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1. Introduction

Batch-oriented production is widely used in 
discrete manufacturing systems such as heat 
treatment, coating, textile dyeing and finishing, 
and molding operations, where several units of the 
same job are processed together to reduce setup 
frequency and stabilize material flow.1 In parallel 
machine environments, production planners must 
jointly determine job-to-machine allocation, 
integer batch formation, and batch sequencing 
because these decisions affect workload balance, 
setup frequency, and batch start times.2–4 Recent 
studies on smart and sustainable production 
also emphasize the importance of work-in-
process (WIP) control, resource utilization, and 
coordinated production timing.5–7 In make-to-
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order and shipment-driven systems, all jobs are 
often required to meet a single common due date. 
Under this condition, backward or just-in-time 
(JIT) scheduling is relevant because production is 
scheduled as late as possible while still satisfying 
the due date requirement. Total actual flow time 
is therefore an appropriate performance measure 
because it evaluates the cumulative time that 
all units remain on the shop floor until the due 
date,8 reflecting WIP reduction and due date-
oriented production control.

Despite extensive research on batch scheduling 
and parallel machine scheduling, existing studies 
have primarily addressed batch processors, flow-
shop batching, integrated production–delivery 
batching, additive manufacturing, incompatible 
job families, release dates, maintenance, energy 

mailto:mairinto.yusriski@lecture.unjani.ac.id
mailto:andri.rachmatk@lecture.unjani.ac.id
mailto:azlansuhaimi@utm.my
https://doi.org/10.36922/IJOCTA026140054


	 1587�

R. Yusriski et al. / IJOCTA Vol.16, No.4, pp.1586-1604 (2026)

consumption, and resource constraints.8–35 
However, the simultaneous integration of job-
to-machine allocation, integer batch formation, 
inter-job sequencing, job-dependent setup times, 
backward scheduling, a single common due date, 
and total actual flow time minimization in an 
identical parallel machine environment remains  
underexplored.

To address this gap, this study develops a 
discrete multi-job batch scheduling model on 
identical parallel machines under a single common 
due date. The objective is to minimize total actual 
flow time within a backward JIT scheduling 
framework. An exact Branch-and-Bound (B 
& B) algorithm is proposed to systematically 
enumerate allocation, backward sequencing, and 
integer batch-size decisions, while incorporating 
horizon-based feasibility screening and an 
allocation-level lower bound (LB) to reduce the 
search space and certify global optimality for 
small- to medium-sized benchmark instances.

The main contributions of this study are 
threefold. First, it formulates an integrated 
discrete-batch scheduling model that jointly 
considers allocation, integer batching, sequencing, 
job-dependent setup times, and a single common 
due date on identical parallel machines. Second, 
it adapts the total actual flow time criterion 
to a backward JIT parallel machine batching 
environment. Third, it develops an exact B & 
B benchmark procedure and provides numerical 
analyses that clarify the interaction among 
workload allocation, setup consumption, batch 
splitting, and backward schedule positioning.

Figure 1 summarizes the study’s conceptual 
framework by linking the production context, 
integrated scheduling decisions, backward 
JIT logic, tailored B & B procedure, schedule 
evaluation, and optimal benchmark solution.

As shown in Figure 1, the proposed 
framework links the batch-oriented production 
system, input parameters, integrated scheduling 
decisions, and exact B & B solution procedure. 
Job demand, processing time, setup time, 
number of machines, and due date define the 
allocation, batching, and sequencing decisions. 
These decisions are evaluated using backward 
JIT scheduling, in which batches are scheduled 
as late as possible before the common due date. 
The B & B procedure explores the feasible 
decision space through allocation, sequencing, 
and batch-size branching, supported by horizon-
feasibility screening and an allocation-level LB. 
Each feasible leaf is evaluated using a backwards-

packed schedule, and the solution with the 
minimum total actual flow time is selected as the 
optimal benchmark solution.

Figure 1. Conceptual framework of the proposed 
multi-job batch scheduling model on identical parallel 
machines under a single common due date
Abbreviations: B & B: Branch-and-Bound; JIT: Just-
in-time.

2. Literature review

Batch scheduling has received considerable 
attention because batching decisions directly 
affect setup frequency, machine utilization, 
WIP inventory, and due date performance. 
In batch-discrete manufacturing systems, 
production orders are grouped into batches to 
improve operational efficiency and stabilize 
production flow.1 Recent Industry 4.0 production 
environments further require scheduling models 
that can coordinate machine assignment, task 
allocation, and shop-floor control decisions.2 In 
make-to-order systems with parallel resources, 
lot-sizing and scheduling decisions are often 
complicated by machine eligibility, capacity 
limitations, extra shifts, and backorders.3 In 
addition, production uncertainty has motivated 
extensions of dispatching and scheduling rules 
to improve robustness under variable processing 
conditions.4 These developments indicate that 
modern batch scheduling is not only concerned 
with machine utilization, but also with controlling 
WIP accumulation, coordinating production 
timing, and maintaining system responsiveness.

This broader concern has also been 
emphasized in recent studies on smart and 
sustainable production, where WIP control, 
resource utilization, and production timing are 
treated as important performance dimensions. 
Dey et al.5 developed an autonomation policy 
to control WIP inventory in a smart production 
system, demonstrating that production–control 
policies should explicitly account for inventory 
accumulation and system responsiveness. Sarkar 
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et al.6 examined sustainable smart multi-type 
biofuel manufacturing with optimal energy 
utilization under flexible production, indicating 
that production flexibility and energy-aware 
decision-making are increasingly important in 
modern manufacturing. Sarkar et al.7 further 
studied the sustainable smart production of 
electric vehicles, considering the WIP inventory 
of outsourced spare parts, and highlighted 
the interactions among production planning, 
outsourced components, WIP inventory, and 
sustainability-oriented performance. These 
studies provide a broader perspective on smart 
and sustainable production that complements 
the scheduling focus of the present research. 
In particular, they reinforce the importance 
of controlling WIP, coordinating production 
timing, and improving resource utilization, 
which are also central concerns in total actual 
flow time minimization under a JIT scheduling 
environment.

In this context, total actual flow time becomes 
a particularly relevant performance measure 
because it directly evaluates how long parts 
remain in the production system before their 
due dates. Halim et al.8 introduced total actual 
flow time as a JIT performance measure that 
evaluates the cumulative residence time of parts 
in the shop. This criterion differs from classical 
completion-time or tardiness-based measures 
because it focuses on the actual time items spend 
in the production system rather than solely on 
their completion times or lateness. Subsequent 
studies extended this concept to batch-processing 
environments, incorporating additional setup 
requirements, inspection policies, learning and 
forgetting effects, deterioration, and multi-job 
structures.9–13 These studies show that total 
actual flow time is suitable for evaluating JIT 
production systems because it penalizes early 
release and excessive WIP accumulation.

The setup–splitting trade-off is also central 
in batch scheduling. Splitting a job into more 
batches may provide scheduling flexibility, but 
it also increases the number of setups and may 
force some batches to start earlier. Integrated 
production–delivery batching studies indicate 
that batching decisions influence both production 
timing and downstream logistics.14 Similar 
complexity appears in additive manufacturing, 
where order acceptance and batching decisions 
must be coordinated to manage production 
capacity efficiently.15 Overlapping and flow-based 
production strategies can improve responsiveness, 
but they still require careful coordination 

among batching, sequencing, and due date 
constraints.16,17 Therefore, batch-number, batch-
sizing, and batch scheduling decisions should be 
treated jointly rather than independently.

Several recent studies have expanded batch 
scheduling models into flow-shop and multi-
stage production environments. Kurniawan 
et al.18 considered flow-shop batch scheduling 
with pre-processing and time-changing effects 
to minimize total actual flow time. Sibarani et 
al. 19,20 studied multi-item, multi-stage flow-shop 
batch scheduling models with dedicated machines 
and batch-job-batch processors. Other related 
extensions have examined hybrid flow-shop 
structures with unique and common components, 
heterogeneous job and batch processors, and 
two-machine flow-shop batch scheduling under 
total actual flow time objectives.21–23 These 
studies demonstrate the continued relevance of 
total actual flow time in multi-stage production 
systems. However, their focus is primarily on 
flow-shop configurations rather than on identical 
parallel machine environments with simultaneous 
allocation, batching, and sequencing decisions.

Parallel machine batch scheduling has also been 
widely studied. Recent models have considered 
incompatible job families, release dates, 
tardiness penalties, machine availability, additive 
resource assignment, maintenance policies, 
energy efficiency, setup effects, and integrated 
order allocation.24–35 For example, population-
based local search has been used for parallel 
machine batch scheduling with incompatible job 
families and release dates,24 while other studies 
have addressed fast parallel scheduling in steel 
cold rolling,25 additive resource assignment 
and machine availability,26 integrated batch 
production and supplier-related decisions,27 and 
production–maintenance integration.28 Energy-
efficient scheduling and flexible preventive 
maintenance have also been incorporated into 
unrelated parallel batch-processing machines.29 
In addition, mixed-model parallel assembly line 
problems have been addressed through integrated 
order allocation, lot-sizing, and sequencing 
decisions.30 More recent studies further confirm 
the continuing relevance of parallel machine 
and parallel-batch scheduling. ElWakil et al.31 
addressed batch scheduling on non-identical 
parallel machines using LBs, mixed-integer 
programming, branch-and-price, and heuristic 
procedures. Santos et al.32 developed an adaptive 
local search for large-scale parallel machine 
scheduling in textile production that accounts 
for release dates and sequence-dependent setup 
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times. Ou and Li33 studied mixed-batch machines 
with inclusive processing–set restrictions and 
non-identical capacities. Sun et al.34 extended 
generalized parallel batch scheduling to consider 
batch-processing times that are nondecreasing in 
job width and thickness. Fan et al.35 examined 
a scheduling game on parallel batch machines 
with setup cost. These contributions show that 
allocation, batching, sequencing, setup, and 
capacity decisions remain highly interdependent 
in parallel machine systems.

Just-in-time and common due date scheduling 
are closely related to the present study. JIT 
material-handling scheduling has been examined 
using hybrid branch-and-price methods in 
mixed-model assembly lines.36 Common due date 
and due date assignment problems have also 
been studied in identical or unrelated parallel 
machine environments.37–42 Related scheduling 
studies have further considered distributed 
additive manufacturing with carbon-emission 
concerns, indicating that scheduling models are 
increasingly extended to broader sustainability-
oriented manufacturing settings.43 These studies 
confirm that due date coordination, production 
timing, and sustainability-related scheduling 
considerations are critical issues. However, most 
of them emphasize completion time, earliness–
tardiness, job rejection, due date deviation, or 
carbon-related objectives rather than total actual 
flow time under a backward scheduling logic.

Exact optimization and advanced heuristic 
methods have been developed for several variants 
of parallel machine and batch scheduling. 
Constraint programming has been used for 
parallel batch scheduling with incompatible job 
families,44 while reinforcement learning combined 
with simulated annealing has been proposed 
for setup-driven parallel batch scheduling.45 

Structural properties of batch scheduling on 
parallel machines have also been investigated.46 
Model-based branch-and-price algorithms and 
decomposition-based formulations have proven 
effective for related parallel machine batching and 
scheduling problems.47–49 These studies indicate 
that exact and hybrid methods are useful for 
producing benchmark solutions, although their 
computational burden generally increases rapidly 
with problem size.

A direct basis for this study is the unrelated 
parallel machine batch scheduling model with 
resource constraints and sequence-dependent 
setup times under a total actual flow time 
objective.50 However, that model considers 
multiple due dates and unrelated machines. The 

present study differs in that it focuses on identical 
parallel machines under a single common due 
date. This common due date setting intensifies 
capacity competition within a shared time horizon 
and strengthens the interaction among allocation, 
batching, and sequencing decisions. Therefore, a 
dedicated model and exact benchmark algorithm 
are needed.

Based on the reviewed literature, the research 
gap can be more precisely stated. Previous 
studies have addressed batch scheduling, parallel 
machine scheduling, smart production, WIP 
control, energy-aware scheduling, total actual 
flow time, due date coordination, sustainability-
related scheduling, and exact or hybrid 
optimization methods from different perspectives. 
However, the integrated problem of multi-job 
integer batch scheduling on identical parallel 
machines with job-dependent setup times, job-
to-machine allocation, inter-job sequencing, 
backward JIT scheduling, and total actual flow 
time minimization under a single common due 
date remains insufficiently explored. This study 
addresses this gap by formulating the problem 
as an integrated discrete scheduling model and 
solving it using a tailored exact B & B procedure 
with horizon-feasibility screening, allocation-level 
LB, and backwards-packed schedule evaluation.

To clarify the novelty of the proposed model, 
Table 1 maps the main research streams 
against the key decision elements considered in 
this study. The table highlights which aspects 
have been addressed in previous studies and, 
more importantly, identifies the unaddressed 
combination of allocation, integer batching, 
sequencing, setup times, backward JIT 
scheduling, a single common due date, and total 
actual flow time minimization that is addressed 
in the present work.

As summarized in Table 1, previous studies 
have addressed important aspects of batch 
scheduling, including total actual flow time, JIT 
scheduling, flow-shop and multi-stage batching, 
parallel machine scheduling, common due date 
coordination, smart and sustainable production, 
and exact or hybrid optimization methods. 
However, these elements have generally been 
studied separately or only partially integrated. 
The present study addresses this gap by jointly 
considering job-to-machine allocation, integer 
batch formation, inter-job sequencing, job-
dependent setup times, backward JIT scheduling, 
a single common due date, and total actual 
flow time minimization in an identical parallel 
machine environment. Accordingly, the proposed 
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Table 1. Gap-based novelty positioning of the present study

Research stream Main coverage in previous studies The remaining gap addressed by 
this study

Batch-oriented 
production, Industry 
4.0 scheduling, 
and production 
uncertainty1–4

Previous studies emphasized batch-
discrete manufacturing, machine 
assignment, lot-sizing, production 
scheduling, and robustness under 
uncertain processing conditions

These studies provide the production 
context, but do not jointly address 
integer batching, inter-job sequencing, 
backward JIT scheduling, and total 
actual flow time minimization

Smart and 
sustainable 
production5–7

Prior works highlighted WIP control, 
resource utilization, energy-aware 
production, smart manufacturing, 
and sustainability-oriented production 
planning

These studies support the WIP-oriented 
motivation, but do not formulate 
a detailed parallel machine batch 
scheduling model using total actual flow 
time as the objective

Total actual flow 
time and JIT batch 
scheduling8–13

This stream established total actual 
flow time as a JIT-oriented measure 
and extended it to single-machine, 
batch-processor, inspection, learning, 
forgetting, deterioration, and multi-job 
settings

Existing models mainly focus on non-
parallel machine settings and do not 
integrate allocation, batching, and 
sequencing on identical parallel machines 
under a single common due date

Production–
delivery, additive 
manufacturing, 
overlapping, 
and flow-based 
batching14–17

These studies showed that batching 
decisions influence production timing, 
delivery coordination, order acceptance, 
overlapping operations, and production 
responsiveness

They do not solve the integrated 
identical parallel machine batch 
scheduling problem under backward 
JIT logic and total actual flow time 
minimization

Flow-shop and 
multi-stage batch 
scheduling18–23

Previous works developed total actual 
flow time models for flow shop, hybrid 
flow shop, and multi-stage batch-
processing systems

These studies focus on sequential multi-
stage systems, whereas the present 
study addresses the parallel machine 
counterpart involving allocation, 
batching, and sequencing within a shared 
due date horizon

Parallel machine 
batch scheduling24–35

Prior research addressed parallel 
batching, setup effects, release 
dates, resource constraints, machine 
availability, maintenance, energy 
efficiency, and heuristic or exact solution 
methods

Most studies do not combine total 
actual flow time, backward JIT logic, 
job-to-machine allocation, integer batch 
formation, inter-job sequencing, and a 
single common due date in one model

JIT, common 
due date, and 
sustainability-
oriented 
scheduling36–43

This stream covered JIT material 
handling, common due date 
coordination, due date assignment, 
earliness–tardiness, online allocation, and 
carbon-emission considerations

These studies generally focus on 
completion time, due date deviation, 
earliness–tardiness, job rejection, online 
allocation, or carbon-related objectives 
rather than total actual flow time

Exact and hybrid 
optimization 
methods44–49

Previous studies developed constraint 
programming, reinforcement-learning-
based hybrid search, structural analysis, 
branch-and-price, and decomposition-
based formulations

They demonstrate the relevance of 
exact and hybrid methods, but do not 
provide an exact B&B benchmark for 
the integrated problem addressed in this 
study

Closest prior parallel 
machine model using 
total actual flow 
time50

The closest related model considered 
unrelated parallel machines, resource 
constraints, sequence-dependent setups, 
multiple due dates, and total actual flow 
time minimization

The present study differs in that it 
focuses on identical parallel machines, 
a single common due date, backward 
JIT scheduling, and exact benchmarking 
of allocation, sequencing, and integer 
batching decisions

(Cont’d...)
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Research stream Main coverage in previous studies The remaining gap addressed by 
this study

Present study

This study integrates job-to-machine 
allocation, integer batching, inter-job 
sequencing, job-dependent setup times, 
backward JIT scheduling, horizon-
feasibility screening, allocation-level LB, 
and exact B&B evaluation

It provides an exact benchmark for 
discrete multi-job batch scheduling 
to minimize total actual flow time on 
identical parallel machines under a single 
common due date

Abbreviations: B&B: Branch-and-Bound; JIT: Just-in-time; LB: Lower bound; WIP: Work-in-
process.

Table 1. (Continued)

model provides a unified discrete scheduling 
framework and an exact B & B benchmark for 
future heuristic and hybrid methods.

3. Methods

This section presents the methodology for 
solving the discrete multi-job batch scheduling 
problem on identical parallel machines with 
a single common due date. The methodology 
consists of two parts. First, the total actual flow 
time objective and the mathematical model are 
formulated under backward JIT scheduling. 
Second, an exact B & B procedure is developed 
to optimally solve the discrete model. The B & 
B enumerates allocation, backward sequencing, 
and integer batch-size decisions, and evaluates 
each complete solution using a backward-packed 
scheduling rule consistent with the total actual 
flow time definition.8

We consider a manufacturing system with  J
jobs processed on M  identical parallel machines 
under a single common due date d. Each job 
j has an integer demand jn , a unit processing 
time jt , and a job-dependent setup time js
. A setup of duration js  must be performed 
immediately before processing each batch of job 
j . Machines are single-capacity, batches are non-

preemptive, and batches from different jobs may 
be interleaved on the same machine. Scheduling 
follows a backward JIT logic: On each machine, 
the job block processed closest to the due date 
is placed last, and earlier work is scheduled 
backward as late as feasibility allows.

3.1. Notation (indices, parameters, and 
variables)

Indices :

Jobs 1,2,...,j J= ; machines 

1,2,...,m M= ; batch indices 

,1, 2,..., j mi N=  where 1i =  de-
notes the batch closest to the due 

date within each ( ),j m  block and 
indices increase leftward.

Parameters :

jn  (integer demand of job j . ); jt  

(unit processing time of job j); js  
(setup time required immediately 

before any batch of job j ); and d  
(single common due date).

D e c i s i o n 
variables :

,j mA  (integer allocation of job j  

to machine m ); , ,j m iQ  (integer 

size of batch  i of job j  on ma-

chine m ); , ,j m iB  (start of process-

ing after setup); , ,j m iC  (completion 

time); and mπ  (backward job order 
on machine m ).

Auxi l iary 
quantity :

,j mN  is the number of realized (non-

zero) batches for job j  on machine 

m , i.e., 
, , ,|{ : 0} | .j m j m iN i Q= >
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3.2. Performance measure and objective 
function
Following previous work8, the performance measure 
is the total actual flow time, which evaluates the 
cumulative time that all units remain on the shop 
floor until the common due date. For a batch of size 

, ,j m iQ  that starts processing at the time , ,j m iB , the 
batch contribution is:

( ), , , , , ,   a
j m i j m i j m iF d B Q= − (1)

The total actual flow time is

( ),

, , , ,1 1 1
   j mJ M Na

j m i j m ij m i
F d B Q

= = =
= −∑ ∑ ∑  

(2)

Since d  and 
1

 J
jj

n
=∑  are fixed, Equation 2 can 

be rewritten as    

,

, , , ,1 1 1 1
 j mJ J M Na

j j m i j m ij j m i
F d n B Q

= = = =
= −∑ ∑ ∑ ∑

  
(3)

Thus, minimizing total actual flow time is 
equivalent to maximizing the weighted sum of 
batch start times. Under backward scheduling, 
the start time of a batch is determined by its 
completion time and processing requirement:

, , , , , ,  j m i j m i j j m iB C t Q= − (4)

3.3. Mathematical model
The mathematical model is formulated as

 amin F (5)

subject to

,1
,   ;M

j m jm
A n j

=
= ∀∑  

(6)

,

,1 , , , , ;j mN
j m ii j mQ A j m

=
= ∀∑ (7)

, , , , , ,= , , , ;j m i j m i j j m iC B t Q j m i+ ∀ (8)

( )
,, , , ,1 ,

, , adjacent on
g mg m N h m g

m

B C s

m g h π

= +

∀ ∀
(9)

( )1 , ,1 ,    ;
m mC d mπ = ∀

  
(10)

( ), ,1

J
j j m j j mj

t A s N d
=

+ ≤∑ ,    ;m∀    
(11)

, 0 , ,

0 , , , ,

,
, 0, 0 ;

j m j m i

j m i j m i

A Q
B C
≥

>

∈

∈ > >





(12)

Equation 5 defines the objective: to minimize the 
total actual flow time. Constraints in Equations 6–7 
ensure that job demands are fully allocated across 
machines and that each allocation is exactly partitioned 
into integer batches. Constraint in Equation 8 
defines the completion time of each batch. Constraint 
in Equation 9 indicates that if the job block g  is 
scheduled later than h , or closer to the common 
due date on machine m under backward scheduling, 
then the start time of the first batch of the job g  is 
determined from the finish time of the last batch of 
the job  h plus the setup time of the job g . Constraint 
in Equation 10 ensures that the rightmost batch of 
the rightmost job block on each machine completes 
at the common due date. Constraint in Equation 
11 imposes horizon-feasibility over [ ]0, d , where 

,j mN  is the number of realized batches. Constraint 
in Equation 12 enforces integrality.

3.4. Exact Branch-and-Bound procedure 
(step-by-step)
Because allocation, backward sequencing, 
and integer batch-size decisions are strongly 
interdependent, the model is combinatorial. 
Therefore, an exact B & B procedure is developed 
as a benchmark solution method. The B & B 
explores the feasible decision space using the 
stepwise branching scheme described below.

Step 0.

Initialization: Set the incumbent objective 
value upper boundary (UB) ← +∞. 

Initialize the best solution record as 
empty.
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Step 1.

Allocation branching and early screening: 
Enumerate all feasible integer allocations 

,j mA  satisfying constraint in Equation 
6. For each allocation, perform early 
feasibility screening using the mini-
mum-batch requirement: Any positive 
allocation must be processed in at least 

one batch. Define , 1min
j mN =  if , 0j mA >

, and , 0min
j mN =  otherwise, and compute 

the minimum workload on each machine  

( ), ,1

Jmin min
m j j m j j mj

W t A s N
=

= +∑ . If 
min

mW d>  for any machine m, the allo-
cation is infeasible and discarded. Next, 
compute the optimistic allocation-based 
lower bound (LB[A]) used for pruning:

( ) 2
,1 1

J M
j j mj m

LB A t A
= =

=∑ ∑  
(13)

If ( )LB A UB≥ , discard the alloca-
tion-based estimate because it cannot 
produce an improved feasible solution.

Step 2.

Backward sequencing branching: For each 
retained allocation, determine the set of 
jobs assigned to each machine. Enumerate 

all backward job orders mπ  on each ma-
chine (only machines with more than one 
assigned job require sequencing).

Step 3.

Integer batch-size branching: For each 
combination of allocation A  and back-
ward job orders π , enumerate integer 

batch-size compositions , ,j m iQ  for each 

positive allocation ,j mA  such that the 
constraint in Equation 7 holds. To 
reduce symmetric solutions, batch sizes 

within each ( ),j m  blocks are generated 
in non-increasing order.

Step 4.

Leaf evaluation by backwards-packed 

scheduling: Once ( ), , ,, ,j m m j m iA Qπ  are 
fixed, a complete schedule is constructed 
by backward packing. For each machine, 
the rightmost job block is anchored at the 
common due date. Within each job block, 
batches are placed backward without in-
serted idle time, and each batch is imme-
diately preceded by its setup. After a job 
block is placed, the next (left) job block 
is positioned so that the inter-job relation 
in Equation 9 is satisfied tightly (i.e., no 
idle time is inserted between adjacent job 
blocks). If any computed processing start 
time is negative, the solution violates the 
horizon and is discarded; otherwise, it is 
feasible.

Step 5.

Objective evaluation and incumbent 
update: For any feasible complete solu-

tion, compute aF  using Equation 2. If 

 UBaF < , update   aUB F←  and store 

the corresponding ( ), , ,, ,j m m j m iA Qπ  as 
the current best solution.

Step 6.

Termination and optimality: Steps 1–5 
are repeated until all combinations gen-
erated by the stepwise branching scheme 
have been either evaluated or discarded 
by feasibility screening or LB dominance. 
When the procedure terminates, the 
incumbent solution is a global optimum of 
the discrete model.

3.5. Data source and computational 
instance design
The proposed model and algorithm were 
evaluated using constructed benchmark instances, 
as the study aims to develop an exact solution 
benchmark rather than estimate parameters 
from a specific industrial dataset. The illustrative 
example provides a traceable case for explaining 
the B & B procedure, while the scalability 
experiments use controlled instances to examine 
allocation, batching, sequencing, setup effects, 
feasibility screening, and LB pruning under 
reproducible conditions. To support transparency, 
the generated test instances and computational 
results are available on Zenodo at https://doi.
org/10.5281/zenodo.20503546 (record number 
20503546).

https://doi.org/10.5281/zenodo.20503546
https://doi.org/10.5281/zenodo.20503546
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4. Results

This section presents two sets of numerical re-
sults. First, an illustrative example demonstrates 
the step-by-step implementation of the proposed 
exact B & B algorithm, including allocation 
screening, backward sequencing, integer batch-
ing, and backwards-packed schedule evaluation. 
Second, computational experiments are conduct-
ed to evaluate the scalability, feasibility screen-
ing, LB pruning, and runtime performance of 
the proposed algorithm. The numerical example 
and computational experiments are based on the 
constructed benchmark instances described in 
Section 3.5. Throughout this section, the total 
actual flow time is denoted by aF .

4.1. Illustrative example
Consider 2J =  jobs processed on 2M =  
identical parallel machines under a single common 
due date 14d = . Job data are:

•	 Job 1: Demand 1 3n =  units, processing time 

1 2t = , setup 1 3s = .
•	 Job 2: Demand 2 2n =  units, processing time 

2 1t = , setup 2 4s = .

The B & B follows the stepwise branching 
scheme in Section 3.4: (i) Allocation, (ii) 
backward sequencing, (iii) batching, and then 
leaf evaluation by backwards-packed scheduling.

4.1.1. Step 1: Allocation screening and 
lower bound evaluation
For each integer allocation ,j mA , a quick horizon 
screening is performed using the minimum-batch 
workload on each machine (each positive ,j mA  
implies at least one setup). Allocations that violate 
the due date horizon are discarded. For the remaining 
allocations, the LB(A) is computed using Equation 
13. Since the incumbent is initialized as UB ∞= +
, LB(A)-based dominance pruning is applied only 
after a feasible incumbent has been obtained. In 
this example, as shown later in Step 5, the detailed 
evaluation of allocation A6 produces a feasible solution 
with 20aF = , which establishes UB = 20. Table 2 
and Table 3 summarize the allocation nodes and the 
post-incumbent pruning decisions for Example 1.

Tables 2 and 3 report the allocation-stage 
nodes explored by the B & B. Table 2 lists the 

integer allocation matrices 1,1 1,2 2,1, ,A A A , and 2,2A
, while Table 3 reports the horizon-feasibility 
screening result, the LB(A), and the pruning or 
continuation decision after the incumbent (UB 
= 20) becomes available. Each row represents 
one candidate allocation of job quantities to the 
two machines. If “horizon feasible?” is no, the 
allocation is discarded immediately because even 
the minimum workload, including at least one 
setup for each positive allocation, exceeds the 
due date horizon on at least one machine. As 
an example, consider Allocation ID A6, where 
( )1,1 1,2 2,1 2,2, , , ) (1, 2, 2,0A A A A = : this means Job 
1 is split as 1 unit on Machine 1 and 2 units 
on Machine 2, while Job 2 is fully assigned to 
Machine 1 (2 units) and none to Machine 2; the 
row shows “horizon feasible? = yes” and LB(A) = 
14, so because LB(A) < UB = 20, allocation A6 
is not pruned and is carried forward to the next 
branching steps. 

Table 2. Allocation nodes (Example 1): Integer 
allocation matrix Aj,m

Allocation ID 1,1A 1,2A 2,1A 2,2A

A1 0 3 0 2

A2 0 3 1 1

A3 0 3 2 0

A4 1 2 0 2

A5 1 2 1 1

A6 1 2 2 0

A7 2 1 0 2

A8 2 1 1 1

A9 2 1 2 0

A10 3 0 0 2

A11 3 0 1 1

A12 3 0 2 0

To provide a clearer visual representation of 
the B & B search process, Figures 2–4 are divided 
into three complementary parts. Figure 2 presents 
the allocation-level branching, horizon-feasibility 
screening, and post-incumbent LB-based pruning. 
Figure 3 expands the retained allocation branch 
A6 and shows how this branch proceeds to the 
downstream sequencing and batching decision 
layers. Figure 4 then illustrates the downstream 



	 1595�

R. Yusriski et al. / IJOCTA Vol.16, No.4, pp.1586-1604 (2026)

branching and optimal solution identification 
under A6, including the selection of the best 
feasible branch, backwards-packed scheduling, 
objective evaluation, and incumbent update.

Table 3. Allocation screening and post-incumbent 
pruning decisions (Example 1)

Allocation 
ID

Horizon 
feasible? LB(A)

Decision 
after UB = 
20

A1 No 22 Prune 
(infeasible)

A2 Yes 20 Prune (LB ≥ 
UB)

A3 Yes 22 Prune (LB ≥ 
UB)

A4 Yes 14 Continue

A5 Yes 12 Continue

A6 Yes 14 Continued 
(detailed)

A7 Yes 14 Continue

A8 Yes 12 Continue

A9 Yes 14 Continue

A10 Yes 22 Prune (LB ≥ 
UB)

A11 Yes 20 Prune (LB ≥ 
UB)

A12 No 22 Prune 
(infeasible)

Abbreviations: LB: Lower bound; LB(A): 
Allocation-based lower bound; UB: Upper 
bound. 

Figure 2. Allocation branching and post-incumbent 
pruning process of the proposed B & B algorithm for 
the numerical example
Abbreviations: B & B: Branch-and-Bound; LB: Lower 
bound; LB(A): Allocation-based lower bound; UB: 
Upper bound. 

The LB-based pruning decisions shown in 
Figure 2 are applied after the incumbent 

20UB =  is obtained from the detailed evaluation 
of allocation A6.

Figure 3. Detailed view of the retained allocation 
branch A6 in the proposed B & B algorithm
Abbreviations: B & B: Branch-and-Bound; LB(A): 
Allocation-based lower bound; UB: Upper bound. 

Figure 4. Downstream branching and optimal 
solution identification under the retained allocation 
branch A6
Abbreviations: LB(A): Allocation-based lower bound; 
UB: Upper bound. 

4.1.2. Step 2 (backward sequencing)
Under A6, Machine 2 processes only Job 1, so 
no sequencing decision is needed. Machine 1 
processes two job blocks (Job 1 and Job 2). The 
best backward order is mπ  = (2, 1), meaning Job 
2 is scheduled closest to the due date and Job 1 
is scheduled earlier.
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4.1.3. Step 3 (batching)
The optimal batching uses one batch per positive 
allocation (no splitting): on Machine 1, 2,1,1 2Q =  
and 1,1,1 1Q = ; on Machine 2, 1,2,1 2Q = .

4.1.4. Step 4 (backwards-packed schedule)
A backwards-packed schedule is constructed by 
anchoring the rightmost batch completion at 

14d =  on each machine, then placing earlier 
batches backwards without idle time and with 
setup performed immediately before processing. 
The resulting schedule is shown in Table 4.

Table 4. Backwards-packed schedule for the optimal 
branch (A6, Example 1)

Machine Job Batch (right 
→ left) , ,j m iB , ,j m iC

1 2 2,1,1 2Q =  (clos-
est to d)

12 14

1 1 1,1,1 1Q = 6 8

2 1 1,2,1 2Q =  (clos-
est to d)

10 14

4.1.5. Step 5 (objective evaluation)
Using the batch contribution definition, the 
objective value is computed as follows. On 
Machine 1: (14 − 12) × 2 = 4 for Job 2 and (14 − 
6) × 1 = 8 for Job 1, giving 12. On Machine 2: (14 
− 10) × 2 = 8. Therefore, the complete schedule 
obtained from Allocation A6 gives aF  = 12 + 8 
= 20. Since the incumbent is initialized to UB 
= +∞ and is updated whenever a better feasible 
complete solution is found, the value obtained 
from A6 improves the incumbent, setting UB = 
20. The Gantt chart for this solution is shown in 
Figure 5.

After evaluating feasible allocations, the 
best feasible objective value obtained for each 
allocation is summarized in Table 5. 

Table 5 summarizes, for each allocation ID 
that passes the feasibility screening, the best 
feasible total actual flow time aF  obtained 
after completing the remaining B & B decisions 
(backward sequencing and integer batching) 
and evaluating the resulting backward packed 
schedule. In other words, each value in the 
table is the minimum aF  achievable within 
that allocation branch. The results indicate that 
the global optimum is * aF  = 20, achieved by 

Allocation A6, and the same optimal value is also 
obtained by A7, reflecting symmetry between 
identical machines. 

Figure 5. Gantt chart of Allocation ID A6, where 
2,1,1 2,Q =  and 1,1,1 1Q =  are scheduled on Machine 1, 

and 1,2,1 2Q =  is scheduled on Machine 2

Table 5. Best feasible aF  per allocation (Example 
1)

Allocation ID Best feasible aF
A2 29

A3 21

A4 26

A5 24

A6 20

A7 20

A8 24

A9 26

A10 21

A11 29

4.2. Computational experiments and 
scalability analysis
The computational experiments evaluate the 
scalability of the proposed B & B algorithm 
beyond the illustrative example in Section 4.1. 
10 controlled test instances were generated by 
varying the numbers of machines and jobs in 
small-to-medium exact-test settings, representing 
situations where multiple jobs compete for limited 
parallel resources. The instances were designed 
with small-to-medium demands, controlled 
processing and setup times, and feasible common 
due dates so that the exact B & B algorithm could 
verify global optimality while still capturing the 
effects of allocation, sequencing, and batching 
decisions. The analysis focuses on the growth of 
the allocation search space, feasibility screening, 
LB pruning, and runtime as the problem size 
increases.
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All experiments were conducted using a custom 
implementation of the proposed B & B algorithm 
under identical computational conditions. For 
each instance, the algorithm was executed until 
all allocation nodes were either explored or 
fathomed by infeasibility or dominance; therefore, 
all reported solutions are certified global optima. 
Tables 6 and 7 summarize the scalability results 
for cases C1–C10 by reporting the allocation 
search-space size and the computational effort 
required to prove optimality. The experiments 
use controlled small-to-medium instances 
because the number of allocation nodes grows 

combinatorially as 1

1
1

J j
j

n M
M=

+ − 
 − 

∏ . Accordingly, 

job demands were kept small while M and J
were varied to evaluate the behavior of the exact 
B & B algorithm under tractable exact-test 
conditions.

Tables 6 and 7 summarize the allocation search 
space and the computational effort of the exact B & 
B algorithm. The total number of allocation nodes 
increases with M , J , and job demand, with the 
largest tested instance containing 10,240 nodes. 
Horizon-feasibility screening eliminates allocations 
whose minimum workload exceeds the common 
due date horizon, while the ( )LB A  further prunes 
selected feasible nodes after an incumbent solution is 
obtained. Although LB pruning is not dominant in 
all cases, it helps reduce the search space when the 
incumbent is sufficiently strong. Overall, the exact B 
& B algorithm successfully verifies the global optimum 
for all tested small-to-medium instances, with all 
runtimes remaining below five seconds.

Table 6. Problem size of the allocation search space

Case M J Total allocation nodes
C1 2 4 36

C2 2 5 144

C3 3 4 162

C4 3 5 972

C5 3 6 2,916

C6 4 4 640

C7 4 5 2,560

C8 4 6 10,240

C9 5 4 1,875

C10 5 5 9,375

5. Discussion

5.1. Key findings and overview
The results in Tables 2–5 show that the 
proposed B & B procedure is able to identify 
the global optimum  *aF = 20 for Example 
1 and to clearly explain how this value is 
obtained through allocation screening, backward 
sequencing, batching decisions, and backwards-
packed scheduling. Among all feasible allocations, 
Allocation A6 (and symmetrically A7) yields the 
minimum total actual flow time. The optimal 
solution is characterized by a balanced allocation 
across machines, a backward job order that places 
the most critical processing near the common 
due date, and a single batch for each positive 
allocation. Tables 2 and 3 show the allocation 

Table 7. B & B performance and outcomes

Case Horizon-feasible 
nodes

Pruned by LB 
(%)

Pruned 
infeasible Optimal Fᵃ Runtime (s)

C1 36 0 0 30 0.0085

C2 144 0 0 76 0.7884

C3 120 0 42 13 0.0451

C4 774 0 198 26 0.3624

C5 2,403 0 513 61 1.3102

C6 384 34.4 256 29 0.0311

C7 1,344 0 1,216 24 0.2184

C8 5,928 0 4,312 26 1.5343

C9 420 92.1 1,455 19 0.0667

C10 2,940 36.7 6,435 16 0.4328

Abbreviations: B & B: Branch-and-Bound; LB: Lower bound.
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screening and pruning structure, while Table 5 
confirms that no feasible allocation produces a 
lower aF  than A6 and A7. Table 4 illustrates 
the detailed schedule structure that achieves this 
optimum.

5.2. Mechanism of the objective under 
backward JIT scheduling
The solution behavior follows directly from the 
objective function, since for a given batch size 

, ,j m iQ , the contribution to aF  depends entirely on 
the processing start time , ,j m iB . The later a batch 
starts, the smaller its contribution to the total 
actual flow time. Therefore, schedules that place 
processing as close as possible to the common due 
date are preferred, which is precisely the logic of 
backward JIT scheduling. Figure 6 illustrates 
this behavior: panel (A) shows backwards-packed 
scheduling, where batches are positioned as late 
as feasible without unnecessary idle time, while 
panel (B) highlights the setup–splitting trade-
off, in which additional splitting introduces extra 
setups and may force some processing to start 
earlier, thereby increasing aF .

Figure 6. Illustration of backwards-packed scheduling 
and the setup–splitting trade-off

Figure 6 shows that backwards-packed 
scheduling places batches as late as possible 
before the common due date, thereby increasing 
processing start times and reducing their 
contribution to total actual flow time. It also 
highlights the trade-off of batch splitting: 
although splitting may improve scheduling 
flexibility, it introduces additional setup time 
that consumes the available time window and 
may force some batches to start earlier. This 
explains why backwards-packed schedules appear 
in the optimal B & B leaves; any unnecessary idle 

time would reduce , ,j m iB , increase , ,( )j m id B− , and 

worsen the objective value.

5.2.1 Lemma 1
For any fixed combination of Allocation A
, backward job order π , and batch sizes Q , a 
backwards-packed schedule (with no unnecessary 
idle time and setup performed immediately before 
processing) yields the minimum possible value of 

aF  among all feasible schedules consistent with 
( ), , ,, ,j m m j m iA Qπ .

5.2.2. Proof
Given ( ), , ,, ,j m m j m iA Qπ , inserting idle time before 

any batch shifts that batch and all batches to 
its left earlier in time, reducing , ,j m iB  while 

leaving , ,j m iQ  unchanged. Since ( ), , , ,j m i j m id B Q−  

increases when , ,j m iB  decreases, any idle time 

strictly increases aF . Therefore, the backwards-
packed schedule, which maximizes all feasible 
batch start times, is optimal for leaf evaluation.

5.2.3. Setup–splitting trade-off and the 
role of batching
The results also clarify why batch splitting is not 
selected in the optimal solution of Example 1. Each 
additional batch increases the number of setups 

,j mN , which directly affects the horizon-feasibility 

through the constraint ( ), ,
1

J

j j m j j m
j

t A s N d
=

+ ≤∑ . 

Additional setup time consumes capacity near the 

due date, forcing some processing to be shifted 
earlier. This shift reduces batch start times , ,j m iB  
and increases the corresponding contribution to 

aF . As a result, although splitting can sometimes 
improve flexibility, it becomes counterproductive 
when setup times are non-negligible relative to 
processing times or when the due date horizon 
is tight.

In Example 1, setup times are substantial for 
both jobs ( 1 3s =  and 2 4s = ), and the horizon 
is limited to 14d = . Under these conditions, 
introducing additional batches would add setup 
overhead that outweighs any potential benefit of 
finer batch positioning, leading to a higher total 
actual flow time.

5.2.4. Proposition 1
When setup times are relatively large compared 
to unit processing times, or when the common due 
date is tight, solutions with a minimal number of 
batches (often one batch per positive allocation) 
tend to minimize aF .
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5.2.5. Proof
Each additional batch introduces a fixed setup 
that reduces the time available for processing 
as the due date approaches. This loss must be 
compensated for by shifting some processing 

earlier, which increases ( ), ,j m id B−  for the 

affected units. Consequently, in a setup-dominant 

regime, minimizing the number of batches reduces 
early starts and leads to lower aF .

5.2.6. Allocation A6 (and A7) becomes 
optimal
Table 5 shows that Allocation A6 achieves the 
minimum value aF  = 20, while several other 
allocations produce strictly larger values. The key 
reason is that A6 balances processing loads across 
the two machines without introducing excessive setup 
overhead. On Machine 1, both jobs are processed, but 
the backward order places Job 2 closest to the due 
date; on Machine 2, Job 1 alone occupies the final 
segment of the horizon. This configuration allows 
most units to be processed close to the due date while 
keeping setup counts to a minimum. Allocation A7 
yields the same objective value because the machines 
are identical. Swapping the roles of Machines 1 and 2 
produces a symmetric schedule with identical batch 
start times relative to the due date. This symmetry 
explains the existence of multiple optimal solutions 
and highlights the importance of tie-breaking rules 
in practical implementations, for example, based on 
schedule stability or secondary criteria.

5.3. Bounding, pruning, and 
computational implications
From a computational perspective, Table 3 
illustrates the basic pruning logic of the proposed 
B & B procedure. Horizon screening first 
discards allocations that cannot fit within the 
due date window, while the LB(A) is used after 
an incumbent solution is obtained to eliminate 
branches that cannot improve the current best 
solution. Although the illustrative example is 
small, the same logic applies to the computational 
experiments, where the exact B & B algorithm 
evaluates controlled small-to-medium instances 
with allocation search spaces of up to 10,240 
nodes.

The computational results also position the 
proposed B & B algorithm relative to existing 
scheduling studies. A direct numerical comparison 
is difficult because prior studies typically differ in 
their machine environments, due date structures, 
objective functions, and benchmark datasets. In 

contrast, this study integrates allocation, integer 
batching, sequencing, job-dependent setups, and 
backward common due date scheduling under the 
total actual flow time objective. The proposed 
B & B algorithm, therefore, serves primarily as 
an exact benchmark method: it certifies global 
optimality for all tested instances and completes 
all runs in under five seconds, providing reliable 
reference solutions for future heuristic or hybrid 
approaches on larger-scale settings.

5.4. Managerial insights
Several practical insights can be drawn from 
the example. First, backward JIT scheduling is 
highly effective for reducing total actual flow 
time because it naturally minimizes early starts 
and WIP. Second, batch splitting should not be 
applied indiscriminately; when setup times are 
significant, minimizing the number of batches 
can be more beneficial than increasing flexibility. 
Third, allocation decisions must account not only 
for processing balance but also for setup placement 
and proximity to the due date. Finally, in systems 
with identical parallel machines, multiple optimal 
solutions may exist, and additional operational 
criteria may be needed to select among them.

The computational results from experiments 
across increasing problem sizes indicate that 
exact optimization is most suitable for small 
to medium-sized planning problems and should 
primarily be used as a benchmarking and 
validation tool. As problem size increases, the 
rapid growth in computation time suggests that 
fast and robust heuristics become more valuable 
than guaranteed optimality. Managers should 
therefore align decision-support methods with 
system scale: using optimal models to understand 
structural properties and calibrate rules, while 
relying on efficient heuristic approaches for large-
scale, time-critical scheduling decisions.

6. Conclusion

This study investigated a discrete multi-job 
batch scheduling problem on identical parallel 
machines under a common due date, with the 
objective of minimizing total actual flow time 
within a backward JIT scheduling framework. 
The model integrates demand allocation, integer 
batching, per-machine sequencing, and job-
dependent setup positioning. An exact B & B 
algorithm was developed using stepwise branching 
over allocation, sequencing, and batch-size 
composition decisions, with feasible leaf nodes 
evaluated through backwards-packed scheduling. 
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The illustrative example shows that optimality 
is determined not only by workload balance 
alone, but also by setup consumption, batch 
formation, and backward schedule positioning. 
The computational results further show that 
the proposed B & B algorithm certifies global 
optimality for all controlled small-to-medium 
benchmark instances, with allocation search 
spaces of up to 10,240 nodes and runtime below 
five seconds. These findings confirm the role of 
the proposed B & B as an exact benchmark 
method for validating future heuristic, hybrid, or 
learning-based algorithms.

The main limitation of this study is that the 
exact B & B algorithm remains computationally 
demanding for larger industrial-scale instances 
because the search space grows combinatorially 
with the number of jobs, machines, and feasible 
batch-size compositions. Computational analysis 
is also based on constructed benchmark instances 
rather than real industrial data. Future research 
may develop heuristic, metaheuristic, hybrid, or 
learning-based algorithms for larger-scale problems 
using the optimal solutions generated by the 
proposed B & B as benchmark references.31,32,44,45 
Further extensions may consider heterogeneous 
machine settings,31,33,50 sequence-dependent 
setups, resource constraints, and machine 
availability,26,32,50 as well as uncertainty, energy-
related objectives, carbon-emission measures, 
and WIP-related sustainability indicators.4–7,29,43 
Finally, because batching decisions are closely 
related to downstream logistics and delivery 
coordination, future work may extend the model 
to integrated production–delivery systems under 
common due date or JIT environments.14,27
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