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Utilizing the (g, 7)-nabla fractional operator, we develop a discrete-time Dengue
transmission model incorporating memory and time-scale deformation effects.
Stability, endemic equilibrium, and bifurcation behavior are analyzed through
Jacobian eigenvalue methods and fractional threshold conditions. A Lyapunov-
based feedback strategy and a memory-weighted optimal control framework
are introduced to regulate infected and hospitalized populations. Necessary
optimality conditions are derived using a generalized Pontryagin maximum
principle adapted to the (g, 7)-fractional setting. Numerical simulations confirm
the theoretical results and demonstrate the influence of the parameters ¢, 7, and
«a on memory dynamics and intervention efficiency. The proposed framework
provides a flexible approach for modeling and controlling epidemic systems
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with nonlocal memory effects.

(eo) R

1. Introduction

Fractional quantum calculus is a potent method
for modeling memory-dependent processes in en-
gineering,! 3 physics,%® and biology.>” Among
various formulations,® 2 the fractional nabla of-
fers a discrete-time framework that is enhanced
with nonlocal memory and time-scale deforma-
tion.!3" 1 This makes it particularly suitable for
modeling systems in which the dynamics of the
present are influenced to varying degrees by the
past states.'01® This is especially relevant in
epidemiological designs, since delayed immune re-
sponses, behavioral patterns, and intervention ef-
fects compound with time.

*Corresponding Author

Dengue fever, a virus carried by mosquitoes,
remains a major public health concern in trop-
ical and subtropical regions.'*?? By neglecting
control feedback delays and historical influences,
conventional epidemic models often generate over-
simplified estimates.?> 2" The mathematical mech-
anism of dengue fever is usually described through
a compartmental epidemic model, where the hu-
man and mosquito populations are divided into
interacting classes. The transmission dynamics
are governed by nonlinear differential equations
that represent infection, recovery, and vector-host
interactions.?® 2
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We propose a discrete-time Dengue model con-
trolled by a (g, 7)-nabla fractional operator to get
over these limitations. The scale-sensitive trans-
mission dynamics and memory implications found
in real epidemics can be represented using this
model.3932 The novelty of this work is the devel-
opment of a discrete-time Dengue epidemic frame-
work driven by the (g, 7)-nabla fractional operator,
which simultaneously incorporates nonlocal mem-
ory effects, discrete-time deformation, and time-
scale sensitivity within a unified epidemiological
model. Unlike classical integer-order and standard
fractional epidemic models, the proposed formula-
tion introduces the deformation parameter ¢ and
the temporal scaling parameter 7, allowing the sys-
tem to capture memory-dependent transmission
dynamics and irregular temporal evolution. From
the mathematical viewpoint, this work establishes
new theoretical results for the proposed (g¢,7)-
fractional Dengue system, including the existence
and uniqueness of solutions, positivity of trajecto-
ries, fractional threshold conditions, local stability
analysis via the Jacobian matrix, and bifurcation
behavior under memory-dependent dynamics. A
generalized Lyapunov framework adapted to the
(¢, 7)-nabla setting is further developed to ana-
lyze asymptotic stability in different epidemio-
logical regimes. Another important novelty is a
memory-weighted optimal control problem gov-
erned by the (g, 7)-fractional dynamics. A gener-
alized Pontryagin maximum principle is derived
specifically for the (g, 7)-nabla operator, leading
to new optimality conditions and feedback con-
trol laws that incorporate historical disease evo-
lution and time-scale deformation. The resulting
control strategy combines vaccination, treatment,
fumigation, and awareness mechanisms while pe-
nalizing excessive intervention through a nonlocal
memory-dependent cost functional. In addition,
the work introduces a general bifurcation-map for-
mulation for the (g, 7)-fractional Dengue model
and demonstrates how the parameters ¢, 7, and
« affect oscillatory behavior, disease persistence,
stability transitions, and eradication thresholds.
Therefore, the proposed framework extends exist-
ing epidemic models by integrating fractional mem-
ory, quantum-type deformation, optimal control,
and bifurcation analysis into a single mathemati-
cally consistent system, providing a new direction
for memory-aware epidemiological modeling and
control.

2. Preliminaries

In this section, we present the following concepts,
which are the generalization of the well-known
quantum?®?3® and can be found in.36-39

Definition 1. Let 0 < ¢ < 1, 7 > 0, and define
the (g, 7)-Gamma function as

B ﬁ 1 — gr(k+1)

k=0

Lgr(r) == (1-q)!

1— qu+7'k )

The basic Gamma function is generalized to
q — 1 and 7 — 1. Additionally, the definition of
the (g, T)-fractional binomial coefficient is

(a) o Fyr(a+1)
k (¢,7) . FQ:T(k + 1)F(177(a -

Definition 2. Let f: Ny = R, and let 0 < g < 1,
7>0,0<a< 1. The fractional (q,T)-nabla op-
erator of order o using the (q,7)-Gamma function

is defined by

k+1)

w1 ) - fk+)

Virl ()= 510 (= k)gn]*
where 1 (qT)n—k
(n = k) (gr) = l1—q

and 'y () is the (g,
ing the recurrence

Fq,T(x + 1) = ('r)(q,T)Fq,T(x)a

Proposition 1. Let f,g: Ng — R, and a,b € R.
Let 0 < g <1, 7 >0, and 0 < a < 1. De-
fine the fractional (q,7)-nabla operator using the
(g, 7)-Gamma function as:

7)-Gamma function satisfy-

r,-(1) =1

f(k)— f(k+1)
Vi f(n) = =
o (1-a) Z;) k)(g.m]
where (n — k) q.r) = %.

Then the following properties hold:
(1) Linearity:
Varlaf(n) +bg(n)] = aV, f(n) +0Vg_ g(n).

(2) Consistency with Integer Order: If o — 17,
then

‘ f(n) = f(n+1)
all>nll— vq Tf( ) vq,Tf(n) - (n)(q,T) .
(8) Vanishing on Constants: If f(n) = C for all
n, then
Ve f(n)=0.

(4) Monotonicity Preservation: If f(n) is mono-
tonically decreasing, then Vg . f(n) > 0.

Proof. (1) Linearity follows directly from the lin-
earity of the sum and difference:

Vi (af +bg)(n) = m
§ a(/4) 105+ 1) +blglh) — gtk +1) @)
pors [(n = k) (g,m)]® '
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(2) As o — 17, we use the limit I'y (1 — a) —
I';+(0) = oo in a scaled form and isolate the
leading term k& = n — 1, recovering;:

fln)—fln+1)
\Y n) = .
q,’?—f( ) (n)(qﬂ-)

For a constant function f(n) = C, the differ-

ence f(k) — f(k+ 1) =0, so the entire sum

vanishes.

If f(k) > f(k+1), then each term in the sum

is non-negative, hence the entire operator is

non-negative.

g

Example 1. Tables 1 and 2 show how the frac-
tional (g, T)-nabla operator Vg f(n) behaves when
applied to two exponential functions with contradic-
tory patterns: the decaying function f(n) = e 03"
and the growing function f(n) = e%3". Using the
dominant-term approximation at k =n — 1, both
are assessed with fractional order o = 0.9, defor-
mation parameters ¢ = 0.5, and 7 = 1.2. For the
decaying case f(n) = e~ 3", the operator produces
negative values which correspond to the flattening

of the exponential curve and thedecrease in mag-
nitude with increasing n. The operator is reduced
to a discrete fractional backward difference in this
approzimation since the kernel (n — k)?w) s equal
to 1 for all n. A typical feature of models with
fatigue, decay, or immunity is the memory-aware
slowing of dynamics, which is captured by this
structure. In contrast, the operator values in the
rising case f(n) = e%3" are strictly positive and
increase rapidly with n, reflecting the function’s
rapid growth. The growth pattern is thus ampli-
fied by the (q,T)-nabla operator, which also shows
how sensitive memory-based fractional dynamics
are to monotonic trends. Collectively, these find-
ings show that the (q,T)-nabla operator offers an
interpretable, memory-sensitive generalization of
classical differences and accurately depicts both
attenuation and amplification dynamics based on
its fundamental pattern. This characteristic is
crucial when modeling processes such as infection
growth or decay in biological or epidemiological
systems that exhibit nonlocal history dependence
(see Figure 1).

Table 1. Approximation of (g, 7)-nabla operator V¢ _f(n) for f(n) = e~ ", with ¢ = 0.5, 7 = 1.2, and & = 0.9

n F(n) f(n—1) (n—k)2 V&, f(n)
1 0.740818 1.000000 1.000 —0.259182
2 0.548812 0.740818 1.000 —0.192007
3 0.406570 0.548812 1.000 —0.142242
4 0.301194 0.406570 1.000 —0.105375
5 0.223130 0.301194 1.000 —0.078064

Table 2. Approximation of (¢, 7)-nabla operator Vg _f(n) for f(n) = €03 with ¢ = 0.5, 7 = 1.2, and o = 0.9

n f(n) fn—1) (n—k)%.,  Vif@)
1 1.349859 1.000000 1.000 0.349859
2 1.822119 1.349859 1.000 0.472260
3 2.459603 1.822119 1.000 0.637484
4 3.320117 2.459603 1.000 0.860514
5 4.481689 3.320117 1.000 1.161572

Remark 1. The use of the (q,7)-deformed dis-
crete fractional calculus is motivated by the need
to simultaneously capture memory-dependent dy-
namics and nonuniform temporal scaling in epi-
demic systems. Classical discrete epidemic models
assume uniform time evolution and local interac-
tions, while many real biological processes, partic-
ularly Dengue transmission, depend strongly on
delayed immune responses, accumulated infection
history, behavioral adaptation, and time-varying

intervention effects. Standard fractional operators
incorporate memory through nonlocal kernels, but
they still rely on fized temporal structures and can-
not fully describe deformation-sensitive dynamics.
The proposed (q,7)-nabla framework extends the
classical and fractional discrete models by introduc-
ing the deformation parameter q, which controls
discrete scaling effects, and the temporal parameter
T, which regulates the memory scale and nonlocal
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interaction structure. Consequently, the (q,T)-
operator provides a unified mechanism for model-
ing discrete-time evolution, long-memory accumu-
lation, and scale-sensitive transmission behavior
within a single framework. This formulation al-
lows the model to reproduce richer epidemic phe-
nomena such as delayed stabilization, oscillatory
persistence, bifurcation transitions, and memory-

-0.3/
Vg,re™ 03"

Value

dependent control responses that are difficult to
capture using standard integer-order or classical
fractional models. Moreover, the framework re-
mains mathematically consistent with existing the-
ories since the limits ¢ — 1 and ™ — 1 recover the
standard fractional discrete operator, while o — 1
yields the classical discrete difference model.

0.3
Vg, € 4

Value

Figure 1. 3D surface plots of the (g, 7)-nabla operator V, . f(n) for f(n) = e 3" (left) and f(n) = 03"
(right), under varying 7 = 1.0, 1.5, 2.0, 2.5 with fixed ¢ = 0.5. These illustrate how the (g, 7)-nabla derivative
evolves as both function type and memory parameter 7 change.

3. Solvability fractional (¢, 7)-nabla
Dengue symptom model

We examine the development of Dengue symptoms
using a discrete-time compartmental model that in-
corporates (g, 7)-nabla fractional derivatives. The
resulting equations are as follows:

vg’TSTL = _BSnITM

VO E, = BSnl, — 6En,

vglﬂ-In = 5En - (7 + :U')Ina (2)
vgiTRTL = ’YITH

‘7;T}¥n ::N]ﬁ/_'gffny

where all parameters (3,0, , i, are non-negative
constants, and V¢ indicates the fractional (q,7)-
nabla operator of order 0 < o < 1. These are the
initial conditions: Sy, Fy, Iy, Ry, and Hy € [0,1].
The fractional (g, 7)-nabla calculus is used in the
model (2) to explain the development of Dengue
symptoms. Table 3 presents a definition of the
variables and parameters.

Theorem 1 (Existence and Uniqueness of Solu-
tions). Let the functions on the right-hand side of
(2) be locally Lipschitz and assume that the initial

values (So, Eo, Io, Ro, Hy) € [0,1]°. Then, there
exists a unique solution

(STZ7 En7 I’n7 Rn; Hn)ﬁ:o
to the system (2) for each N € N.

Proof. We reformulate system (2) in its fractional
(g, 7)-nabla integral form:

n—1
1 a—1
Tn = X0 + m Z(n — k- 1)q’7_ fk(ﬂ?k),
¢ k=0

where fi(xp) represents the right-hand side func-
tion for each compartment (e.g., —3Si Iy for Sg)
and (n — k — 1)8‘;1 is the (g, 7)-rising factorial.
Define the Banach space:

B = {ZL‘ :Ng = R® | ||2]loo := sup ||zl < oo} ,
n

equipped with the supremum norm. We now de-
fine an operator T on B by:

n—1
Tlel(m) 1= 20+ s S0~ = D )
i k=0
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To prove that 7T is a contraction, suppose that
each fi is Lipschitz continuous with Lipschitz con-
stant L. Then for xz,y € B,

n—1 (n—k— 1):11:1
1T [2)(n) = Tl = || > T (o) — (fr(zr) = fr(yr))
k=0 T

T ; Zm—k—n“ ok — yll.

Taking the supremum over n and define:

—supZn— k—1)g+ L

Then we have
LM
|7 ]x] —

TTyllloo < m!\

Selecting L and « such that: % < 1. Then
T is a contraction, and by Banach’s Fixed-Point

Theorem, T has a unique fixed point in B, which
is the solution to (2). O

l‘_y”oo'

Next, we use the spectral features of the lin-
earized (g, T)-nabla system to investigate the local
asymptotic stability of the disease-free equilibrium
(DFE) of the system (2).

Theorem 2 (General Local Stability via the Jaco-
bian Matrix). Consider the (q,T)-nabla fractional
Dengue system

V450 = —BSnIn,

VO E, = BSul, — 6E,,
Virdn = 06En — (v + p)In,
Vo By =y,

Vo Hn = ply — EHnp,

where 0 < a <1 and all parameters are nonnega-
tive.
Let
Xn - (Sna Ena Ina Rna Hn)T
and write the system in the compact form
Vi Xn = F(Xp).

Let
X = (S*",E*,I",R",H")
be an equilibrium point satisfying F(X*) = 0.
Then the local behavior of the system near X*
1s determined by the Jacobian matrix

sy =[]

For the proposed Dengue model, this Jacobian
matriz 1s given by

_BI* 0 —BS* 0 0
BI* -5 BS* 0 0
JX*)=1 0 d —(y+mpm 0 0
0 0 ~ 0 0
0 0 1 0 —¢

If every eigenvalue \; of J(X™*) satisfies the
fractional stability condition
am
M)l > =
then the equilibrium X* is locally asymptotically
stable. If at least one eigenvalue violates this con-
dition, then X* is locally unstable.

|arg( i=1,...,5,

Proof. Let Y, = X, — X* be a small perturbation
around the equilibrium point. Since F(X*) = 0,
Taylor expansion gives

F(Xn> = F(X* + Yn) = J(X*)Yn + O(HYnH2)

Neglecting the higher-order terms, the lin-
earized system becomes

VarYn = J(X)Y,

Therefore, the local stability of the nonlinear
system is determined by the spectrum of the ma-
trix J(X*). For a discrete fractional system of
order 0 < a < 1, the equilibrium is locally asymp-
totically stable whenever the eigenvalues of the
linearized matrix satisfy | arg(\;)| > <. Hence, if
this condition holds for every elgenvalue of J (X ),
then Y;, — 0 as n — oo, which implies X,, — X*.
Therefore, X* is locally asymptotically stable.
Conversely, if one eigenvalue does not satisfy the
fractional stability sector condition, perturbations
in the corresponding eigendirection do not decay,
and the equilibrium is locally unstable. ]

Theorem 3 (Local Stability of the Disease-Free

Equilibrium). Consider the (g, T)-nabla fractional
Dengue model

VoS0 = —BSnly,

Vi En = BSnly — 0Enp,

vg,‘rln - 5En - (’Y + M)Inv

V?ﬂ'R?’L = ’7[7’17

vgﬂ-Hn - In - anu
where 0 < a <1 and

18’5’77/'L7£ > 0'

Then the disease-free equilibrium
Xg =(1,0,0,0,0)

is locally asymptotically stable with respect to the
infected variables (Eyp, I, Hy,) whenever

g

Ry:=——< 1.
iy’

If Ry > 1, then the disease-free equilibrium is
locally unstable.
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Table 3. Description of variables, parameters, and operators in the (g, 7)-nabla fractional Dengue model

Symbol Description
Sn Number of susceptible individuals at time step n.
E, Number of exposed (infected but not yet symptomatic) individuals at time step n.
I, Number of infectious (symptomatic) individuals at time step n.
R, Number of recovered individuals at time step n.
H, Number of hospitalized or severely symptomatic individuals at time step n.
3 Transmission rate of the virus (contact between susceptible and infectious individu-
als).
) Rate of progression from exposed to infectious stage.
vy Recovery rate from the infectious state.
Rate at which infected individuals develop severe symptoms requiring hospitalization.
é‘ Discharge or death rate from the hospitalized compartment.
yo Fractional (gq,7)-nabla operator of order a € (0,1], defined on a discrete-time
o7 domain.
« Fractional order of the derivative, representing memory effects.
q€(0,1) Quantum deformation parameter.
T>0 Time-scaling (nonlocal memory deformation) parameter.
1 __an
(n)g,r (g, 7)-deformed integer: (n)q, := o
- q
T () Generalized (g, 7)-Gamma function used in the definition of the fractional sum and
ar derivative.
a1 (g, 7)-falling factorial of order aw — 1, used as the kernel in the discrete fractional
(n’_'k _'1)q7
sum.
B The Banach space of bounded sequences x : Ng — R® with norm ||z||s0 := sup,, ||2x]|-
T The operator defined on B representing the right-hand side of the integral form of
the system.
n—1
M A finite constant defined as M := sup Z(n — k- 1)2‘;1.
" k=0
L Lipschitz constant of the nonlinear functions in the system.
R B Basic reproduction number, representing the average number of new infections
0~ v+ caused by one infectious individual in a fully susceptible population.
Proof. Let 0 0 —p 0 0
0 —§ B 0 0
Xy, = (Sn, B, In, R, Hy)T
. n ( ny Lmy Iny Lln, n) J(Xg) =1]l0o ¢ _(fy + N) 0O 0
and write the model as 0 0 ~ 0 0
Vo Xn = F(Xp). 0 0 7 0 —¢

The variables F, and I, determine the local
growth or decay of the disease. Hence, the in-

The Jacobian matrix of F is fected subsystem is governed by the matrix

I 0 -BS 0 0 I = (—5 B > '
Bl =6 B8S 0 0 d —(v+up
J(X) = 0 o - 0 O
(X) 0 0 (7,;_ 2 0 0 The characteristic polynomial of Jj is

0 0 L 0 —¢ det(\ — Jr) = N+ (5 +y+ A+ (v +p— B).
If Rg = =22 < 1, then 6 + 7+ p > 0 and
d(y+p—pB) > 0. Therefore, by the Routh-Hurwitz
At the disease-free equilibrium Xj = criterion for a second-order polynomial, both eigen-
(1,0,0,0,0), this becomes values of J; have negative real parts. Using the
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standard sector stability condition for the lin-
earized (g, T)-nabla fractional system, the infected
subsystem is locally asymptotically stable when-
ever the eigenvalues satisfy |arg(X;)| > 5,
1,2.

Since the eigenvalues of J; have negative real
parts, this condition is satisfied for every 0 <
a < 1. Hence, E,, — 0, I, — 0. Moreover, the
hospitalized equation satisfies

Vo Hn = ply — EHy,.
Since I,, — 0 and £ > 0, it follows that H, — 0.

7 =

Thus, the disease-free equilibrium is locally
asymptotically stable with respect to the infected
and hospitalized compartments. On the other
hand, if Ry > 1, then §(v + p — 8) < 0. Thus, the
characteristic polynomial has one positive eigen-
value. Therefore, small perturbations in the in-
fected direction grow, and the disease-free equilib-
rium is locally unstable. O

We suggest the Dengue symptom progression
1 @) 7(1 )) c

system with control inputs u, = (uy ', up ',
U, where U is the admissible control set such that

u::{ @) e [0, ] CR}.

The state dynamics are governed via the next
(g, 7)-nabla fractional discrete system:
1 n
Tp+ =——— n—k)o
! Lgr(a) Z( )q

Tpy1 = T (@, ug),
k=0

where z,, € R is the state vector and f;, indicates
the nonlinear functions for the Dengue model. The
performance index (cost functional) is formulate
by:

N

T (u) =) Lz, un)],

n=0
with L : R% x Y — R, being continuously differ-
entiable.

Theorem 4 (Generalized Pontryagin Maximum
Principle for the (g, 7)-Nabla Fractional Dengue
System). Consider the controlled (q,T)-nabla frac-
tional Dengue system

a

n
E w 7’a

Xnt1 = Xo YT (@ i1 F( Xk, ug),
k:0
where
Xn ::(Shalgn7]ﬁal%na]¥n)7¥ up € U,
and
i >0

denotes the (q,T)-fractional memory kernel. Let
the cost functional be
N

J(u) =Y L(Xp,un).

n=0
Suppose that:

(1) F(X,u) and L(X,u) are continuously dif-
ferentiable,

(2) the admissible control set U C R™ is con-
vexr and closed,

(3) the state system admits a unique solution
for each admissible control.

If uy is an optimal control with associated state
trajectory X, then there exists an adjoint sequence

An € RS
such that the Hamiltonian
Hp (X, ttny Any1) = L( X, un) + AL F (X, up)
satisfies the following conditions:

(1) State equation'
X;—&-l = Xo +

(2) Adjoint equation:

N T
oH, h® (¢ra) [ OF

) (2 ) A
X, Ty @t 1) ;wk—n 0x, ) "1

(8) Terminal condition:

A =

An+1 = 0.
(4) Optimality condition:
H, (X uy, Apyr1) = min Hy (X0 U, Adny1)-
un €U

n» Yn
Proof. Let u; be an optimal control and consider
the perturbation

e __ %
Uy = Uy + EVn,

where vy, is an admissible variation and |¢| < 1.
Let

Xy =X, +¢eZ, +o(e),
where Z,, denotes the first variation of the state
variable. Substituting into the (g, 7)-fractional
state equation gives

he -
X5 =Xo+ T, (at1) anqféa)F(Xi»Ui)-

Using Taylor expansion around (X}, uj),

oF

F(XG, ) = F(XE 0+ (zk+ gt ) o).
k

he S OF OF
Zni1 = S W Zp )
n+1 Tyr(a 1 1) 2 Wh_k kT " Vg,
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Next, the variation of the cost functional is
6L
0J = —_— .
z( o )

Introduce the adjoint sequence A,, and define
the Hamiltonian

Hy, = L(Xn,un) + AL F (X, un).

Using the discrete fractional summation-by-
parts argument and collecting the coefficients of
Zn, we obtain the adjoint relation

T
> k41
n

N
OHy, h® (gm0 [ OF
09X, Tyr(at 1) k; “i-n o\ ox

Ap =

together with the transversality condition

Ant1 = 0.

Substituting the adjoint equation into é.J elimi-
nates the state variation terms and yields

§J = Z au”

Since ), minimizes the cost functional over the
admissible control set U, the first-order necessary
condition implies

0H,
ouy,

for interior controls, or equivalently,

Hy (X uy, Adpy1) :Jnie%Hn(X;?Um)\nH)-

=0
ny Yno

Therefore, the state equation, adjoint equation,
terminal condition, and Hamiltonian minimization
condition constitute the generalized Pontryagin
Maximum Principle for the (g, 7)-nabla fractional
Dengue system. Il

Example 2 ( Implementation of the Optimal Con-
trol Problem). The (g, T)-nabla fractional system
governs the Dengue symptom progression model.
We also include control techniques that reflect hos-
pitalization, treatment, and immunization. Let
the state variables be x,, = (Sn, En,In, Ry, Hy)
( 1 2

and control variables be u, = (uy ~, up, ,u% )) with

bounded values:

O<u()<u(l)

max*

The controlled state equations over n

0,1,..., N are suggested as follows:
St = Sn = (BSuln +uflS, ) |
E,i1=E,+ (BSpI, —dE,),

Inp1=1In+ <5E — (v p+ulhI ) :
Ryt1 =R, + (7[n + ung)Sn + uﬁ?ﬁn) ,

Hyq = Hy, + (,un _¢H, — uff’)Hn) ,

where the parameters (5,9,v, i, & represent trans-
mission, progression, recovery, hospitalization, and
discharge rates, respectively.

We define the fractional memory kernel:

1 — q(n—k)r a-1
(n—k)g’;l = ﬁ s with o € (0, 1]

A safe normalization is applied:
(n—k)qT =1 forn=k,

to avoid zero raised to negative powers.

The Cost Functional can be considered as fol-
lows: the performance index is defined as:

N
= (Al + AyHp+

n=0

S (B + By(u?)? + By(ul?)?)],

where A1, Ao are weights on symptomatic and se-
vere cases and B1, Bs, B3 are penalties for the con-
trol efforts.

We simulate the model over N = 30 time steps
with the following initial data:

J (u)

So=0.99, E7=0.005, Iy=0.005,
RO = 07 HO = 07
and control guesses ug) = 0.3. The parameters
used are:
=04, 6=03, ~+=02 p=0.1 ¢&=0.1.
The total cost functional evaluated from the
stmulation, when ¢ = 0.9,7 = 1,a = 0.9 1s:
J = 0.04685.

We suggest the Dengue symptom design un-
der fractional (g, 7)-nabla dynamics with control

variables ug), ug), and ug), where 0 < a < 1,

€ (0,1), and 7 > 0. Let the design be:

Vo Sy = —BSul, — ullS,,

Ve E, = BSuI, — 0B,

Vo Iy =0E, — (v + p+ulP)Iy,
Vo B =1y +ulMS, +uPr,,
Vo H, = ply, — EH, — u$P H,.
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Theorem 5 (Lyapunov-Based). Let the Lyapunov
function be formulated by

1 1

2 2
Vy = 21n+ 2Hn.
Then, the feedback control laws
8(I2 + H2) 4 61, Ep + pHp Iy
ugf):max((), Up & Hy) + B al —(’Y+H))a
In
2 2
U%S) — max (0, 6(171, + Hn) + luH’ﬂIn _ g) ,
HE

guarantee that
vgﬂ-vn S _5Vn7
for all n € Ny, provided that I,,, Hy, # 0.

Proof. From the definition of V,,, we compute its
(g, 7)-nabla derivative utilizing linearity:

VoV =LVy I+ H, Vg Hy.
Substituting from the design
vgﬁ]n =0E, — (v +p+ u,(f))fn,
VZTH” = ply — (£ + u7(13))Hm
we have
VoV = In (6B, = (v + p u) L) + Ho (il = (6 +u¥)H,, )
=01, — (v + p 4+ u)I2 + pH, I, — (€ +ul))H2.
Now suggest the target inequality:

1 1
OV, <=6V, =—6=I>+=-H?).
vq,T — (2 n + 2 n)

Multiply both sides by 2:
2V Vi, < —6(I2 + Hy).
From the previous expression, we have
2V Vi = 201, E, — 2(y + p+ ulP) 2+
2uH, I, — 2(€ + u®)H2.

To ensure the inequality holds, we require
261, Ep + 2uH, I, — 2(y + o+ uP) 12—

2(¢ + ud) Hy < —6(I3 + H7).
Rewriting the inequality, we obtain
—2uP12 — 20 H2 < —5(I2 + H?)—
201, By, — 2pHp I 4 2(y 4 p) 12 + 26H2.

Thus, to satisfy this inequality, choose:
u(z) > S(I2+H2)42510 En+2uHy I —2(y4p) 12 —26 H2
n -

212 ’
U(S) > S(I2+H2)+2uHp In—2(y+p)I2—26 H2 —261, Ey,
no = 2H2 :

We utilize conservative overestimates and sim-
plify to:

§(I2 + H?) + 81, FE H,1,
uﬁ?zmax(O, (n+ n)+]2n n+ U nn_(,}/_’_u))7
n
I? + H? H,I,
u® = max (0’ o(L3 + n);ru —6)-
Hn

These control laws ensure that Vg .V, <
—0V,.

Example 3. Over N = 30 discrete time steps,
we model the fractional Dengue symptom model
using Lyapunov-based feedback control rules that
stabilize hospitalization H, and infection I,,.
The definition of the feedback controls is:
ull) = k11,  (awareness control),

<0 5([,,21 + HTQL) + 0, By + pHy I, .

u?) = max

(v+ u)>,
. §(I2 + HZ H,I,
ul®) = max (0, Uy + }L};r = - f) ;

where k1 = 0.5, § = 0.1, and the system parame-
ters are:

6=04, 6§=03, =02, p=0.1,
£E=01, ¢q=09, 7=10, a=0.9.
Initial conditions are:
So=0.99, Ep=0.005 Iy=0.005,
Ry=0, Hyp=0.

We present the first few steps of the simulation
in Table 4.

The controls effectively lower hospitalization
and infection rates without necessitating constant,
intense effort. In response to infection levels,

the awareness control u,(ll) is smoothly triggered.
Hospitalization and treatment are only initiated
when necessary, protecting resources and guaran-
teeing stability. In the context of fractional (q,T)-
nabla calculus, the simulation results in Table 4
show how well Lyapunov-based feedback control
suppresses symptomatic and hospitalized compart-
ments. The parameters ¢ = 0.9, 7 = 1.0, and
a = 0.9 are crucial in describing the simulation’s
memory and scale-deformation characteristics.

(1) Fractional Order o: The value o = 0.9 gov-
erns the strength of memory in the dynamical
response. Since a < 1, the system exhibits a
fading memory effect—recent states contribute
more to current dynamics, enabling the control
law to adjust to disease progression with partial
historical influence. This enhances stabiliza-
tion without overreacting to transient fluctua-
tions.

(2) Quantum Deformation Parameter q: With q =
0.9, the (q,7)-factorial structure smoothens
the growth of fractional sums, maintaining
near-classical dynamics while still accommo-
dating quantum-like deformation. This avoids
oscillatory instability and ensures the weighted
summation of previous steps remains stable
and convergent.

(8) Time-Scaling Parameter T: The choice 7 = 1.0
implies a standard scale for the memory kernel.
Larger values of T would stretch memory over
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longer intervals, whereas smaller T would lo-
calize the response. Setting T = 1.0 maintains
consistency with physical time and matches
the natural scale of symptom progression.

The values of (q, T, ) collectively determine the
behavior of the fractional operator Vi ., impacting
the incorporation of memory and the propagation
of control actions over time. These variables were
specifically selected for this simulation in order
to strike a balance between maintaining numeri-
cal stability and capturing nonlocal effects. The
appropriateness of this parameter regime for epi-
demiological modeling with memory and feedback
1s confirmed by the steady performance over time
steps and the presence of constrained and smoothly
triggered controls.

For = 2, the system maintains its histori-
cal effect in Table 5, resulting in a smoother but

delayed decline in I,. Although it may provide
robustness to noise, this prolonged memory atten-
uates abrupt control responses, necessitating more
forceful intervention to attain the same suppres-
ston rate. This sensitivity is further demonstrated
by the behavior of H,. The hospitalization curve
shows a slower convergence and more oscillatory
behavior for T = 2. According to this, higher levels
of T may intensify the impacts of previous infec-
tions, necessitating careful adjustment of feedback
gains to prevent instability or control saturation.
In the end, higher T enhances long-term memory
integrity, but it may also decrease responsiveness.
Thus, in epidemic control techniques with memory,
T 1s a crucial design parameter that controls an
equilibrium between stability, responsiveness, and
resilience.

Table 4. Selected results from Lyapunov-based control simulation

Time S, E, I, R, H, uq(ll) ug) ug)

0 0.990000 0.005000 0.005000 0.000000 0.000000 0.002500 0.0000 0.0000
1 0.985545 0.005480 0.005000 0.003475 0.000500 0.002500 0.0000 11.000
2 0.981110 0.005807 0.005144 0.006939 —0.004550 0.002572 0.0000 0.0000
3 0.976568 0.006084 0.005343 0.010491 —0.003581 0.002671 0.0000 0.0000
4 0.971872 0.006346  0.005565 0.014169 —0.002688 0.002783 0.0000 0.0000

Table 5. Simulation with fractional (¢, 7)-memory, 7 =2, ¢ = 0.9, « = 0.9

Time Sn E, I, R, H,

0 0.990000 0.005000 0.005000 0.000000 0.000000

1 0.985545 0.005480 0.005000 0.003475 0.000500

2 0.985230 0.005431 0.005080 0.003723 -0.002530

3 0.984828 0.005454 0.005098 0.004038 -0.001436

4 0.984393 0.005484 0.005113 0.004378 -0.000933

4. Bifurcation and chaos control
analysis

In this section, we discuss the possible emergence
of bifurcation and chaotic oscillations in the (g, 7)-
nabla fractional Dengue system. The transmission
rate ( is selected as the main bifurcation parame-
ter, while the remaining parameters are kept fixed.
Biologically, increasing 3 strengthens the infection
feedback mechanism and may change the long-
term behavior of the infected population from
convergence to oscillation and then to irregular
fluctuation. Let I, denote the infected human
population at time step n. Numerical bifurcation

analysis is performed by recording the asymptotic
values of I, after discarding the transient itera-
tions. For small values of (3, the infection trajec-
tory approaches an equilibrium. As § increases,
the equilibrium may lose stability and a periodic
orbit appears. Further increase of 5 may generate
a sequence of period-doubling transitions, leading
to chaotic-type oscillations. The memory parame-
ters ¢, 7, and « affect the location of the critical
bifurcation point. In particular, smaller fractional
order a and larger memory scale 7 may delay
damping and produce richer oscillatory behavior.
To suppress chaotic oscillations, we introduce a
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Pyragas-type delayed feedback control of the form
= _K(In - In—A)a

where K > 0 is the feedback gain and A is the
delay length. This control is non-invasive on a
A-periodic orbit, because it vanishes whenever
I, = I,_A. Hence, the control does not change
the desired periodic solution but can stabilize it
by damping deviations from it.

Theorem 6 (Local Bifurcation and Pyragas Con-
trol). Consider the discrete (g, T)-nabla fractional
Dengue system and assume that the infection dy-
namics can be written in the reduced form

= FIB(Ina In—lv e 710)7

where Fg is continuously differentiable with re-
spect to the infection history and the bifurcation
parameter 3. Let I* be a positive endemic equi-
librium. Suppose that the linearized characteristic
multiplier \(B8) associated with I* satisfies

)‘(ﬁc) =-1, 32(50) # 0.

Then the endemic equilibrium undergoes a local
period-doubling bifurcation at 8 = B.. Moreover,
assume that for B > B. the uncontrolled system
possesses an unstable periodic orbit of period A.
If the Pyragas-type control

=—-K(, —I-a)

is added to the infection equation, then there exists
an interval K € (K7, K2) such that the correspond-
ing A-periodic orbit becomes locally asymptotically
stable.

In—l—l

Proof. Let I* be an endemic equilibrium of the
infection subsystem. Linearizing the reduced in-
fection equation around I* gives

Mnt+1 = A(B)n, + higher-order terms,

where 7, = I, — I* and A(f) is the effective lin-
ear multiplier generated by the (g, 7)-nabla mem-
ory kernel and the epidemiological parameters.
A period-doubling bifurcation occurs when the
dominant multiplier crosses the value —1. By
assumption, A(f.) = —1, N(Be) # 0. The
second condition is the transversality condition,
which means that the multiplier crosses the unit
circle instead of merely touching it. Therefore,
by the standard discrete bifurcation theorem, the
equilibrium loses stability at § = . and a local
period-two orbit is generated. This proves the
first part. Now suppose that the uncontrolled sys-
tem admits an unstable periodic orbit satisfying
I§ = I'_,. For this orbit, the Pyragas control
satisfies ul, = —K (I, — I’ ) = 0. Hence, the
controller is non-invasive and does not change the

periodic solution. Let e, = I, — I} be a pertur-
bation from the periodic orbit. Linearizing the
controlled system around the periodic orbit gives
a delayed error equation of the form

en+1 = apen—Kby(e,—e,—a)+higher-order terms,

where a,, and b,, are bounded coefficients along the
periodic orbit. The term —K (e, —e,—a) penalizes
deviations from the desired periodic motion. For
suitable values of K, the characteristic multipliers
of the linearized delayed system lie inside the unit
disk. Hence,

e, —0 as n— oo.

Therefore, the periodic orbit becomes locally
asymptotically stable under the Pyragas feedback
control. [l

4.1. General bifurcation map

To address the bifurcation behavior in a general
form, we consider the transmission rate 8 as the
main bifurcation parameter, while the remaining
parameters are fixed. The (g, 7)-nabla fractional
Dengue system may be written as

v?,TXn = F(Xn; 8), Xn = (SnaErmIannaHn)T-

Using the equivalent memory-dependent recur-
rence form, one obtains

Of

n
E wq7 ,Oé

Xne1 =
+1=Xo T asD ot 1) F(Xk; ),
k::0
where
WO = (= k+ 1), — (0~ K))
1— q(n—k)T
(n - k)q,ﬂ' - ﬁ

For each value of 8, the asymptotic values of a
selected state variable, usually the infected or hos-
pitalized class, are recorded after removing tran-
sient iterations. Hence, the general bifurcation
map is defined by

BI = {(ﬁaIn) : B € [Bminaﬁmax]a n = Ntra ce ,N} 5
or, equivalently, for the hospitalized class,
BH = {(ﬁ»Hn) : B € [ﬂminaﬁmax]’ n= Ntry . ,N} .

Here, Vi, denotes the number of transient it-
erations discarded before plotting the long-term
dynamics. Therefore, the bifurcation map is not
tied to a single numerical example, but is gener-
ated by the general solution operator

D Xo e Xn(B),

q, T,

where
X (6) (I)g,Ta(XO)‘

1262



RW. Tbrahim et.al. / IJOCTA, Vol.16, No.4, pp.1252-1272 (2026)

The bifurcation diagram is then obtained by
plotting

Br— I, () or p+— H,(B)

for the post-transient values of n. A local bifurca-
tion may occur at a critical value § = . when the
dominant characteristic multiplier of the linearized
memory map crosses the stability boundary. In
particular, a period-doubling bifurcation occurs if

d\
)‘(Bc) =-1, %(ﬂc) 7é 0.

Equivalently, for the Jacobian matrix J(X™*; 3)
evaluated at an equilibrium X*, the critical values
are determined by

det (A — J(X™;8)) =0,
together with the boundary condition
Al =1

in the discrete case, or by the corresponding frac-
tional sector condition
am

Jarg (V)| = 5

for the fractional linearized system. Thus, the
general bifurcation set is given by

C={Bc:3X€0o(J(X*B.)) such that A lies on the stability boundary} .
This provides a general mathematical construc-
tion of the bifurcation map for the present (g, 7)-
fractional Dengue system.

4.2. Example: Local bifurcation and
pyragas control

Consider the (g, 7)-nabla fractional Dengue sys-
tem

VS Sy = —BSul,
VO B, = BSuly — 0Ey,
Vordn = 0B, — (v + )y,
Vi By = vln,

Ve H, = pl, — £H,.

Here, H,, represents hospitalized or severe symp-
tomatic individuals. We take S as the bifurcation
parameter and assume that all other parameters
are fixed. To control oscillations in the severe-
symptom class, we introduce the Pyragas feed-
back ué = —K(H, — Hy,_A), where K > 0 is the
feedback gain and A is the delay. The controlled
hospitalized equation becomes

Ve Hy = ply — EHy — K(Hy — Ho ).

For illustration, choose
a=085 ¢g=06, 7=12
v=0.12, pu=0.04, &=0.15.

5 =0.25,

Let the initial data be
So=0.90, Ey=0.05,

Ry=0, Hy=0.01.

Io = 0.04,

For small transmission rate, for example 8 =
0.8, the infected and hospitalized populations ap-
proach a stable equilibrium. When f is increased,
the endemic equilibrium may lose stability. Near
a critical value 8 = ., the dominant multiplier
of the linearized system crosses —1, producing a
local period-doubling bifurcation. For larger val-
ues such as 8 = 2.8, the sequence H,, may display
irregular oscillations. When the feedback gain is
applied, for example K = 0.35, A = 2, the control
term suppresses the difference between H,, and
H,,_5. Thus, the chaotic or irregular hospitalized
trajectory is stabilized into a period-two orbit. If
instead A = 1, the same controller may stabilize
the trajectory toward an equilibrium.

Theorem 7 (Local Control of Severe Dengue
Oscillations). Assume that the reduced infection—
hospitalization subsystem has a positive endemic
equilibrium and that the dominant characteristic
multiplier satisfies \(B.) = —1, N'(B.) # 0. Then
the system undergoes a local period-doubling bifur-
cation at B = B.. Furthermore, if the hospitalized
sequence H,, admits an unstable periodic orbit of
period A for 8 > B., then the Pyragas controller

uy = —K(Hp, — Hp—n)

locally stabilizes this periodic orbit for a suitable
interval of gains K € (K1, K3).

Proof. The first claim follows from the standard
discrete period-doubling criterion. After lineariza-
tion around the endemic equilibrium, the sta-
bility is determined by the characteristic multi-
pliers of the infection—hospitalization subsystem.
When the dominant multiplier crosses the unit
circle through —1 and the transversality condi-
tion \'(B.) # 0 holds, a local period-two orbit
is generated. For the control part, let HE be a
periodic orbit of period A. Then Hj = H? ..
Hence, u, = —K(Hf, — H?_ ) = 0. Therefore, the
controller is non-invasive on the target orbit. Let
e, = H, — HE. Linearizing the controlled hospi-
talization equation gives

vgﬂ—en = _gen - K(en - ean) + Unp,

where 1, = I,, — I;. For suitable K > 0, the de-
layed feedback term damps the error e, —e,_a. If
the corresponding linearized multipliers lie inside

the unit disk, then
e, — 0 as n — oo.

Thus, the periodic severe-symptom orbit is lo-
cally asymptotically stable. O
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Theorem 8 (Positivity of Solutions). Assume

that

So, Eo, Iy, Ro, Hp > 0, B,0,7, 1, & > 0.

Let the discrete (q, T)-fractional scheme be writ-

ten in the form
Xpi1 = X (@) p(x
n+1 n+ qT Oc—i- 1 Zw

where
wﬁquk’a) > 0.
If the step size and parameters satisfy the posi-
tivity restrictions

h&
—pI, <1,
Lgr(a+ 1)6 -

hOé
—— 5 <1,
Fyr(a+1) —
- + < 17
Fqﬂ—(Oé + 1) (’7 /'L) —_
and he
<« 1’
Lgr(a+ 1)5 -

then every solution starting from monnegative ini-
tial data remains nonnegative:

Sny En, In, Ry, Hy > 0, n > 0.

Proof. The proof follows by induction. Assume
that

Sk, Ex, Iy, Ry, Hp > 0, 0<k<n.

Since the (g, 7)-fractional weights satisfy

WO = (n—k+ 1), —(n—k)2,), 0<k<
where
1 _ qu
(m)qﬂ': 1—q s m > 0.

the memory contribution is a nonnegative weighted
accumulation of previous states. For the suscepti-
ble class, the update has the form

hOé

N (A
Lgr(a+1)

Sn+1 BSnIn

Hence, we obtain

hO{
Snt1 =8, 1— =———8I, ).
i ( Pgr(a+ 1)6 )

By the assumed restriction,
ha

l1———p31,>0.
Lgr(a+ 1)ﬁ "o
Therefore, Sy, 11 > 0. Similarly,
ha
E =F —(BS, I, — OF
n+1 n + Fq,f(a“‘ 1) (/8 nin n)y

SO

he he
E,oi=E,(1- d )+ Snly.
o ( Lgr(a+1) > Lgr(a+ 1)6

Both terms are nonnegative; hence E,,+1 > 0.

For the infected class,
o

Fgr(a+1)

In+1 - In + (5En - ('7 + M)In) ;

which gives
« ha

Lpp=In (11— —————(y+p) | +————
nt ”( Forlar ) TH )> Tor(a+1)

Thus, I,+1 > 0. For the recovered class,

(07

Lgr(a+1)
Finally, for the hospitalized class,

0E,.

Ryy1 =Ry + vI, > 0.

[0}

h
=Hy+——— (ul,

H,
n+1 Fqﬂ—(a + 1)

- an) )

or equivalently,

h® h®
s = i (1 p g€+
Hence, H,4+1 > 0. Therefore, by induction,
Sn7 En7 In7 RTL? Hn 2 0

for all n > 0. Thus, the nonnegative cone Ri
is positively invariant under the proposed (g, 7)-
fractional Dengue dynamics. O

5. Fractional threshold stability

Theorem 9 (Fractional Threshold Stability).
Consider the (g, T)-nabla Dengue model with mem-
ory order 0 < a < 1, and initial conditions

So € (0,1),Ip > 0, and Hy > 0. Define the frac-

>®onal threshold parameter as
Réquva) = /B ) quT(O‘)7
7tu

where M, +(«) is the effective memory accumula-
tion kernel. Then:

(1) If Réq’T’a) < 1, the disease-free equilibrium
(Sn, In, Hy) = (1,0,0) is locally asymptot-
ically stable.

(2) If R(()Q’T’a) > 1, the disease persists and
nonzero endemic equilibria may emerge.

Proof. We linearize the (g, 7)-nabla Dengue
model around the disease-free equilibrium S,, =
1,1, = 0,H, = 0. The infected equation under
memory becomes:

VL= ST 85, Ty — T

j=1
17qJT a—1
(=)

weights. At the disease-free equilibrium, S,,—; ~ 1,

’T7a
where w](.q ) =

are the fractional
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So we approximate:

Varln D wi®™ (8 = = wl].
j=1

We define the convolutional memory operator:
oo
M) = 30 o™
j=1

Assuming a perturbation I,, = gp™, the charac-
teristic equation becomes

Vg,rln ~ Epn(ﬁ -7 M)Mq,T(a)-
Stability requires |p| < 1, which holds if
BMy (o) <y+p & Réq’T’a) < 1.

In this instance, all perturbations decrease in norm,
and the memory-averaged reproduction rate is
not high enough to support growth. As a re-
sult, the infection-free state On the other hand,
if R(()q’T’a) > 1, memory accumulation causes the
system to permit nonzero attractors or oscillatory
states. O

Theorem 10 (Fractional Threshold and Endemic
Equilibrium). Suppose the Sy, I,, H,, represent the
susceptible, infected, and hospitalized populations
in a fractional (g, T)-nabla Dengue system of order
0 < a < 1. Define the memory-adjusted reproduc-
tion number:

T, MT
’R(()q” )::577(0‘)
i

1_qu a—1
(1—(17) '

(1) If R(()Q’T’a) < 1, the disease-free equilibrium
(S*, I*, H*) = (1,0,0) is locally asymptoti-
cally stable.

(2) If R(() o) 1, there ewists a unique
endemic equilibrium (S*,I*, H*) approz-
imately given by:

Y

where

Mg () = Z

J=1

Then:

—_— H*;:_ji
B n

Proof. Examine the initial Dengue system that
is still in memory, where a (g, 7)-nabla fractional
difference operator is involved in every dynamic
equation:

n
Ve X =Y wTYAX,
j=1

Ko

i\ a—1
j(}lma) _ 11—_3;) . Setting the

fractional derivatives to zero will allow us to in-
vestigate the equilibrium points:

Ve Sy =V Iy =V, H, =0,

with weights w

From the Dengue model equations:

0=—0B8S"I",
0=0685"T"— (v +p)I*,
0=pul*—nH".

From the first equation, either S* = 0, I'* = 0,
or 68 = 0. We discard trivial cases, so assume
I* > 0. Then:

* « Yt

0BS* = = SfT=-—.
B v+ u 53

Substitute into the definition of Réq’T’a):

T, M T * 1
R(()CL ’ ) - /8 7 (a) = S - (qTGf) ’
Y+ u Ry
Now, solve for I*, we have

* T (gma) _

v+ h Bé ’
as S* = 1/72(() ™) implies 685" = v + p.
From the third equation:

=L
n
Hence, if Réq’T’a) > 1, then I* > 0, H* > 0, and
the point (S*, I*, H*) defines a biologically feasi-
ble endemic equilibrium. Local stability can be
studied by computing the Jacobian matrix of the
full fractional system and analyzing its memory-
weighted spectral radius. For small perturbations
around (S*, I*, H*), if the eigenvalues (adjusted
for (g, 7)-weights) lie inside the unit disk, the equi-
librium is stable. (I

We linearize the (¢, 7)-nabla Dengue system
around the endemic equilibrium point

(S*,I*, H*) = (WI "I*) .
n

op
The right-hand side of the system is:
Ji=-4BSI,
Jo=0BSI — (v + p)l,
f3=pl —nH.

The Jacobian matrix J with respect to variables
(S,I,H) is given by:

—6B1 —6S 0
J= |66 6BS—(y+pu) 0
0 % -1
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Substituting the equilibrium values

« Yt .
S =-—— H" ==TI
op n
we obtain
~0BI* —~(y+p) O
J=| opI* 0 0
0 p -1

The characteristic polynomial is obtained from
det(J — AI) = 0, yielding eigenvalues:

)‘1 = -

L 1 L /aRT @B~y + ).

A23 = —

5.1. Stability of the endemic equilibrium

The Jacobian matrix’s A2 3 eigenvalues determine
how stable the endemic equilibrium is. The en-
demic equilibrium is locally asymptotically stable
and exhibits spiral sink behavior if 651" < 4(v+p).
This is because the square root term becomes imag-
inary, resulting in complex conjugate eigenvalues
with negative real parts. On the other hand, the
eigenvalues are real and one may turn positive
if 681* > 4(y + p), which could cause local in-
stability or the start of bifurcation. Because the
reproduction number R(()q’T’a) makes the infected
equilibrium value I* memory-dependent, the mem-
ory effects represented by (g, 7,«) are crucial in
determining the stability action of the system.

Example 4 (Numerical Example: Jacobian and
Stability at Endemic Equilibrium). We consider

the (q,7)-nabla fractional Dengue model with the
following parameters:
0=04, pB=06, =01, pn=0.05
n=02 I*=0.12.

Substituting into the Jacobian matriz evaluated
at the endemic equilibrium yields:

—0.0288 —0.15 O
J = 0.0288 0 0
0 0.06 —0.2

The eigenvalues of J are:
A1 = —0.0144 + 0.06413, Ay = —0.0144 — 0.06414,
A3 = —0.2.

FEvery etgenvalue has a real part that is negative.
Rapid decline in the hospitalized class is confirmed
by A3 = —0.2, whereas damped oscillatory behavior
near the endemic equilibrium is indicated by the
complex conjugate pair \12. The endemic equi-
librium is locally asymptotically stable under the
specified conditions. The system is not destabilized

by memory or fractional effects, although they do
affect the rate of convergence.

Under the chosen parameters, all variables con-
verge to a stable endemic equilibrium (Figure 3).
The infected population I,, exhibits mild transient
oscillations before stabilizing, while the hospital-
ized class H,, initially rises and then decays toward
equilibrium. The susceptible population S, de-
creases and levels off due to depletion and memory
effects. The phase portraits (Figure 4) confirm
stability: the I,—S, trajectory shows a damped
spiral toward a fixed point, and the H,,—I, plane
reflects delayed hospitalization dynamics driven
by memory. These results validate the theoretical
stability analysis and highlight the role of (¢, 7)
scaling and fractional memory « in shaping long-
term epidemic behavior.

5.2. Optimal control theorem for the
(¢, 7)-nabla Dengue model

In a controlled (g, 7)-nabla Dengue model of order
0<a<l,letS,,I,, H, be the susceptible, in-
fected, and hospitalized populations. The control
Uy, € [0, umax] Tepresents an intervention attempt
(e.g., vaccine or fumigation). The dynamics of the
state are:

Va 55( Un)SnIm
Vir I = (55(1 — Up)Sp I, — (v + )1y,
Vo Hn = ply —nH,y.
We define the cost functional:
T
Ju] = > [ALL + Bul] (n){, 1,
n=0

where A, B > 0 are weights, and (n)?q 7 is the gen-

eralized (g,
costs.

T)-power to model memory-weighted

Theorem 11 (Fractional Optimal Control—Nec-
essary Conditions). Let u) be an optimal con-
trol minimizing Ju], subject to the dynam-

ics and bounds 0 < wu, < Umax- Then
there exist adjoint wvariables N5, AL AH - sat-
' isfying  the backward (¢, 7)-adjoint  system:

VoS =08(1 —un)In(Ay — AD),
VoA = —2AL(n){, 1y + 68(1 — un) Sp(A
VoA =\l

with transversality conditions N5 = )\éw = )\g =0,
and the optimal control satisfies the pointwise
minimum condition:

. ax o, 8BS I, (AL — A5
U, = Mmin § max 2B y Umax ( -

S+ (v AL —
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Time Series of Dengue Variables at Endemic Equilibrium
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Figure 2. Dengue system variables’ time series across 100 iterations: hospitalized H,,, infected I,,, and
susceptible S,,. Local stability is confirmed when the trajectories converge to the endemic equilibrium.

Proof. We form the Hamiltonian:

Ho = AL (0) ) + Bus(n) ) + A [=68(1 — un)Suly)]
A0 681 = un)Suln = (v + ) In] + A [l — nHa) .
The following prerequisites must be met for opti-
mality in the discrete-time fractional framework:
Joint dynamics and state dynamics (previously
provided): The optimality criterion is to minimize
‘H,, with respect to u,, pointwise in n. The back-
ward (g, 7)-nabla difference of the costate is equal
to minus the partial derivative of H,, with respect

to the state variables. Computing gradients:

OHy, o
. = 2Bun(n)(, 1) + 689 Ln (A =A%)
Setting %HT: = 0 gives the unconstrained mini-
mizer:
" - 6BSnIn(AL — A2)
2B(n)?qﬁ)

After enforcing the box constraint 0 < u, <
Umax, We obtain:

¥ = min{ max< 0 08SnIn(An = Xn)
U, = mi X , 2B(n)a y Umax [ -

(g,7)

The adjoint equations follow by setting:
OHn,

« AX:—
v 0X,’

q,T"n

X e{SI,H}.
U

Example 5. Assume Table 6 describing our ap-
plication.

The simulation results in Table 7 show that,
during the initial time steps, the susceptible pop-
ulation S, gradually decreases while the infected
population I, increases and then begins to sta-
bilize, with a corresponding rise in the hospital-
ized class H,,. The optimal control u, remains
inactive in the early stages, reflecting a delayed
intervention strategy driven by the (g, 7)-memory
effect, which balances intervention cost against
infection reduction. As the infection grows, con-
trol is activated illustrating that the fractional
memory-based framework yields more efficient and
cost-effective intervention strategies compared to
classical models.

5.3. Biological interpretation of
compartments and parameters

The proposed (g, 7)-fractional Dengue model di-
vides the human population into five epidemiolog-
ical compartments. The susceptible population
Sy represents individuals who are healthy but vul-
nerable to Dengue infection through contact with
infectious mosquitoes or infected individuals. The
exposed compartment FE,, consists of individuals
who have been infected but are still in the incuba-
tion stage and are not yet fully symptomatic. The
infected class I, represents actively infectious in-
dividuals capable of transmitting the disease. The
recovered population R, contains individuals who
have gained temporary or permanent immunity
after recovery. The hospitalized compartment H,
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describes severe or critical cases requiring medical
treatment or hospitalization.

The parameter 8 denotes the effective trans-
mission rate of the disease and measures the in-
teraction strength between susceptible and infec-
tious individuals. The parameter § represents the
progression rate from the exposed stage to the
infectious stage, reflecting the average incubation
period of the virus. The recovery rate is denoted by
v, while u represents the hospitalization or severe-
symptom progression rate from the infected class.
The parameter £ corresponds to the discharge or
removal rate from hospitalization.

The fractional order « € (0, 1] characterizes the
memory strength of the epidemic process. Smaller
values of a imply stronger memory effects and
slower fading of past infection history. The defor-
mation parameter ¢ € (0,1) governs the discrete
scaling and quantum-like deformation of the tem-
poral dynamics, whereas the parameter 7 > 0 con-
trols the temporal memory scale and the degree
of nonlocal time deformation. Together, the pa-
rameters (g, 7, «) regulate how previous epidemic
states influence the current disease evolution and
intervention response.

Time Series of Dengue Variables at Endemic Equilibrium

0.8}

0.6
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—— Infected I,
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Figure 3. Dengue system variables’ time series across 100 iterations: hospitalized H,,, infected I,,, and
susceptible S,,. Local stability is confirmed when the trajectories converge to the endemic equilibrium.
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Figure 4. Dengue system phase portraits as follows: (Left) Hospitalized vs. Infected (H,, vs. I,); (Right)
Infected vs. Susceptible (I,, vs. S,). The endemic equilibrium is shown to be approached via convergence in

both graphs.
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Table 6. Simulation parameters, initial conditions, and cost weights for the optimal control problem

Parameter Value Description

0 0.4  Effective contact rate

153 0.6  Transmission efficiency

0% 0.1  Natural recovery rate

I 0.05 Hospitalization rate

n 0.2  Hospital recovery rate

q 0.9 Quantum time scale deformation parameter
T 1.0  Fractional shift parameter

Q@ 0.9  Order of the fractional nabla operator

A 1.0  Weight for infected individuals in cost functional
B 0.1  Weight for control effort in cost functional
Umax 1.0 Maximum allowed control level

T 50  Time horizon (steps)

So 0.85 Initial susceptible population

Iy 0.12  Initial infected population

Hy 0.03 Initial hospitalized population

Table 7. Optimal control simulation of the (g, 7)-nabla fractional Dengue desing over the first 10 time steps.

n Sn I, H, Uy

0 0.850000 0.120000 0.030000 0.000
1 0.825520 0.126480 0.030000 0.000
2 0.800461 0.132567 0.030324 0.000
3 0.774994 0.138149 0.030888 0.000
4 0.749298 0.143122 0.031617 0.000
5 0.723562 0.147397 0.032455 0.000
6 0.697972 0.150904 0.033362 0.000
7 0.672699 0.153593 0.034312 0.000
8 0.647902 0.155432 0.035282 0.000
9 0.623720 0.156408 0.036256 0.000
10 0.600270 0.156520 0.037223 0.000

6. Conclusion

In this study, we proposed a discrete-time frac-
tional Dengue model based on the (g, 7)-nabla
operator, incorporating both time-scale deforma-
tion and nonlocal memory effects. We established
existence and stability of solutions, analyzed the
endemic equilibrium via the Jacobian, and derived
a fractional threshold condition for disease per-
sistence. A Lyapunov-based approach ensured
stability of infected and hospitalized populations,
while a memory-aware optimal control problem
was formulated using an extended Pontryagin prin-
ciple. Numerical results validated the theory and
demonstrated the effectiveness of the control strat-
egy. Future work will focus on efficient numerical
schemes and real-data calibration to enhance prac-
tical applicability.

Future research directions may focus on extend-
ing the proposed (g, 7)-nabla fractional Dengue
framework toward data-driven and multi-scale epi-
demic intelligence systems. One possible direction
is the integration of real epidemiological datasets,
climate variability, and mosquito mobility patterns
to improve predictive accuracy and parameter iden-
tification for ¢, 7, and «. The model may also be
generalized to stochastic and spatially distributed
epidemic networks, where uncertainty, migration,
and regional heterogeneity play significant roles
in disease transmission. Another important exten-
sion involves coupling the (g, 7)-fractional dynam-
ics with machine learning and physics-informed
neural networks to construct adaptive forecast-
ing and real-time control strategies. In addition,
future work may investigate multi-strain Dengue
interactions, co-infection mechanisms, vaccination
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optimization, and hospital resource allocation un-
der memory-dependent dynamics. From the math-
ematical viewpoint, further theoretical develop-
ments may include global bifurcation analysis,
synchronization phenomena, entropy-based sta-
bility criteria, and efficient numerical algorithms
for large-scale (g, T)-fractional systems with long-
memory effects.
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