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Bounded monomial sets are basic relaxable objects in deterministic global op-
timization. Belotti’s 2025 Mathematical Programming article established the
upper envelope for two-variable cones and the lower envelope in dimension two,
while leaving the lower envelope open in dimensions greater than two. We close
this gap by proving that, in every dimension of at least three, the lower convex
envelope over the bounded monomial set intersected with a two-variable cone
is flat: after convexifying the restricted epigraph, the only lower constraint on
the graph variable is the imposed lower value bound. The formula is indepen-
dent of the upper value bound and the total homogeneity degree. The proof
is based on a level-set convexification identity: every point in the monomial
superlevel set inside the cone is either on the target level or an explicit convex
combination of two points on that level. A single coordinate outside the con-
strained pair supplies the required compensation, which also explains why the
result fails sharply in dimension two. Combining this lower-envelope formula
with Belotti’s known upper envelope yields the complete convex hull of the
bounded graph for all homogeneity regimes in dimensions of at least three. We
also give constructive certificates, separation conditions, a notation summary
in the back matter, and reproducible numerical diagnostics showing that the
two-point certificates are recovered to roundoff-level reconstruction accuracy
over representative regimes.
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1. Introduction

Let

f(x) =
n∏

k=1

xakk , a ∈ Rn
++, (1)

and let 0 ≤ ℓ < u < ∞. The bounded monomial
set is

Xℓ,u := {x ∈ Rn
+ : ℓ ≤ f(x) ≤ u}. (2)

For fixed distinct indices i, j ∈ {1, . . . , n} and
scalars 0 < p < q, define the two-variable cone

Wij := {x ∈ Rn
+ : pxi ≤ xj ≤ qxi}. (3)

Belotti1 studies the convex hull of the graph of
(1) on Xℓ,u ∩Wij . The paper gives the upper en-
velope for n ≥ 2 and the lower envelope for n = 2,
and explicitly leaves the lower envelope for Wij as
an open problem for n > 2. This note solves that

open problem and gives the resulting full convex
hull description in dimensions of at least three.

Equivalently, the open question addressed here
is: for n > 2, determine the exact lower convex en-
velope of the bounded monomial over Xℓ,u ∩Wij

and decide whether the upper value bound u
changes that lower epigraph after convexification.
Our answer is that the convexified projection is
precisely Sℓ and the lower envelope is the constant
value ℓ throughout this projection.

The basic objects are the restricted graph

Gℓ,u := {(x, z) ∈ Rn
+ × R : x ∈ Xℓ,u ∩Wij ,

z = f(x)}.
(4)

the lower epigraph hull

*Corresponding Author

1404

https://doi.org/10.36922/IJOCTA026220100
mailto:yangyaoran@stu.scu.edu.cn
mailto:yutongzhang@stu.scu.edu.cn
http://creativecommons.org/licenses/by/4.0/


Y. Yang and Y. Zhang / IJOCTA, Vol.16, No.4, pp.1404-1420 (2026)

E−
ℓ,u := conv

(
{(x, z) : x ∈ Xℓ,u ∩Wij ,

z ≥ f(x)}
)
.

(5)

and the upper hypograph hull

E+
ℓ,u := conv

(
{(x, z) : x ∈ Xℓ,u ∩Wij ,

z ≤ f(x)}
)
.

(6)

The lower envelope is encoded by (5); the up-
per envelope is encoded by (6). The difficulty in1

is that, after intersecting Xℓ,u with (3), the set is
bounded in dimension two but unbounded in every
dimension n > 2. The main point of the present
paper is that this unboundedness is not an obsta-
cle to the lower envelope; it is the mechanism that
makes the lower envelope collapse to a constant.

Our principal theorem is the following closed-
form solution of the open problem.

Theorem 1.1 (Lower envelope over Wij for
n ≥ 3). Suppose n ≥ 3, a ∈ Rn

++, 0 < p < q,
0 ≤ ℓ < u <∞, and i ̸= j. Then

E−
ℓ,u = {(x, z) ∈ Rn

+ × R : pxi ≤ xj ≤ qxi,

f(x) ≥ ℓ, z ≥ ℓ}.
(7)

Equivalently, the lower convex envelope of f on
Xℓ,u ∩Wij is

vexXℓ,u∩Wij f(x) =

{
ℓ, x ∈ Wij , f(x) ≥ ℓ,

+∞, otherwise.
(8)

The theorem is stronger than a description of
a single valid underestimator. It states that ev-
ery point of the lower epigraph hull can be gener-
ated from level-ℓ graph points and vertical rays,
and that every convex underestimator valid on
Xℓ,u ∩ Wij is bounded above by ℓ on the whole
convexified domain. Consequently, within the re-
laxation determined solely by Tℓ,u and Wij , no
convex lower-side inequality–including nonlinear
lower cuts, perspective strengthenings, or addi-
tional two-variable convex underestimators–can
improve z ≥ ℓ once n ≥ 3.

The proof rests on a level-set identity that ap-
pears to be absent from the preceding literature
on monomial convexification. For every ξ ≥ 0,

conv{x ∈Wij : f(x) = ξ}
= {x ∈Wij : f(x) ≥ ξ}.

(9)

The inclusion “⊆” follows from convexity of mono-
mial superlevel sets. For the reverse inclusion,
take x ∈ Wij with f(x) > ξ. Because n ≥ 3,
choose h /∈ {i, j} and move along the line

xi(t) = xi − t,

xj(t) =
xj
xi

(xi − t),

xh(t) = xh + t.

(10)

with all other coordinates fixed. For t < xi, the
ratio xj(t)/xi(t) is constant and belongs to [p, q];
at the endpoint t = xi both constrained coordi-
nates are zero, and the cone inequalities still hold
because xj(t) = rxi(t) with r = xj/xi ∈ [p, q]. At
both ends of the feasible interval the monomial is
zero, while at t = 0 it is f(x) > ξ. Continuity gives
two points of level ξ on opposite sides of x, and x
is their convex combination. This two-point con-
struction is the whole source of the dimensional
dichotomy.

The relevance of the result to global opti-
mization is direct. Convex envelopes of multi-
linear, polynomial, and more general factorable
terms are central in deterministic nonconvex op-
timization.2–10 Classical factorable program-
ming decomposes complex expressions into ele-
mentary terms and then convexifies the corre-
sponding graph, epigraph, or hypograph pieces
before embedding them in a branch-and-bound re-
laxation.11–17 In that workflow a closed-form en-
velope is valuable for two reasons. First, it avoids
auxiliary reformulations that may introduce relax-
ation gaps. Second, it gives a separation target
whose validity is independent of a particular solver
implementation.

Broader recent work in nonlinear analysis,
computational intelligence, and complex analy-
sis also illustrates the continued role of nonlin-
ear structure, level-set reasoning, stability, and
optimization-inspired techniques across applied
mathematics.18–24 These references are included
for contextual breadth; the direct predecessors of
the present envelope theorem remain the convexi-
fication and deterministic global-optimization lit-
erature cited above.

Monomial functions also arise naturally in geo-
metric programming, positive-system design, cir-
cuit optimization, aircraft design, and posynomial
optimization.25–33 These applications usually ex-
ploit logarithmic transformations or conic repre-
sentations, but branch-and-bound algorithms still
require tight relaxations when discrete decisions,
signomial terms, or bounded auxiliary products
appear. The two-variable cone pxi ≤ xj ≤
qxi is especially relevant to branching and cut-
ting strategies because it restricts a ratio rather
than an absolute coordinate interval. Belotti’s
work shows that this ratio restriction preserves
a tractable upper envelope and gives a nontriv-
ial lower envelope in two dimensions. The present
paper shows that, as soon as a third positive coor-
dinate is available, the lower side has no residual
curvature: it is exactly the level lower bound z ≥ ℓ
on the convexified projection. Combining (7) with
Belotti’s upper envelope gives the complete graph
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hull for every n ≥ 3. The lower envelope is inde-
pendent of the upper value bound u, but the full
graph hull is not; its upper endpoint still depends
on u.

The contribution is not just the observation
that z ≥ ℓ is valid. That inequality is immedi-
ate from the definition of Tℓ,u. The substantive
point is maximality: after convexifying the pro-
jection, no convex function can lie above the con-
stant ℓ while remaining below the monomial on
the original bounded set. This is a strong state-
ment because conv(Tℓ,u) is typically unbounded
even when Tℓ,u is cut by the upper value bound
f(x) ≤ u. The proof explains this apparent para-
dox. The upper value bound disappears from the
lower epigraph because every point of the super-
level set Sℓ can be reconstructed from two level-ℓ
points. Hence the lower epigraph hull is generated
by the lowest graph layer, not by the full annular
set ℓ ≤ f(x) ≤ u.

The paper also records algorithmic conse-
quences that are useful for implementation. A
point in the convexified projection has an explicit
two-point certificate; a point outside the projec-
tion has either a linear cone violation, a non-
negativity violation, or a monomial superlevel vi-
olation that can be separated by a logarithmic
gradient cut when the point is strictly positive.
These statements connect the exact geometry to
practical relaxation design. Related themes ap-
pear in bounds tightening, volume-based com-
parison, and branching studies for nonconvex
mixed-integer optimization.34–38 The convex-
analytic tools used here are standard–convex hulls,
projections, supporting hyperplanes, and hypo-
graph/epigraph calculus–but their combination
with the compensating-coordinate path is specific
to the cone Wij .

39–42 The numerical section fol-
lows the tradition of computational validation for
relaxation geometry and mixed-integer optimiza-
tion, while keeping the computations reproducible
and secondary to the proof.43–45

Section 2 presents notation, the two-point proof
method, and the reproducible computational pro-
tocol. Section 3 gives the exact lower envelope,
the complete bounded graph hull, the dimension-
sharp dichotomy, and numerical illustrations. Sec-
tion 4 discusses constructive decomposition, sep-
aration, persistence under additional restrictions,
and limitations. The final section summarizes the
contribution.

2. Methods

The proof method is geometric rather than algo-
rithmic. It identifies a level set whose convex hull
is already the full monomial superlevel set inside

the two-variable cone. This section fixes the nota-
tion, proves the convexity facts needed later, de-
velops the compensating-coordinate construction,
and records the computational protocol used for
the numerical illustrations in Section 3.4.

2.1. Notation and convexity preliminaries

Throughout the paper,

n ≥ 3, a = (a1, . . . , an) ∈ Rn
++,

β :=

n∑
k=1

ak,
(11)

unless a result explicitly states otherwise. For real
exponents on the boundary of Rn

+, we use the stan-
dard convention

0α = 0, α > 0. (12)

The index set is N := {1, . . . , n}, and i, j ∈ N
are distinct. We use Wij for the cone (3), Xℓ,u for
(2), and

Tℓ,u := Xℓ,u ∩Wij . (13)

For a set S ⊆ Rn
+, the restricted epigraph and

hypograph are

epi(f, S) := {(x, z) ∈ S × R : z ≥ f(x)}, (14)

hyp(f, S) := {(x, z) ∈ S × R : z ≤ f(x)}. (15)

The graph is

gr(f, S) := {(x, z) ∈ S × R : z = f(x)}. (16)

The lower and upper envelope sets are

E−(f, S) := conv(epi(f, S)), (17)

E+(f, S) := conv(hyp(f, S)). (18)

When S = Tℓ,u, these coincide with E−
ℓ,u and

E+
ℓ,u in (5)–(6).

We shall repeatedly use the following notation
for monomial level and superlevel sets inside Wij :

Lξ := {x ∈Wij : f(x) = ξ}, (19)

Sξ := {x ∈Wij : f(x) ≥ ξ}, (20)

where ξ ≥ 0.
Notice that

Tℓ,u = Sℓ ∩ {x ∈ Rn
+ : f(x) ≤ u}. (21)

The lower envelope will depend on u only through
the requirement that the level f = ℓ belongs to
Tℓ,u.

Lemma 2.1 (Convexity of monomial superlevel
sets). For every ξ ≥ 0, the set

{x ∈ Rn
+ : f(x) ≥ ξ} (22)

is convex. Consequently Sξ is convex.
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Proof. The case ξ = 0 is immediate because (22)
equals Rn

+. Let ξ > 0 and let x, y ∈ Rn
+ satisfy

f(x) ≥ ξ and f(y) ≥ ξ. Then x, y ∈ Rn
++. For

λ ∈ [0, 1], coordinatewise concavity of the loga-
rithm gives

log(λxk + (1− λ)yk) ≥ λ log xk + (1− λ) log yk,

k ∈ N.
(23)

Multiplying by ak > 0 and summing yields

log f(λx+ (1− λ)y) =

n∑
k=1

ak log(λxk + (1− λ)yk)

≥ λ

n∑
k=1

ak log xk

+ (1− λ)

n∑
k=1

ak log yk

= λ log f(x) + (1− λ) log f(y)

≥ log ξ.

(24)

Thus f(λx + (1 − λ)y) ≥ ξ. Intersecting with
the convex cone Wij preserves convexity. □

Remark 2.2 (Boundary convention for the loga-
rithmic argument). For ξ > 0, the superlevel con-
dition f(x) ≥ ξ forces every coordinate of x to
be strictly positive because all exponents are pos-
itive. Thus the logarithmic proof of Lemma 2.1 is
applied only in Rn

++. Boundary points with zero
coordinates occur only when ξ = 0, or as endpoint
limits in the path construction below. The con-
vention 0α = 0 and continuity of f on Rn

+ justify
these endpoint evaluations.

Remark 2.3 (Convexity is independent of homo-
geneity). Lemma 2.1 uses only ak > 0. The value
of β =

∑
k ak plays no role in the lower envelope.

The parameter β enters only in the upper enve-
lope: when β ≤ 1, the monomial is concave on
Rn
+, while for β > 1 the upper envelope is de-

scribed by the corresponding secant form rather
than by concavity of f itself. The concavity as-
sertion follows by setting a0 := 1 − β ≥ 0: the
map (x, t) 7→

∏n
k=1 x

ak
k t

a0 is a weighted geometric
mean with nonnegative weights summing to one,
and evaluating it at the fixed value t = 1 gives
concavity of f on Rn

+.

The next elementary fact is useful when passing
from epigraphs to scalar envelopes.

Lemma 2.4 (Projection of a convex epigraph
hull). Let S ⊆ Rn

+ and f : S → R. Then

projx
(
conv(epi(f, S))

)
= conv(S). (25)

Moreover, if m ≤ f(x) for every x ∈ S, then every
(x, z) ∈ conv(epi(f, S)) satisfies z ≥ m.

Proof. The inclusion “⊆” in (25) follows by pro-
jecting a convex combination of epigraph points.
For “⊇”, write x =

∑R
r=1 λrx

r with xr ∈ S,

λr ≥ 0, and
∑

r λr = 1. Then (x,
∑

r λrf(x
r))

belongs to conv(epi(f, S)). The lower bound on z
follows by taking convex combinations of numbers
at least m. □

2.2. A level-set convexification identity

This section proves the identity that drives the
lower envelope. It is worth stating first without
the upper bound u, since the upper bound disap-
pears from the lower epigraph after convexifica-
tion.

Theorem 2.5 (Two-point convexification of
monomial levels). Let n ≥ 3, a ∈ Rn

++, i ̸= j,
and 0 < p < q. For every ξ ≥ 0,

conv(Lξ) = Sξ. (26)

More precisely, every x ∈ Sξ is either in Lξ or is
a convex combination of two points of Lξ.

The proof treats the zero and positive levels
separately at the only place where the distinction
matters: for ξ > 0 the two certificate points are in-
terior roots found by continuity, whereas for ξ = 0
they are the two zero-product endpoints of the
same affine path.

Proof. By Lemma 2.1, Sξ is convex. Since Lξ ⊆
Sξ, we immediately have

conv(Lξ) ⊆ Sξ. (27)

It remains to prove the reverse inclusion.
Fix x ∈ Sξ. If f(x) = ξ, then x ∈ Lξ and there

is nothing to prove. Hence assume

f(x) > ξ. (28)

Then f(x) > 0, so every coordinate of x is strictly
positive. In particular xi > 0, and

r :=
xj
xi

∈ [p, q]. (29)

Because n ≥ 3, choose an index

h ∈ N \ {i, j}. (30)

For t ∈ [−xh, xi], define x(t) ∈ Rn
+ by

xi(t) := xi − t, (31)

xj(t) := r(xi − t), (32)

xh(t) := xh + t, (33)

xk(t) := xk, k ∈ N \ {i, j, h}. (34)

The interval [−xh, xi] is chosen exactly so that the
two moving nonnegative quantities xi(t) and xh(t)
remain nonnegative. Moreover,

xj(t) = rxi(t), r ∈ [p, q], (35)

and therefore

x(t) ∈Wij , −xh ≤ t ≤ xi. (36)

The map t 7→ x(t) is affine and satisfies x(0) = x.
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Along this line the monomial is the univariate
continuous function

ϕ(t) := f(x(t))

= (xi − t)ai
(
r(xi − t)

)aj (xh + t)ah

×
∏

k∈N\{i,j,h}

xakk

= raj (xi − t)ai+aj (xh + t)ah

×
∏

k∈N\{i,j,h}

xakk .

(37)

At the two endpoints,

ϕ(−xh) = 0, ϕ(xi) = 0, (38)

whereas
ϕ(0) = f(x) > ξ. (39)

If ξ > 0, the intermediate value theorem gives
points

t− ∈ (−xh, 0), t+ ∈ (0, xi),

ϕ(t−) = ϕ(t+) = ξ.
(40)

If ξ = 0, set instead

t− := −xh, t+ := xi, (41)

which again gives t− < 0 < t+ and ϕ(t−) =
ϕ(t+) = ξ.

Define

λ :=
t+

t+ − t−
∈ (0, 1). (42)

Then
λt− + (1− λ)t+ = 0. (43)

Using the affine definition (31)–(34), we obtain

λx(t−) + (1− λ)x(t+) = x(0) = x. (44)

Because x(t−), x(t+) ∈ Wij and f(x(t−)) =
f(x(t+)) = ξ, both points belong to Lξ. Thus
x ∈ conv(Lξ). This proves Sξ ⊆ conv(Lξ), and
hence (26). The same argument gives the asserted
two-point representation. □

Remark 2.6 (The compensating coordinate). The
proof uses only one coordinate h /∈ {i, j}. The pair
(xi, xj) moves along the ray relation xj(t) = rxi(t)
inside the two-variable cone, with the quotient
xj(t)/xi(t) interpreted only when xi(t) > 0, while
xh absorbs the mass displaced from xi. The re-
maining coordinates are frozen. Thus the proof
is local in the sense that no balancing across all
n variables is needed; the extra dimension is used
solely to make the line segment have two zero-
product endpoints.

Corollary 2.7 (Convex hull of the bounded
monomial slice). For n ≥ 3,

conv(Tℓ,u) = Sℓ = {x ∈ Rn
+ : pxi ≤ xj ≤ qxi,

f(x) ≥ ℓ}.
(45)

The identity is independent of u as long as u ≥ ℓ.

Proof. Since Tℓ,u ⊆ Sℓ and Sℓ is convex, we have

conv(Tℓ,u) ⊆ Sℓ. (46)

On the other hand, Lℓ ⊆ Tℓ,u because every point
of Lℓ satisfies ℓ ≤ f(x) = ℓ ≤ u. Therefore, by
Theorem 2.5,

Sℓ = conv(Lℓ) ⊆ conv(Tℓ,u). (47)

Combining (46) and (47) gives (45). □

Corollary 2.8 (Two-point representation for the
projection). For every x ∈ conv(Tℓ,u) there exist
y−, y+ ∈ Tℓ,u and λ ∈ [0, 1] such that

f(y−) = f(y+) = ℓ, x = λy− + (1− λ)y+.
(48)

If f(x) = ℓ, one may choose y− = y+ = x.

Proof. By Corollary 2.7, x ∈ Sℓ. Apply the
constructive statement in Theorem 2.5 with ξ =
ℓ. □

2.3. Computational protocol

The analytical results below do not rely on nu-
merical evidence. Nevertheless, numerical ex-
periments are useful for three purposes: they
expose the geometry of the two-point construc-
tion, they test the conditioning of the certificate-
generation procedure, and they provide repro-
ducible figures for readers who want to in-
spect the envelope on representative slices. All
computations in Section 3.4 use synthetic in-
stances generated by the supplied Python script
numerical experiments.py. No external data
set is used.

For a sampled point x ∈ Sℓ with f(x) > ℓ,
the script chooses the first index h /∈ {i, j}, fixes
r = xj/xi, and forms the affine path (31)–(34).
The two roots t− < 0 < t+ of f(x(t)) = ℓ are
found by bracketed bisection in logarithmic value
space. For ℓ > 0, the implementation solves

g(t) :=

n∑
k=1

ak log xk(t)− log ℓ = 0 (49)

on the open intervals (−xh, 0) and (0, xi). The
endpoint values are understood as the one-sided
limits g(−x+h ) = −∞ and g(x−i ) = −∞; numeri-
cally, the brackets are initialized at interior points
so that no logarithm is evaluated at a zero coor-
dinate. This avoids loss of precision when the di-
mension or the homogeneity degree is large. The
certificate then uses y− = x(t−), y+ = x(t+), and
λ = t+/(t+− t−). The reported stress tests used a
bisection tolerance of 10−13 for the two certificate
roots, with a cap of 140 bisection iterations. The
auxiliary root routine stops when the logarithmic
residual or bracket length meets this tolerance,
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and the endpoint level residual is then reported in-
dependently rather than forced to zero. The script
reports the relative reconstruction residual

∥λy− + (1− λ)y+ − x∥2
max{1, ∥x∥2}

(50)

and the maximum relative level residual at the two
endpoints. The implementation also checks non-
negativity and the two cone inequalities. Figures
are generated at 600 dpi and are included as PNG
files in the source package.

The sampling scheme is deliberately simple. For
each regime, the script first draws positive coordi-
nates on a logarithmic scale, then enforces a uni-
formly sampled ratio r ∈ [p, q] by setting xj = rxi.
If the resulting point does not satisfy f(x) > ℓ, the
whole vector is scaled by a positive factor until the
superlevel condition is strict. This preserves mem-
bership in Wij because the cone is homogeneous.
The procedure is not meant to mimic a solver’s
incumbent distribution; it is meant to probe the
certificate over points with different scales, ratios,
dimensions, and homogeneity degrees. The table
of residuals therefore tests the algebraic construc-
tion rather than a statistical hypothesis.

3. Results

3.1. The lower envelope

We now prove the exact lower epigraph hull. The
proof is short because the entire geometric content
is already contained in Theorem 2.5.

Theorem 3.1 (Exact lower epigraph hull). Let
n ≥ 3, a ∈ Rn

++, i ̸= j, 0 < p < q, and
0 ≤ ℓ < u <∞. Then

conv(epi(f, Tℓ,u)) = {(x, z) ∈ Rn
+ × R : pxi ≤ xj ≤ qxi,

f(x) ≥ ℓ, z ≥ ℓ}.
(51)

Here the product notation means

Sℓ × [ℓ,∞) = {(x, z) ∈ Rn
+ × R : pxi ≤ xj ≤ qxi,

f(x) ≥ ℓ, z ≥ ℓ}.
(52)

Proof. Let (x, z) ∈ conv(epi(f, Tℓ,u)). By
Lemma 2.4 and Corollary 2.7,

x ∈ conv(Tℓ,u) = Sℓ. (53)

Moreover f(y) ≥ ℓ for every y ∈ Tℓ,u, so ev-
ery point of epi(f, Tℓ,u) has vertical coordinate at
least ℓ. Convex combinations preserve this lower
bound, hence z ≥ ℓ. Thus

conv(epi(f, Tℓ,u)) ⊆ Sℓ × [ℓ,∞). (54)

Conversely, fix (x, z) ∈ Sℓ × [ℓ,∞). By Corol-
lary 2.8, choose y−, y+ ∈ Tℓ,u and λ ∈ [0, 1] satis-
fying

f(y−) = f(y+) = ℓ, x = λy− + (1− λ)y+. (55)

Since z ≥ ℓ = f(y−) = f(y+), both (y−, z) and
(y+, z) belong to epi(f, Tℓ,u). Therefore

(x, z) = λ(y−, z) + (1− λ)(y+, z)

∈ conv(epi(f, Tℓ,u)).
(56)

This proves the reverse inclusion and hence
(51). □

Several features of Theorem 3.1 deserve empha-
sis. First, the set on the right side of (51) is closed
and convex. Convexity follows from Lemma 2.1,
the linearity of the cone inequalities, and the half-
line constraint z ≥ ℓ. Thus no additional clo-
sure operation is hidden in the notation. Sec-
ond, the upper value bound u has disappeared
completely. This is not because u is irrelevant
to the original graph; it remains essential for the
upper envelope and for the graph hull. The up-
per value bound disappears only from the lower
epigraph hull because the level-ℓ slice is already
rich enough to generate every point of the convex-
ified projection. Third, the proof is constructive
with two points rather than a generic dimension-
dependent convex combination. This is stronger
than a dimension-dependent existence result and
is important for numerical certification because
only one scalar root is needed on each side of the
sampled point.

The theorem also identifies the exact obstruc-
tion to convex lower-side strengthening. Any
affine inequality valid for the lower epigraph hull,
and more generally any lower convex estimator
g satisfying g ≤ f on Tℓ,u, must be valid at all
level-ℓ points. Since those level points convex-
ify to form Sℓ, convexity forces such an estimator
to satisfy g ≤ ℓ on the entire convexified projec-
tion. A curved lower convex estimator can there-
fore be valid on the original bounded set only if it
lies below ℓ somewhere on Sℓ; it cannot dominate
the constant estimator. This explains why stan-
dard strengthening mechanisms such as perspec-
tive cuts or additional monomial underestimators
do not improve the lower side unless they use in-
formation not contained in Tℓ,u.

Theorem 3.1 gives a scalar form of the lower
convex envelope. Define the extended-real lower
convex envelope by

vexTℓ,u
f(x) := inf{z ∈ R :

(x, z) ∈ conv(epi(f, Tℓ,u))}.
(57)

Then (51) immediately yields the following for-
mula.
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Corollary 3.2 (Flat lower convex envelope). For
n ≥ 3,

vexTℓ,u
f(x) =

ℓ,
x∈Rn

+, pxi≤xj≤qxi,

f(x)≥ℓ,

+∞, otherwise.
(58)

Proof. The infimum in (57) is ℓ exactly for x ∈ Sℓ
and is over the empty set otherwise. □

The next theorem records a sharp minimality
property. It rules out any stronger finite-valued
convex underestimator on Sℓ, and equivalently any
convex epigraph-side strengthening based only on
Tℓ,u that could improve z ≥ ℓ after projecting onto
conv(Tℓ,u).

Theorem 3.3 (No stronger lower convex under-
estimator). Let g : Sℓ → R be a convex function
satisfying

g(x) ≤ f(x), x ∈ Tℓ,u. (59)

Then
g(x) ≤ ℓ, x ∈ Sℓ. (60)

Consequently the constant function ℓ is the point-
wise largest finite-valued convex lower underesti-
mator on the convexified domain Sℓ.

Proof. Fix x ∈ Sℓ. By Corollary 2.8, write

x = λy− + (1− λ)y+,

y−, y+ ∈ Tℓ,u, f(y−) = f(y+) = ℓ.
(61)

Using convexity of g and validity on Tℓ,u,

g(x) ≤ λg(y−) + (1− λ)g(y+)

≤ λf(y−) + (1− λ)f(y+)

= λℓ+ (1− λ)ℓ = ℓ.

(62)

The constant function g ≡ ℓ is itself convex and
valid on Tℓ,u, so the bound is attained. □

Remark 3.4 (The role of the upper bound u). The
lower envelope is independent of u. The upper
bound f(x) ≤ u can be removed, tightened, or
replaced by any restriction whose feasible set re-
mains sandwiched between the level set Lℓ and
the superlevel set Sℓ. More precisely, if Y ⊆ Wij

satisfies Lℓ ⊆ Y ⊆ Sℓ, then

conv(epi(f, Y )) = Sℓ × [ℓ,∞). (63)

In particular this holds for Y = Tℓ,u for every
u ≥ ℓ.

3.2. The full graph hull for n ≥ 3

This section combines Theorem 3.1 with the upper
envelope established in.1 Since the cited upper-
envelope theorem is stated for a positive lower
bound, we record it in that form first and then
prove the limiting ℓ = 0 upper-envelope formulas
needed for the graph-hull statements below.

Let

Gℓ,u = gr(f, Tℓ,u) = {(x, z) : x ∈ Wij , ℓ ≤ f(x) ≤ u,

z = f(x)}.
(64)

For 0 < ℓ < u and β > 1, define

z0 :=
u1/βℓ− ℓ1/βu

u1/β − ℓ1/β
, (65)

γ :=

(
u− ℓ

u1/β − ℓ1/β

)β

. (66)

The two constants in (65)–(66) are the standard
secant constants for the homogeneous monomial
upper envelope in the case β > 1. For later use,
note that z0 < 0 < ℓ when 0 < ℓ < u and β > 1.
Indeed, with s := u1/β and t := ℓ1/β, one has
s > t > 0 and

z0 =
stβ − tsβ

s− t
=
st
(
tβ−1 − sβ−1

)
s− t

< 0. (67)

Theorem 3.5 (Known upper envelope for
0 < ℓ < u; Belotti). Assume n ≥ 3, a ∈ Rn

++,
i ̸= j, 0 < p < q, and 0 < ℓ < u < ∞. The upper
hypograph hull over Tℓ,u is as follows. If β > 1,
then

conv(hyp(f, Tℓ,u)) = {(x, z) : x ∈Wij , f(x) ≥ ℓ,

z ≤ u,

z ≤ z0 + γ1/βf(x)1/β}.
(68)

If β ≤ 1, then

conv(hyp(f, Tℓ,u)) = {(x, z) : x ∈Wij , f(x) ≥ ℓ,

z ≤ u, z ≤ f(x)}.
(69)

Remark 3.6 (Power form and complete hy-
pographs). For β > 1 and 0 < ℓ < u, the in-
equality

(z − z0)
β ≤ γf(x) (70)

is equivalent to the last inequality in (68) only
on the region where z − z0 ≥ 0. In the graph-
hull statements below this causes no ambiguity,
because the lower envelope contributes z ≥ ℓ and
(67) gives z0 < ℓ. For the complete hypograph
hull itself, however, (68) is the unambiguous for-
mulation, especially when β is not an integer.

Proposition 3.7 (Upper envelope at ℓ = 0). As-
sume n ≥ 3 and 0 < u <∞. If β > 1, then

conv(hyp(f, T0,u)) = {(x, z) : x ∈ Wij , z ≤ u,

z ≤ u(β−1)/βf(x)1/β}.
(71)

If β ≤ 1, then

conv(hyp(f, T0,u)) = {(x, z) : x ∈ Wij , z ≤ u,

z ≤ f(x)}.
(72)
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Proof. The hypograph hull is downward closed
in the z coordinate, so it is enough to realize the
maximal admissible vertical coordinate at each x.

First suppose β > 1. Set

F (x) := f(x)1/β, α := u1/β. (73)

The function F is the weighted geometric mean
with weights ak/β, hence is concave and positively
homogeneous of degree one on Rn

+. For every
(y, w) ∈ hyp(f, T0,u),

w ≤ f(y) = F (y)β ≤ αβ−1F (y), w ≤ u. (74)

Taking convex combinations and using concavity
of F proves the inclusion “⊆” in (71).

For the reverse inclusion, fix x ∈ Wij . If
F (x) = 0, then x ∈ T0,u and (x, 0) ∈ hyp(f, T0,u).
If 0 < F (x) < α, set

y :=
α

F (x)
x, λ :=

F (x)

α
. (75)

Then y ∈Wij , f(y) = u, and

(x, αβ−1F (x)) = λ(y, u) + (1− λ)(0, 0), (76)

where both lifted points on the right belong to
hyp(f, T0,u). If F (x) ≥ α, then f(x) ≥ u, so The-
orem 2.5 with ξ = u gives x ∈ conv(Lu). Hence x
is a convex combination of points yr ∈ Wij with
f(yr) = u, and therefore (x, u) is the same con-
vex combination of the graph points (yr, u). This
proves (71).

Now suppose β ≤ 1. The monomial f is con-
cave on Rn

+: with a0 := 1 − β ≥ 0, the func-
tion (x, t) 7→

∏n
k=1 x

ak
k t

a0 is a weighted geomet-
ric mean with weights summing to one, and re-
stricting it to t = 1 gives f . Thus every con-
vex combination of points in hyp(f, T0,u) satis-
fies z ≤ f(x), and the bound z ≤ u is preserved
by convex combinations; this proves the inclusion
“⊆” in (72). Conversely, if x ∈Wij and f(x) ≤ u,
then (x, f(x)) ∈ hyp(f, T0,u). If f(x) > u, then
Theorem 2.5 with ξ = u gives x ∈ conv(Lu),
and hence (x, u) is a convex combination of level-
u graph points. Downward closedness gives all
smaller z values. This proves (72). □

For completeness, we first state a standard
vertical-fiber fact for scalar graph hulls.

Lemma 3.8 (Intersection of lower and upper en-
velope hulls). Let S ⊆ Rn

+ and f : S → R. Then

conv(gr(f, S)) = conv(epi(f, S)) ∩ conv(hyp(f, S)).

(77)

In particular, the graph hull is obtained by im-
posing the lower and upper envelope inequalities
simultaneously.

Proof. Set C := conv(gr(f, S)). Since

epi(f, S) = gr(f, S) + ({0}n × R+),

hyp(f, S) = gr(f, S) + ({0}n × R−).
(78)

and the two vertical rays are convex cones, we have

conv(epi(f, S)) = C + ({0}n × R+),

conv(hyp(f, S)) = C + ({0}n × R−).
(79)

The inclusion C ⊆ conv(epi(f, S)) ∩
conv(hyp(f, S)) is immediate.

Conversely, let (x, z) belong to the intersection.
By (79), there exist z−, z+ ∈ R such that

(x, z−) ∈ C, (x, z+) ∈ C, z− ≤ z ≤ z+.
(80)

If z− = z+ there is nothing to prove. Otherwise,
with

λ :=
z+ − z

z+ − z−
∈ [0, 1], (81)

convexity of C gives

(x, z) = λ(x, z−) + (1− λ)(x, z+) ∈ C. (82)

Thus the reverse inclusion holds. □

Theorem 3.9 (Convex hull of the bounded graph,
β > 1). Assume n ≥ 3, 0 ≤ ℓ < u < ∞, and
β > 1. If 0 < ℓ, then

conv(Gℓ,u) = {(x, z) ∈ Rn
+ × R : pxi ≤ xj ≤ qxi,

f(x) ≥ ℓ,

ℓ ≤ z ≤ u,

(z − z0)
β ≤ γf(x)}.

(83)
where z0 and γ are defined by (65)–(66). If ℓ = 0,
then

conv(Gℓ,u) = {(x, z) ∈ Rn
+ × R : pxi ≤ xj ≤ qxi,

0 ≤ z ≤ u,

zβ ≤ uβ−1f(x)}.
(84)

Proof. By Theorem 3.1, the lower envelope con-
tributes exactly

x ∈Wij , f(x) ≥ ℓ,

z ≥ ℓ.
(85)

If 0 < ℓ, Theorem 3.5 contributes

x ∈Wij , f(x) ≥ ℓ,

z ≤ u,

z ≤ z0 + γ1/βf(x)1/β.

(86)

Because z0 < ℓ by (67), after intersecting with
z ≥ ℓ the last inequality in (86) is equivalent to

(z − z0)
β ≤ γf(x). (87)

Lemma 3.8 gives (83).
If ℓ = 0, Theorem 3.1 gives x ∈ Wij and z ≥ 0,

while Proposition 3.7 gives

z ≤ u,

z ≤ u(β−1)/βf(x)1/β.
(88)
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On the region z ≥ 0, the second inequality in (88)
is equivalent to

zβ ≤ uβ−1f(x). (89)

Applying Lemma 3.8 proves (84). □

Remark 3.10 (Real powers and nonnegative
bases). All real powers in (83) and (84) are un-
derstood on their nonnegative bases. In (83), the
constraints give z ≥ ℓ and (67) gives z0 < ℓ, so
z − z0 > 0. In (84), the constraint z ≥ 0 ensures
that zβ is well defined. The monomial powers use
the boundary convention (12).

Theorem 3.11 (Convex hull of the bounded
graph, β ≤ 1). Assume n ≥ 3, 0 ≤ ℓ < u < ∞,
and β ≤ 1. Then

conv(Gℓ,u) = {(x, z) ∈ Rn
+ × R : pxi ≤ xj ≤ qxi,

f(x) ≥ ℓ,

ℓ ≤ z ≤ u,

z ≤ f(x)}.

(90)

Proof. The lower envelope is again (85). If 0 < ℓ,
the upper envelope is (69) by Theorem 3.5. If
ℓ = 0, the upper envelope is (72) by Proposi-
tion 3.7. In both cases, Lemma 3.8 shows that in-
tersecting the lower and upper envelope hulls gives
exactly (90). □

Remark 3.12 (Why the graph hull contains
f(x) ≥ ℓ). The condition f(x) ≥ ℓ in Theo-
rems 3.9 and 3.11 is not inherited from the original
graph pointwise. It is the convexified domain con-
dition. Corollary 2.7 states that

projx conv(Gℓ,u) = conv(Tℓ,u) = Sℓ. (91)

Thus the projection of the graph hull is a mono-
mial superlevel set, not the bounded annulus {ℓ ≤
f ≤ u} ∩Wij .

The graph-hull formulas show a separation be-
tween domain convexification and vertical convex-
ification. The x-projection is always Sℓ for n ≥ 3,
independently of u and independently of whether
β is above or below one. The vertical upper end-
point, however, depends on both u and β. When
β ≤ 1, concavity of the monomial keeps the up-
per side at z ≤ f(x), together with z ≤ u. When
β > 1, the upper side is the secant-conic function
inherited from the known upper envelope. There-
fore the complete graph hull is not a trivial cylin-
der over Sℓ; only its lower endpoint is flat. This
distinction is relevant for relaxations, because a
solver that uses the lower theorem alone still needs
the upper inequalities to obtain the exact convex
hull of the graph.

The formulas are also consistent with the limit-
ing case ℓ = 0. The lower envelope becomes z ≥ 0,

and the graph hull for β > 1 reduces to the homo-
geneous inequality zβ ≤ uβ−1f(x) with 0 ≤ z ≤ u.
No singular term remains because the vertex shift
z0 vanishes in the limit. For β ≤ 1, the concave
hypograph description is unchanged. These lim-
iting statements are useful in applications where
the lower value bound is a modeling artifact and
may be zero.

3.3. Sharpness of the dimension
assumption

The preceding proof uses a coordinate outside the
pair (i, j). This is not a technical artifact. In
dimension two the compensating coordinate does
not exist, the level-set identity fails, and the lower
envelope is genuinely nontrivial, as shown in.1

The following example isolates the obstruction.

Example 3.13 (Failure of the level identity in di-
mension two). Let n = 2, a1 = a2 = 1, i = 1,
j = 2, p = 1, and q = 2. Then

W12 = {(x1, x2) ∈ R2
+ : x1 ≤ x2 ≤ 2x1},

f(x) = x1x2.
(92)

The level set L1 = {x ∈W12 : x1x2 = 1} is

L1 = {(s, rs) : 1 ≤ r ≤ 2, s = r−1/2}. (93)

Consequently,

2−1/2 ≤ x1 ≤ 1, 1 ≤ x2 ≤ 21/2 for all x ∈ L1. (94)

and therefore conv(L1) is bounded. But

S1 = {x ∈W12 : x1x2 ≥ 1} (95)

is unbounded; for example (t, t) ∈ S1 for every
t ≥ 1. Hence

conv(L1) ̸= S1. (96)

The same obstruction holds for arbitrary posi-
tive exponents in dimension two. The coneWij re-
stricts the two coordinates to a bounded ratio. On
the level f(x) = ℓ > 0, that bounded ratio fixes
the common scale within bounded limits. Thus
the level set cannot generate the unbounded su-
perlevel set by convexification. At level ξ = 0, the
failure is even simpler: the level set in dimension
two is only the origin, while the superlevel set is
the whole cone. In dimension n ≥ 3, the addi-
tional coordinate makes it possible to let the con-
strained pair collapse while the free coordinate in-
creases, producing the two zero-product endpoints
in (38).

Proposition 3.14 (Dimension-sharp dichotomy).
Let 0 < p < q, a ∈ R2

++, i = 1, and j = 2. For
every ℓ > 0,

conv{x ∈W12 : x
a1
1 x

a2
2 = ℓ} ⊊

{x ∈W12 : x
a1
1 x

a2
2 ≥ ℓ}. (97)
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At level ξ = 0 one also has

conv{x ∈W12 : x
a1
1 x

a2
2 = 0} = {0} ⊊W12

= {x ∈W12 : x
a1
1 x

a2
2 ≥ 0}.

(98)

By contrast, for every n ≥ 3 the equality (26) holds
for all ξ ≥ 0.

Proof. For n = 2, write r = x2/x1 ∈ [p, q]. On
the level xa11 x

a2
2 = ℓ, we have

ra2xa1+a2
1 = ℓ, x1 =

(
ℓ

ra2

)1/(a1+a2)

. (99)

Since r ∈ [p, q], both x1 and x2 = rx1 are bounded
above and below on the level set. Hence its convex
hull is bounded. The superlevel set is unbounded
because for any fixed r ∈ [p, q],

x(t) = (t, rt),

f(x(t)) = ra2ta1+a2 → ∞ as t→ ∞.
(100)

Thus the inclusion is strict. For the zero level, if
xa11 x

a2
2 = 0, then x1 = 0 or x2 = 0. If x1 = 0, the

cone inequality x2 ≤ qx1 gives x2 = 0; if x2 = 0,
the cone inequality px1 ≤ x2 gives x1 = 0. Hence
the zero level set is {0}, while S0 = W12 contains
nonzero points, for instance (1, p). This proves
(98). The statement for n ≥ 3 is Theorem 2.5. □

3.4. Numerical experiments and visual
checks

The numerical experiments are designed to com-
plement, not replace, the analytical proof. The
first experiment follows the proof along a single
compensating-coordinate path; the second visual-
izes the flat lower envelope on a two-dimensional
slice; the third contrasts the n ≥ 3 identity with
the failure in dimension two; the fourth stress-
tests the constructive certificates over randomly
generated points; and the fifth displays the verti-
cal graph-hull fiber for the case β > 1. The tested
regimes are listed in Table 1. Cases A and C have
β > 1, Case B has β < 1, and Case D is a het-
erogeneous ten-dimensional instance intended to
test scaling behavior. The chosen parameters are
not tuned to produce favorable residuals. They
include both concave and nonconcave monomial
regimes, narrow and wide ratio cones, and a ten-
dimensional exponent vector with entries ranging
from 0.20 to 1.75. This variety is useful because
the path profile can become steep near the level
roots when β is large, whereas the lower-envelope
theorem itself is insensitive to β.

Two kinds of visual information are reported.
The surface plots illustrate the geometric state-
ment of the theorem on low-dimensional slices
that can be drawn. The residual plots and ta-
bles instead inspect the constructive certificate in

dimensions where direct visualization is impossi-
ble. In all cases the tested statement is the same:
the sampled point x ∈ Sℓ must be expressible as
λy− + (1 − λ)y+ with y−, y+ ∈ Lℓ. The numer-
ical values in the tables should therefore be read
as reproducibility diagnostics for the formula, not
as empirical evidence for a conjecture.

Table 1. Parameter regimes used in the numerical
experiments

Case n β p q ℓ u

A 3 2.60 0.35 3.00 0.40 10.00
B 3 0.85 0.40 3.30 0.65 1.21
C 5 4.60 0.20 5.00 1.00 20.00
D 10 8.50 0.15 7.50 0.80 30.00

Figure 1 shows the univariate monomial value
along the affine path used in the proof for Case A.
The profile is zero at both endpoints of the fea-
sible interval, exceeds ℓ at the input point t = 0,
and crosses the target level twice. The two cross-
ing points are the endpoints y− and y+ of the
certificate; the original point is recovered by the
barycentric coefficient λ = t+/(t+ − t−).

Figure 1. Two-point level certificate along the
compensating-coordinate path. The dashed horizontal
line is the target level ℓ, the dotted vertical line is the
sampled point, and the marked intersections give y−

and y+.

Figure 2 visualizes a slice of the lower enve-
lope for Case A with fixed ratio xj = 1.45xi. The
curved surface is the original monomial graph on
the slice, while the planar surface is z = ℓ re-
stricted to the convexified projection f(x) ≥ ℓ.
The picture illustrates the main theorem: after
convexification, the lower side does not follow the
curvature of f ; it is the flat lower value bound on
the whole superlevel domain.

Figure 3 shows the obstruction in dimension
two for f(x) = x1x2, p = 1, q = 2, and ℓ = 1. The
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level set inside the cone is bounded, whereas the
superlevel set extends indefinitely along every ray
x2 = rx1 with r ∈ [p, q]. This visualization cor-
responds to Example 3.13 and explains why the
compensating coordinate in Theorem 2.5 is not a
proof artifact.

Figure 2. Flat lower envelope on a two-dimensional
slice of a three-dimensional instance. The lower
surface is the plane z = ℓ over the convexified
projection {x ∈Wij : f(x) ≥ ℓ}.

Figure 3. Dimension-two failure of the level-set
identity. The shaded region is the truncated view of
{x ∈W12 : x1x2 ≥ 1}, while the curve is the bounded
level set x1x2 = 1 inside the cone.

For each case in Table 1, 2,000 points were
sampled from Sℓ and decomposed by the loga-
rithmic bisection protocol. Table 2 reports the
median barycentric coefficient, the median value
of f(x)/ℓ, the maximum relative reconstruction
residual, the maximum relative level residual, and
the median runtime per certificate. The recon-
struction error stays at floating-point precision in

every regime. The endpoint level residual is also
small; the largest value occurs in the high-degree
ten-dimensional case and remains below 5× 10−7

for the tested sample.
The empirical cumulative distribution in Fig-

ure 4 gives the full distribution of reconstruction
residuals from the same stress test. The plot con-
firms that the two-point certificate is numerically
stable across low- and higher-dimensional regimes,
including heterogeneous exponent vectors.

Figure 4. Empirical cumulative distribution of the
relative reconstruction residual in the two-point
certificate stress test

Finally, Figure 5 displays the vertical fiber im-
plied by the graph hull in the case β > 1. The
lower endpoint is the constant ℓ, while the up-
per endpoint follows the Belotti secant-conic ex-
pression until the value bound u becomes active.
This one-dimensional view is useful because the
full graph hull lives in n+1 dimensions; the verti-
cal fiber summarizes the admissible range of z af-
ter the lower and upper envelopes are intersected.

Figure 5. Vertical fiber of the graph hull for a β > 1
instance as a function of the monomial value f(x).
The lower endpoint is z = ℓ, and the upper endpoint
is the minimum of u and the secant-conic upper
envelope.
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Table 2. Stress-test results for the constructive two-point certificate

Case Median λ Median f/ℓ Max rec. res. Max level res. Median ms

A 0.362 5.788 3.59× 10−16 3.00× 10−12 0.783
B 0.470 2.052 4.04× 10−16 6.49× 10−14 0.722
C 0.408 4.419 3.07× 10−16 1.62× 10−13 0.749
D 0.454 18.286 4.01× 10−16 4.63× 10−7 0.884

4. Discussion

4.1. Constructive decomposition and
separation

The proof of Theorem 2.5 is constructive. This
section records the explicit decomposition because
it is useful for checking membership, certifying
lower-envelope points, and generating primal con-
vex combinations.

Let x ∈ Sℓ. If f(x) = ℓ, then the trivial certifi-
cate is

x = 1 · x, x ∈ Lℓ. (101)

Assume f(x) > ℓ. Choose any h ∈ N \ {i, j} and
set r = xj/xi. Define x(t) and ϕ(t) as in (31)–(37).
We need two roots of

ϕ(t) = ℓ (102)

in the intervals [−xh, 0] and [0, xi]. Writing

C := raj
∏

k∈N\{i,j,h}

xakk > 0,

A := ai + aj , B := ah.

(103)

the equation is

C(xi − t)A(xh + t)B = ℓ. (104)

There is no need for a closed-form solution. If
ℓ = 0, the endpoint choices

t− = −xh, t+ = xi (105)

solve (102). If ℓ > 0, the function is continuous,
equals 0 at each endpoint, and is above ℓ at t = 0;
hence the intermediate value theorem gives exact
roots t− ∈ (−xh, 0) and t+ ∈ (0, xi). In numerical
implementations, bisection can approximate these
roots to any prescribed tolerance. When logarith-
mic values are used, the bisection is performed
only on the open intervals (−xh, 0) and (0, xi),
with the endpoint values treated as one-sided lim-
its, so that log xk(t) is never evaluated at a zero
coordinate. Once exact roots t− and t+ are fixed,
the decomposition is

y− : = x(t−), y+ := x(t+), (106)

λ : =
t+

t+ − t−
, (107)

x = λy− + (1− λ)y+, f(y−) = f(y+) = ℓ. (108)

Given such a certificate for x ∈ Sℓ, the lifted
point (x, z) belongs to the lower epigraph hull if
and only if z ≥ ℓ. Equivalently,

(x, z) ∈ conv(epi(f, Tℓ,u)) ⇐⇒ x ∈ Sℓ and z ≥ ℓ. (109)

The resulting certificate-generation procedure is
summarized in Algorithm 1.

Algorithm 1. Two-point decomposition scheme
for the lower envelope

Require: x ∈ Rn, indices i ̸= j, constants 0 <
p < q, exponent vector a ∈ Rn

++, lower level
ℓ ≥ 0, and, for numerical use, an optional tol-
erance ε > 0.

Ensure: Either an exact certificate x = λy− +
(1 − λ)y+ with y± ∈ Lℓ if the root equations
are solved exactly, an ε-approximate certifi-
cate in numerical mode, or a declaration that
x /∈ Sℓ.

1: if xk < 0 for some k ∈ N then
2: declare x /∈ Sℓ and stop.
3: end if
4: if pxi > xj or xj > qxi or f(x) < ℓ then
5: declare x /∈ Sℓ and stop.
6: end if
7: if f(x) = ℓ then
8: set y− = y+ = x and λ = 1; stop.
9: end if

10: choose h ∈ N \ {i, j} and set r = xj/xi.
11: define x(t) by (31)–(34).
12: if ℓ = 0 then
13: set t− = −xh and t+ = xi.
14: else
15: find t− ∈ (−xh, 0) and t+ ∈ (0, xi) satis-

fying f(x(t−)) = f(x(t+)) = ℓ by exact root
solving, or approximate them by bisection to
tolerance ε.

16: end if
17: set y− = x(t−), y+ = x(t+), and λ = t+/(t+−

t−).
18: return the exact certificate x = λy−+(1−λ)y+

if exact roots were used; otherwise return the
corresponding approximate certificate.

The separation problem for the lower envelope
is correspondingly simple. The closed convex set
in Theorem 3.1 is

K− := {(x, z) : x ∈ Rn
+, pxi ≤ xj ≤ qxi,

f(x) ≥ ℓ, z ≥ ℓ}.
(110)

Membership requires checking the two linear in-
equalities, nonnegativity, the scalar lower bound
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on z, and the monomial superlevel inequality. For
ℓ > 0, the latter can be written as

n∑
k=1

ak log xk ≥ log ℓ, x ∈ Rn
++. (111)

A violated superlevel inequality at a strictly pos-
itive point admits a separating hyperplane gener-
ated by the convex function

ψ(x) := log ℓ−
n∑

k=1

ak log xk, x ∈ Rn
++. (112)

Indeed, if x̄ ∈ Rn
++ and f(x̄) < ℓ, then ψ(x̄) > 0

and convexity of ψ gives the separating inequality

ψ(x̄) +∇ψ(x̄)⊤(x− x̄) ≤ 0, (113)

valid for Sℓ and violated by x̄. Since

∇ψ(x̄) = −
(
a1
x̄1
, . . . ,

an
x̄n

)
, (114)

(113) is explicitly

log ℓ−
n∑

k=1

ak log x̄k −
n∑

k=1

ak
x̄k

(xk − x̄k) ≤ 0. (115)

If x̄ ∈ Rn
+ \Rn

++ and ℓ > 0, then f(x̄) = 0 < ℓ and
x̄ /∈ Sℓ. Since Sℓ is closed and convex, a separating
hyperplane exists by the strong separation theo-
rem. Equivalently, if x̂ is the Euclidean projection
of x̄ onto Sℓ, then

(x̂− x̄)⊤(x− x̂) ≥ 0 (116)

is valid for every x ∈ Sℓ and is violated by x = x̄.
The explicit log-gradient separator (115) is in-
tended only for the strictly positive case x̄ ∈ Rn

++.

Proposition 4.1 (Lower-envelope separation).
For ℓ > 0, a point (x̄, z̄) ∈ Rn × R violates
conv(epi(f, Tℓ,u)) if and only if at least one of the
following conditions holds:

x̄k < 0 for some k, (117)

px̄i > x̄j , or x̄j > qx̄i, (118)

x̄ ∈ Rn
+ and f(x̄) < ℓ, (119)

z̄ < ℓ. (120)

Each violation yields a separating hyperplane: co-
ordinate nonnegativity gives the hyperplane for
(117); one of the two cone inequalities gives the
hyperplane for (118); when (119) holds with x̄ ∈
Rn
++, the explicit log separator (115) applies; when

(119) holds with a zero coordinate, the projection
separator (116) (or any strong-separation hyper-
plane) applies; and the bound z ≥ ℓ gives the hy-
perplane for (120).

Proof. The equivalence follows directly from the
closed-form description (51), with f(x̄) evaluated

only on Rn
+. The listed inequalities are valid sep-

arating inequalities for the corresponding violated
closed convex constraints defining K−. □

4.2. Additional consequences

We record two further consequences that clarify
how the lower envelope interacts with other relax-
ations.

Proposition 4.2 (Persistence under additional
level-preserving restrictions). Let Y ⊆Wij satisfy

Lℓ ⊆ Y ⊆ Sℓ. (121)

Then

conv(Y ) = Sℓ, (122)

and

conv(epi(f, Y )) = Sℓ × [ℓ,∞). (123)

In particular, every restriction Y that contains all
level-ℓ points and is contained in Sℓ has the same
lower envelope as Tℓ,u.

Proof. Since Lℓ ⊆ Y ⊆ Sℓ and Theorem 2.5 gives
conv(Lℓ) = Sℓ, we have

Sℓ = conv(Lℓ) ⊆ conv(Y ) ⊆ Sℓ. (124)

Hence conv(Y ) = Sℓ. The inclusion

conv(epi(f, Y )) ⊆ Sℓ × [ℓ,∞) (125)

follows from Y ⊆ Sℓ and f ≥ ℓ on Y . For the re-
verse inclusion, take (x, z) ∈ Sℓ × [ℓ,∞). Because
conv(Lℓ) = Sℓ, use the same level-ℓ decomposi-
tion as in Theorem 3.1. Since Lℓ ⊆ Y , the two
level points are in Y , and the vertical coordinate
z ≥ ℓ makes both lifted points epigraph points.
This proves (123). □

Proposition 4.3 (Independence from the chosen
free coordinate). Let x ∈ Sℓ with f(x) > ℓ. For
every h ∈ N \ {i, j}, the construction in Theo-
rem 2.5 yields a valid two-point decomposition of
x into level-ℓ points. Hence the lower envelope is
invariant under the choice of compensating coor-
dinate.

Proof. The proof of Theorem 2.5 uses no prop-
erty of h other than the facts that h /∈ {i, j} and
xh > 0. Since f(x) > ℓ ≥ 0 implies x ∈ Rn

++,
every such h is admissible. The resulting line seg-
ment remains in Wij because it preserves the re-
lation xj(t) = rxi(t) with r ∈ [p, q], with the quo-
tient interpreted only when xi(t) > 0, and its two
endpoints have zero monomial value. Thus the in-
termediate value argument works for each choice
of h. □
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4.3. Limitations and implications

The result is exact but intentionally specialized.
It assumes positive exponents, nonnegative vari-
ables, and a single two-variable cone. Negative
exponents require a different domain because the
monomial is not finite on the boundary of Rn

+.
Multiple simultaneous ratio cones can also change
the geometry: if every coordinate is tied to the
constrained pair, the compensating motion used
in Theorem 2.5 may be blocked. Similarly, ad-
ditional side constraints that remove part of the
level set Lℓ can destroy the identity conv(Lℓ) = Sℓ.
Proposition 4.2 gives a precise positive statement:
the flat lower envelope persists for any restriction
that still contains all level-ℓ points and remains
inside Sℓ.

For global optimization algorithms, the impli-
cation is mainly structural. In dimensions at least
three, convex strengthening of the lower side of
the bounded monomial graph over a two-variable
cone is impossible without adding information be-
yond Tℓ,u. Algorithmic effort should therefore be
directed toward the upper envelope, separation
of the convexified projection, and branching rules
that reduce the upper-fiber width. The construc-
tive certificate provides an interpretable primal
proof of membership in the lower epigraph hull,
while the log-gradient separator gives a direct cut
when a trial point violates the convexified pro-
jection. These components can be embedded in
conic, nonlinear, or extended-formulation relax-
ations without changing the lower-envelope for-
mula.

The flat envelope also clarifies how future com-
putational work should benchmark relaxations
that use ratio cones. If a relaxation is weak on
instances with n ≥ 3, the weakness cannot be at-
tributed to a missing convex lower monomial cut
of the same variable set, because the strongest
possible convex lower-side cut is already known.
Any improvement must come from combining sev-
eral terms, adding side constraints, tightening the
upper envelope, or choosing a partition that re-
duces the feasible vertical interval. Conversely,
when a model contains a two-dimensional mono-
mial term without a compensating coordinate, the
lower envelope remains genuinely curved and the
present theorem does not replace the dimension-
two formula. This separation of regimes should
help avoid unnecessary cut generation in higher-
dimensional terms while preserving specialized
treatment for two-dimensional terms.

5. Conclusion

The lower envelope open problem left in1 for
bounded monomials on two-variable cones in di-
mension n > 2 has a simple but structurally strong
answer: the lower convex envelope is flat. The ex-
act epigraph hull is

conv(epi(f,Xℓ,u ∩Wij))

= {(x, z) : x ∈Wij ,

f(x) ≥ ℓ, z ≥ ℓ}.
(126)

The proof reduces the problem to the level-set
identity

conv{x ∈ Wij : f(x) = ξ} = {x ∈ Wij : f(x) ≥ ξ},
ξ ≥ 0.

(127)

which is established by a two-point construction
using one coordinate outside the constrained pair.
This explains both why the n = 2 case is excep-
tional and why the lower envelope for every n ≥ 3
is independent of the upper monomial bound u.
Together with the known upper envelope, the re-
sult gives the complete convex hull of the bounded
graph over Wij in all dimensions at least three.

Notations

Symbol Meaning
N Index set {1, . . . , n}.
i, j Distinct indices defining the two-variable

cone.
h Compensating coordinate chosen from N \

{i, j}.

a; β
Positive exponent vector; total homogene-
ity degree

∑
k ak.

f(x)
Monomial

∏
k x

ak
k with the boundary con-

vention 0α = 0.
Wij Cone {x ∈ Rn

+ : pxi ≤ xj ≤ qxi}.
Xℓ,u Bounded monomial set {x ∈ Rn

+ : ℓ ≤
f(x) ≤ u}.

Tℓ,u Restricted feasible set Xℓ,u ∩Wij .
Lξ; Sξ Monomial level set and superlevel set in-

side Wij .
E−; E+ Convexified restricted epigraph and hypo-

graph.
Gℓ,u Bounded graph of f over Tℓ,u.

r
Fixed ratio xj/xi used along the path con-
struction.

t−, t+ Two roots producing the level-set certifi-
cate.
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