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Classical Data Envelopment Analysis (DEA) models are traditionally built
on the assumptions of certain and non-negative data. In contrast, real-world
applications frequently involve negative values and epistemically uncertain
information. Uncertainty theory offers a rigorous mathematical alternative to
probability and fuzzy set theory for handling such indeterminacy. This study
extends the Range Directional Measure (RDM) model by integrating uncertainty
theory to simultaneously address negative data and uncertain environments.
The proposed uncertain RDM model is operationalized and validated using an
empirical dataset from the Tehran stock market, where traditional efficiency
metrics often fail due to volatile financial ratios and negative returns. The
findings demonstrate that the proposed framework yields more robust efficiency
scores and provides actionable insights for stock evaluation under uncertainty.
This integration advances the DEA literature by bridging the gap between
performance measurement and uncertainty theory in negative-data contexts.
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1. Introduction

Decision-making in complex and uncertain envi-
ronments has always been a critical aspect of or-
ganizational and policy-level operations. With the
growing availability of large-scale data and the in-
creasing complexity of modern systems, the need
for robust analytical frameworks to assess perfor-
mance has become more pronounced. Data Envel-
opment Analysis (DEA) has emerged as a widely
used non-parametric technique for evaluating the
relative efficiency of decision-making units (DMUs)
across diverse fields, including finance, healthcare,
energy, and education.1–4 By constructing an effi-
ciency frontier based on observed input and output
data, DEA enables organizations to identify the

best practices and areas for improvement.5–8 How-
ever, traditional DEA models operate under the
assumption of precise and non-negative data, a con-
dition that does not hold in many real-world sce-
narios.9–12 The presence of uncertain and negative
data poses significant challenges to conventional
DEA methodologies, limiting their applicability
and effectiveness.
In practice, uncertainty is an inherent feature of
most decision-making contexts, arising from incom-
plete, imprecise, or ambiguous information.13–16

For example, in financial markets, stock evalua-
tions are often influenced by fluctuating economic
conditions, geopolitical events, and investor sen-
timent, leading to uncertain data. Similarly, in
environmental studies, measurements of pollutant
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emissions or resource consumption are frequently
subject to estimation errors, resulting in imprecise
data. The inability of traditional DEA models
to accommodate such uncertainties restricts their
utility in addressing the complexities of modern
decision-making problems.17–19 To overcome these
limitations, researchers have turned to advanced
mathematical frameworks, including uncertainty
theory, which provides powerful tools for modeling
and analyzing imprecise information.20–22

Uncertainty theory, initially proposed as a math-
ematical discipline for handling indeterminate phe-
nomena, has evolved into a versatile framework
encompassing concepts such as fuzzy sets, inter-
val analysis, possibility theory, and probability
theory.23–25 These methodologies enable the repre-
sentation and quantification of uncertainty in vari-
ous forms, making them particularly suitable for
integration with DEA.26–28 By incorporating un-
certainty theory, DEA models can be extended to
account for imprecise inputs and outputs, thereby
enhancing their robustness and applicability in un-
certain environments.29–31 This integration has
opened new avenues for research and practical
applications, particularly in fields where data un-
certainty is a defining characteristic.

Among the various DEA extensions, the Range
Directional Measure (RDM) model has gained
prominence for its ability to address non-radial
efficiency measurements.32 Unlike traditional ra-
dial models, which assume proportional changes in
all inputs or outputs, the RDM model allows for
variable adjustments across different dimensions,
providing a more flexible and realistic assessment
of efficiency. This feature is particularly valuable
in contexts where certain inputs or outputs may
exhibit greater variability or significance than oth-
ers. However, despite its advantages, the RDM
model has primarily been applied to datasets with
precise and non-negative values, leaving its poten-
tial in uncertain and negative data contexts largely
unexplored.

Negative data, although less common than pos-
itive data, arises in various real-world scenarios
and poses unique challenges for efficiency analysis.
For instance, in financial evaluations, negative val-
ues may represent losses, debts, or deficits, which
are crucial for assessing the overall performance of
entities. Similarly, in environmental studies, nega-
tive outputs may indicate reductions in emissions
or waste, reflecting progress toward sustainabil-
ity goals. Traditional DEA models, which rely
on non-negativity assumptions, are ill-equipped to
handle such data, necessitating the development
of specialized approaches.33–36 The integration of
uncertainty theory with the RDM model offers a

promising solution to this challenge, enabling the
effective analysis of efficiency in the presence of
negative and uncertain data.

This study addresses a critical research gap, the
absence of a DEA framework capable of simultane-
ously handling negative data and uncertainty, by
proposing an Uncertain Range Directional Measure
(URDM) model. The motivation stems from real-
world contexts such as stock market evaluation, in
which negative financial ratios and limited histori-
cal data render classical approaches inapplicable.
Among existing uncertainty handling methods in
DEA, including stochastic, fuzzy, robust, and in-
terval DEA, none satisfy the requirements of this
study. Stochastic DEA demands large historical
datasets, which are unavailable. Fuzzy DEA lacks a
rigorous axiomatic foundation and clear behavioral
interpretation, leading to potential inconsistency
across experts. Robust DEA is overly conservative,
focusing only on worst-case scenarios and distort-
ing true performance. Interval DEA captures only
upper and lower bounds, discarding the most likely
central value that experts typically provide. In
contrast, uncertainty theory requires no historical
data, rests on a self-consistent axiomatic frame-
work, enables simultaneous modeling of optimistic,
pessimistic, and most likely values through the
zigzag distribution, provides transparent belief de-
gree interpretation, and preserves linearity with
low computational complexity. Therefore, uncer-
tainty theory is the most appropriate framework
for this study, in which expert knowledge is the pri-
mary information source. The main contributions
of this study are as follows:

• Methodologically, the URDM model inte-
grates uncertainty theory with the RDM frame-
work, enabling efficiency measurement under
both uncertainty and negative data without
data shifting or artificial translation.

• Computationally, the URDM model pre-
serves linearity and low computational com-
plexity, and is solvable by any standard linear
programming solver without requiring nonlinear
programming or heuristic algorithms.

• Analytically, the URDM model enhances dis-
criminative power and enables complete ranking
of decision-making units, addressing the com-
mon limitation of multiple equally efficient units
in uncertain DEA.

• Empirically, the URDM model is validated
on a real-world dataset from the Tehran stock
exchange, demonstrating practical feasibility
and offering actionable insights for investors,
policymakers, and analysts.

• Managerially, the URDM model conducts sen-
sitivity analysis through belief degrees, assesses
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stock performance across varying confidence lev-
els, and distinguishes those stocks that exhibit
greater sensitivity to uncertainty.

Collectively, these contributions position the
URDM model as an effective, linear, and practi-
cally viable tool for efficiency analysis under the
joint challenges of negative values and uncertainty,
thus extending beyond the current state of the art
in uncertain DEA.

The remainder of this study is structured as
follows. Section 2 provides an in-depth discussion
of the theoretical foundations and methodological
framework, establishing the basis for the proposed
approach. Section 3 then introduces the modeling
of uncertain range directional measure, detailing
the mathematical formulation and key assump-
tions. In Section 4, an empirical case study is con-
ducted, demonstrating the practical application
of the URDM model to the Tehran stock market
and analyzing key findings. Finally, Section 5 con-
cludes the study by summarizing its contributions,
discussing practical implications, and outlining di-
rections for future research.

2. Theoretical research background

In this section, the theoretical research background
of the study is introduced. First, the modeling of
DEA based on the range directional measure is
discussed. Then, the fundamental mathematical
concepts of uncertainty theory are presented, in-
cluding uncertainty space, uncertainty measure,
belief degree function, inverse uncertainty distribu-
tion, and common uncertainty distributions.

2.1. Range directional measure

Let’s consider a situation where there are N peer
decision-making units DMUj(j = 1, ..., N) that
utilize M inputs xij (i = 1, ...,M) to generate S
outputs yrj (r = 1, ..., S). In this case, the index
p represents the specific DMU being evaluated.
Portela et al.32 introduced the RDM model to ad-
dress situations where inputs and/or outputs have
negative values. They defined two vectors, Q−

ip

and Q+
rp denoted by Equations (1) and (2), respec-

tively. It is important to clarify that these vectors
represent the potential range of improvement for
the DMU under evaluation, indicating the extent
to which inputs can be reduced or outputs can be
expanded to achieve optimal efficiency.

Q−
ip = xip −min

j
{xij}, ∀i = 1, ...,M (1)

Q+
rp = max

j
{yrj} − yrp, ∀r = 1, ..., S. (2)

Portela et al.32 introduced the RDM model by
incorporating the concept of the range of possible

improvements, which is formulated as Model (3)
as follows:

max ηp (3)

S.t.

N∑
j=1

xijµj +Q−
ipηp ≤ xip, ∀i = 1, ...,M

N∑
j=1

yrjµj −Q+
rpηp ≥ yrp, ∀r = 1, ..., S

N∑
j=1

µj = 1

ηp, µj ≥ 0, ∀j = 1, ..., N.

In the RDM model, it is important to note that
ηp represents the measure of inefficiency for a par-
ticular DMU that is being examined. Model (3)
can be considered as the envelopment formulation
of the RDM model. The dual form of the RDM is
presented as Model (4), providing an alternative
perspective for evaluating efficiency:

min

M∑
i=1

xipνi −
S∑

r=1

yrpυr + ωp (4)

S.t.
M∑
i=1

Q−
ipνi +

S∑
r=1

Q+
rpυr ≥ 1

M∑
i=1

xijνi −
S∑

r=1

yrjυr + ωp ≥ 0, ∀j = 1, ..., N

νi, υr ≥ 0, ∀i = 1, ...,M, ∀r = 1, ..., S.

It should be noted that Model (4) represents
the multiplier formulation of the RDM model,
where non-negative weights, νi(i = 1, ...,M) and
υr(r = 1, ..., S), are allocated to inputs and outputs
respectively.

2.2. Uncertainty theory

Uncertainty theory is a branch of mathematics de-
signed to handle systems and phenomena where
precise data are unavailable, incomplete, or in-
herently imprecise.37–40 Unlike probability theory,
which quantifies randomness through well-defined
probabilities, uncertainty theory provides a more
versatile framework for representing and analyzing
vagueness, subjective judgment, and lack of infor-
mation. This makes it particularly suitable for
applications in domains such as decision-making,
finance, healthcare, and engineering. The key con-
cepts in uncertainty theory are introduced below,
offering a foundational understanding of the prin-
ciples that guide decision-making in the face of
uncertainty.
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2.2.1. Uncertainty space

The foundation of uncertainty theory lies in the
definition of an uncertainty space, represented as
a triplet (Ξ,Ψ,Λ) where:

• Ξ: The universal set containing all possible out-
comes or events.

• Ψ: A sigma-algebra over Ξ, representing the
collection of measurable subsets (events).

• Λ: An uncertainty measure that assigns a value
in [0, 1] to each event A ∈ Ψ, quantifying the
degree of belief in the occurrence of A.

2.2.2. Uncertainty measure

It is important to explain that the uncertainty
measure Λ satisfies the following four axioms,
which serve as the foundational principles ensuring
its consistency and reliability in capturing uncer-
tainty:

• Normality: Λ(Ξ) = 1.
• Duality: For any event A, Λ(A) + Λ(AC) = 1,
where AC is the complement of A.

• Subadditivity: For disjoint events A1 and A2,
Λ(A1 ∪A2) ≤ Λ(A1) + Λ(A2).

• Product Axiom: For independent events A
and B, Λ(A ∩B) ≤ Λ(A).Λ(B).

2.2.3. Belief degree function

Central to uncertainty theory is the belief degree
function, which quantifies the level of confidence or
belief in specific events or outcomes. This function
plays a crucial role in representing uncertainty by
measuring how strongly one believes in the occur-
rence of particular outcomes, based on available
information. For an uncertain variable ϖ, the be-
lief degree function, also known as the uncertainty
distribution Φ, is defined by Equation (5):

Φ(τ) = Λ{ϖ ≤ τ}, τ ∈ R. (5)

This represents the degree of belief that ϖ takes a
value less than or equal to τ .

2.2.4. Inverse uncertainty distribution

The inverse function is essential for reversing the
uncertainty measurement process, enabling the
transformation of belief degrees back into the cor-
responding outcomes or events. If Φ is strictly
increasing and continuous, its inverse Φ−1 exists
and is defined by Equation (6):

Φ−1(ξ) = inf{τ ∈ R : Φ(τ) ≥ ξ}, ξ ∈ [0, 1]. (6)

The existence of Φ−1 ensures a well-defined re-
lationship between belief degrees and uncertain
variables, which is crucial for accurate modeling
and decision-making in uncertain environments.

Additionally, this function provides the value of τ
corresponding to a given belief degree ξ.

2.2.5. Linear uncertainty distribution

The linear uncertainty distribution is the simplest
form, used when the uncertain variable ϖ varies
linearly between two bounds α(1) and α(2), with
α(1) < α(2). The linear uncertainty distribution
L(α(1), α(2)) is defined by Equation (7):

Φ(τ) =


0, if τ ≤ α(1);
(τ−α(1))

(α(2)−α(1))
if α(1) ≤ τ ≤ α(2);

1, if α(2) ≤ τ.

(7)

The inverse function of the linear uncertainty
distribution is expressed by Equation (8):

Φ−1(ξ) = (1− ξ)α(1) + (ξ)α(2), ξ ∈ [0, 1]. (8)

The linear uncertainty distribution is particu-
larly useful when the uncertainty lies within a fixed
interval and follows a straightforward linear pro-
gression.

2.2.6. Zigzag uncertainty distribution

The zigzag uncertainty distribution models more
complex patterns of uncertainty and is defined
by three critical points, β(1), β(2), and β(3) with
β(1) < β(2) < β(3). The zigzag uncertainty dis-
tribution Z(β(1),β(2),β(3)) takes the form shown in

Equation (9):

Φ(τ) =


0, if τ ≤ β(1);

(τ−β(1))

2(β(2)−β(1))
, if β(1) ≤ τ ≤ β(2);

(τ+β(3)−2β(2))

2(β(3)−β(2))
, if β(2) ≤ τ ≤ β(3);

1, if β(3) ≤ τ.

(9)

The corresponding inverse function of the zigzag
uncertainty distribution is expressed by Equation
(10):

Φ−1(ξ) =

{
(1− 2ξ)β(1) + (2ξ)β(2) if ξ ≤ 0.5;

(2− 2ξ)β(2) + (2ξ − 1)β(3) if ξ > 0.5.
(10)

The zigzag uncertainty distribution is ideal for
representing uncertainty that alternates or fluctu-
ates over distinct intervals.

2.2.7. Normal uncertainty distribution

The normal uncertainty distribution provides a
bell-shaped curve and is widely applied in cases
where uncertainty exhibits a symmetric pattern
around a central mean µ with variability σ > 0.
The normal uncertainty distribution N(µ,δ) is de-
fined by Equation (11):

Φ(τ) =

(
1 + exp

(
π(µ− τ)√

3σ

))−1

, τ ∈ R. (11)
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The inverse function of normal uncertainty dis-
tribution is given by Equation (12):

Φ−1(ξ) = µ+

√
3σ

π
ln

(
ξ

1− ξ

)
, ξ ∈ (0, 1). (12)

The normal distribution is particularly suited for
modeling uncertainty in natural and social systems
due to its ability to represent the central tendency
and variability effectively.

Notably, uncertainty theory, with its wide range
of distribution functions and belief measures, pro-
vides a powerful framework for tackling real-world
challenges across various fields. By utilizing differ-
ent uncertainty distributions, analysts can model
diverse forms of imprecision, vagueness, and un-
predictability, thereby offering robust solutions
for decision-making in complex, uncertain envi-
ronments. The linear distribution is well-suited for
simple intervals, the zigzag distribution effectively
captures dynamic uncertainty, and the normal dis-
tribution is ideal for modeling symmetric variabil-
ity, making it a versatile tool for comprehensive
uncertainty analysis.

3. The proposed uncertain range
directional measure

In this section, an extended version of the range di-
rectional measure is proposed, designed to remain
applicable under conditions of data uncertainty. A
critical step in formulating the proposed uncertain
RDM framework is the appropriate selection of an
uncertainty distribution for the uncertain variables.
As discussed in the preceding section, several dis-
tributions are available within uncertainty theory,
such as the linear, zigzag, and normal uncertainty
distributions. Among these, the zigzag distribution
was deliberately chosen for this study.

Compared to the linear uncertainty distribution,
the zigzag distribution provides a more detailed
representation by incorporating three distinct pa-
rameters, namely the optimistic, central, and pes-
simistic values, while preserving piecewise linearity.
This additional parameterization enables a richer
description of expert beliefs without compromising
computational simplicity. In contrast to the normal
uncertainty distribution, the zigzag distribution
imposes no symmetry assumptions and, more im-
portantly, entails significantly lower computational
complexity. Whereas the normal distribution often
leads to nonlinear formulations and increases the
computational burden in optimization models, the
zigzag distribution maintains the linear structure
of the underlying DEA framework. Consequently,
the proposed URDM model remains tractable and
solvable using standard linear programming tech-
niques, obviating the need for nonlinear solvers or

numerical approximations. Thus, the zigzag distri-
bution strikes an optimal balance between repre-
sentational richness and computational efficiency,
making it particularly suitable for integration with
the RDM model in the presence of negative and
uncertain data.

It should be noted that all data are uncertain,
and are represented by zigzag uncertainty distri-

bution x̃ij(x
(1)
ij , x

(2)
ij , x

(3)
ij ) and ỹrj(y

(1)
rj , y

(2)
rj , y

(3)
rj ) in

which x
(1)
ij < x

(2)
ij < x

(3)
ij and y

(1)
rj < y

(2)
rj < y

(3)
rj .

The multiplier form of the RDM model under
the zigzag uncertainty distribution is presented
in Model (13):

min
M∑
i=1

x̃ipνi −
S∑

r=1

ỹrpυr + ωp (13)

S.t

M∑
i=1

Q̃−
ipνi +

S∑
r=1

Q̃+
rpυr ≥ 1

M∑
i=1

x̃ijνi −
S∑

r=1

ỹrjυr + ωp ≥ 0,∀j = 1, ..., N

νi, υr ≥ 0, ∀i = 1, ...,M, ∀r = 1, ..., S.

Then, to address the uncertainty in the RDM
model and convert it to its equivalent crisp values,
the uncertainty measure is applied, as shown in
Model (14):

min Θ (14)

S.t. Λ

{
M∑
i=1

x̃ipνi −
S∑

r=1

ỹrpυr + ωp ≤ Θ

}
≥ ξ

Λ

{
M∑
i=1

Q̃−
ipνi +

S∑
r=1

Q̃+
rpυr ≥ 1

}
≥ ξ

Λ

{
M∑
i=1

x̃ijνi −
S∑

r=1

ỹrjυr + ωp ≥ 0

}
≥ ξ,

∀j = 1, ..., N

νi, υr ≥ 0, ∀i = 1, ...,M, ∀r = 1, ..., S.

As shown in Equation (10), the corresponding in-
verse function of the zigzag uncertainty distribution
takes two different forms depending on whether
the belief degree is greater than or less than 0.5.
Consistent with Equation (10), the deterministic
equivalent of the uncertain chance constraints in
the RDM model is presented for the specified belief
degree ξ. These are denoted as Models (15) and
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(16) for ξ ≤ 0.5 and ξ > 0.5, respectively:

min Θ (15)

S.t.
M∑
i=1

((1− 2ξ)x
(1)
ip + (2ξ)x

(2)
ip )νi−

S∑
r=1

((2ξ)y(2)rp + (1− 2ξ)y(3)rp )υr + ωp ≤ Θ

M∑
i=1

((2ξ)Q
−(2)
ip + (1− 2ξ)Q

−(3)
ip )νi+

S∑
r=1

((2ξ)Q+(2)
rp + (1− 2ξ)Q+(3)

rp )υr ≥ 1

M∑
i=1

((2ξ)x
(2)
ij + (1− 2ξ)x

(3)
ij )νi−

S∑
r=1

((1− 2ξ)y
(1)
rj + (2ξ)y

(2)
rj )υr + ωp ≥ 0,

∀j = 1, .., N

νi, υr ≥ 0, ∀i = 1, ...,M, ∀r = 1, ..., S

min Θ (16)

S.t.
M∑
i=1

((2− 2ξ)x
(2)
ip + (2ξ − 1)x

(3)
ip )νi−

S∑
r=1

((2ξ − 1)y(1)rp + (2− 2ξ)y(2)rp )υr + ωp ≤ Θ

M∑
i=1

((2ξ − 1)Q
−(1)
ip + (2− 2ξ)Q

−(2)
ip )νi+

S∑
r=1

((2ξ − 1)Q+(1)
rp + (2− 2ξ)Q+(2)

rp )υr ≥ 1

M∑
i=1

((2ξ − 1)x
(1)
ij + (2− 2ξ)x

(2)
ij )νi−

S∑
r=1

((2− 2ξ)y
(2)
rj + (2ξ − 1)y

(3)
rj )υr + ωp ≥ 0,

∀j = 1, .., N

νi, υr ≥ 0, ∀i = 1, ...,M, ∀r = 1, ..., S.

Now, by utilizing binary variables Υ and a suffi-
ciently large number †, the linearization of incom-
patible constraints for belief degrees greater than
or less than 0.5 is performed. Finally, the uncer-
tain framework of the range directional measure is

proposed as Model (17):

min Θ (17)

S.t.

M∑
i=1

((1− 2ξ)x
(1)
ip + (2ξ)x

(2)
ip )νi−

S∑
r=1

((2ξ)y(2)rp + (1− 2ξ)y(3)rp )υr + ωp ≤ Θ+ †Υ

M∑
i=1

((2− 2ξ)x
(2)
ip + (2ξ − 1)x

(3)
ip )νi−

S∑
r=1

((2ξ − 1)y(1)rp + (2− 2ξ)y(2)rp )υr+

ωp ≤ Θ+ †(1−Υ)

M∑
i=1

((2ξ)Q
−(2)
ip + (1− 2ξ)Q

−(3)
ip )νi+

S∑
r=1

((2ξ)Q+(2)
rp + (1− 2ξ)Q+(3)

rp )υr ≥ 1− †Υ,

M∑
i=1

((2ξ − 1)Q
−(1)
ip + (2− 2ξ)Q

−(2)
ip )νi+

S∑
r=1

((2ξ − 1)Q+(1)
rp + (2− 2ξ)Q+(2)

rp )υr

≥ 1− †(1−Υ),

M∑
i=1

((2ξ)x
(2)
ij + (1− 2ξ)x

(3)
ij )νi−

S∑
r=1

((1− 2ξ)y
(1)
rj + (2ξ)y

(2)
rj )υr + ωp ≥ −†Υ,

∀j = 1, ..., N

M∑
i=1

((2ξ − 1)x
(1)
ij + (2− 2ξ)x

(2)
ij )νi−

S∑
r=1

((2− 2ξ)y
(2)
rj + (2ξ − 1)y

(3)
rj )υr + ωp ≥

− †(1−Υ),∀j = 1, ..., N

ξ ≤ 0.5 + †Υ
ξ > 0.5− †(1−Υ)

Υ ∈ {0, 1}
νi, υr ≥ 0, ∀i = 1, ...,M, ∀r = 1, ..., S.

At the end, Model (17) introduces a novel range
directional measure designed to effectively address
negative and uncertain data in real-world problems
and applications. This model provides a robust
framework for handling uncertainty, making it suit-
able for a wide range of practical scenarios where
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data may be imprecise or fluctuate, ensuring more
accurate decision-making and analysis in complex
environments.

4. Case study and experimental results

This section demonstrates the application of the
proposed uncertain RDM model through a practi-
cal case study in the insurance industry. A sample
of 18 insurance companies listed on the Tehran
stock market is selected for analysis. Financial
data for these companies are extracted from March
2016 to March 2017, providing a one-year window
for empirical evaluation. Based on previous stud-
ies in the field of financial performance evaluation
and the opinions of domain experts, three key fi-
nancial inputs and three critical output metrics
are incorporated into the model.41–43 The selected
input variables include the price-to-earnings ratio
(P/E), which reflects market valuation relative to
earnings; the quick ratio, a measure of short-term
liquidity; and the solvency ratio-II, an indicator of
long-term financial stability. On the output side,
the model focuses on three critical metrics for stock
assessment: the rate of return (RoR), which mea-
sures profitability; liquidity, assessing the ability to
meet short-term obligations; and the earnings per
share (EPS) growth rate, indicating the company’s
growth potential. By integrating these inputs and
outputs, the uncertain RDM model provides a com-
prehensive framework for assessing stock perfor-
mance under uncertainty, offering valuable insights
for investors and stakeholders in the insurance sec-
tor. The input and output data, characterized by

the zigzag uncertainty distribution, are presented
in Tables 1 and 2, respectively. The proposed
uncertain RDM model will now be executed across
varying belief degrees, specifically 0%, 20%, 40%,
60%, 80%, and 100%. The outcomes of the uncer-
tain RDM model, as applied to stock assessment,
are detailed in Table 3.

According to Table 3,the results of the uncer-
tain RDMmodel reveal a clear and consistent trend
in which the efficiency score for each stock gradu-
ally decreases as the belief degree increases from
0% to 100%. This inverse relationship directly
reflects the impact of epistemic uncertainty on per-
formance evaluation, since higher belief degrees
impose stricter confidence requirements on satisfy-
ing the model’s chance constraints. In other words,
a decision maker who demands a higher level of
certainty must accept lower efficiency scores, which
provides a realistic and transparent trade-off be-
tween confidence and performance.

To further evaluate the effectiveness of the pro-
posed approach, the stock evaluation and ranking
results obtained under the classical RDM model
with certain data and those obtained under the
proposed uncertain RDM model with uncertain
data are presented in Figures 1 and 2, respec-
tively. It should be noted that the results reported
in Figure 2 represent the average of the stock eval-
uation outcomes across all belief degrees reported
in Table 3. This averaging provides a compre-
hensive view of stock performance under different
levels of uncertainty rather than relying on a single
subjective belief degree.

Table 1. Dataset of inputs with zigzag uncertainty Distribution

Stocks Price to Earnings Ratio Quick Ratio Solvency Ratio-II

Stock01 Z(4.020, 5.026, 6.031) Z(0.799, 0.998, 1.198) Z(3.449, 4.311, 5.173)
Stock02 Z(7.826, 9.783, 11.739) Z(0.942, 1.178, 1.413) Z(1.382, 1.728, 2.074)
Stock03 Z(8.127, 10.158, 12.190) Z(0.779, 0.974, 1.169) Z(2.734, 3.418, 4.102)
Stock04 Z(4.259, 5.324, 6.389) Z(0.780, 0.975, 1.170) Z(3.446, 4.307, 5.169)
Stock05 Z(6.058, 7.573, 9.087) Z(0.647, 0.809, 0.971) Z(2.411, 3.014, 3.616)
Stock06 Z(4.004, 5.005, 6.006) Z(1.230, 1.537, 1.845) Z(4.040, 5.049, 6.059)
Stock07 Z(5.612, 7.015, 8.418) Z(0.947, 1.183, 1.420) Z(2.093, 2.616, 3.139)
Stock08 Z(5.701, 7.126, 8.551) Z(0.832, 1.040, 1.248) Z(4.233, 5.291, 6.349)
Stock09 Z(8.403, 10.503, 12.604) Z(0.580, 0.724, 0.869) Z(7.387, 9.234, 11.081)
Stock10 Z(5.613, 7.016, 8.419) Z(0.648, 0.810, 0.973) Z(6.191, 7.739, 9.286)
Stock11 Z(5.174, 6.468, 7.762) Z(2.006, 2.507, 3.009) Z(0.468, 0.586, 0.703)
Stock12 Z(6.051, 7.564, 9.077) Z(2.008, 2.510, 3.012) Z(0.319, 0.399, 0.479)
Stock13 Z(6.092, 7.615, 9.138) Z(0.951, 1.189, 1.427) Z(1.755, 2.193, 2.632)
Stock14 Z(7.217, 9.022, 10.826) Z(0.626, 0.783, 0.940) Z(3.787, 4.734, 5.681)
Stock15 Z(6.322, 7.902, 9.483) Z(1.339, 1.674, 2.009) Z(1.820, 2.275, 2.729)
Stock16 Z(7.160, 8.951, 10.741) Z(0.562, 0.703, 0.844) Z(4.406, 5.507, 6.609)
Stock17 Z(6.123, 7.653, 9.184) Z(1.254, 1.568, 1.881) Z(0.903, 1.128, 1.354)
Stock18 Z(6.905, 8.632, 10.358) Z(0.674, 0.842, 1.011) Z(3.699, 4.623, 5.548)

Min Z(4.004, 5.005, 6.006) Z(0.562, 0.703, 0.844) Z(0.319, 0.399, 0.479)
Max Z(8.403, 10.503, 12.604) Z(2.008, 2.510, 3.012) Z(7.387, 9.234, 11.081)
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Table 2. Dataset of outputs with zigzag uncertainty Distribution

Stocks Rate of Return Liquidity EPS Growth Rate

Stock01 Z(−8.624,−7.187,−5.749) Z(44.693, 55.866, 67.039) Z(33.421, 41.776, 50.132)
Stock02 Z(49.473, 61.841, 74.210) Z(52.288, 65.359, 78.431) Z(0.406, 0.508, 0.609)
Stock03 Z(22.031, 27.539, 33.046) Z(347.826, 434.783, 521.739) Z(4.242, 5.303, 6.364)
Stock04 Z(6.837, 8.546, 10.255) Z(40.404, 50.505, 60.606) Z(−3.520,−2.933,−2.347)
Stock05 Z(47.821, 59.776, 71.732) Z(16.032, 20.040, 24.048) Z(8.931, 11.163, 13.396)
Stock06 Z(−5.790,−4.825,−3.860) Z(51.613, 64.516, 77.419) Z(21.772, 27.215, 32.658)
Stock07 Z(12.707, 15.884, 19.061) Z(18.349, 22.936, 27.523) Z(9.452, 11.815, 14.178)
Stock08 Z(−14.902,−12.418,−9.935) Z(16.260, 20.325, 24.390) Z(15.612, 19.515, 23.418)
Stock09 Z(18.294, 22.868, 27.442) Z(421.053, 526.316, 631.579) Z(29.735, 37.168, 44.602)
Stock10 Z(−6.336,−5.280,−4.224) Z(24.615, 30.769, 36.923) Z(−8.873,−7.394,−5.915)
Stock11 Z(4.477, 5.597, 6.716) Z(42.105, 52.632, 63.158) Z(−23.715,−19.763,−15.810)
Stock12 Z(0.578, 0.723, 0.867) Z(26.936, 33.670, 40.404) Z(3.980, 4.975, 5.970)
Stock13 Z(−35.341,−29.451,−23.561) Z(17.699, 22.124, 26.549) Z(2.997, 3.747, 4.496)
Stock14 Z(0.647, 0.808, 0.970) Z(27.027, 33.784, 40.541) Z(2.090, 2.612, 3.134)
Stock15 Z(−14.547,−12.123,−9.698) Z(18.433, 23.041, 27.650) Z(−2.529,−2.107,−1.686)
Stock16 Z(61.787, 77.234, 92.680) Z(21.505, 26.882, 32.258) Z(−44.740,−37.283,−29.827)
Stock17 Z(9.432, 11.789, 14.147) Z(16.632, 20.790, 24.948) Z(19.143, 23.928, 28.714)
Stock18 Z(−6.279,−5.233,−4.186) Z(24.316, 30.395, 36.474) Z(−48.972,−40.810,−32.648)

Min Z(−35.341,−29.451,−23.561) Z(16.032, 20.040, 24.048) Z(−48.972,−40.810,−32.648)
Max Z(61.787, 77.234, 92.680) Z(421.053, 526.316, 631.579) Z(33.421, 41.776, 50.132)

Table 3. Stock evaluation results based on the uncertain RDM model under different belief degrees

Stocks 0% 20% 40% 60% 80% 100%

Stock01 1.000 1.000 1.000 0.921 0.694 0.296
Stock02 1.000 1.000 1.000 0.947 0.806 0.591
Stock03 1.000 1.000 1.000 0.920 0.694 0.311
Stock04 0.962 0.905 0.825 0.703 0.529 0.308
Stock05 1.000 1.000 1.000 0.931 0.736 0.406
Stock06 1.000 1.000 0.945 0.798 0.584 0.262
Stock07 1.000 0.983 0.908 0.801 0.641 0.393
Stock08 0.995 0.886 0.780 0.647 0.459 0.181
Stock09 1.000 1.000 1.000 0.844 0.394 0.010
Stock10 0.842 0.775 0.682 0.548 0.352 0.112
Stock11 1.000 1.000 0.992 0.952 0.893 0.803
Stock12 1.000 1.000 1.000 0.987 0.954 0.902
Stock13 0.914 0.860 0.787 0.686 0.558 0.383
Stock14 0.874 0.814 0.733 0.623 0.471 0.256
Stock15 0.870 0.816 0.745 0.655 0.539 0.380
Stock16 1.000 1.000 1.000 0.863 0.412 0.010
Stock17 1.000 1.000 1.000 0.966 0.874 0.733
Stock18 0.820 0.747 0.647 0.508 0.314 0.089

As shown in Figures 1 and 2, the classical
RDM approach suffers from low discriminative
power, resulting in multiple stocks being rated as
equally efficient. This limitation makes it difficult
for investors to distinguish between truly efficient
stocks and those that appear efficient only due to
the model’s structural limitations. In contrast, the
proposed uncertain RDM approach successfully
achieves a complete and unambiguous ranking of
all 18 stocks, demonstrating its superior discrimi-
natory ability.

Based on the average efficiency scores calculated
across all belief degrees, Stocks 12, 11, and 17

emerge as the top-performing stocks, consistently
demonstrating superior rankings compared to oth-
ers. These stocks exhibit robust performance met-
rics across all belief degrees, making them strong
candidates for portfolio inclusion and attractive
investment opportunities. Their ability to main-
tain high efficiency scores under varying levels of
uncertainty underscores their reliability and poten-
tial for delivering favorable risk-adjusted returns.
Investors and portfolio managers may prioritize
these stocks when constructing portfolios intended
to perform well under uncertain market conditions.
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Figure 1. Stock evaluation and ranking results using the classical RDM model

Figure 2. Stock evaluation and ranking results using the uncertain RDM model

Furthermore, it is clearly evident that Stocks 18,
10, 14, 8, 15, and 13 exhibit the worst performance
under both certainty and uncertainty conditions.
The consistency of this result across both classical
and uncertain frameworks confirms the robustness
of this finding. Based on these observations, these
stocks can be confidently excluded from the invest-
ment portfolio, while preference can be given to
stocks with more favorable performance profiles.

The proposed uncertain RDM model serves as
a practical and effective tool for investment port-
folio selection. Its first function is to filter out
undesirable stocks by systematically identifying

those that consistently underperform under un-
certain environments. After the set of desirable
stocks has been identified based on their efficiency
rankings, the next logical step is to determine the
optimal capital allocation among them. To this
end, portfolio optimization models including mean-
variance, mean-VaR, mean-CVaR, and other mod-
ern portfolio theory approaches can be employed
to determine the precise investment weight of each
favorable stock.44–46 By integrating the filtering
capability of the URDM model with the allocation
power of optimization models, investors can con-
struct portfolios that are both performance efficient
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and uncertainty resilient. This integrated frame-
work thus provides a practical and theoretically
grounded decision support system for investors,
portfolio managers, and financial analysts operat-
ing in volatile and uncertain markets.

5. Conclusions and future research
directions

The integration of uncertainty theory with DEA
methodologies constitutes a significant advance-
ment in the field of efficiency analysis. By ad-
dressing the inherent limitations of traditional
DEA models, the proposed URDM framework con-
tributes to the development of more robust and
flexible analytical tools. These tools are relevant
not only to academic research but also to practical
applications across various industries, including
finance, manufacturing, healthcare, and environ-
mental management. The findings of this study
underscore the potential of combining uncertainty
theory with the RDM model to deliver more ac-
curate and reliable efficiency assessments, thereby
supporting informed decision-making under un-
certain conditions. Furthermore, the adoption of
uncertainty-based DEA models aligns with the
broader trend of recognizing uncertainty as an in-
tegral aspect of decision-making. In an era defined
by rapid technological change and global intercon-
nectedness, uncertainty is no longer an anomaly
but rather a fundamental characteristic of mod-
ern systems. By developing methodologies that
explicitly account for uncertainty, researchers and
practitioners can enhance the resilience and adapt-
ability of decision-making processes. The proposed
URDM model exemplifies this approach, offering a
versatile framework for addressing the intertwined
challenges of uncertainty and negative data in effi-
ciency analysis.
For future research, it is suggested to extend the
proposed approach by integrating it with the Best-
Worst Method (BWM) to improve the weighting
process and reduce pairwise comparison inconsis-
tencies. This integration would allow decision-
makers to incorporate subjective preferences more
systematically while preserving the objectivity of
the uncertain DEA framework. By combining
BWM with the proposed uncertain RDM model,
the overall robustness and discriminative power of
efficiency evaluations under negative and uncertain
data can be significantly enhanced. Such a hybrid
methodology could offer a more balanced trade-off
between stakeholder judgments and data-driven
efficiency measurement.47–51

Another promising avenue is to incorporate time-
varying data and dynamic performance measure-
ment techniques. In this context, several estab-
lished methodologies can be considered, including
Dynamic DEA, Window DEA, and the Malmquist
Productivity Index (MPI). Dynamic DEA explic-
itly accounts for intertemporal dependencies by
linking consecutive periods through carry-over vari-
ables, while Window DEA evaluates efficiency by
treating each time period as a separate window
and averaging scores across overlapping intervals.
The MPI, on the other hand, enables the mea-
surement of productivity changes over successive
time periods and decomposes efficiency shifts into
technical change and technological change compo-
nents. By adopting any of these dynamic perspec-
tives, the proposed framework could better reflect
the evolving nature of real-world systems, where
decision-making units continuously adapt to chang-
ing conditions and uncertain environments.52–57

A further direction would be to enhance the
model’s capability to operate within a network
structure. This enhancement would enable the
approach to address more complex and intercon-
nected systems, such as bank branches, insurance
companies, mutual funds, supply chains and elec-
tricity distribution companies, where interactions
between entities play a critical role. By incorpo-
rating network-based analysis, the model could
account for dependencies, resource flows, and col-
laborative dynamics, thereby improving its appli-
cability to real-world scenarios. Additionally, in-
tegrating network-specific metrics and constraints
could provide deeper insights into system efficiency,
resilience, and optimization under uncertainty.58–63

Such an advancement would not only broaden the
scope of the proposed approach but also offer valu-
able tools for decision-making in multi-dimensional
and interdependent environments.64–66
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Years of Portfolio Optimization. Eur J Oper Res.
2024;318(1):1-18.
https://doi.org/10.1016/j.ejor.2023.12.031

47. Omrani H, Alizadeh A, Naghizadeh F. Incorpo-
rating Decision Makers’ Preferences into DEA
and Common Weight DEA Models Based on
the Best–Worst Method (BWM). Soft Comput.
2020;24(6):3989-4002.
https://doi.org/10.1007/s00500-019-04168-z

48. Omrani H, Alizadeh A, Emrouznejad A, Oveysi
Z. A Novel Best-Worst-Method Two-Stage Data
Envelopment Analysis Model Considering Deci-
sion Makers’ Preferences: An Application in
Bank Branches Evaluation. Int J Finance Econ.
2023;28(4):3593-3610.
https://doi.org/10.1002/ijfe.2609

49. Yu Y, Khezrimotlagh D. Embedding Best-Worst
Method into Data Envelopment Analysis. Asia-
Pac J Oper Res. 2024;41(01):2350010.
https://doi.org/10.1142/S0217595923500100

50. Peykani P, Emrouznejad A, Nouri M. Best-Worst
Multi-Criteria Decision-Making Method: A Re-
view of the Literature. Socio-Econ Plan Sci.
2026;104:102345.
https://doi.org/10.1016/j.seps.2025.102345

51. Rezaei J. Best-Worst Method: A Decade
of Evolution and Future Prospects. Omega.
2026;143:103546.
https://doi.org/10.1016/j.omega.2026.103546

52. Mariz FB, Almeida MR, Aloise D. A Review of
Dynamic Data Envelopment Analysis: State of
the Art and Applications. Int Trans Oper Res.
2018;25(2):469-505.
https://doi.org/10.1111/itor.12468

53. Peykani P, Gheidar-Kheljani J, Farzipoor Saen
R, Mohammadi E. Generalized Robust Window
Data Envelopment Analysis Approach for Dynamic
Performance Measurement under Uncertain Panel
Data. Oper Res. 2022;22(5):5529-5567.
https://doi.org/10.1007/s12351-022-00729-7

54. Wu J, Sheng Y. Uncertain DEA-Malmquist Pro-
ductivity Index Model and Its Application. J Intell
Fuzzy Syst. 2023;44(3):5295-5308.
https://doi.org/10.3233/JIFS-222109

55. Shojaie SE, Sadjadi SJ, Tavakkoli-Moghaddam
R. Malmquist Productivity Index for Two-
Stage Network Systems under Data Uncer-
tainty: A Real-World Case Study. PLoS ONE.
2024;19(7):e0307277.
https://doi.org/10.1371/journal.pone.0307277

56. Peykani P, Soltani R, Tanasescu C, Shojaie SE,
Jandaghian A. The Robust Malmquist Produc-
tivity Index: A Framework for Measuring Pro-
ductivity Changes over Time under Uncertainty.
Mathematics. 2025;13(11):1727.
https://doi.org/10.3390/math13111727

57. Abbasi Z, Afzalinejad M, Foroughi AA. Dynamic
Evaluation of Operational, Environmental, and
Unified Efficiencies: A DEA Application in Agri-
culture. Socio-Econ Plan Sci. 2026;104:102411.
https://doi.org/10.1016/j.seps.2025.102411

58. Jiang B, Yang C, Li J. The Uncertain Network
DEA Model for Two-Stage System with Additive
Relationship. Symmetry. 2021;13(10):1893.
https://doi.org/10.3390/sym13101893

59. Peykani P, Mohammadi E, Emrouznejad A. An Ad-
justable Fuzzy Chance-Constrained Network DEA
Approach with Application to Ranking Investment
Firms. Expert Syst Appl. 2021;166:113938.
https://doi.org/10.1016/j.eswa.2020.113938

1401

https://doi.org/10.3390/healthcare12060611
https://doi.org/10.36922/IJOCTA025310138
https://doi.org/10.1016/j.jbankfin.2007.04.008
https://doi.org/10.1057/palgrave.jors.2602442
https://doi.org/10.1371/journal.pone.0239810
https://doi.org/10.1007/s10462-022-10273-7
https://doi.org/10.1109/ACCESS.2023.3263198
https://doi.org/10.1016/j.ejor.2023.12.031
https://doi.org/10.1007/s00500-019-04168-z
https://doi.org/10.1002/ijfe.2609
https://doi.org/10.1142/S0217595923500100
https://doi.org/10.1016/j.seps.2025.102345
https://doi.org/10.1016/j.omega.2026.103546
https://doi.org/10.1111/itor.12468
https://doi.org/10.1007/s12351-022-00729-7
https://doi.org/10.3233/JIFS-222109
https://doi.org/10.1371/journal.pone.0307277
https://doi.org/10.3390/math13111727
https://doi.org/10.1016/j.seps.2025.102411
https://doi.org/10.3390/sym13101893
https://doi.org/10.1016/j.eswa.2020.113938


Uncertain data envelopment analysis approach for handling negative values: An application to stock market

60. Chi E, Jiang B, Peng L, Zhong Y. Uncertain Net-
work DEA Models with Imprecise Data for Sustain-
able Efficiency Evaluation of Decentralized Marine
Supply Chain. Energies. 2022;15(15):5313.
https://doi.org/10.3390/en15155313

61. Peykani P, Seyed Esmaeili FS, Pishvaee MS,
Rostamy-Malkhalifeh M, Hosseinzadeh Lotfi F.
Matrix-Based Network Data Envelopment Analy-
sis: A Common Set of Weights Approach. Socio-
Econ Plan Sci. 2024;95:102044.
https://doi.org/10.1016/j.seps.2024.102044

62. Chen L, Wang YM. Efficiency Decomposition and
Frontier Projection of Two-Stage Network DEA
under Variable Returns to Scale. Eur J Oper Res.
2025;322(1):157-170.
https://doi.org/10.1016/j.ejor.2024.10.011

63. Peykani P, Mahmoodirad A, Amirteimoori A.
A Novel Adjustable Intuitionistic Fuzzy Frame-
work for Two-Stage Data Envelopment Analysis:
An Application in the Banking Sector. Inf Sci.
2025;718:122372.
https://doi.org/10.1016/j.ins.2025.122372

64. Kao C. Network Data Envelopment Analysis: A
Review. Eur J Oper Res. 2014;239(1):1-16.
https://doi.org/10.1016/j.ejor.2014.02.039

65. Alves CGMF, Meza LA. A Review of Network DEA
Models Based on Slacks-Based Measure: Evolution
of Literature, Applications, and Further Research
Direction. Int Trans Oper Res. 2023;30(6):2729-
2760.
https://doi.org/10.1111/itor.13284

66. Ratner SV, Shaposhnikov AM, Lychev AV. Net-
work DEA and Its Applications (2017–2022):
A Systematic Literature Review. Mathematics.
2023;11(9):2141.
https://doi.org/10.3390/math11092141

Pejman Peykani is a faculty member in the Depart-
ment of Industrial Engineering at Khatam University,
Iran. He earned his Postdoctoral and Ph.D. in In-
dustrial Engineering from Iran University of Science
and Technology and holds an M.Sc. in Financial En-
gineering from K. N. Toosi University of Technology.
His research interests include performance assessment,
productivity management, data envelopment analysis
(DEA), uncertain programming, robust optimization,
fuzzy optimization, stochastic optimization, portfolio se-
lection and optimization, capital markets (mutual fund,
stock exchange), money markets (banking, insurance),
financial modeling, and multi-criteria decision-making
(MCDM) problems.

https://orcid.org/0000-0001-7486-6796

Seyed Jafar Sadjadi is a Professor in the School of
Industrial Engineering at Iran University of Science and
Technology. He holds a Ph.D. in Systems Engineering
from the University of Waterloo. His extensive research
portfolio spans portfolio optimization, supply chain man-
agement, non-linear programming, econometrics, pric-
ing, and financial market prediction. His expertise
further encompasses core operational research method-
ologies, including data envelopment analysis (DEA),
multi-criteria decision making (MCDM), and uncer-
tainty programming. He has also applied these advanced
techniques to healthcare systems analysis, consistently
publishing his findings in respected academic journals.

https://orcid.org/0000-0002-9069-5453

Seyed Ehsan Shojaie is a Postdoctoral Researcher
in the School of Industrial Engineering at Iran Univer-
sity of Science and Technology. His research focuses
on performance measurement and optimization under
uncertainty, with particular emphasis on data envelop-
ment analysis (DEA) and its applications across various
sectors. His expertise encompasses operations research
methodologies, uncertain programming frameworks, and
financial market analysis. He has applied these quanti-
tative techniques to efficiency evaluation and decision-
making problems, contributing to the advancement of
performance assessment methodologies in both theoreti-
cal and applied contexts.

https://orcid.org/0000-0002-0240-790X

Cristina Tanasescu is a Professor at the Faculty of
Economic Sciences, Lucian Blaga University of Sibiu,
Romania. Her main research interests include theo-
retical economics, the philosophy and methodology of
economics, economic epistemology, economic and in-
stitutional modeling, and financial markets. She is a
member of national and international scientific associa-
tions and serves as an Associate Editor for the journal
Management of Sustainable Development.

https://orcid.org/0000-0001-8347-4014

Zahra Abbasi holds a Ph.D. in Operations Research
from the University of Qom, Iran. She received her
M.Sc. from Tafresh University, Iran, where her re-
search focused on data envelopment analysis (DEA).
Her research interests cover several specialized areas
within DEA, including dynamic DEA, network DEA,
environmental performance assessment, and conges-
tion analysis within DEA frameworks. She has also
conducted review and applied research in the financial
sector, particularly in banking and insurance, using
advanced network DEA models. Her broader academic
interests include multi-objective programming, mathe-
matical programming, and linear modeling.

https://orcid.org/0009-0007-1014-1957

1402

https://doi.org/10.3390/en15155313
https://doi.org/10.1016/j.seps.2024.102044
https://doi.org/10.1016/j.ejor.2024.10.011
https://doi.org/10.1016/j.ins.2025.122372
https://doi.org/10.1016/j.ejor.2014.02.039
https://doi.org/10.1111/itor.13284
https://doi.org/10.3390/math11092141
https://orcid.org/0000-0001-7486-6796
https://orcid.org/0000-0002-9069-5453
https://orcid.org/0000-0002-0240-790X
https://orcid.org/0000-0001-8347-4014
https://orcid.org/0009-0007-1014-1957


P. Peykani et.al. / Vol.16, No.4, pp.1389-1403 (2026)

An International Journal of Optimization and Control: Theories & Applications (https://accscience.com/journal/ijo
cta)

This work is licensed under a Creative Commons Attribution 4.0 International License. The authors retain ownership of
the copyright for their article, but they allow anyone to download, reuse, reprint, modify, distribute, and/or copy articles
in IJOCTA, so long as the original authors and source are credited. To see the complete license contents, please visit
http://creativecommons.org/licenses/by/4.0/.

1403

https://accscience.com/journal/ijocta
https://accscience.com/journal/ijocta
http://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. Theoretical research background
	2.1. Range directional measure
	2.2. Uncertainty theory

	3. The proposed uncertain range directional measure
	4. Case study and experimental results
	5. Conclusions and future research directions
	Acknowledgements
	Funding
	Conflict of interest
	Author contributions
	Availability of data
	AI tools statement
	References

