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ABSTRACT

The present study investigates the mechanism of solar energy utilization as non-
renewable energy in a ternary nanofluid flow and heat transfer system, incorporating a 
Maxwell non-Newtonian fluid over a linearly inclined stretching sheet at an inclination 
angle of π/4, with the effects of heat generation. The influence of a perpendicular 
magnetic field, which induces Lorentz forces, in a porous medium is also considered. 
In addition, suction at the plate and entropy generation analysis are incorporated 
to evaluate thermodynamic irreversibility in the system. The governing partial 
differential equations are transformed into a system of ordinary differential equations 
using appropriate similarity transformations. The transformed model is then solved 
using the bvp4c solver to obtain the final solution, and the results are presented in 
graphical and tabular form. The results indicate that increasing solar thermal radiation 
and magnetic field strength significantly improve temperature distribution within the 
system. Similarly, an increase in the heat generation parameter further enhances the 
temperature distribution. The presence of solar radiation enhances the fluid’s thermal 
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1. Introduction

Ternary hybrid nanofluids represent an 
advanced category of heat transfer fluids, 
created by dispersing three distinct types of 
nanoparticles, along with possible additives, into 
a base fluid. These fluids demonstrate improved 
thermophysical properties, such as higher 
thermal conductivity, optimized viscosity, and 
enhanced stability, compared to conventional 
and binary nanofluids. Owing to their superior 
heat transfer capabilities, they are well-suited 
for a wide range of energy-intensive applications. 
By leveraging their enhanced convective heat 
transfer coefficients and thermal properties, 
ternary nanofluids can significantly improve the 
efficiency of heat exchangers, cooling systems, and 
thermal energy storage units. Additionally, their 
potential in biomedical devices and electronic 
cooling systems underscores their versatility 
in developing innovative, compact thermal 

management solutions. The broader category of 
nanofluids, including mono-, hybrid-, and ternary-
nanofluids, continues to expand in scope, with 
each type offering unique advantages tailored to 
specific thermal engineering challenges. Figure 
1 presents a schematic diagram of major real-
time applications. 

Over the past few decades, extensive research 
has focused on developing advanced nanofluids 
with enhanced thermal performance. Among 
these, ternary nanofluids—comprising three 
diverse types of nanoparticles suspended in a base 
fluid are more efficient thermally as compared 
to conventional mono nanofluids. Several studies 
incorporating them have shown that they are 
efficient thermal agents. Manjunatha et al.1 
presented a systematic comparative analysis and 
theoretical study of a ternary nanofluid past a 
stretching sheet to improve the thermal efficiency 
of the technology-based devices. Alshahrani 

efficiency. The proposed approach presents a novel framework for improving thermal 
management in next-generation solar energy technologies. The magnetic force, while 
influencing fluid motion, also affects the system’s thermal behavior. The results are 
compared at the end to assess the validity of the current solutions. The study further 
demonstrates that an increase in the Brinkman number results in a decrease in the 
Bejan number. Since the Bejan number represents the heat transfer irreversibility 
within the fluid, the increasing resistance, driven by the Brinkman number, directly 
affects it, thereby reducing the system’s overall thermodynamic efficiency. The 
comparison with previously published results shows strong agreement, validating the 
accuracy and reliability of the present model. A sensitivity analysis is also performed 
to evaluate the relative influence and ranking of key governing parameters on the 
system response.

Figure 1. Applications of nanofluids
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et al.2 focused on the impact of thermal and 
multiple velocity-slip conditions on the ternary 
nanofluid flow. Adun et al.3 analyzed a ternary 
nanofluid to improve the performance of a 
photovoltaic thermal collector. An exploration of 
the influence of non-linear solar radiation on the 
magnetohydrodynamic (MHD)-driven flow of a 
ternary nanofluid past a stretchable plate with 
couple-stress effects has also been carried out.4 
Arif et al.5 presented a comprehensive scrutiny of 
unsteady flow behaviors of an incompressible water-
based ternary hybrid nanofluid. Experimental 
results showed that hybrid nanofluids exhibited a 
significantly higher heat transfer rate than their 
unitary nanofluid counterparts. Algehyne et al.6 
employed the pseudoplastic model to explain 
the complex transport mechanisms governing 
ternary nanofluid flow across a porous stretching 
plate. The mechanism of fluid flow of a ternary 
nanofluid composed of titanium dioxide–cobalt 
ferrite–magnesium oxide dispersed in water past 
a stretchable cylinder7 under magnetic force 
impact. Two novel ternary-hybrid nanoparticle 
combinations, integrating metal, metal oxide, and 
carbon components, were successfully synthesized 
and thoroughly characterized by Zayan et al.8 

Priyadharshini et al.9 focused on the optimal 
design and performance evaluation of a ternary 
nanofluid using advanced machine learning 
prediction. Jan et al.10 investigated the impact of 
partial velocity slip and MHD on two-dimensional 
flow of a ternary nanofluid, comprising a polymer-
based fluid with variable properties. Sajjan 
et al.11 proposed studying three-dimensional 
flow in ternary nanofluids using the non-linear 
Boussinesq and Rosseland approximations 
with diverse shapes, densities, and thermal 
conductivities. Sohail et al.12 elaborated on the 
mechanism of ternary nanofluids in pseudoplastic 
fluid passing through a permeable sheet with 
heat generation and utilization.  Ramesh et al.13 
analyzed fluid flow and heat transfer in a ternary 
nanofluid over a porous slip-sheeted surface. 
The non-Darcy effect on ternary nanofluid flow 
and heat transfer processes, considering the 
suction impact, is examined by Faizan et al.14 
Abbas et al.15 presented a numerical simulation 
of ternary nanofluid flow via the Casson fluid 
model, accounting for the Forchheimer number 
and non-equilibrium effects. The diverse types of 
nanofluids (mono, hybrid, and ternary nanofluids) 
are outlined in Figure 2.

A porous medium is a material that contains 
pores or voids, allowing fluids to flow through 
it. The pores can be interconnected, forming a 

network that enables fluid flow. Porous media 
have broad applications across diverse disciplines, 
including engineering, physics, biology, and 
medicine. Specifically, it plays a vital role in heat 
transfer systems, for example, heat exchangers, 
insulation, and thermal energy storage, as 
well as in fluid flow applications, including 
filtration, separation, and flow control. Farouk 
and Shayer16 presented a numerical evaluation 
of heat transfer and fluid flow past a heated 
cylinder with porosity influence. Hossain et al.17 

proposed an investigation into the influence of 
the Forchheimer number on a vertical porous 
cylinder embedded in porous media. Pop and 
Na18 analyzed the time-independent convection 
process past a hollow, slender cylinder penetrated 
in a porous medium. Ullah et al.19 discussed the 
phenomenon of solar radiative heat transfer in 
a second-grade nanofluid with variable thermal 
conductivity and slip condition on the flat plate. 
Salih et al.20 explored the mechanism of solar 
radiation effects on the Williamson nanofluid 
flow with oscillatory impact on the gasketed-plate 
heat exchanger embedded in the porous medium 
incorporating the exothermic chemical reaction. 
Riaz et al.21 explored solitary wave solutions of 
the Sawada–Kotera equation using an efficient 
analytical method. Syed et al.22 conducted 
computational fluid dynamics analysis and heat 
transfer coefficient calculations in a concentric 
tube heat exchanger.  Maatki et al.23 studied the 
time-dependent three-dimensional flow around 
rotating discs, accounting for fluctuations and 
thermal radiation. 

Solar radiation is a fundamental energy source 
that drives many fluid dynamics processes on 
Earth. The sun’s radiation, primarily in the 
form of visible light, infrared, and ultraviolet 
energy, interacts with the Earth’s surface and 
atmosphere, generating temperature differences 
that influence fluid behavior. In fluid dynamics, 
solar radiation is crucial in the study of heat 
transfer, convection, and the formation of 
atmospheric and oceanic currents. The absorption 
and redistribution of solar energy by fluids lead 
to varying densities, which, in turn, drive flow 
patterns and turbulence. Understanding the role 
of solar radiation is essential for modeling natural 
systems such as weather patterns and ocean 
currents, as well as man-made systems in which 
temperature gradients affect fluid flow. Solar 
radiation also plays a key role in heating, with 
solar thermal systems used to warm water and 
buildings. In agriculture, it fuels photosynthesis, 
enabling plant growth, while solar greenhouses 
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optimize sunlight for extended growing seasons.
Additionally, solar energy powers space 

missions through satellite panels, purifies water 
through solar desalination, and can even be used 
in solar cookers and dryers, offering efficient, eco-
friendly alternatives to traditional methods. This 
research seeks to explore the mechanisms through 
which solar radiation influences fluid motion and 
how these interactions can be applied to improve 
our understanding of complex fluid systems. The 
industrial importance of solar radiation has led 
to a wealth of research and publications on the 
topic. Examinations were performed for natural 
convection over a vertical flat surface, with 
solar radiation accounted for media’s porosity, 
as reported by Chamkha.24 Mahendran et al.25 
observed the effect of the nanoparticle, titanium 

dioxide, on the Haematococcus pluvialis biomass 
concentration. Ghasemi et al.26 conducted a 
scientific investigation to examine the influence 
of solar radiation on MHD-driven nanofluid flow 
over a stretched plate, revealing a significant 
increase in temperature when thermophoretic 
effects and Brownian motion are simultaneously 
enhanced. Chen et al.27 presented a comprehensive 
heat transfer past the solar receiver to maximize 
its performance. Pustovalov28 examined the 
optical properties of nanoparticles and nanofluids 
for efficient absorption of solar radiation and 
heating. Obalalu et al.29 provided a theoretical 
and numerical study of time-dependent two-
dimensional MHD-driven squeezing flow 
driven by non-Newtonian fluid under the 
sun’s radiation. Aziz et al.30 investigated the 
impact of nanoparticles on conventional pit 

Figure 2. Ternary-hybrid–nanofluid model
Abbreviations: Ag: Silver; Al: Aluminum; Al2O3: Aluminum oxide; AIN: Aluminum Nitride; Au: Gold; BN: 
Boron nitride; Cu: Copper; CuO: Copper (II) oxide; Fe: Iron; Fe2O3: Iron (III) oxide; Fe3O4: Magnetite; MgO: 
Magnesium oxide; MWCNTs: Multi-walled carbon nanotubes; Ni: Nickel; SIC: Silicon carbide; SiO2: Silicon 
dioxide; SN: Silicon nitride; SnO2: Tin dioxide; SWCNTs: Single-walled carbon nanotubes; TIC: Titanium 
carbide; TiO2: Titanium dioxide.
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and fissure sealants. Khan and Pop31 focused 
on the mechanism of boundary-layer flow of a 
nanofluid over the stretching surface. Rauf et 
al.32 discussed the processes of fluid flow and 
heat transfer in Maxwell hybrid nanofluid with 
thermal diffusion, diffusion-thermo effects, and 
nanoparticle shape parameter effects. The fluid 
flow and energy transmission processes along 
a porous stretching sheet with slip boundary 
conditions are examined by Varatharaj et al.,33 
and Devi et al.34 studied hybrid nanofluid flow on 
a porous plate. In addition, a ternary nanofluid 
on the moving plate was studied.35 Aich et al.36 

discussed the matter of the impact of the chemical 
reaction and inclined magnetic field on the flow 
of Maxwell hybrid nanofluid over the moving 
needle fixed in the non-Darcy media.  Jameel et 
al.37 elaborated the entropy generation process 
for Darcy–Forchheimer Maxwell nanofluid flow 
along a porous stretching sheet, accounting for a 
generalized heat transfer law and Joule heating. 
Amudhini et al.38 conducted an analysis of entropy 
generation for a tetra-hybrid non-Newtonian fluid 
flow with thermal radiation and Soret–Dufour 
effects over a porous inclined stretching sheet. 
Novel MHD and entropy generation analysis of 
radiative nanofluid flow using an artificial neural 
network approach has been analyzed by Razzaq 
et al.39 The novelty of this work lies in the unified 
modeling of Maxwell ternary nanofluid flow by 
simultaneously incorporating Lorentz force, heat 
generation, solar radiation, porous media, and 
entropy generation over a permeable linearly 
stretching sheet. The results provide useful 
insights for thermal management and cooling 

system applications. 

2. Mathematical modeling

Following previous works,33-37 the flow equations 
are formulated under the assumptions of a 
viscous, incompressible, and steady viscoelastic 
fluid flow of a Maxwell fluid. A ternary nanofluid 
based on silver–titania–alumina (Ag–TiO2–
Al2O3) is considered. The surface is inclined at 
the / 4α π= . The effects of buoyancy and heat 
generation, along with the combined influence 
of the magnetic force and solar radiation on 
the surface, are taken into account. The flow 
configuration is shown in Figure 3. 

The flow equations are as follows: 

0u v
x y
∂ ∂
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∂ ∂ 	 (1)
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Figure 3. Flow structure of a ternary nanofluid system
Abbreviation: PTSC: Parabolic trough solar collector.
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The symbols and notations appearing in the 
current equations are shown in Table 1.

2.1. Engineering parameters
The key physical parameters of interest are the 
skin friction coefficient and the Nusselt number, 
defined as:
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2.2. Entropy generation analysis
Following a previous work,37 the entropy 
generation (EG) can be formulated as:
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3. Solutions mythology 

In this section, the entire solution method is 
explained. Equations 1–4 are transformed into 
ordinary differential equations utilizing suitable 
transformation variables given in the next 
subsection. 

3.1. Similarity variable formulation 
The conversion from partial differential 
Equations 1–3, along with boundary conditions 
(Equation 4), is performed using the similarity 
formulation in the form of stream function 
formulation variables given in Equation 7.6
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Utilizing the similarity variables given in 
Equation 5, following the approach of Khan 
and Pop,31 within Equations 1–4 leads to the 
automatic satisfaction of the continuity equation, 
while the other equations are reduced in the 
following:
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The symbols and definitions of the pertinent 
parameters are presented in Table 2.

Substituting Equation 7 into Equation 5 
and carrying out some algebraic manipulations, 
the following transformed engineering quantities 
are obtained:
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Table 1. The mathematical reporting of the parameter appearing in the equations  

Notation Definition Notation Definition

( ),x y Horizontal and vertical 
coordinates

( )P f
C Base fluid specific heat

fµ Base fluid dynamics viscosity fσ Base fluid electrical conductivity

fν Base fluid kinematic viscosity ( )T f
β Base fluid thermal expansion 

coefficient due to temperature

,  fρ Base fluid density ,  thnfρ Ternary nanofluid density

fk Base fluid thermal 
conductivity

thnfk Ternary nanofluid thermal 
conductivity

thnfµ Ternary nanofluid fluid 
dynamics viscosity ( )P hnf

C Specific heat of the ternary 
nanofluid

thnfν Ternary nanofluid fluid 
kinematic viscosity hnfσ Ternary nanofluid electrical 

conductivity

 β Relaxation constant time g Gravity force

2
oB Magnetic field strength oK Porosity constant

RK Absorption coefficient σ Stefan–Boltzmann constant

316
3r

R

T Tq
K y
σ∞ ∂

= −
∂ . Roseland approximation ,u v Horizontal and vertical velocity 

components

wT Temperature at the plate T∞ Temperature in the free stream

wU Stretching sheet velocity c Stretching rate constant

ov Sheet permeability constant ( )T thnf
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Ternary nanofluid thermal 
expansion coefficient due to 
temperature
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The thermophysical properties of the 
ternary nanofluids are shown in Table 3. The 
experimental thermophysical property formula 

for ternary nanofluids is given in Table 4. 
Here, 1ϕ , 2ϕ  and 3φ  represent the volume 

fractions of solid nanoparticles, Ag, 2TiO , and 
2 3  Al O  respectively. The subscripts 1 21, ,s s  and 

3s  are used to distinguish the thermo–physical 
properties of the base fluid, the first-type 
nanoparticles (Ag), the second-type nanoparticles 
( )2TiO , and the third-type nanoparticles ( )2 3Al O
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Table 2. The symbols and definitions of the pertinent parameters

Parameters Definition Dimension
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1/2
x fRe C Skin friction coefficient

[ ]1 1 2

2 1 1 2

LT L ML T

L T ML T

− − −

− − −

      
          

=1

	 ( )( )1/2 w
x x

f f

h xU xRe Nu
kν

−
 

=   
 

Nusselt number [ ] [ ]3 1

3 1

1
1

MT K L

MT K L

− −

− −

   =
  

w
x

f

U xRe
ν

= Local Reynolds number [ ]1

2 1
1

LT L

L T

−

−

   =
      

α Angle of inclination
L
L
 
  
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, respectively. 
Using Equation 7, Equation 6 takes the 

following37 dimensionless form of e GN  derived 
as:

( ) ( )2 2 2 2thnf
1 1

1

4 1
3

thnf thnf thn
G

f f f f

kN Rd Br K f f Br f f MBrf
k

µ µ σα θ λ
µ α µ σ

    
= + + + + +    


′ ′ ′′ ′   

′


′


′ ′
	 (12)

( ) ( )2 2 2 2thnf
1 1

1

4 1
3

thnf thnf thn
G

f f f f

kN Rd Br K f f Br f f MBrf
k

µ µ σα θ λ
µ α µ σ

    
= + + + + +    


′ ′ ′′ ′   

′


′


′ ′


thnf 4
3f

G

k Rd
k

Be
N

θ
 

+ 

′

=
	 (13)

The pertinent parameters of the physical 
significance appearing in Equations 12 and 
13 are explained in Table 5 with their accurate 
formulae. 

It is important to note that Be  lies within 
the range [ ]0 1 . For 1

2
Be , entropy generation 

Table 3. Thermophysical properties of the ternary nanofluid33

Properties   
 
 

Kg
m

ρ 	 1 1 ( − −
pC JKg K ( )1 1  − −k Wm K  ( )s / mσ 5 110− −× Kβ

Base fluid (water) 997.1 4,179 0.613 5.5 × 10−6 2.1 × 10−4

Silver (Ag) 10,500 235 429 6.7 × 107 1.89 × 10−5

Titania (TiO2) 4,250 686.2 8.95 2.83 × 106 0.9 × 10−5

Alumina (Al2O3) 3,970 765 40 3.5 × 106 0.85 × 10−5
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Table 4. Correlations of thermophysical properties for ternary-hybrid nanofluids used in a 
previous work33

Properties Ternary nanofluid (thnf) and hybrid nanofluid (hnf)

Density
( ) ( ) ( ){ }3 2 1 1 1 2 2 3 31 1 1thnf f s s sρ φ φ φ ρ φ ρ φ ρ φ ρ = − − − + + + 

( ) ( )2 1 1 1 2 21 1hnf f s sρ φ φ ρ φ ρ φ ρ = − − + + 

Heat
capacity

( ) ( ) ( ) ( )( ) ( ) ( ){ } ( )3 2 1 1 2 31 2 3
1 1 1p p p p pthnf f s s s

C C C C Cρ φ φ φ ρ φ ρ φ ρ φ ρ = − − − + + +
 

( ) ( ) ( )( ) ( ) ( )2 1 1 21 2
1 1p p p phnf f s s

C C C Cρ φ φ ρ φ ρ φ ρ = − − + +
 

Dynamic 
viscosity

( ) ( ) ( )2.5 2.5 2.5
1 2 3

1
1 1 1

thnf

f

µ
µ φ φ φ

=
− − −

( ) ( )2.5 2.5
1 2

1
1 1

hnf

f

µ
µ φ φ

=
− −

Thermal 
conductivity

( )
( )

( )
( )
( )
( )

3 3 3

3 3 3

2 2 2

2 2 2

1 1 1

1 1 1

2 2

2

where

2 2

2

2 2

2

s hnf hnf sthnf

hnf s hnf hnf s

s nf nf shnf

nf s nf nf s

s f f snf

f s f f s

k k k kk
k k k k k

k k k kk
k k k k k

k k k kk
k k k k k

φ

φ

φ

φ

φ

φ

 + − −
=  

+ + −  

 + − −
=  

+ + −  
 + − −

=  
+ + −  

Electrical 
conductivity

( )
( )

( )
( )
( )
( )

3 3 3

3 3 3

2 2 2

2 2 2

1 1 1

1 1 1

2 2

2

where

2 2

2

2 2

2

s hnf hnf sthnf

hnf s hnf hnf s

s nf nf shnf

nf s nf nf s

s f f snf

f s f f s

σ σ φ σ σσ
σ σ σ φ σ σ

σ σ φ σ σσ
σ σ σ φ σ σ

σ σ φ σ σσ
σ σ σ φ σ σ

 + − −
=  

+ + −  

 + − −
=  

+ + −  
 + − −

=  
+ + −  

due to heat transfer irreversibility is significantly 
lower than that resulting from frictional effects. 
Conversely, when 1

2
Be , entropy production 

from frictional irreversibility becomes negligible 
compared to that caused by heat transfer. At 

1
2

Be = , both mechanisms contribute equally to 
entropy generation.

3.2. Solution of the problem by finite 
difference-based solver bvp4c
Solutions of ordinary differential equations are 
computed using the finite difference-based solver 
bvp4c, which is built on the discretization process 
of the finite difference method for accurate 
numerical solutions. 
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Table 5. The definition of the parameters appearing in Equations 12 and 13

Notations of the 
parameters Definition Dimension

1
T

T∞
α ∆

= Dimensionless temperature ratio variable
K
K
 
  

C
G f

G
f

E T v
N

k T
∞=
∆

Total Entropy generation
[ ]

[ ]

1 3 1 2 1

3 1 1

ML T K K L T

MLT K T K

− − − −

− − −

      
      

2 2cf

f

x
Br PrEc

k T
µ

=
∆

= Brinkman number
[ ]

1 1 2 2

3 1
1

ML T T L

MLT K K

− − −

− −

           =
  

f

f

Pr ν
α

= Prandtl number
2 1

2 1
1

L T

L T

−

−

   =
  

( )2

Ec
P

cx
C T

=
∆

Eckert number
[ ]

21

2 2 1
1

T L

L T K K

−

− −

   =
  

	 thnf 4
3f

G

k Rd
k

Be
N

θ
 

+ 

′

=
Bejan number ( ) [ ]

1 1

1 1
4 1 1
3

1
1

WL K
WL K

− −

− −

 
+ 

  =

2
f o

f

B
M

c
σ
ρ

= Magnetic field parameter
2 3 1 3 2 4 2

1 3
1

A T M L M T A

T ML

− − − −

− −

       =
      

3.2.1. bvp4c solver 
The system of ordinary differential Equations 
8–13 is solved by MATLAB bvp4c. The numerical 
solutions of the velocity field and temperature 
field, along with the skin friction coefficient and 
Nusselt number.  

These equations are further progressed as 
follows:

( ) ( ) ( ) ( ) ( )1 , 2 , 3 , 4 , 5f P f P f P P Pθ θ= = =′ ′ ′ =′ = 	

( ) ( ) ( ) ( ) ( )1 , 2 , 3 , 4 , 5f P f P f P P Pθ θ= = =′ ′ ′ =′ =
	 (14)

Putting the above in the equations, we have 
the following:

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )2 3 4 1 1
1 1

2 2 2

1 2 1 2 2P 1 P 2 P 3 4 os 2 2 ) / 1
2

E E E EPP P P P P C MP KP P
E E E E

λ λ α λ
   = − − − − − − − − +   

  

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )2 3 4 1 1
1 1

2 2 2

1 2 1 2 2P 1 P 2 P 3 4 os 2 2 ) / 1
2

E E E EPP P P P P C MP KP P
E E E E

λ λ α λ
   = − − − − − − − − +   

  
	

(15)

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )2 3 4 1 1
1 1

2 2 2

1 2 1 2 2P 1 P 2 P 3 4 os 2 2 ) / 1
2

E E E EPP P P P P C MP KP P
E E E E

λ λ α λ
   = − − − − − − − − +   

  

( ) ( ) ( )
5 5

6
6 6 6 6

1 5 12 4
4 1 4 1

3 3 

P P
PP QP

E ERd E Rd
E E Pr E E Pr

= − −
   

+ +   
   

	 (16)
	

( ) ( ) ( )
5 5

6
6 6 6 6

1 5 12 4
4 1 4 1

3 3 

P P
PP QP

E ERd E Rd
E E Pr E E Pr

= − −
   

+ +   
   

BCs

( ) ( ) ( )
( ) ( )

1 , 2 1, 4 1,at 0
2 0, 4 0,as .

P S P P
P P

η
η

= = = = 
→ → →∞ 
	 (17)
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The above system of first-order differential 
equations is inserted into the MATLAB bvp4c 
solver for the final solution. The obtained 
solutions are portrayed in graphs and tables. The 
obtained solutions are placed at their appropriate 
place in the manuscript. The iteration process 
continues at each position until the convergence 
criterion for all variables 1510− , is met, and the 
boundary condition is satisfied at the surface 
and asymptotically far from the surface. The 
convergence criteria for ',f θ , at each step, using 
a 20 by 20 mesh size, are defined as:

510max f max f max θ −≤′ + + 	 (18)

The start of the iteration is 0η =  and walks 
down implicitly, and the maximum value of 5η∞ =
. According to the convergence criteria given in 
Equation 18 and the boundary conditions given 
in Equation 18, it is evident that solutions 
satisfy the given boundary conditions. The 
solutions show a remarkable asymptotic behavior. 
Moreover, the solutions exhibit pronounced 
asymptotic behavior as the distance from the 
surface increases, confirming that the boundary 
conditions are effectively satisfied within the 
computational domain and the specified mesh 
size. The CPU takes approximately 20 seconds 
to complete a single loop over three different 
values of a single parameter, indicating the 
computational efficiency of the implemented 
numerical scheme.

The entire solution technique is presented 
as follows: The built-in bvp4c in MATLAB, a 
member of the finite difference scheme, is shown 
in Figure 4. This figure presents the entire 
model formulation and solution methodology 
used to obtain the final solution.

4. Results and discussion

In this section, numerical results in the form of 
graphs and tables are portrayed and discussed 
with physical reasoning.  

4.1. Streamlines and isotherms for 
distinct values of the magnetic field 
parameter 
In this sub-section, the streamlines and isotherms 
for the Maxwell ternary nanofluid are presented 
to aid the reader’s understanding of the flow 
pattern, along with temperature contour plots. 
The impact of the magnetic number M  on 
streamlines of Maxwell ternary nanofluid is 

shown in Figures 5 and 6. It is observed that 
for 5.1M = , the streamline pattern shows a 
higher magnitude away from the surface upper 
streamlines, while a lower magnitude occurs near 
the surface, as indicated by the blue region. In 
Figure 6, when 6.1M = , the overall magnitudes 
of the streamlines are obtained. As M  increases, 
the retardation force enhances the resistance to 
fluid flow, resulting in a reduction of streamline 
values. A similar pattern is observed, with the 
maximum magnitude region appearing in the 
yellow zone. Figures 7 and 8 illustrate the 
contour plot (isotherms) of the Maxwell ternary 
nanofluid for different values of 5.1 6.1M = −
, respectively. The isotherm in Figure 7 for 

5.1M =  shows that the maximum values occur 
near the surface, while the minimum values are 
observed away from the surface. When 6.1M =  
is applied, the overall isotherm results indicate 
an enhancement in the values. The maximum 
values remain near the heated surface, while the 
lowest magnitude occurs away from the surface, 
as shown in Figure 8. 

4.2. Velocity and temperature fields for 
distinct values of pertinent parameters 
In this subsection, the numerical investigation of the 
ternary non-Newtonian fluid model is presented, 
with a focus on the physical interpretation of the 
results. The discussion centers around the velocity 
distribution 'f , temperature distribution θ , skin 
friction coefficient 1/2

fRe C , and Nusselt number 
1/2Re Nu−  , highlighting the influence of several 

critical parameters. These include the volume 
fractions 1 2 3, ,φ φ φ  of the nanoparticles ( 2, Ag TiO
, and 2 3Al O ), the heat generation parameter ,Q  
the solar radiation parameter Rd , the magnetic 
field parameter MMM, the buoyancy parameter 

,λ  the Maxwell parameter 1λ , the porosity 
parameter K , and the Prandtl number Pr. 

Figures 9 and 10 represent the graphical 
outcomes of velocity 'f and temperature θ  for 
various values of nanoparticles volume fractions 
for 1 2 3, ,φ φ φ , corresponding to 2, Ag TiO , and 2 3Al O
, respectively. Figure 9 shows that increasing 
the nanoparticle volume fractions 1 2 3, ,φ φ φ  
leads to a reduction in the velocity profile 'f
. Physically, this behavior occurs because a 
higher concentration of nanoparticles increases 
the fluid’s effective viscosity, thereby increasing 
resistance and retarding fluid motion. Figure 
10 demonstrates that an increase in 1 2 3, ,φ φ φ  
enhances the temperature distribution. This is 
attributed to the improved thermal performance 
of the nanofluid caused by the higher nanoparticle 
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Figure 4. Solution technique schematic diagram

loading, which elevates the temperature field. 
Figures 11 and 12 depict the influence of 
magnetic force on velocity and temperature for 
simple nanofluid Ag /water, hybrid nanofluid 

2Ag TiO− /water, and the ternary nanofluid 
2 2 3Ag TiO Al O− − /water. Figure 11 depicts 

that the velocity magnitude decreases as M
increases. This occurs because an increase in M  
strengthens the Lorentz force acting normal to 
the flow direction, which opposes the motion and 
attenuates the velocity field for all considered 
nanofluids. Figure 12 presents the effect of 
M  on θ , revealing that temperature increases 
as M  rises. This behavior arises because the 
intensified Lorentz force increases Joule heating, 
raising the temperature.  The effects of Maxwell 
fluid parameter 1λ  on 'f  and θ  for all three 
nanofluid cases are illustrated in Figures 13 
and 14. The velocity field 'f shows a decreasing 
trend in response to the increasing magnitude of 

1λ . The completely opposite trend is noted in the 

temperature field θ  under the same variations 
of 1λ  (Figure 8). Notably, the lowest velocity 
values are observed for the ternary nanofluid 

2 2 3Ag TiO Al O− − /water, while the highest values 
correspond to mono nanofluid Ag /water (Figure 
7). Conversely, for the temperature field, the 
peak values are attained by the 2 2 3Ag TiO Al O− −
/water whereas the lowest magnitude is retained 
by the Ag /water. The impact λ  on 'f  and 
θ  is highlighted in the Figures 15 and 16, 
respectively. Figure 15 shows that increasing 
λ  results in a reduction in 'f , while Figure 
16 shows that the temperature profile behaves 
oppositely. For 'f , the lowest value is associated 
with the ternary nanofluid 2 2 3Ag TiO Al O− − /
water, whereas the maximum values are obtained 
for nanofluid /Ag water. In contrast, the 
temperature field exhibits a completely reversed 
trend. Figures 17 and 18 present the effect of 
the porosity parameter K  on 'f  and θ . The 
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Figure 5. Streamlines of Maxwell ternary nanofluid for M = 0.1 at  
4
πα =

Figure 6. Streamlines of Maxwell ternary nanofluid for M = 3.1 at  
4
πα =
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Figure 7. Isotherm of Maxwell ternary nanofluid for M = 0.1 at  
4
πα =

Figure 8. Isotherm of Maxwell ternary nanofluid for M = 3.1 at  
4
πα =

velocity field decreases, while the temperature 
field increases with rising values of K . The 
graphical representation of  ' f  and θ  under the 
physical influence of the radiation parameter is 
shown in Figures 19 and 20, respectively. The 
graphical results depict that when the radiation 
parameter is enhanced, both the velocity and 
temperature fields increase for all three nanofluid 
cases. However, for the velocity field, the maximum 
magnitude is observed for /Ag water and the 
minimum for 2 2 3Ag TiO Al O− − /water, whereas 
the opposite trend is noted for the temperature 
field. The effects of the heat generation parameter 
on velocity and temperature fields for all three 
nanofluid cases are illustrated in Figures 21 and 
22. Increasing the heat generation parameter 
increases the velocity field, while the temperature 
field decreases rapidly. Finally, the graphical 
results confirm asymptotic convergence toward 
the specified boundary conditions, with velocity 
and temperature profiles exhibiting appropriate 
asymptotic behavior in all cases.

4.3. Skin friction coefficient and Nusselt 
number for distinct values of Prandtl 
parameter 
The physical effect of Prandtl number on the 
skin friction coefficient and Nusselt number is 
illustrated in Figures 23 and 24 for nanofluid 
Ag /water, hybrid nanofluid 2Ag TiO− /water 
and ternary nanofluid 2 2 3Ag TiO Al O− − /water. 
The effect of the magnetic number on the skin 
friction 1/2 fC Re  and the Nusselt number 1/2 Nu Re−

, while keeping all other parameters fixed, is 
presented graphically in Figure 25 for improved 
visualization and understanding. The graphical 
curves for the skin friction coefficient indicate that 
increasing the Prandtl number increases both the 
skin friction coefficient and the Nusselt number 
for all three nanofluid cases. Figure 25 compares 
the variations of skin friction and Nusselt 
number for the simple nanofluid Ag /water, 
hybrid nanofluid 2Ag TiO− /water, and ternary 
nanofluid 2 2 3Ag TiO Al O− − /water, respectively. 
The numerical results for the skin friction and 



	 1334�

Entropy-optimized radiative Maxwell ternary nanofluid flow with magnetohydrodynamics and heat...

Figure 9. Graphs of ( )'f η  at 
 
4
πα =

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.

Figure 10. Graphs of ( )θ η  at  
4
πα =

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.
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2

O
3

/Water

0.55 0.6 0.65

0.135

0.14
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0.155

M = 1.0, 2.0, 3.0

Figure 11. Graphs of ( )f η′   at  
4
πα =

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.

Figure 12. Graphs of ( )θ η  at  
4
πα =

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.
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Figure 13. Graphs of ( )'f η  at  
4
πα =

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.

Figure 14. Graphs of ( )θ η  for   at 
4
πα =

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.
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Figure 15. Graphs of ( )'f η    at .
4
πα =  

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.

Figure 16. Graphs of ( )θ η  for   at .
4
πα =  

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.
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Figure 17. Graphs of ( )θ η  f
  at .
4
πα =  

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.

Figure 18. Graphs of ( )θ η    at .
4
πα =  

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.
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Figure 19. Graphs of ( )'f η    at 
4
πα =

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.

Figure 20. Graphs of ( )θ η    at 
4
πα =

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.
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Figure 21. Graphs of ( )  '  at 
4

f πη α =
Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.

Figure 22. Graphs of ( )θ η    at 
4
πα =

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.
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Nusselt number for mono nanofluid Ag /Water 
are presented in magenta color. It is observed 
that when the magnetic parameter M  increases 
from 4.1 to 6.1, the skin friction coefficient 
increases, whereas the Nusselt number decreases 
gradually. A similar trend is observed for the 
hybrid nanofluid 2Ag TiO− /water, represented 
by the purple color, although the overall 
magnitudes are higher. Likewise, the ternary 
nanofluid 2 2 3Ag TiO Al O− − /water, represented 
by the dark green color, exhibits the same 
qualitative behavior with further enhancement 
in the results. These findings indicate that the 
inclusion of additional nanoparticles intensifies 
the magnetic and thermal transport effects in the 
flow system.  

4.4. Entropy analysis: Entropy generation 
and Bejan number for distinct values of 
pertinent parameter 
In Entropy analysis, GN  denotes the total entropy 
production, 1α  represents the temperature 
ratio, and .Br Pr Ec=  is the Brinkman number. 
Figure 26 illustrates that an increase in the 
Brinkman number leads to a significant rise in 

the total entropy generation. Physically, a higher 
Brinkman number enhances viscous dissipation, 
increasing flow resistance and resulting in greater 
energy loss due to irreversibility. The increase 
in Br intensifies the pressure drop within the 
porous medium, requiring additional work to 
maintain smooth fluid motion and minimize the 
effect of induced resistance. This additional work 
performed by the fluid further increases entropy 
generation, indicating greater thermodynamic 
irreversibility. The relationship between the 
Brinkman number and the Bejan number is 
shown in Figure 27. The graphical results 
show that increasing the Brinkman number 
decreases the Bejan number. Since the Bejan 
number quantifies the relative contribution of 
heat transfer irreversibility to the total entropy 
generation, the increasing resistance due to the 
increasing Brinkman number directly affects the 
Bejan number. Consequently, the system’s overall 
thermodynamic efficiency diminishes. Figures 
28 and 29 show the impact of the magnetic field 
strength on the entropy generation parameter 
and the Bejan number. Both parameters 
exhibit a rising trend with increasing values of 

Figure 23. Graphs of 1/2
fRe C  

 at .
4
πα =  

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.
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Figure 24. Graphs of 1/2Re Nu−    at 
4
πα =

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.

Figure 25. Variations in 1/2 1/2,fC Re Re Nu−  for M =  5.1; λ1   = 0.1; K = 0.1; Rd = 5.1; S =  0.1,ϕ1 = ϕ2 = ϕ3 

= 0.01, λ = 0.9; Q = 0.1, at 1 1 2 3
    5.1;  0.1; 0.1; 5.1; 0.1, 0.01, 0.9; 0.1,at .
4

M K Rd S Q πλ φ φ φ λ α= = = = = = = = = = =
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.M  All graphical results satisfy the prescribed 
boundary conditions, confirming the accuracy 
and consistency of the numerical solutions for 
all three nanofluid configurations, namely the 
mono nanofluids, hybrid nanofluid, and ternary 
nanofluid. 

4.5. Comparison of the current results 
and previously published results for 
special cases, distinct values 
This section presents a comparison between the 
current findings and previously reported results, 
with a detailed discussion provided for the 
special case. The comparison of the current and 
already published results for the heat transfer 
rate/reduced Nusselt number is shown in Table 
6. The present results are in close agreement 
with the published data, thereby confirming the 
accuracy and reliability of the current analysis. 
Figure 30 presents the tabulated data in 
graphical form for clearer visualization, revealing 
excellent consistency between the present study 
and earlier results for the considered special 
cases. This strong agreement substantiates the 
validity of the proposed mathematical model 
and confirms the effectiveness of the adopted 
numerical methodology.

Table 6. Comparison of numerical values of −θ’(0) 
for various values of Pr when M = 0.0; λ1 = 0.0; λ 
= 0.0; K = 0.02; Rd = 0.0; Q = 0.0; ϕ1 = ϕ2 = ϕ3 = 
0.0.

Pr Khan and Pop31 −θ−θ’(0)

2.0 0.9113 0.9112

7.0 1.8954 1.8951

20.0 3.3539 3.3537

4.6. Sensitivity analysis 
This subsection presents a sensitivity analysis of 
the Nusselt number with respect to the governing 
parametric conditions. Figure 31 illustrates the 
normalized sensitivity analysis of Nusselt number 
Nu  for the 2 2 3Ag TiO Al O− − /water-based 
ternary nanofluid under different flow equations 
and governing parameters. The graphical results 
reveal that the Prandtl number has the greatest 
influence on heat transfer enhancement, with 
a normalized sensitivity approaching 0.8. This 

Figure 26. Graphs of total entropy generation   at 
4
πα =

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.
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Figure 27. Graphs of Bejan 
 at .
4
πα =  

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.

Figure 28. Graphs of total entropy generation 
 at .
4
πα =  

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.
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Figure 29. Graphs of Bejan Number  at .
4
πα =  

Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.

Figure 30. Comparison of numerical values of −θ’(0) for various values of Pr when Pr when M = 0.0; λ1 = 
0.0; λ = 0.0; K = 0.0; Rd = 0.0; Q = 0.1; ϕ1 = ϕ2 = ϕ3 = 0.0., at 1 1 2 3

   0.0; 0.0; 0.0; 0.0; 0.0; 0.1; 0.0,at 
2

M K Rd Q πλ λ φ φ φ α= = = = = = = = = =
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trend indicates that an increase in the Prandtl 
number strengthens the boundary layer properties 
and improves the convective heat transfer. The 
suction parameter also contributes positively by 
stabilizing the boundary layer and enhancing 
the surface heat transfer rate.  In contrast, 
the magnetic field parameter shows negative 
sensitivity, indicating that stronger magnetic 
forces suppress fluid motion and consequently 
reduce the heat transfer rate. The radiation 
parameter shows a moderate positive contribution 
to the Nusselt number, suggesting that thermal 
radiation assists energy transportation within the 

fluid. Conversely, the Maxwell fluid parameter has 
a negative impact, weakening thermal transport 
by enhancing fluid elasticity. The nanoparticle 
volume fractions 1 2 3, ,φ φ φ , along with the porous 
media, Brinkman number, and other associated 
parameters, exhibit a negative sensitivity, 
implying a reduction in the heat transfer rate 
under their increasing influence. Overall, the 
sensitivity analysis indicates that heat transfer 
in the ternary nanofluid is strongly influenced 
by the Prandtl number, magnetic field strength, 
and suction effects, which play critical roles in 
optimizing thermal transport performance.

Figure 31. The maximum impact on the heat transfer enhancement
Abbreviations: Ag: Silver; Al2O3: Alumina; TiO2: Titania.

5. Conclusion 

In this work, the combined effects of solar radiation 
and magnetic field on the thermal performance of 
a ternary nanofluid are investigated within the 
framework of the Maxwell fluid model. The flow 
is induced by a stretching inclined surface and 
accounts for heat generation and porous medium 

resistance. To further enhance energy efficiency, 
an entropy generation analysis is also conducted, 
providing insights into thermodynamic 
irreversibility within the system.

The main findings of this study are summarized 
as follows:
•	 This study demonstrates significant potential 
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for improving the thermal efficiency of 
energy conversion systems through the 
integration of advanced nanofluid modeling 
and thermodynamic optimization.

•	 The heat generation parameter has a 
pronounced effect on enhancing heat energy 
production. 

•	 It is observed that the total entropy generation 
increases with increasing Brinkman number. 

•	 An increase in solar thermal radiation and 
magnetic field parameters enhances the 
temperature distribution in concentrated 
solar power systems, potentially increasing 
thermal power generation efficiency.

•	 This novel approach creates new opportunities 
for enhanced thermal management in solar 
energy systems.

•	 A numerical model based on the Keller–
Box method (finite difference method) for a 
parabolic trough solar collector involving a 
stretchable surface, incorporating MHD and 
ternary nanofluid flow to enhance thermal 
performance and sustain continuous energy 
production.

•	 Increasing solar radiation and magnetic 
field strength leads to a notable rise in 
temperature distribution, thereby enhancing 
thermal energy conversion and overall energy 
production efficiency.

•	 A sensitivity analysis is carried out to 
evaluate and rank the influence of key 
physical parameters on the system output.

•	 The validity and accuracy of the present 
numerical solutions are verified through 
comparison with previously published 
studies, demonstrating strong agreement and 
reliability of the proposed model.
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