
Ω̃3(u, v)dz ) (36)

where

Ω̃1(u, v) = A0 sin z + (A2 −A0) sin z cos2 z
+(A1 − A3) sin2 z cos z +A3 cos z,

Ω̃2(u, v) = B0 sin z+(B2−B0) sin z cos2 z+(B1−
B3) sin2 z cos z +B3 cos z , and
Ω̃3(u, v) = C0 sin z + (C2 − C0) sin z cos2 z
+(C1 − C3) sin2 z cos z + C3 cos z .

The explicit value of integrals Ω̃1(u, v), Ω̃2(u, v),
and Ω̃3(u, v) are as follows:∫
Ω̃1(u, v)dz = −A0 cos z − (A2 −A0)

cos3 z
3

+(A1 − A3)
sin3 z

3 +A3 sin z+α̃1,∫
Ω̃2(u, v)dz = −B0 cos z − (B2 −B0)

cos3 z
3 +

(B1 − B3)
sin3 z

3 +B3 sin z + α̃2, and

∫
Ω̃3(u, v)dz = −C0 cos z − (C2 − C0)

cos3 z
3

+(C1 − C3)
sin3 z

3 + C3 sin z + α̃3.

Here α̃j , j = 1, 2, 3, are constants (complex
numbers) of integration. Here, α̃j = αj+i βj , i =√
−1.
Substituting the value of z = u+ iv, the above

integrals become complex functions of real param-
eters u and v given as:∫
Ω̃1(u, v)dz = A0 (− cosu cosh v + i sinu sinh v)−

(A2−A0)
3 (cos3 u cosh3 v − 3i cos2 u cosh2 v sinu

sinh v − 3 sin2 u sinh2 v cosu cosh v) + i sin3 u

sinh3 v+ (A1−A3)
3 (sin3 u cosh3 v−i cos3 u sinh3 v−

3i sin2 u cosh2 vcosu sinh v−3 cos2 u sinh2 v sinu
cosh v) +A3 (sinu cosh v + i cosu sinh v) + (α1

+i β1),
∫
Ω̃2(u, v)dz = B0(− cosu cosh v + i sinu

sinh v)− (B2−B0)
3 (cos3 u cosh3 v −3i cos2 u cosh2 v

sinu sinh v−3 sin2 u sinh2 v cosu cosh v)+i sin3 u

sinh3 v+ (B1−B3)
3 (sin3 u cosh3 v− i cos3 u sinh3 v

−3i sin2 u cosh2 v cosu sinh v−3 cos2 u sinh2 v sinu
cosh v) +B3 (sinu cosh v + i cosu sinh v) + (α2

+iβ2),
∫
Ω̃3(u, v)dz = C0(− cosu cosh v + i sinu

sinh v)− (C2−C0)
3 (cos3 u cosh3 v −3i cos2 u cosh2 v

sinu sinh v−3 sin2 u sinh2 v cosu cosh v)+ i sin3 u

sinh3 v+ (C1−C3)
3 (sin3 u cosh3 v− i cos3 u sinh3 v

−3i sin2 u cosh2 v cosu sinh v − 3 cos2 u sinh2 v
sinu cosh v) + C3 (sinu cosh v + i cosu sinh v) +
(α3 + iβ3)

Substituting the values of integrals in Equa-
tion 36, the following minimal surface Ω(u, v)
corresponding to the PH trigonometric curve is
produced:

Ω(u, v) = (Ω1(u, v),Ω2(u, v), Ω3(u, v)) (37)
Ω1(u, v) = Re(

∫
Ω̃1(u, v)dz )

= −A0 cosu cosh v − 1
3(A2 −A0)(cos

3 u cosh3 v

−3 cosu cosh v sin2 u sinh2v )
+1

3 (A1 − A3) (sin
3 u cosh3 v − 3 sinu cosh v

cos2 u sinh2v )+A3 sinu cosh v + α1,

Ω2(u, v) = Re(
∫
Ω̃2(u, v)dz )

= −B0 cosu cosh v − 1
3(B2 −B0)(cos

3 u cosh3 v −
3 cosu cosh v sin2 u sinh2v)
+1

3 (B1 − B3) (sin
3 u cosh3 v − 3 sinu cosh v

cos2 u sinh2v )+B3 sinu cosh v + α2

Ω3(u, v) = Re(i
∫
Ω̃3(u, v)dz )

= −C0 sinu sinh v − 1
3(C2 − C0)(− sin3 u sinh3v

+3 sinu sinh v cos2 u cosh2v )
+1

3 (C1 − C3) (cos
3 u sinh3 v + 3 cosu sinh v

sin2 u cosh2v )−C3 cosu sinh v − β3.

Here α1, α2 and β3 are the real constants.
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The control points of the PH trigonometric
Bézier curve corresponding to a minimal surface
are calculated as follows:

P1 = P0+
1
6µ (A1, B1, iC1)+

µ−1
3µ(2+µ) (A3, B3, iC3) ,

P2 = 2(µ+ 1)P 1 − (1 + 2µ)P0 +
a0(ρ−1)
(2+ρ) (A0, B0, iC0) +

1
2a0 (A2, B2, iC2) ,

P3 = P2+b0(ρ−1) (A0, B0, iC0)+
1

6ρ
(A2, B2, iC2) ,

Here, a0 = 2ρ+1
3ρ , b0 = 1

3ρ(2+ρ) , P0 = (x0, y0, z0).
Pi’s are the spatial control points for constructing
a minimal surface. These control points are de-
fined in terms of the initial control point P0, shape
parameters µ, ρ, and Aj , Bj ,Cj , j= 0, 1, 2,3 are
defined above.
In the rest of this research paper, α1, α2, and β3

are calculated by applying the interpolation con-
dition Ω(0, 0) = P0. Here Ω(0, 0) is obtained by
substituting u = 0 and v = 0 in Equation 37.
In this way, P0 = (x0, y0, z0) is arbitrarily selected
and α1, α2, and β3 are computed as follows:

α1 = x0 +
2A0+A2

3 ,

α2 = y0+
2B0+B2

3 , (38)
β3 = −z0

For the surface Ω(u, v), it can be verified by
simple computation that Ωuu(u, v) + Ωvv(u, v) =

0, or equivalently
(
∂2Ω1
∂u2 , ∂

2Ω2
∂u2 , ∂

2Ω3
∂u2

)
+(

∂2Ω1
∂v2

, ∂
2Ω2
∂v2

, ∂
2Ω3
∂v2

)
= (0, 0, 0) given as follows:

∂2Ω1
∂u2 = A0cosu cosh v− 1

3(A2 −A0)(6 cosu sin2 u

cosh3 v − 3 cos3 u cosh3 v
+21 cosu cosh v sin2 u sinh2v − 6 cos3 u cosh v
sinh2v)
+1

3(A1 − A3)(6 sinu cos2 u cosh3 v −
3 sin3 u cosh3 v − 6 sin3 u cosh v sinh2v
+21 sinu cosh v cos2 u sinh2v)−A3 cosu cosh v,
∂2Ω2
∂u2 = B0cosu cosh v− 1

3(B2−B0)(6 cos
1 u sin2 u

cosh3 v − 3 cos3 u cosh3 v
+21 cosu cosh v sin2 u sinh2v − 6 cos3 u cosh v
sinh2v)
+1

3(B1 − B3)(6 sinu cos2 u cosh3 v −
3 sin3 u cosh3 v − 6 sin3 u cosh v sinh2v
+21 sinu cosh v cos2 u sinh2v)−B3 cosu cosh v,
∂2Ω3
∂u2 = C0 (sinu sinh v) + (C0 − C2) (−7 cos2 u

sinu sinh v cosh2 v
+2 sin2 u sinu sinh v cosh2 v−2 cos2 u sinu sinh3 v
+sin2 u sinu sinh3 v
+(C1 − C3) (7 sin

2 u cosu sinh v cosh2 v − 2 cos3 u
sinh v cosh2 v
− cos3 u sinh3 v + 2 sin2 u cosu sinh3 v) +
C3(cosu sinh v),

∂2Ω1
∂v2

= −A0 cosu cosh v − 1
3(A2 −

A0)(6 cos
3 u cosh1v sinh2v + 3 cos3 u cosh3 v

−21 cosu sin2 u sinh2v cosh v−6 cosu cosh3 v sin2 u)
+1

3(A1 − A3)(6 sin
3 u cosh3 v sinh2v +

3 sin3 u cosh3 v + 6 sinu cosh3 v cos2 u
−21 sinu cos2 u sinh2v cosh v)+A3cosu sinh v

∂2Ω2
∂v2

= B0cosu cosh v − 1
3(B2 −

B0)(6 cos
1 u sin2 u cosh3 v − 3 cos3 u cosh3 v

+21 cosu cosh v sin2 u sinh2v − 6 cos3 u cosh v
sinh2v)
+1

3(B1 − B3)(6 sinu cos2 u cosh3 v −
3 sin3 u cosh3 v − 6 sin3 u cosh v sinh2v
+21 sinu cosh v cos2 u sinh2v)−B3 cosu cosh v,
∂2Ω3

∂v2
= − sinu sinh vC0 − (C0 − C2) (−7 cos2 u

sinu sinh v cosh2 v
+2 sin2 u sinu sinh v cosh2 v−2 cos2 u sinu sinh3 v+
sin3 u sinh3 v
− (C1 − C3) (C1 − C3) (7 sin

2 u cosu sinh v cosh2 v−
2 cos3 u sinh v cosh2 v
− cos3 u sinh3 v + 2 sin2 u cosu sinh3 v) −
C3 cosu sinh v.

Adding the corresponding components
of Ωuu(u, v) and Ωvv(u, v), it is clear that
the constructed surface (Equation 37) is a
minimal surface as Ωuu(u, v) + Ωvv(u, v) =(
∂2Ω1
∂u2 , ∂

2Ω2
∂u2 , ∂

2Ω3
∂u2

)
+

(
∂2Ω1
∂v2

, ∂
2Ω2
∂v2

, ∂
2Ω3
∂v2

)
=(

∂2Ω1
∂u2 + ∂2Ω1

∂v2
, ∂

2Ω2
∂u2 + ∂2Ω2

∂v2
, ∂

2Ω3
∂u2 + ∂2Ω3

∂v2

)
=

(0, 0, 0).
In the following Proposition 2, the computed

numerical method of construction of a minimal
surface is summarized, and its mean curvature is
calculated in Remark 4.

Proposition 2. If the control points are obtained
from Equation 35, then the surface Ω(u, v) de-
fined in Equation 37 is a minimal surface with
boundary Ω(u, 0), where Ω(u, 0) coincides with
the PH trigonometric curve constructed in Sec-
tion 3.

Proof. From Equations 8–10, the functions
a(t), b(t), and c(t) are constructed via PH repre-
sentation such that a(t)2 + b(t)2 = c(t)2. Extend-
ing to the complex variables z = u + iv, define
φ1(z) = a(z), φ2(z) = b(z), φ3(z) = ic(z). Since
a(z), b(z), and c(z) are composed of trigonomet-
ric functions sin z and cos z, they are holomorphic.
Moreover, φ2

1+φ2
2+φ2

3 = a(z)2+b(z)2−c(z)2 = 0.
Thus, the triple (φ1, φ2, φ3) satisfies the hypothe-
ses of the Weierstrass representation (Theorem 2).
Therefore, the surface

Ω(u, v) = Re
(∫ z

z0
(φ1(ζ), φ2(ζ), φ3(ζ)) dζ

)
,

z = u+ iv (39)
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is a minimal surface on a simply connected do-
main. The explicit parametrization given in
Equation 37 is obtained by evaluating these in-
tegrals; hence Ω(u, v) is minimal.

Finally, setting v = 0 (so z = u ∈ R) in Equa-
tion 37, and using cosh(0) = 1 and sinh(0) = 0,
we obtain Ω(u, 0) = (x(u), y(u), 0) where x(u) =∫
a(u) du, y(u) =

∫
b(u) du.

These coincide (up to constants determined by
the initial control point P0) with the paramet-
ric equations of the PH trigonometric curve con-
structed in Section 3. Hence, Ω(u, v) is a minimal
surface whose boundary curve Ω(u, 0) is exactly
the PH trigonometric curve.

Remark 3. As the trigonometric functions sin z
and cos z are holomorphic functions. Therefore,
φk = Ω̃k(u, v), k = 1, 2, 3, being functions of sin z
and cos z are also holomorphic functions.

Algorithm 1.
(i) Input: P0, u0 , u1, v0, v1, w0, w1.
(ii) Put the values of P0, u0 , u1, v0, v1, w0, w1 in

Equation 37 to construct the minimal sur-
face.

(iii) Output: Desired trigonometric minimal sur-
face Ω(u, v).

Remark 4. The mean curvature of the sur-
face (Equation 37) is computed by the formula
H = eG−2fF+gE

2(EG−F 2)
, where E = Ωu.Ωu, F = Ωu.Ωv,

G = Ωv.Ωv, e = Ωuu.n, f = Ωuv.n, and g =
Ωvv.n. Here Ωu = ∂Ω

∂u and Ωv = ∂Ω
∂v , are the

first order derivatives and Ωuu = ∂2Ω
∂u2 , Ωvv = ∂2Ω

∂v2
,

Ωuv=
∂2Ω
∂v ∂u are the second order derivatives of the

surface Ω(u, v). n = Ωu×Ωv
|Ωu×Ωv | , is the unit normal

to the surface Ω(u, v).

Illustrative example 1. The minimal surface
Ω(u, v) is constructed over the domain

[
0, 12

]
×[

0, 12
]

using Proposition 2 with P0 = [1, 0, 0],
w0 = 1, w1 = 1, u0 = 1, u1 = −1, v0 = 1, v1 = 1.
It is one subdomain(patch) of the domain (u, v) ∈[
0, π2

]
×
[
0, π2

]
of the surface Ω(u, v) and this sub-

domain is chosen so it can be compared with the
surface obtained by existing minimal surface con-
struction technique.23 The constructed minimal
surface is shown in Figure 2 where the boundary
curve Ω(u, 0) representing the PH trigonometric
curve is highlighted in red color. The boundary
curve Ω(u, 0) is one of the isoparametric curve of
the surface Ω(u, v), as one of the surface parame-
ter v is kept constant i.e. v = 0.

Figure 2. PH trigonometric curve (red colored) and minimal surface with w0 = 1, w1 = 1, u0 = 1, u1 = −
1,v0 = 1, v1 = 1 and (u,v) ∈

[
0, 1

2

]
×
[
0, 1

2

]
As domain under consideration is

[
0, 12

]
×
[
0, 12

]
,

therefore the value of the parameter u is
[
0, 12

]
for

Ω(u, 0). The formula for computation of the mean

curvature is detailed in Remark 4. For 50 × 50
sampling points over the domain

[
0, 12

]
×

[
0, 12

]
,

the minimum, maximum, and average values of
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the mean curvature of the computed minimal sur-
face (Figure 2) were calculated. The comparison
of the mean curvature values of the proposed sur-
face with the minimal surface construction scheme
given in23 is shown in Table 1. The table clearly

shows that the mean curvature values obtained
through the proposed scheme are lower than those
of the other method.23 This comparison highlights
the efficiency of the proposed scheme.

Table 1. Comparison of mean curvatures

Method Domain specifications Minimum
mean curva-
ture min( |H| )

Average mean
curvature
Avg( |H| )

Maximum
mean curva-
ture max( |H| )

Proposed
Method (Section
4)

Minimal surface with PH
trigonometric curve for
the domain

[
0, 12

]
×
[
0, 12

] 0 0.0560 0.1832

Polynomial min-
imal surface23

Polynomial minimal sur-
face with PH curve for
the domain

[
0, 12

]
× [0, 12 ]

0 0.4869 2.0065

Furthermore, the computational efficiency of the
proposed scheme was assessed by measuring its
runtime. The proposed method required 0.3134
seconds for P0 = [1, 0, 0], w0 = 1, w1 = 1, u0 =
1, u1 = −1, v0 = 1, v1 = 1.

In the following Proposition 3, the symmetry of
the surface is discussed.

Proposition 3. The minimal surface Ω(u, v) de-
rived in Equation 37 is symmetric about the
plane Z = 0(XY -plane).

Proof. In Equation 37, Ω1(u, v), Ω2(u, v), and
Ω3(u, v) are the X, Y , and Z components of the
surface Ω(u, v) i.e. X(u, v) = Ω1(u, v), Y (u, v) =
Ω2(u, v), and Z(u, v) = Ω3(u, v).

Replace v by −v in Ω1(u, v), Ω2(u, v),
and Ω3(u, v) defined in Equation 37, it
can be easily verified by simple calcula-
tion that X(u,−v) = X(u, v), Y (u,−v) =
Y (u, v), Z(u,−v) = −Z(u, v). Hence, the minimal
surface Ω(u, v) is symmetric about the XY -plane
or Z = 0 plane with respect to the parameters v
only, parameter u remains unchanged.

The area of the minimal surface is computed in
Proposition 4.

Proposition 4. The approximation of the area
of the minimal surface Ω(u, v) derived in Equa-
tion 37 is 2.33948 square units, for (u, v) ∈[
0, 12

]
×
[
0, 12

]
.

Proof. The area of the minimal surface
Ω(u, v), for (u, v) ∈

[
0, 12

]
×

[
0, 12

]
= D1(say)

was evaluated using the Dirichlet functional
(D) defined in previous work,12,13 where D =∫∫

D1

1
2(E(u, v) +G(u, v))du dv, E = Ωu.Ωu, G =

Ωv.Ωv, and u, v are isothermal parameterization.
By simple integration in D, the computed ap-
proximation of the area of the minimal surface
is 2.33948 square units.

Remark 5. The area of a surface can
be calculated by the formula, Area =∫
R (EG− F 2)

1
2 du dv, over the real domain

R = [a, b] × [c, d].12 Here, E,G, and F are the
coefficients of the first fundamental form of the
surface. Due to the high non-linearity of the area
functional, it was replaced in12,13 by Dirichlet
functional as (EG− F 2)

1
2 ≤ (EG)

1
2 ≤ E+G

2 . As

(EG− F 2)
1
2 ≤ E+G

2 , therefore it follows that∫
R (EG− F 2)

1
2 du dv ≤

∫
R

(E+G)
2 du dv. There-

fore
∫
R

(E+G)
2 du dv was used to approximate the

area of the surface, as it does not give any dis-
information (does not calculate the area of the
surface less than the actual area of the computed
surface). Thus.

∫
R

(E+G)
2 du dv was used to ap-

proximate the upper bound of the area of the
minimal surface in Figure 2.

Remark 6. Different trigonometric min-
imal surfaces are constructed by Equation
37 for different choices of free parameters
w0, w1, u0, u1, v0, v1 over different subdomains
(Figure 3).

In Figure 3D, the minimal surface (Equation
37) is constructed for the whole domain

[
0, π2

]
×[

0, π2
]

with w0 = 2, w1 = 2, u0 = 1, u1 = 1, v0 =
1, v1 = −1. The computed value of minimum
mean curvature, average mean curvature and the
maximum mean curvature for the minimal sur-
face in Figure 3D are zero, 1.23 × 10−17, and
1.43× 10−16 respectively.
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A B

C D

Figure 3. Different trigonometric minimal surfaces. (A) Minimal surface with w0 = 1, w1 = 1, u0 = 1,
u1 = − 1, v0 = 1, v1 = 1, and (u,v) ∈

[
0, π

4

]
×
[
0, π

4

]
. (B) Minimal surface with

w0 = 2, w1 = −3, u0 = 1, u1 = −1, v0 = −1, v1 = −1, and (u, v) ∈
[
π
4 ,

π
2

]
×

[
π
4 ,

π
2

]
. (C) Minimal surface with

w0 = 1, w1 = 2, u0 = −2, u1 = 2, v0 = 1, v1 = 2, and (u, v) ∈
[
π
6 ,

π
3

]
×
[
π
6 ,

π
3

]
. (D) Minimal surface with

w0 = 2, w1 = 2, u0 = 1, u1 = 1, v0 = 1, v1 = −1, and (u, v) ∈
[
0, π

2

]
×
[
0, π

2

]
.

The computed values of minimum mean curva-
ture, average mean curvature and maximum mean
curvature for the minimal surface in Figure 3 are

summarized in Table 2. All computations and vi-
sualizations were performed using MATLAB 2023
software for programming.

Table 2. Summary of mean curvatures corresponding to different examples

Figures Domain
Minimum mean
curvature min
( |H| )

Average
mean curvature
Avg( |H| )

Maximum
mean curvature
max( |H| )

Figure 3A
[
0, π

4

]
×

[
0, π

4

]
0 0.0615 0.1833

Figure 3B [π
4
, π
2
]× [π

4
, π
2
] 4.294× 10−6 0.0026 0.0174

Figure 3C [π
6
, π
3
]× [π

6
, π
3
] 5.156× 10−4 0.0167 0.0783

Figure 3D
[
0, π

2

]
×

[
0, π

2

]
0 1.43× 10−17 1.25× 10−16

5. Conclusions

This study presents a novel and effective method
for constructing minimal surfaces using trigono-
metric PH curves. The generated PH curve serves
as a boundary isoparametric curve of the minimal
surface, derived from the Weierstrass representa-
tion. The geometric properties of the resulting
surfaces, including symmetry, surface area, and

mean curvature, have been analyzed. The calcu-
lated surface area was 2.33948 square units, sug-
gesting potential for material efficiency in applica-
tions such as membrane structures and aesthetic
design.

This study explored the generation of mini-
mal surfaces corresponding to trigonometric PH
curves; however, in the future, it can be extended
to different directions:
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(i) Solving the Plateau problem where the
boundary is prescribed by trigonometric PH
curves.

(ii) Constructing minimal surface blends gener-
ated from multiple trigonometric PH curves
defined along shared boundaries, suitable for
surface blending in geometric design. The
boundary of each surface patch is defined
by the trigonometric PH curve, and blend-
ing multiple patches with common bound-
aries satisfies required continuity conditions.
The continuity conditions, such as C1 and
C2 need to be considered between adjacent
patches.
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Appendix

(i) Consider the basis functions given in Equation 4:
b0(t) = (1− sin t)2 (1− µ sin t) ,
b1(t) = sin t (1− sin t) (2 + µ− µ sin t) ,
b2(t) = cos t (1− cos t) (2 + ρ− ρ cos t) ,

b3(t) = (1− cos t)2 (1− ρ cos t) , t ∈
[
0, π2

]
.

The derivatives of the basis functions are given below:

b
′
0(t) = −cost (1− sin t) (2 + µ− 3µ sin t) ,

b
′
1(t) = cos t (−µ sin t (1− sin t) + (1− 2 sin t) (2 + µ− µ sin t)) ,

b
′
2(t) = sin t (ρ cos t (1− cos t) + (−1 + 2 cos t) (2 + ρ− ρ cos t)),

b
′
3(t) = sin t (1− cos t) (2 + ρ− 3ρ cos t) .

(ii) δ(t) = R̃0 cost+ R̃1 sint+ R̃2 sin
2
t cost+ R̃3 cos2 t sint+ R̃4 cost sint,

with R̃0 = (µ+ 2) (∆x1,∆y1) , R̃1 = (ρ+ 2) (∆x3,∆y3) , R̃2 = 3µ (∆x1,∆y1) ,

R̃3 = 3ρ (∆x3,∆y3) , R̃4 = −(4µ+ 2) (∆x1,∆y1)− (4ρ+ 2) (∆x3,∆y3) + 2 (∆x2,∆y2) .

(δ(t))2= R0 cos
2t+R1 sin

2t+R2 sin
4 t cos2t+R3 cos

4 t sin2t

+(R4 + 2R10 + 2R6) cos
2 t sin2t+ 2R5costsint+ 2R7 cos

3 t sint
+2R8sint cos

2t+ 2R9 sin
3 t cost++2R11 sin

2 t cost+ 2R12 sin
3 t cos3 t

+2R13 sin
3 t cos2 t+ 2R14 sin

2 t cos3 t

with

R0 = R̃0 • R̃0 = (µ+ 2)2
(
∆x21 +∆y21

)
,

R1 = R̃1 • R̃1 = (ρ+ 2)2
(
∆x23 +∆y23

)
,

R2 = R̃2 • R̃2 = 9µ2
(
∆x21 +∆y21

)
,

R3 = R̃3 • R̃3 = 9ρ2
(
∆x23 +∆y23

)
,

R4 = R̃4 • R̃4 = (4µ + 2)2
(
∆x21 +∆y21

)
+ (4ρ + 2)2

(
∆x23 +∆y23

)
+ 4

(
∆x22 +∆y22

)
+ (32µρ + 16µ +

16ρ+ 8) (∆x1∆x3 +∆y1∆y3)− (16µ+ 8) (∆x1∆x2 +∆y1∆y2)− (16ρ+ 8) (∆x2∆x3 +∆y2∆y3) ,

R5 = R̃0 • R̃1 = (µ+ 2)(ρ+ 2) (∆x1∆x3 +∆y1∆y3) ,

R6 = R̃0 • R̃2 = 3µ(µ+ 2)
(
∆x21 +∆y21

)
,

R7 = R̃0 • R̃3 = 3ρ(µ+ 2) (∆x1∆x3 +∆y1∆y3) ,

R8 = R̃0•R̃4 = −2(µ+2) ((2ρ+ 1) (∆x1∆x3 +∆y1∆y3)+(2µ+1)
(
∆x21 +∆y21

)
−(∆x1∆x2 +∆y1∆y2)),

R9 = R̃1 • R̃2 = 3µ(ρ+ 2) (∆x1∆x3 +∆y1∆y3) ,

R10 = R̃1 • R̃3 = 3ρ(ρ+ 2)
(
∆x23 +∆y23

)
,

R11 = R̃1•R̃4 = −2(ρ+2) ((2µ+ 1) (∆x1∆x3 +∆y1∆y3)+(2ρ+1)
(
∆x23 +∆y23

)
−(∆x2∆x3 +∆y2∆y3)),

R12 = R̃2 • R̃3 = 9µρ (∆x1∆x3 +∆y1∆y3) ,

R13 = R̃2•R̃4 = −6µ
(
(2µ+ 1)

(
∆x21 +∆y21

)
+(2ρ+1) (∆x1∆x3 +∆y1∆y3)−(∆x1∆x2 +∆y1∆y2)),

R14 = R̃3•R̃4 = −6ρ
(
(2ρ+ 1)

(
∆x23 +∆y23

)
+(2µ+1) (∆x1∆x3 +∆y1∆y3)−(∆x2∆x3 +∆y2∆y3)).
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