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Controlling the number of tumor cells remains a fundamental challenge in on-
cology due to the complex, nonlinear dynamics of tumor-immune interactions,
extreme parameter scaling, and clinical constraints such as drug toxicity and
the unidirectional nature of therapeutic interventions. To address these diffi-
culties, this paper introduces a novel methodology for tumor growth control by
leveraging the space of hyperbolic functions (HFs). We investigate a nonlin-
ear model describing the dynamic interaction between effector cells and tumor
cells. First, we design a stabilizing feedback control within the HFs frame-
work, formulated as a hyperbolic tangent state feedback law. A Lyapunov-
based analysis rigorously proves that this controller ensures global asymptotic
stability of the desired equilibrium, where the tumor cell population is eradi-
cated. Numerical simulations demonstrate that the proposed stabilizer drives
divergent tumor growth to zero with a rapid convergence rate across various
initial conditions. Furthermore, we formulate and solve an optimal control
problem to simultaneously minimize the tumor cell population and the dose
of a chemotherapeutic agent. The resulting optimality system, derived from
Pontryagin’s Minimum Principle, is efficiently discretized and solved using a
numerical scheme based on hyperbolic function approximations and Legendre-
Gauss-Lobatto collocation points. Simulation results confirm the efficacy of
this approach, illustrating a trade-off between tumor eradication and drug us-
age that can be tuned via the objective function’s weighting parameters. The
findings collectively establish the space of hyperbolic functions as a powerful
and efficient tool for both stabilization and optimal control in complex, non-
linear oncological models, offering a promising framework for designing thera-
peutic strategies.
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1. Introduction

A tumor develops when cancer cells grow uncon-
trollably due to immune system failure or mal-
functioning cell growth mechanisms (see1–3). The
immune system, comprising effector cells such as
NK cells and CTLs, serves as the first line of de-
fense against tumor cells.4 However, many can-
cer therapies yield only temporary outcomes, and
treatment success requires eliminating enough
cancer cells for the immune system to eradicate

the remainder. Because immune capacity varies
among individuals, treatment outcomes are not
uniform. Cancer treatments include chemother-
apy, immunotherapy, radiation, monoclonal anti-
bodies, and surgery, with selection depending on
the patient’s condition, tumor characteristics, and
disease stage. While surgery can sometimes com-
pletely remove the cancer, invasive or metastatic
cancers often limit its effectiveness. Chemother-
apy kills rapidly dividing cells, targeting cancer
cells but also damaging healthy cells such as those
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in hair follicles, the digestive tract, and bone mar-
row, leading to complications like immunosup-
pression, gut inflammation, and hair loss. Some
anticancer drugs target specific cancer cell pro-
teins and are typically used alongside traditional
chemotherapy.5

Given the limitations of current treatment ap-
proaches, researchers have explored novel solu-
tions, with optimal control strategies emerging as
a significant development for the precise and effi-
cient use of therapeutic agents to minimize harm
to healthy cells.6–9 Various optimal control meth-
ods applied to tumor growth models include a
delayed differential model for chemotherapy and
chemo-immunotherapy,10 a state-dependent Ric-
cati equation scheme for chemotherapy schedul-
ing,11 a reinforcement learning approach for drug
dosage under input constraints,12 a linear-time-
variant approximation strategy for nonlinear sys-
tems,13 hybrid PDE-cellular automata models,14

bang-bang optimal control,15 and extended can-
cer models incorporating both immunotherapy
and chemotherapy.16,17 Khalili and Vatankhah
proposed a comprehensive cancer dynamics model
demonstrating that tumor cells can be eliminated
with lower drug doses,18 while multiple model
predictive control (MMPC) has been applied to
combination immunotherapy and chemotherapy
enforcing drug toxicity and autoimmunity con-
straints.19 Torres et al. demonstrated the
effectiveness of integrating immunotherapy and
chemotherapy through a multi-objective opti-
mization framework,20 and Burden, Fister, and
colleagues investigated tumor-immune dynamics
with IL-2, proving the existence of a unique opti-
mal control characterized via adjoint systems.21,22

Recent advances have also been made in model-
ing radiation therapy for cancer.23–25 For further
investigation, we refer the reader to26–37 and con-
temporary oncology modeling studies.38–44

Recent years have witnessed significant ad-
vances in oncological research spanning medi-
cal imaging, fractional-order mathematical mod-
eling, and molecular biology. In medical image
analysis, Mahdavi proposed a U-Net model for
MRI brain tumor segmentation, demonstrating
encoder-decoder capabilities to automatically dis-
tinguish healthy from tumorous tissue,45 while
Khaniki et al. introduced a Vision Transformer
with Feature Calibration and Selective Cross-
Attention, achieving 99.24% accuracy for brain
tumor classification.46 In fractional-order model-
ing, Avazzadeh et al. developed an optimal ap-
proximation method for a fractional-order brain
tumor model using generalized Laguerre polyno-

mials (GLPs) with operational matrices and La-
grange multipliers,47 and Hassani et al. for-
mulated a fractional tumor-immune interaction
model for lung cancer (FTIIM-LC), validating
their results against real-world data.48 At the
molecular level, Bandegi et al. revealed that
MicroRNA-873 suppresses KRAS/MAPK signal-
ing, reduces colorectal cancer viability and in-
vasion, and sensitizes tumor spheroids to 5-
fluorouracil in a 3D microwell model, offering
a potential strategy to overcome KRAS-driven
chemoresistance.49 Collectively, these recent con-
tributions highlight the growing synergy between
advanced machine learning techniques, fractional
calculus, and experimental oncology in addressing
complex cancer-related challenges.

Recent advances in machine-learning-assisted
optimal therapy have opened new avenues for per-
sonalized cancer treatment. A quantitative sys-
tems pharmacology model combined with surro-
gate learning has been developed for adaptive
immunotherapy dosing, where either Model Pre-
dictive Control (MPC) or Reinforcement Learn-
ing (RL) generates dynamic, personalized dos-
ing schedules that balance tumor reduction and
toxicity constraints, reducing computational bur-
den by over 30% and improving tumor-reduction
objectives by 15-25% compared to baseline rule-
based dosing.50 Furthermore, a physics-guided
deep reinforcement learning framework has been
proposed for personalized cancer therapy, in-
tegrating mechanistic PDE models capturing
tumor-immune-drug interactions with model-free
DRL agents that learn effective control poli-
cies without prior knowledge of the underly-
ing system’s structure, with Proximal Policy
Optimization (PPO) achieving superior perfor-
mance by balancing aggressive tumor eradica-
tion with minimal toxicity.51 In the realm
of deep-learning-enhanced biomedical control, a
high-throughput spheroid-based assay facilitated
by automatic spheroid segmentation using deep
learning has been developed for functional pre-
cision oncology, where convolutional neural net-
works and transformer-based models enable au-
tomatic spheroid segmentation to measure treat-
ment response to chemotherapy, PARP inhibitors,
and radiotherapy, with the ability to discrim-
inate between sensitive and resistant tumors
based on predicting the percentage of responding
spheroids.52

In this work, we examine a mathematical model
that captures the effect of the immune system on a
population of cancer cells. Employing this model
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provides a clear analytical perspective and facili-
tates results that we anticipate will be of partic-
ular utility. First, we introduce the space of hy-
perbolic functions, which offers a versatile frame-
work applicable to control systems, including tu-
mor models. Utilizing this space, we then design
and apply a stabilizing controller to the system.
It is important to note that the fundamental chal-
lenges inherent in this model prevent conventional
controllers from achieving practical stabilization.
Specifically, these challenges can be summarized
as follows: (1) the indirect influence of the con-
trol input on one of the state variables; (2) ex-
treme parameter scaling across multiple orders of
magnitude; (3) rational nonlinearities that com-
plicate the system dynamics; and (4) a unidirec-
tional (non-negativity) constraint on the control
variable. The combination of these issues severely
undermines the performance of standard control
approaches.

Furthermore, we formulate an optimal control
problem for the studied model, aimed at simulta-
neously minimizing both the population of can-
cer cells and the administered drug dosage. We
derive the corresponding optimality conditions
and, once again leveraging hyperbolic models
along with transformed shifted Legendre-Gauss-
Lobatto (LGL) collocation points, we discretize
the resulting system. This approach yields a
relatively accurate numerical approximation to
the solution, enabling us to identify a thera-
peutic strategy that concurrently minimizes drug
usage and tumor burden. Herein, we apply a
hyperbolic-based control formulation to achieve
this objective, modeling the chemotherapeutic
agent as the control input tasked with reducing
disease progression.

The main contributions of this work are three-
fold. First, we propose a novel stabilizing feed-
back control framework based on the space of hy-
perbolic functions (HFs), which directly addresses
the fundamental challenges of the original tumor-
immune model, including indirect control influ-
ence, extreme parameter scaling spanning seven-
teen orders of magnitude, rational non-linearities,
and the unidirectional constraint u ≥ 0. Un-
like conventional methods such as the Lyapunov-
stable neural network (LSNN)53 and self-tuning
fuzzy PID (STF-PID)54 controllers, which fail
to stabilize the system under the considered ini-
tial conditions, the proposed hyperbolic tangent
feedback law guarantees global asymptotic sta-
bility of the desired equilibrium through a rig-
orous Lyapunov-based analysis. Second, we for-
mulate and solve an optimal control problem

that simultaneously minimizes tumor cell bur-
den and chemotherapeutic drug dosage, wherein
the resulting optimality system is efficiently dis-
cretized using hyperbolic function approximations
combined with shifted LGL collocation points.
This approach not only provides accurate nu-
merical solutions but also overcomes the nu-
merical ill-conditioning caused by severe param-
eter scaling. Third, through comparative nu-
merical simulations, we demonstrate that the
proposed hyperbolic-based method significantly
outperforms both the LSNN and STF-PID ap-
proaches in terms of stabilization capability. Col-
lectively, these contributions establish the space
of HFs as a powerful and versatile mathematical
framework for both stabilization and optimal con-
trol in complex oncological models.

The remainder of this article is organized as fol-
lows. Section 2 presents the mathematical model
of tumor growth and introduces a control input
via a suitable change of variables. In Section 3,
the space of hyperbolic functions (HFs) is intro-
duced, and a stabilizing hyperbolic tangent feed-
back control law is designed and applied to the
model; the identification of parameters within the
hyperbolic system is also addressed. Section 4
formulates an optimal control problem for the tu-
mor cell population model. Section 5 states the
optimality conditions for the aforementioned opti-
mal control problem. In Section 6, the solution to
this problem is approximated using the hyperbolic
function framework. Section 7 presents numerical
simulations that illustrate the effectiveness of the
proposed approach. Finally, Section 8 concludes
the paper.

2. Model formulation and
representation

Suppose that E(t) is the total population of ef-
fector cells, cytotoxic lymphocytes, and natural
killer cells, and T (t) represents the tumor cell pop-
ulation. Consider the following extended model1

dE

dt
= s+

p1ET

g1 + T
−mET − dE

dT

dt
= r2T (1− bT )− nET

(1)

with initial conditions E(0) = E0 and T (0) = T0.
Here, the quantity s represents the production

rate of effector cells, and
p1ET

g1 + T
describes the

Michaelis-Menten kinetics between E and T with
influence coefficient p1 (see Appendix 5.2 of1 and
Figure 1). The term mET accounts for the elim-
ination of effector cells due to the killing of tumor
cells. The parameter d denotes the natural death
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rate of effector cells, and dE represents the cor-
responding decrease in their population. In the

Michaels-Menten expression
p1ET

g1 + T
, the quantity

p1 is the limiting value as t → ∞. In the second
equation of system (1), the term r2T (1− bT ) de-
scribes the logistic growth of tumor cells, as deter-
mined experimentally in,3 and nET is the number

of tumor cells killed by effector cells. Figure 1
is a simplified schematic intended to visualize the
elementary flows, while the full complexity of the
interactions is embedded in the system of differ-
ential equations.

Using the data obtained from different sources1
and,3 the parameters of system (1) were approxi-
mated and are shown in Table 1.

Figure 1. A simplified conceptual diagram of the key dynamic flows in the baseline model (1)

Table 1. Values of model parameters

s = 1.3× 104 cells
dey p1 = 0.1245 day−1 g1 = 2.019× 107 cells

m = 3.422× 10−10 1
dey·cells d = 0.0412 day−1

r2 = 0.18 day−1 b = 2.0× 10−9 cells−1 n = 1.101× 10−7 1
day·cells

Now, by the variable change y1 = E(t) − s

d
and y2 = T , the equilibrium point of system
(1) is first shifted from (E, T ) = (

s

d
, 0) to ori-

gin (y1, y2) = (0, 0). This shift is crucial for
two reasons. First, stability analysis at the ori-
gin is mathematically simpler and allows direct
application of Lyapunov methods without track-
ing a nonzero equilibrium. Second, the hyper-
bolic approximation would otherwise include con-
stant terms that complicate parameter identifi-
cation and violate the structure required for the
Lyapunov condition. The same transformation
is standard in nonlinear control theory when the
goal is regulation to a desired steady state.

After changing variables and adding the control

u ≥ 0 to the second equation, as an effective drug
for reducing the number of tumor cells, we obtain
the system
dy1
dt

= p1(y1 +
s

d
)

y2
g1 + y2

−m(y1 +
s

d
)y2 − dy1,

dy2
dt

= r2y2(1− by2)− n(y1 +
s

d
)y2 − u.

(2)

Note that as y1 → 0 and y2 → 0, the variable E
approaches

s

d
, while T → 0. In the following sec-

tion, we first revisit the function space associated
with hyperbolic tangent functions. Based on this
framework, we then propose a feedback control
strategy utilizing hyperbolic tangent functions to
stabilize the system described above.
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It is important to note that the fundamental
challenges inherent in system (2) prevent conven-
tional controllers from achieving practical stabi-
lization. Specifically, these challenges comprise:
(1) the indirect influence of the control on y1; (2)
extreme parameter scaling across seventeen orders
of magnitude (ranging from 10−10 to 107), which
causes severe numerical ill-conditioning in most
control algorithms; (3) a rational nonlinearity of
the form

y2
g1 + y2

, where g1 = 2.019× 107, a term

that eludes exact polynomial or affine represen-
tation; and (4) a unidirectional constraint u ≥ 0.
The combination of these issues severely under-
mines the performance of standard control ap-
proaches.

3. Designing stabilizer control using
hyperbolic functions space

Here, we first introduce the HFs space, which is
described in the work.55 It can be proved that
this space is dense in the space of continuous func-
tions, possessing a universal approximator prop-
erty.

3.1. Space of hyperbolic functions

For each x = (x1, · · · , xn) ∈ Ω ⊂ Rn, consider the
generalized variables as:

x̄θl+κl
= xl − λθl+κl

,

κl = 1, 2, · · · , ωl, l = 1, 2, , · · · , n. (3)

where θl =
∑l−1

j=0 ωj , ω0 = 0, m =
∑n

l=1 ωl and λj
for j = 1, 2, · · · ,m are assumed constants. The
HFs space is defined as:

H(Ω) =

{
ηm(x, a, b, k) =

m∑
l=1

ale
klx̄l + ble

−klx̄l

eklx̄l + e−klx̄l

: al, bl, kl ∈ R, x ∈ Λ,m ≥ n

}
,

(4)

that the components of vector x̄ are defined by

(3). Define zl =
al + bl

2
and rl =

al − bl
2

for
l = 1, 2, · · · ,m. With these, the space of HFs
comes in the following form

H(Ω) = {ηm(x, z, r, k) = z + r · tanh(kx̄)
: z, r, k ∈ Rm, x ∈ Λ,m ≥ n}, (5)

that z =
∑m

l=1 zl, r = (r1, · · · , rm), k =
(k1, · · · , km), x̄ = (x̄1, · · · , x̄m) and

tanh(kx̄) =
(
tanh(k1x̄1), tanh(k2x̄2), · · · ,

tanh(kmx̄m)
)T
. (6)

In the following theorem, we will see that if
Ω ∈ Rn is a compact set, then H(Ω) will be dense
in the real continuous functions space.

Theorem 3.1. (see55 ) Assume that σ(.) is
a real continuous function on the compact set
Ω ∈ Rn and ϵ > 0 is an arbitrary constant. There
is an ηm(., z, r, k) ∈ H(Ω) so that supx∈Ω |σ(x)−
ηm(x, z, r, k)| < ϵ.

If we consider m = n, bl = −al and λj = 0
for j, l = 1, 2, · · · ,m, then from (4), H(Ω) is con-
verted into

H(Ω) =

{
ηn(x, r, k) =

n∑
l=1

rl

(
eklxl − e−klxl

e−klxl + e−klxl

)

: rl, kl ∈ R, l = 1, · · · , n

}
.

(7)

In addition, the space (5) can be rewritten
equivalently as

H̄(Ω) = {ηn(x, r, k) = r · tanh(kx) :
r, k ∈ Rn, x ∈ Λ}, (8)

where r = (r1, · · · , rn) and k = (k1, · · · , kn).

3.2. Stabilizer hyperbolic control

Using the space of HFs, system (2) can be ap-
proximated in the neighborhood of the equilib-
rium point (i.e., origin) as{
ẏ1 = r11 tanh(k1y1) + r12 tanh(k2y2),

ẏ2 = r21 tanh(k1y1) + r22 tanh(k2y2)− u.
(9)

The parameters rij , i, j = 1, 2 can be ap-
proximated by optimization techniques (for ex-
ample, the least squares method). By applying a
bounded feedback control as

u = γ1 tanh(k1y1) + γ2 tanh(k2y2), (10)

the system (9) can be rewritten as follows:

ẏ = R tanh(ky), (11)

where

y =

[
y1
y2

]
, k =

[
k1
k2

]
, R =

[
r11 r12

r21 + γ1 r22 + γ2

]
,

tanh(ky) =

[
tanh(k1y1)
tanh(k2y2)

]
.

Lemma 3.2. For each given initial condition,
(y1(0), y2(0)) = (y10, y20), the system (11) has a
unique solution.

Proof. We first assume that R =

[
a11 a12
a21 a22

]
. By

this, system (11) takes the following form:
ẏ1 = ψ1(y1, y2) = a11 tanh(k1y1)

+a12 tanh(k2y2),

ẏ2 = ψ2(y1, y2) = a21 tanh(k1y1)

+a22 tanh(k2y2).

(12)
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It is sufficient to show that the functions on the
right-hand side of system (12) are Lipschitz con-
tinuous.56,57 Since the right-hand side of system
(12) is a linear combination of hyperbolic tangent
functions, it is both continuous and differentiable.
Moreover, we have:∣∣∣∣∂ψi

∂yj

∣∣∣∣ = |aij(1−tanh(kjyj))| ≤ 2|aij |, i, j = 1, 2,

because | tanh(kjyj)| ⩽ 1. Thus ψi for i = 1, 2 has
bounded partial derivatives. Since a function with
bounded first partial derivatives is globally Lips-
chitz continuous, we can conclude that ψ1 and ψ2

are Lipschitz. Specifically, a Lipschitz constant L
for the vector function ψ = (ψ1, ψ2)

T is given by
L = 2maxi,j |aij |. Consequently, the right-hand
side of system (11) [and equivalently (12)] satis-
fies a Lipschitz condition. By the Picard-Lindelöf
theorem, this guarantees that system (11) has
a unique solution for any given initial condition
(y1(0), y2(0)) = (y10, y20). □

Theorem 3.3. Consider the system (11) with
k > 0. Suppose that there is a matrix Z =[
ᾱ2 0
0 β̄2

]
where ᾱ and β̄ are non-zero real

numbers, such that

ZR+RTZ = −I, (13)

where I is the 2 × 2 identity matrix. Then the
system (11) is globally asymptotically stable at the
origin.

Proof. Define a Lyapunov function as V (y) =
ᾱ2

k1
ln(cosh(k1y1)) +

β̄2

k2
ln(cosh(k2y2)) where y =

(y1, y2)
t. It is easy to show that V (0) = 0,

V (y) > 0 for y ̸= 0. Furthermore, if ∥ y ∥→ ∞
then V (y) → ∞. Now, it is sufficient to show that
V̇ (y) < 0 for y ̸= 0. By (13), we have:[

ᾱ2 0
0 β̄2

] [
r11 r12

r21 + γ1 r22 + γ2

]
+[

r11 r21 + γ1
r12 r22 + γ2

] [
ᾱ2 0
0 β̄2

]
=

[
−1 0
0 −1

]
.

Hence,[
ᾱ2r11 ᾱ2r12

β̄2 (r21 + γ1) β̄2 (r22 + γ2)

]
+[

r11ᾱ
2 (r21 + γ1) β̄

2

r12ᾱ
2 (r22 + γ2) β̄

2

]
=

[
−1 0
0 −1

]
.

After simplification, we achieve[
1 + 2r11ᾱ

2 (r21 + γ1) β̄
2 + r12ᾱ

2

β̄2 (r21 + γ1) + r12ᾱ
2 1 + 2β̄2 (r22 + γ2)

]
=

[
0 0
0 0

]
.

Thus,

ᾱ2r11 = −1

2
, ᾱ2r12 + β̄2 (r21 + γ1) = 0,

β̄2 (r22 + γ2) = −1

2
. (14)

Moreover, according to the chain derivative rule,
we obtain

V̇ (y) =
ᾱ2

k1
ẏ1
k1 sinh(k1y1)

cosh(k1y1)
+
β̄2

k2
ẏ2
k2 sinh(k2y2)

cosh(k2y2)

= ᾱ2ẏ1 tanh(k1y1) + β̄2ẏ2 tanh(k2y2).

Then, by inserting relation (9) in the above
relation, we get

V̇ (y) = α2 (r11 tanh(k1y1) + r12 tanh(k2y2))

tanh(k1y1) + β̄2(r21 tanh(k1y1)

+r22 tanh(k2y2) + u) tanh(k2y2).

and by inserting relation (10) in the above rela-
tion, we obtain

V̇ (y) =ᾱ2(r11(k1y1) + r12

tanh(k2y2)) tanh(k1y1) + β̄2(r21 tanh(k1y1)

+ r22 tanh(k2y2) + γ1 tanh(k1y1)

+ γ2 tanh(k2y2)) tanh(k2y2)

= ᾱ2r11 tanh
2(k1y1) + ᾱ2r12

tanh(k2y2) tanh(k1y1)

+ β̄2r21 tanh(k1y1) tanh(k2y2)

+ β̄2r22 tanh
2(k2y2) + β̄2γ1 tanh(k1y1)

tanh(k2y2) + β̄2γ2 tanh
2(k2y2)

= ᾱ2r11 tanh
2(k1y1)+

(ᾱ2r12 + β̄2r21 + β̄2γ1)

tanh(k2y2) tanh(k1y1) + (β̄2r22

+ β̄2γ2) tanh
2(k2y2)

= ᾱ2r11 tanh
2(k1y1)+

(ᾱ2r12 + β̄2(r21 + γ1))

tanh(k2y2) tanh(k1y1) + β̄2 (r22 + γ2)

tanh2(k2y2).

Therefore by (14),

V̇ (y) = −1

2
tanh2(k1y1)−

1

2
tanh2(k2y2) < 0,

for any y = (y1, y2) ̸= (0, 0). Thus, by Lyapunov
theorem, the origin is a globally asymptotically
stable point for system (11). □

By solving system (13), we can obtain ᾱ, β̄, γ1
and γ2. In addition, control (10) can be used to
stabilize system (9) globally asymptotically and
to stabilize system (2) locally asymptotically.
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3.3. Parameters identification of
hyperbolic system

According to,55 the parameters of the hyperbolic
system (9) are obtained by solving a system of al-
gebraic equations. For convenience, we consider
system (2) in the following form:{

ẏ1 = η1(y1, y2),

ẏ2 = η2(y1, y2)− u.
(15)

The system (9) is an approximation of (15)
near the equilibrium point of system (15), i.e. in
a neighborhood of zero. We suggest an algebraic
system to approximate the parameters r11, r12,
r21, r22, k1 and k2. For this purpose, we assume
that y1 and y2 are in I = [−σ, σ], where σ > 0
is a given small number. We also divide I into

Ii = [−σ +
2(i− 1)σ

N1
,−σ +

2iσ

N1
], i = 1, 2, · · · , N1

where N1 is a sufficiently large number. Now, we

define yk,ik = −σ +
2(ik − 1)σ

N1
for k = 1, 2 and

ik = 1, 2, ..., N1, and solve the following system
r11 tanh(k1y1,i1) + r12 tanh(k2y2,i2)

−η1(y1,i1 , y2,i2) = 0, i1, i2 = 1, 2, · · · , N1,

r21 tanh(k1y1,i1) + r22 tanh(k2y2,i2)

−η2(y1,i1 , y2,i2) = 0, i1, i2 = 1, 2, · · · , N1,

(16)

where r11, r12, r21, r22, k1 and k2 are unknown
variables. Note that system (16) can be solved by
optimization techniques or quasi-Newton meth-
ods, for example the Levenberg-Marquardt algo-
rithm.58,59

4. Optimal control of tumor cell
population

To simultaneously minimize the number of tumor
cells y2 and the dose of the administered drug u,
we propose the following optimal control problem
on the time interval [0, tf ]:

Minimize J(y2, u) =

∫ tf

0

(
αy22 + βu

)
dt (17)

subject to the dynamical system
ẏ1 = f1(y1, y2) + u,
ẏ2 = f2(y1, y2)− u,
y1(0) = E0, y2(0) = T0,
0 ≤ u(t) ≤ umax,

(18)

where α > 0 and β > 0 are given weighting con-
stants, y(t) = (y1(t), y2(t)) and

f1 = p1(y1 +
s

d
)

y2
g1 + y2

−m
(
y1 +

s

d

)
y2 − dy1,

f2 = r2y2(1− by2)− n
(
y1 +

s

d

)
y2.

(19)

The control u represents the chemotherapeu-
tic drug dosage, with the upper bound umax re-
flecting clinical toxicity constraints. Note that
the control u appears positively in the first equa-
tion (representing immune cell stimulation by the
drug) and negatively in the second equation (rep-
resenting tumor cell killing). This formulation
captures the dual effect of chemotherapy: boost-
ing the immune response while directly attacking
tumor cells. To facilitate the theoretical analy-
sis, we define appropriate function spaces for the
state and control variables.

Definition 4.1. The admissible state space is
defined as

Dstate = {y = (y1, y2) ∈ Sob1([0, tf ])

×Sob1([0, tf ]) : 0 ≤ y1(t) ≤ B1,

0 ≤ y2(t) ≤ B2, ∀t ∈ [0, tf ]}, (20)

where Sob1([0, tf ]) denotes the Sobolev space
of functions whose first derivatives are square-
integrable on [0, tf ]. The constants B1, B2 > 0
are physically motivated upper bounds for the ef-
fector and tumor cell populations, respectively.

Definition 4.2. The admissible control space
is defined as

Dcontrol = {u ∈ L1([0, tf ]) ∩ L2([0, tf ])

: 0 ≤ u(t) ≤ umax, ∀t ∈ [0, tf ]}. (21)

4.1. Existence of an optimal control

We first establish the existence of an optimal con-
trol for the problem (17)-(18).

Theorem 4.3 (Existence of an Optimal Con-
trol). For the optimal control problem defined by
(17)-(18), there exists at least one optimal con-
trol u∗ ∈ Dcontrol and corresponding optimal state
trajectory (y∗1, y

∗
2) ∈ Dstate.

Proof. The proof follows from the Filippov-
Cesari existence theorem (see,6061). We verify the
required hypotheses:
(1) Compactness and convexity of the control set:

The control set U = [0, umax] is clearly com-
pact and convex as a closed interval in R.

(2) Carathéodory conditions: The func-
tions F1(y1, y2, u) = f1(y1, y2) + u and
F2(y1, y2, u) = f2(y1, y2)−u are continuous in
(y1, y2, u) and time-independent (hence mea-
surable in t). For any bounded set of states,
the dynamics are uniformly bounded.

(3) Existence of admissible trajectories: For any
admissible control u ∈ Dcontrol, the right-
hand side functions F1 and F2 in (18) have
bounded partial derivatives on Dstate. Thus,
they are Lipschitz in the states, and by the
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Picard-Lindelöf Theorem, a unique, abso-
lutely continuous solution (y1(t), y2(t)) ex-
ists on [0, tf ] for any given initial condition
y1(0) = E0 and y2(0) = T0.

(4) Convexity of the velocity set: The velocity set
is

V(t, y) =
{(

f1(y1, y2) + u
f2(y1, y2)− u

)
: u ∈ [0, umax]

}
,

where f1 and f2 are defined by (19). Since
u appears linearly in both components (with
coefficients +1 and −1), V(t, y) is an affine
image of the convex interval [0, umax], hence
convex.

(5) Lower semicontinuity and coercivity: The
cost integrand L(y2, u) = αy22 + βu is convex
in u (hence weakly lower semicontinuous) and
bounded below by 0 since α, β > 0 and y22 ≥
0, u ≥ 0. Finally, coercivity follows from the
fact that α, β > 0 implies J(y, u) ≥ β∥u∥L1 ,
so ∥u∥L1 → ∞ forces J → ∞.

Having verified all hypotheses of the Filippov-
Cesari Theorem, we conclude that an optimal
control u∗ exists for the problem (17)-(18). □

4.2. Uniqueness of the optimal control

We now establish the uniqueness of the optimal
control for problem (17)-(18).

Theorem 4.4 (Uniqueness of the Optimal So-
lution). The optimal control problem defined by
(17)-(18) admits at most one optimal solution
(y∗1, y

∗
2, u

∗).

Proof. The proof relies on the strict convexity
of the cost functional and the affine structure of
the dynamics. Consider the cost functional. The
integrand L(y2, u) = αy22 + βu satisfies: (i) the
term αy22 is strictly convex in y2 because α > 0,
(ii) the term βu is convex in u because β > 0, (iii)
the sum of a strictly convex function and a con-
vex function is strictly convex in the pair (y2, u).
Hence, J(y2, u) is strictly convex on the admissi-
ble set. Moreover, the dynamical system can be
written as

ẏ = f(y) + f̃(y)u, (22)
where

f(y) =

(
f1(y1, y2)
f2(y1, y2)

)
, f̃(y) =

(
1
−1

)
.

Thus, the dynamics are affine with respect to the
control variable u. Further, the admissible control
set Dcontrol is convex. To prove the uniqueness
of the optimal control, assume, for contradiction,
that there exist two distinct optimal pairs (ỹ, ũ)
and (ȳ, ū) with ũ ̸= ū and the same optimal cost
J∗. Since J is strictly convex, for any θ ∈ (0, 1)

we have

J(θỹ + (1− θ)ȳ, θũ+ (1− θ)ū) < θJ(ỹ, ũ)

+(1− θ)J(ȳ, ū) = J∗.

The convex combination û = θũ + (1 − θ)ū
is admissible because Dcontrol is convex. By the
affine dynamics, the corresponding state trajec-
tory is ŷ = θỹ + (1 − θ)ȳ, which is feasible,
i.e., ŷ ∈ Dstate, it satisfies the initial condition
y1(0) = E0 and y2(0) = T0, and system (22). This
yields a cost lower than J∗, contradicting the opti-
mality of J∗. Therefore, the optimal control must
be unique. □

Remark 4.1. The strict convexity of the cost
functional is guaranteed by α > 0 and β > 0.
If α = 0, the cost would depend only linearly on
u, and uniqueness could fail. Similarly, β > 0
ensures the control appears with positive weight,
regularizing the problem.

5. Optimality conditions for suggested
OC problem

To solve the suggested optimal control prob-
lem, we establish the necessary optimality con-
ditions based on Pontryagin’s Minimum Principle
(PMP).62 We can define the Hamiltonian function
for the optimal control problem (17)-(18) as

H(y1, y2, λ1, λ2, u) = αy22+βu+λ1(f1(y1, y2)+u)

+λ2 (f2(y1, y2)− u) ,

where f1 and f2 are defined by (19), and the func-
tions λ1 and λ2 are the costate variables that must
be determined appropriately. The Hamiltonian
function can be rewritten as

H(y, λ, u) = αy22 + λ1f1(y1, y2) + λ2f2(y1, y2)︸ ︷︷ ︸
H0(y,λ)

+
(
β + λ1 − λ2

)︸ ︷︷ ︸
W (λ)

u.

According to the PMP and the necessary op-
timality conditions, the optimal state variables
(y∗1, y

∗
2) and the optimal control u∗ must satisfy

the following system together with a pair (λ∗1, λ
∗
2)

of costate variables:

ẏ1 =
p1

(
y1 +

s

d

)
y2

g1 + y2
−m

(
y1 +

s

d

)
y2

−dy1 + u,

ẏ2 = r2y2 (1− by2)− n
(
y1 +

s

d

)
y2 − u,

λ̇1 = −∂H
∂y1

= −

[(
p1y2
g1 + y2

−my2 − d

)
λ1

−ny2λ2

]
,

(23)
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

λ̇2 = −∂H
∂y2

= −

[
2αy2 + λ1

(
p1(y1 +

s

d
)(g1 + y2)− p1

(
y1 +

s

d

)
y2

(g1 + y2)2

−m(y1 +
s

d
)) + λ2(r2(1− 2by2)

−n
(
y1 +

s

d

)
)

]
,

u∗ = arg min
0⩽u⩽umax

H(y1, y2, λ1, λ2, u),

y1(0) = E0, y2(0) = T0, λ1(tf ) = 0,

λ2(tf ) = 0.

Since the Hamiltonian function H is linear with
respect to the control variable u and moreover
∂H

∂u
= W (λ) = β + λ1 − λ2, according to the

fifth equation of system (23), the optimal control
variable must satisfy

u∗(t) =


0, β + λ1 − λ2 > 0,

φ(t), β + λ1 − λ2 = 0,

umax, β + λ1 − λ2 < 0.

(24)

where the function 0 ⩽ φ(t) ⩽ umax must be de-
termined appropriately. Hence, according to the
definition of the sign (or briefly sgn) function, we
can formulate the optimal control variable u as
follows

u∗(t) =
(
1− sgn2 (β + λ1 − λ2)

)
φ(t)

+
sgn2 (β + λ1 − λ2)

2
(25)

(1− sgn (β + λ1 − λ2))umax.

It can be shown that for any positive number
Q,

| sgn(x)− tanh(Qx)| ≤ 2e−2Q|x|, x ∈ R.
Moreover,

| sgn(x)− tanh(Qx)| ≤ 2e−2Qχ, |x| ≥ χ.

Therefore, limQ→∞ | sgn(x)− tanh(Qx)| = 0 for
all x ∈ R, and by ((25)), u∗(t) can be approxi-
mated by the following function:

ΘQ(φ, λ1, λ2) = (1− tanh2(Q(β + λ1 − λ2)))

φ+
tanh2 (Q(β + λ1 − λ2))

2
(26)(

1− tanh (Q(β + λ1 − λ2))

)
umax ,

with Q representing a sufficiently large predeter-
mined value. Since 0 ⩽ φ(t) ⩽ umax, we introduce
two auxiliary variables s1(t) and s2(t) to enforce

this constraint via the following equivalent condi-
tions: {

φ(t)− s21(t) = 0,

umax − φ(t)− s22(t) = 0.
(27)

By (26) and (27), system (23) can be written
as the following algebraic-differential system

ẏ1 = f1(y1, y2, λ1, λ2, φ),

ẏ2 = f2(y1, y2, λ1, λ2, φ),

λ̇1 = g1(y2, λ1, λ2),

λ̇2 = g2(y1, y2, λ1, λ2),

h1(φ, s1) = 0,

h2(φ, s2) = 0,

y1(0) = E0, y2(0) = T0, λ1 (tf ) = 0,

λ2 (tf ) = 0,

(28)

where

f1(y1, y2, λ1, λ2, φ) =
p1

(
y1 +

s

d

)
y2

g1 + y2
−m

(
y1 +

s

d

)
y2 − dy1 +ΘQ(φ, λ1, λ2),

f2(y1, y2, λ1, λ2, φ) = r2y2 (1− by2)

−n
(
y1 +

s

d

)
y2 −ΘQ(φ, λ1, λ2),

g1(y2, λ1, λ2) = −(

(
p1y2
g1 + y2

−my2 − d

)
λ1 − ny2λ2), g2(y1, y2, λ1, λ2) = −(2αy2

+λ1[
p1

(
y1 +

s

d

)
(g1 + y2)−

(
p1

(
y1 +

s

d

)
y2

)
(g1 + y2)

2

−m
(
y1 +

s

d

)
])

−λ2
(
r2 (1− 2by2)− n

(
y1 +

s

d

))
,

h1(φ, s1) = φ(t)− s21(t),

h2(φ, s2) = umax − φ(t)− s22(t).

Integrating both sides of the first four equations
in (28) yields the following equivalent algebraic-
integral system:

y1(t) = E0 +
∫ t

0
f1
(
y1(τ), y2(τ), λ1(τ),

λ2(τ), φ(τ)
)
dτ, 0 ⩽ t ⩽ tf ,

y2(t) = T0 +
∫ t

0
f2
(
y1(τ), y2(τ), λ1(τ),

λ2(τ), φ(τ)
)
dτ, 0 ⩽ t ⩽ tf ,

λ1(t) = −
∫ tf
t
g1(y2(τ), λ1(τ), λ2(τ))dτ,

0 ⩽ t ⩽ tf ,

λ2(t) = −
∫ tf
t
g2(y1(τ), y2(τ), λ1(τ),

λ2(τ))dτ, 0 ⩽ t ⩽ tf ,

h1(φ(t), s1(t)) = 0, 0 ⩽ t ⩽ tf ,

h2(φ(t), s2(t)) = 0, 0 ⩽ t ⩽ tf .

(29)

Further, we define the transformations τ =

ψ(t, s) =
t

tf
s (for the first and second integrals in

(29) and τ = η(t, s) =
tf − t

tf
s + t (for the third
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and fourth integrals in (29)), where 0 ⩽ s ⩽ tf ,
and rewrite (29) in the following equivalent form:

y1(t) = E0 +
t

tf

∫ tf
0 f1(y1(ψ(t, s)),

y2(ψ(t, s)), λ1(ψ(t, s)), λ2(ψ(t, s)),

φ(ψ(t, s)))ds, 0 ⩽ t ⩽ tf ,

y2(t) = T0 +
t

tf

∫ tf
0 f2(y1(ψ(t, s)),

y2(ψ(t, s)), λ1(ψ(t, s)), λ2(ψ(t, s)),

φ(ψ(t, s)))ds, 0 ⩽ t ⩽ tf ,

λ1(t) = −
tf − t

tf

∫ tf
0 g1(y2(η(t, s)),

λ1(η(t, s)), λ2(η(t, s)))ds, 0 ⩽ t ⩽ tf ,

λ2(t) = −
tf − t

tf

∫ tf
0 g2(y1(η(t, s)),

y2(η(t, s)), λ1(η(t, s)), λ2(η(t, s)))ds,

0 ⩽ t ⩽ tf ,

h1(φ(t), s1(t)) = 0, 0 ⩽ t ⩽ tf ,

h2(φ(t), s2(t)) = 0, 0 ⩽ t ⩽ tf .

(30)

6. Approximating the solution of the
OC problem by using hyperbolic
functions

In the previous section, we saw that the solu-
tion of the OC problem (17)-(18) through the
undertaken process led to the resolution of the
algebraic-integral system (30). In this section, we
suggest using the hyperbolic functions space in-
troduced in Section 3 to approximate the solu-
tions as follows

yi(t) ≃ yMi (t) = ȳi,0 +
∑M

j=1 ȳi,j

tanh (ȳi,M+j (t− τj)) , i = 1, 2,

λi(t) ≃ λMi (t) = λ̄i,0 +
∑M

j=1 λ̄i,j

tanh
(
λ̄i,M+j (t− τj)

)
, i = 1, 2,

si(t) ≃ sMi (t) = s̄i,0 +
∑M

j=1 s̄i,j

tanh (s̄i,M+j (t− τj)) , i = 1, 2,

φ(t) ≃ φM (t) = φ̄0 +
∑M

j=1 φ̄j

tanh (φ̄M+j (t− τj)) ,

(31)

where 

φ̄M = (φ̄0, φ̄1, · · · , φ̄2M ),

ȳMi = (ȳi,0, ȳi,1, · · · , ȳi,2M ),

λ̄Mi = (λ̄i,0, λ̄i,1, · · · , λ̄i,2M ),

s̄Mi = (s̄i,0, s̄i,1, · · · , s̄i,2M ),

τM = (τ1, τ2, · · · , τM ),

(32)

are unknown. After this approximation, we pro-
ceed to apply a well-known discretization scheme.
To this end, let ζ0 = −1 < ζ1 < · · · < ζN = 1
denote the LGL collocation points over the inter-
val [−1, 1]. These points are dense in the interval
[−1, 1] when N goes to infinity. Also, they are the

roots of the following polynomial

P̄N+1(ζ) =
(
1− ζ2

) dPN (ζ)

dζ
, (33)

where PN (.) is the Legendre polynomial of degree
N , which is defined by the following recursive re-
lation

(i+ 1)Pi+1(ζ) = (2i+ 1) + Pi(ζ)− iPi−1(ζ),

i ⩾ 1, (34)

where P0(ζ) = 1 and P1(ζ) = ζ for ζ ∈ [−1, 1].
We should transfer the LGL points {ζk}Nk=0 to the
interval [0, tf ]. This can be done by the following
linear transformation

tk =
tf
2
(ζk + 1), k = 0, 1, · · · , N. (35)

By applying the above shifted LGL points and
the approximations in (31), the system (30) is dis-
cretized as



Y (ȳM1 , τM , tk) = E0 +
tk
tf

∫ tf
0
f1(y

M
1 (ψ(tk, s)),

yM2 (ψ(tk, s)), λ
M
1 (ψ(tk, s)), λ

M
2 (ψ(tk, s)),

φ(ψ(tk, s)))ds,

Y (ȳM2 , τM , tk) = T0 +
tk
tf

∫ tf
0
f2(y

M
1 (ψ(tk, s)),

yM2 (ψ(tk, s)), λ
M
1 (ψ(tk, s)), λ

M
2 (ψ(tk, s)),

φ(ψ(tk, s)))ds,

Λ(λ̄M
1 , τ

M , tk) = − tf − tk
tf

∫ tf
0
g1(y

M
2 (η(tk, s)),

λM
1 (η(tk, s)), λ

M
2 (η(tk, s)))ds,

Λ(λ̄M
2 , τ

M , tk) = − tf − tk
tf

∫ tf
0
g2(y

M
1 (η(tk, s)),

yM2 (η(tk, s)), λ
M
1 (η(tk, s)), λ

M
2 (η(tk, s)))ds,

h1

(
Φ(φ̄M , τM , tk), S(s̄

M
1 , τ

M , tk)
)
= 0,

h2

(
Φ(φ̄M , τM , tk), S(s̄

M
2 , τ

M , tk)
)
= 0,

k = 0, 1, ..., N.

(36)

where

Y (ȳMi , τ
M , tk) = ȳi,0 +

∑M
j=1 ȳi,j

tanh (ȳi,M+j (tk − τj)) ,

Λ(λ̄Mi , τ
M , tk) = λ̄i,0 +

∑M
j=1 λ̄i,j

tanh
(
λ̄i,M+j (tk − τj)

)
,

S(s̄Mi , τ
M , tk) = s̄i,0 +

∑M
j=1 s̄i,j

tanh (s̄i,M+j (tk − τj)) ,

Φ(φ̄M , τM , tk) = φ̄0 +
∑M

j=1 φ̄j

tanh (φ̄M+j (tk − τj)) ,

i = 1, 2, k = 0, 1, ..., N.

(37)

The following lemma is required to approximate
the integrals in system (36).

Lemma 6.1. Assume that {tj}Nj=1 are the
shifted LGL points on the interval [0, tf ]. Then
for any polynomial q(.) of degree at most (2N−1)
we have ∫ tf

0
q(t)dt =

N∑
j=1

wjq (tj) , (38)

1868



S. E. Arefi et al. / IJOCTA, Vol.16, No.5, pp.1859-1882 (2026)

where the weights {wj}Nj=1 satisfy the following re-
lation

wj =
tf

(N2 +N) (PN (2tj − 1))2
, j = 1, 2, . . . , N.

Proof. Suppose that q(.) is a given polynomial
of degree at most (2N − 1). Define ζj = 2tj − 1

for j = 1, 2, . . . , N where {tj}Nj=1 are the shifted
LGL points on the interval [0, tf ]. Also, take

q̄(ζ) = q

(
tf
2
(ζ + 1)

)
for −1 ≤ ζ ≤ 1. From

Theorem 3.29 in,63 we have∫ 1

−1
q̄(ζ)dζ =

N∑
j=1

w̄j q̄ (ζj) (39)

where

w̄j =
2

(N2 +N) (PN (ζj))
2 , j = 1, 2, . . . , N,

and PN (.) is the Legendre polynomial of degree

N . Hence, by the transformation t =
tf
2
(ζ + 1)

and relation (39), we get∫ tf

0
q(t)dt =

tf
2

∫ 1

−1
q

(
tf
2
(ζ + 1)

)
dζ =

tf
2

∫ 1

−1
q̄(ζ)dζ =

tf
2

N∑
j=1

w̄j q̄ (ζj)

=
N∑
j=1

wjq (tj)

where

wj =
tf
2
w̄j =

tf

(N2 +N) (PN (2tj − 1))2
,

j = 1, 2, . . . , N.

□

Relation (38) can be used to approximate the
integral of any continuous function on the interval
[0, tf ], including those appearing in system (36).
Accordingly, this system can be transformed into
the following algebraic form:

Y (ȳM1 , τ
M , tk) = E0 +

tk
tf

∑N
l=0wl

f1(y
M
1 (ψ(tk, sl)), y

M
2 (ψ(tk, sl)),

λM1 (ψ(tk, sl)),

λM2 (ψ(tk, sl)), φ(ψ(tk, sl))),

Y (ȳM2 , τ
M , tk) = T0 +

tk
tf

∑N
l=0wl

f2(y
M
1 (ψ(tk, sl)), y

M
2 (ψ(tk, sl)),

λM1 (ψ(tk, sl)),

λM2 (ψ(tk, sl)), φ(ψ(tk, sl))),

Λ(λ̄M1 , τ
M , tk) = −

tf − tk
tf

∑N
l=0wl

(40)



g1(y
M
2 (η(tk, sl)), λ

M
1 (η(tk, sl)),

λM2 (η(tk, sl))),

Λ(λ̄M2 , τ
M , tk) = −

tf − tk
tf

∑N
l=0wl

g2(y
M
1 (η(tk, sl)), y

M
2 (η(tk, sl)), λ

M
1 (η(tk, sl)),

λM2 (η(tk, sl))),

h1
(
Φ(φ̄M , τM , tk), S(s̄

M
1 , τ

M , tk)
)
= 0,

h2
(
Φ(φ̄M , τM , tk), S(s̄

M
2 , τ

M , tk)
)
= 0,

k = 0, 1, ..., N,

with the corresponding unknown variables intro-
duced in Equation (32).

7. Numerical results

The simulation results are organized and dis-
cussed across two separated subsections. Note
that the values of the parameters are provided in
Table 1 and remain fixed throughout the man-
uscript, including this section. Moreover, s

d ≈
3.155× 105 cells.

7.1. Numerical simulation for designing
stabilizing control

We now present numerical simulations to illus-
trate the results of the approach outlined in Sub-
section 3.2. Consider model (1), or equivalently,
system (2). The behavior of system (2) with
u = 0 and initial conditions (y1(0), y2(0)) =
(40, 100), (35, 80), and (30, 60) is shown in Fig-
ures 2–4, respectively. These plots demonstrate
that the uncontrolled system is divergent and the
tumor cell population grows significantly.

Next, using the parameter identification method
described in Subsection 3.3, the corresponding hy-
perbolic system (9) is obtained as:

ẏ1 = −0.0196 tanh(2.4357y1)

+0.0031 tanh(0.5181y2),

ẏ2 = 1.0217× 10−13 tanh(2.4357y1)

+0.2421 tanh(0.5181y2)− u.

(41)

It is important to note that the right-hand side
of the hyperbolic system (41) can effectively ap-
proximate that of the main dynamical system (2),
particularly in regions near the origin. The accu-
racy of this approximation is quantified by the
absolute errors between the two systems, which
are presented in Figure 5. As shown in this fig-
ure, the approximation errors remain small when
the state variables are sufficiently close to zero,
validating the use of the hyperbolic model as a lo-
cal approximation of the original dynamics. Note
that our objective is not merely to perform this
approximation, but rather to design an effective
controller for the original nonlinear system. This
can be accomplished by designing a controller for
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the hyperbolic system. Indeed, we will demon-
strate that the closed-loop controller developed
for the hyperbolic system is capable of stabilizing
the original system.

Furthermore, solving Equation (13) yields the
values γ1 = 2.1040, γ2 = 13.7099, ᾱ = 5.0503, and
β̄ = 0.1927. Hence, according to (10), the follow-
ing hyperbolic feedback control stabilizes model
(2), or equivalently system (1):

u = 2.1040 tanh(2.4357y1)

+13.7099 tanh(0.5181y2). (42)

The behavior of the variables in system (2) un-
der the hyperbolic stabilizing feedback (HSF) con-
trol u given by (42) is shown in Figures 6–8 for
the initial conditions (y1(0), y2(0)) = (40, 100),
(35, 80), and (30, 60), respectively. We observe
that the trajectories converge to zero, that is,
y1 → 0 and y2 → 0, with a satisfactory rate of
convergence. Consequently, E → s

d
and T → 0.

Thus, the proposed feedback control (42) effec-
tively reduces the tumor cell population.

Note that despite the fundamental challenges
of system (2), including the indirect influence of
control on y1, extreme parameter scaling spanning
seventeen orders of magnitude from 10−10 to 107

(which causes severe numerical ill-conditioning
in most control algorithms), the rational non-
linearity

y2
g1 + y2

with g1 = 2.019× 107 that can-

not be exactly represented by polynomial or affine
approximations, and the unidirectional constraint
u ≥ 0, the proposed feedback law achieves practi-
cal stabilization. The use of tanh activation func-
tions naturally enforces the non-negativity con-
straint u ≥ 0 while providing smooth, bounded
control action. Numerical simulations confirm
that the closed-loop system remains bounded and
stable for the given initial conditions. Thus, while
the system poses significant stabilization chal-
lenges, a suitably designed hyperbolic feedback
law can achieve practical stability.

To provide a rigorous comparison and fur-
ther substantiate the effectiveness of the proposed
method in stabilizing system (2), two distinct con-
trol approaches, designated as LSNN method53

and STF-PID control method,54 are implemented
under the initial conditions (y1(0), y2(0)) =
(40, 100). The corresponding results are pre-
sented in Figures 9–11. Although the output
state variables show relatively similar behavior for

the two different controllers, neither the LSNN
method nor the STF-PID method can stabilize
the system. This comparative analysis clearly
demonstrates the superior performance of the sta-
bilizing controller proposed in this work.

7.2. Numerical simulation for designing
optimal control

Consider the OC problem (17)–(18). We present
simulation results of the method discussed in Sec-
tion 6. The accuracy of the obtained approximate
solutions is evaluated using the residual error de-
fined by system (40). The parameters are set as

tf = 3, E0 = 5, T0 = 4, umax = 1.

The following cases are examined:
Case I. The optimal solutions are simulated for

α = 1, β = 3 and different values of M and N .
The results are shown in Figures 12 and 13, and
Table 2.

Case II. The optimal solutions are simulated
for α = 3, β = 1 and different values of M and
N . The results are shown in Figures 14 and 15,
and Table 3.

Case III. The optimal solutions are simulated
for α = 3, β = 3 and different values of M and
N . The results are shown in Figures 16 and 17,
and Table 4.

The results confirm that, using the proposed
method, the number of tumor cells y2(·) and the
administered drug dosage u(·) can be minimized
simultaneously, with the trade-off governed by the
weighting coefficients α and β in the objective
functional.

To further demonstrate the effectiveness of the
proposed method for the optimal control problem
(17)–(18), the direct pseudospectral method64 is
implemented under the same initial conditions
for Case I. The results are presented in Figure
18 and Table 5. A direct comparison confirms
that the proposed method is notably more sta-
ble and better suited for solving the optimal con-
trol problem considered herein. It is worth not-
ing that while both methods employ LGL nodes
as collocation points, they differ in their basis
functions for approximating optimal solutions:64

uses Lagrange polynomials, whereas the proposed
method uses hyperbolic tangent basis functions.
Therefore, for optimal control problems with com-
plex dynamical systems such as (18), the hyper-
bolic tangent function space can provide better
performance than Lagrange polynomials.
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Figure 2. Behavior of system (2), without control, for initial conditions (y1(0), y2(0)) = (40, 100)
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Figure 3. Behavior of system (2), without control for initial conditions (y1(0), y2(0)) = (35, 80)
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Figure 4. Behavior of system (2), without control, for initial conditions (y1(0), y2(0)) = (30, 60)
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Figure 5. Absolute error in approximating the right-hand side of the main system (2) with the hyperbolic
system (41)
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Figure 6. Behavior of system (2) under the HSF control (42) for initial conditions (y1(0), y2(0)) = (40, 100)
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Figure 8. Behavior of system (2) under the HSF control (42) for initial conditions (y1(0), y2(0)) = (30, 60)
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Figure 11. Comparison of the LSNN53 and STF-PID54 controllers for system (2) with initial conditions
(y1(0), y2(0)) = (40, 100)
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Figure 12. Obtained optimal solutions using the proposed method for Case I with N = 4
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Figure 13. Logarithm of the residual error of the proposed method for Case I with different values of M and
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Figure 14. Obtained optimal solutions using the proposed method for Case II with N = 4
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Figure 15. Logarithm of the residual error of the proposed method for Case II with different values of M
and N

0 1 2 3

t

2

3

4

5

6

7

8

y
1
 a

n
d
 y

2

effector cells y
1

tumor cells y
2

0 1 2 3

t

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

u

Figure 16. Obtained optimal solutions using the proposed method for Case III with N = 5
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Figure 17. Logarithm of the residual error of the proposed method for Case III with different values of M
and N
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Figure 18. Obtained optimal solutions using the pseudospectral method64 for Case I with N = 6

Table 2. Obtained values of the objective functional J using the proposed method for α = 1, β = 3

M,N M = 5, N =
3

M = 5, N =
4

M = 5, N =
5

N = 4,M =
3

N = 4,M =
5

N = 4,M =
7

J 56.77139206 56.65863426 56.74206986 56.80320637 56.65863426 56.86467288

Table 3. Obtained values of the objective functional J using the proposed method for α = 3, β = 1

M,N M = 8, N =
4

M = 8, N =
5

M = 8, N =
7

N = 4,M =
7

N = 4,M =
9

N = 4,M =
10

J 146.57362058 146.27584654 146.15392174 146.31189014 146.41264910 146.55374727

Table 4. Obtained values of the objective functional J using the proposed method for α = 3, β = 3

M,N M = 7, N =
4

M = 7, N =
5

M = 7, N =
7

N = 5,M =
4

N = 5,M =
6

N = 5,M =
8

J 152.42880080 152.27763193 152.00533478 152.46531327 152.27149524 152.26847894
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Table 5. Obtained values of the objective functional J using the pseudospectral method64 for α = 1, β = 3

N N = 2 N = 3 N = 4 N = 5 M = 6
J 42.350062 47.634485 67.375147 73.616457 103.548544

8. Conclusions and suggestions

8.1. Summary of contributions

The main contributions of this work are summa-
rized as follows:

Hyperbolic Function Framework: We for-
mally introduced the space of hyperbolic func-
tions (HFs) and demonstrated its applicability as
a universal approximator for nonlinear systems.
This space provided the foundation for both con-
troller design and the numerical solution of the
resulting optimality conditions. It is worth em-
phasizing that the HF framework inherently re-
spects the unidirectional constraint u ≥ 0 through
the boundedness of the tanh function, thereby cir-
cumventing one of the major challenges associated
with conventional control methods.

Stabilizing Control Design: A hyperbolic tan-
gent state feedback controller was systematically
designed. A rigorous Lyapunov-based analysis
proved that this controller guarantees global as-
ymptotic stability of the desired equilibrium point
where the tumor cell population is eradicated
(y1, y2) → (0, 0), corresponding to E → s/d and
T → 0. The parameter identification method
(Subsection 3.3) successfully translated the origi-
nal biological model into an equivalent hyperbolic
system, enabling this control design. Notably, de-
spite the rational nonlinearity y2

g1+y2
that cannot

be exactly represented by polynomial or affine ap-
proximations, the HF-based approximation error
remains small in the neighborhood of the origin,
as quantified in Figure 5.

Optimal Control Strategy: We formulated an
optimal control problem to minimize a composite
cost functional balancing tumor cell burden and
chemotherapeutic drug usage. The necessary op-
timality conditions, derived via PMP, resulted in
a challenging two-point boundary value problem.
A key innovation was the efficient discretization
of this problem using hyperbolic function approx-
imations in conjunction with shifted Legendre-
Gauss-Lobatto (LGL) collocation points.

8.2. Synthesis of numerical findings

The numerical simulations robustly confirmed the
theoretical developments:

Stabilization Efficacy: As shown in Figures
2–8, the uncontrolled system exhibits divergent
tumor growth. In stark contrast, the application

of the proposed hyperbolic stabilizing feedback
(HSF) control (42) drives the state trajectories to
zero with a rapid and consistent convergence rate
across diverse initial conditions (e.g., (40, 100),
(35, 80), (30, 60)). This validates the controller’s
practical effectiveness in suppressing tumor prolif-
eration. More importantly, while both the LSNN
and STF-PID controllers fail to stabilize the sys-
tem under the same conditions (according to Fig-
ures 9–11), the proposed HSF control achieves
practical stabilization, underscoring the necessity
of tailoring the control law to the specific struc-
tural challenges of the model.

Optimal Control Performance: The results for
the optimal control problem (Cases I-III in Sec-
tion 7.2) illustrate the method’s precision and
flexibility. The algorithm successfully generated
optimal drug administration profiles u∗(t) that
strategically balance the competing goals of tu-
mor reduction and drug minimization, as dictated
by the weighting parameters α and β. The low
residual errors (e.g., Figures 13, 15 and 17)
and the convergence of the objective functional
values (Tables 2–4) with increasing discretiza-
tion parameters M and N attest to the numeri-
cal scheme’s accuracy and stability. Furthermore,
compared to the direct pseudospectral method us-
ing Lagrange polynomials, the proposed hyper-
bolic basis functions yield notably more stable so-
lutions for the complex dynamical system under
consideration.

8.3. Broader implications

Collectively, this work establishes the space of
HFs as a powerful and efficient dual-purpose tool
for oncological modeling. It is effective for:
• Analytical Stabilization: Providing a

Lyapunov-stable, bounded control law with
proven global convergence.

• Numerical Optimization: Enabling accurate
approximation schemes for solving complex
optimal control problems arising from non-
linear dynamics.

The methodology offers a promising mathe-
matical framework for in-silico design and testing
of therapeutic strategies, where explicit trade-offs
between treatment efficacy and toxicity can be
quantitatively explored. It is also worth reiterat-
ing that the ability of the HF-based approach to
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handle extreme parameter scaling, rational non-
linearities, and control constraints without nu-
merical ill-conditioning represents a significant
advancement over standard control algorithms.

8.4. Future research directions

Building on this foundation, several avenues for
future research are promising:
• Model Complexity: Extend the HF-based

framework to more complex and spatially het-
erogeneous models, such as those governed by
partial differential equations (PDEs), which
can account for tumor invasion and micro-
environmental interactions.

• Multi-therapy Integration: Incorporate
combined-modality therapies (e.g., im-
munotherapy, radiotherapy, anti-angiogenic
drugs) as multiple control inputs within the
optimal control framework to study synergis-
tic effects.

• Clinical Parameterization: Validate and cal-
ibrate the model using longitudinal clinical
data to enhance its predictive power and po-
tential for personalized treatment planning.

• Robust and Adaptive Control: Investigate
the design of robust HF-based controllers that
account for system uncertainties, parameter
variations, and measurement noise, moving
towards adaptive therapeutic protocols.

In conclusion, this research demonstrates that
HFs provide a versatile and computationally ef-
fective paradigm for both the analysis and con-
trol of nonlinear tumor dynamics, opening new
pathways for the mathematical design of cancer
treatment strategies. The comparative failure of
LSNN and STF-PID methods further highlights
that the proposed HF-based stabilization is not
merely an incremental improvement but a neces-
sary structural remedy for the specific challenges
posed by the tumor-immune model.
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