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The harmonic oscillator with time-dependent mass represents an important
model for describing dynamical systems in which the mass varies with time due
to environmental interaction or internal processes. In this work, the dynamics
of a time-dependent mass harmonic oscillator are investigated using analytical,
semi-analytical, and numerical approaches. The governing equation of motion

Keywords: is derived using both Newtonian and Lagrangian formulations, with an expo-
Time-dependent mass nentially decreasing mass function. An exact analytical solution is obtained by
Harmonic oscillator transforming the resulting differential equation into a Bessel-type equation. In
Bessel function addition, approximate solutions are computed using the Differential Transform
Multistep differential transform Method (DTM) and its multistep extension (Ms-DTM). The numerical solution
method obtained with the classical fourth-order Runge-Kutta (RK4) method serves as
Runge-Kutta method a reference for evaluating the accuracy of the semi-analytical techniques. The

results show excellent agreement between the analytical Bessel solution and the
numerical RK4 solution, confirming the validity of the analytical formulation.
The Ms-DTM method also provides accurate approximations for short time
intervals and demonstrates rapid convergence. These findings indicate that
the combined analytical-numerical framework offers a reliable approach for
studying the dynamical behavior of harmonic oscillators with time-dependent
mass and may be useful in the analysis of engineering systems where variable
mass effects are significant.

(eo) E

1. Introduction and its widespread use in describing physical sys-
tems. In classical physics, it is a primary tool in
both Newtonian and Lagrangian formulations and
provides a basis for studying more complicated
systems by linearizing them.!

Research in science and engineering continues
to focus on advanced models in which the physical
properties of a system evolve with time. One area
of advanced research includes the development of
a harmonic oscillator with time-dependent mass.

A harmonic oscillator is a standard model in classi-
cal and quantum physics, widely used to describe
physical systems subjected to a restoring force
that drives the system back to its equilibrium po-
sition. The harmonic oscillator is a fundamental
model in many different areas of physics due to
the relative ease of obtaining analytical solutions
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Time-dependent mass occurs when there are vari-
ations in the mass of a physical system caused
by either interactions with the environment or
changes in the internal structure of the system.?

Time-dependent mass harmonic oscillators are
an important class of physical systems that con-
tinue to gain significant interest due to their abil-
ity to represent physical systems whose proper-
ties vary with time. Such systems include rocket
propulsion systems, fluid ejection systems, and mi-
cro and nanoscale devices. Leach? established the
mathematical foundation of the time-dependent
mass harmonic oscillator, while Abdalla* further
developed the theory for more general variable-
mass systems. Building on these studies, Flores
et al.> showed that several forms of the time-
dependent mass oscillator can be transformed
into Bessel-type differential equations, enabling
exact analytical solutions under certain conditions.
These analytical results are particularly useful
because they provide insight into the behavior of
variable-mass systems and serve as benchmarks for
approximate methods. More recently, Rhoads et
al.% highlighted the importance of time-dependent
mass oscillators in engineering applications, partic-
ularly in the design of micro- and nano-resonators
used in sensors and actuators. Taken together,
these studies demonstrate the theoretical signifi-
cance and practical relevance of time-dependent
mass oscillator models. However, exact analytical
solutions are generally limited to specific forms
of mass variation, which motivates the use of
semi-analytical techniques such as the Differen-
tial Transform Method (DTM) and the Multistep
DTM (Ms-DTM).

The inclusion of time-dependent mass signifi-
cantly complicates the mathematical description
of the system. Unlike the constant mass har-
monic oscillator, whose solution can easily be deter-
mined from characteristic equations, the variable
mass harmonic oscillator generally leads to non-
autonomous differential equations. Consequently,
in numerous practical situations, exact analytical
solutions are either difficult to obtain or exist only
for special cases. Thus, semi-analytical and numer-
ical methods are required to solve the governing
differential equation.

One semi-analytical approach to solving non-
linear ordinary differential equations is the DTM.
The DTM is a semi-analytical technique based
on the Taylor series expansion that converts dif-
ferential equations into recursive algebraic rela-
tions. Arikoglu and Ozkol” demonstrated the effec-
tiveness of DTM for solving differential-difference
equations, while Erturk et al.® successfully applied
the method to analyze the kinematic behavior of

coupled pendulum systems. In parallel, analytical
approximation methods continue to play an im-
portant role in the study of nonlinear oscillatory
systems, as illustrated by Lu.? These contribu-
tions highlight the growing use of analytical and
semi-analytical techniques for investigating com-
plex dynamical models.

However, the DTM may lose stability and accu-
racy when applied to systems with strong nonlin-
earities or time-dependent parameters. The Ms-
DTM addresses this issue by applying the trans-
formation iteratively over sub-intervals of the time
domain. Several recent studies have shown the
effectiveness of this method and demonstrated its
utility in modeling complex dynamical systems.

The Ms-DTM is a powerful semi-analytic ap-
proach that has received considerable attention
from researchers due to its ability to efficiently
solve both linear and nonlinear differential equa-
tions. The Ms-DTM was introduced to overcome
the limited convergence interval of the classical
DTM. Odibat et al.'® proposed the Ms-DTM
framework by applying the differential transform
sequentially over multiple subintervals and demon-
strated its effectiveness for nonlinear dynamical
systems, including the Lotka—Volterra, Chen, and
Lorenz models. The results showed that Ms-
DTM provides more accurate approximations over
larger time intervals than the classical DTM while
maintaining computational efficiency. Building on
these developments, Xie et al.'' proposed an im-
proved DTM for solving nonlinear singular bound-
ary value problems and demonstrated its ability
to produce accurate numerical approximations for
complex nonlinear equations. In addition to these
methodological advances, Al-Ahmad and Abdul-
lah'? investigated the convergence properties of
Ms-DTM and provided theoretical and numerical
evidence supporting its stability and convergence.
Together, these studies established both the prac-
tical effectiveness and the mathematical reliability
of DTM-based approaches, motivating their ap-
plication to the time-dependent mass harmonic
oscillator considered in the present work. These
contributions have enhanced the accuracy, effi-
ciency, and applicability of the method to a wide
range of nonlinear problems. As a result, Ms-DTM
has gained increasing recognition as a reliable and
effective analytical tool for investigating the dy-
namic behavior of nonlinear systems. Both the
DTM and Ms-DTM have been effectively used
to model physical systems whose masses evolve
over time. Both methods have been successfully
applied in both classical and quantum mechanical
contexts as well as in engineering systems that
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Time-dependent mass harmonic oscillator

exhibit oscillatory behavior. For example, Gitter-
man'® used numerical and analytical techniques to
analyze a harmonic oscillator whose mass varied
with time.

Recent research into nonlinear and time-varying
dynamic systems has significantly increased our
knowledge of generalized oscillation models which
incorporate position-dependent parameterization,
harmonically potentialized oscillations, and frac-
tional or non-standard kinetic terms. The use of
analytic and semi-analytic methods, as described
in articles from Physica Scripta and other associ-
ated journals,' 1% describes the treatment of com-
plex oscillator systems subject to a variety of phys-
ical constraints. Concurrently, recent publications
in Applied Mathematical and Engineering Jour-
nals'% 7 emphasize numerical stability, perturba-
tion methodology, and computational modeling
of nonlinear motion. Additionally, other studies
introduce new modifications to the mass frame-
work for oscillating systems and provide improved
dynamic formulations that better represent the
dynamics of real-world physical systems than tra-
ditional harmonic approximations.'®20 Lastly, re-
cent work within the field of Mathematical Physics
has provided enhanced solution methodologies for
strongly nonlinear cases.?! Overall, this body of
work illustrates the growing desire to extend clas-
sical oscillator theories to more physically realistic,
nonlinearly coupled, time-dependent systems ap-
plicable across the fields of physics and engineer-
ing.

Based on previous studies, this study aims to de-
velop an efficient mathematical model of the time-
dependent mass harmonic oscillator that uses both
the DTM and Ms-DTM to obtain approximate so-
lutions. The accuracy of the two methods will
be evaluated by comparing them with the classi-
cal fourth-order Runge-Kutta (RK4) method. By
combining analytical, semi-analytical, and numer-
ical methods, this study provides a comprehensive
analysis of the time-dependent mass harmonic
oscillator and establishes a solid foundation for
future practical applications of the model in engi-
neering and other physical systems.

Numerical methods such as the classical fourth-
order RK4 method will also be utilized as bench-
marks to evaluate the accuracy of the semi-
analytical results. The RK4 method has been ex-
tensively documented as being highly effective for
solving stiff and complex differential equations.??

While numerous studies have investigated the
harmonic oscillator with time-dependent mass us-
ing either analytical or numerical methods, exact
solutions for such systems are limited. In addition

to providing an independent derivation of a Bessel-
based exact analytical solution, this study also
integrates the exact solution with semi-analytical
methods (DTM and Ms-DTM) and validates the
results through the classical fourth-order RK4
method, thereby establishing a unified analytical-
numerical framework that allows for high accuracy,
rapid convergence, and reliable long-term predic-
tion.

Together, the contributions of this study demon-
strate the scientific significance of time-dependent
mass oscillator models and emphasize the need
for combining analytical, semi-analytical, and nu-
merical techniques to better understand complex
systems. The objective of this study is to estab-
lish an efficient analytical-numerical framework for
the dynamics of a harmonic oscillator with time-
dependent mass and to validate the results using
numerical simulations based on the RK4 method.
The subsequent sections of this document provide
the necessary background, mathematical modeling,
analytical and semi-analytical solution techniques,
numerical simulation, and discussion to support
these objectives.

2. The physical model

The physical model of the harmonic oscillator is
formulated within the Lagrangian framework. We
begin with the classical harmonic oscillator with
constant mass m. Let z(t) denote the displace-
ment of the oscillator from its equilibrium po-
sition, where t represents time. The parameter
k denotes the spring constant of the system, and
x(t) = % represents the velocity of the oscillator.
Using these variables, the kinetic and potential
energies of the system can be defined, allowing
the equation of motion to be derived using the
Euler-Lagrange equation. The model is then gen-
eralized to include the case where the mass varies
with time, which constitutes the main focus of this
study (Equation 1).23

L=T-V (1)
where T' and V' denote the kinetic and the po-
tential energies, respectively. The kinetic energy
is given by, T' = %mox'2, and potential energy is
given by V = %]{JI2. Substituting these into the
Lagrangian yields Equation 2:

L= %m i — %kazz (2)
To determine the equation of motion, the

Lagrange equation (also known as the Euler—
Lagrange equations)! is applied in one dimension
(Equation 3):
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d (0L oL
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2.1. Newtonian formulation of the
time-dependent mass harmonic
oscillator

To establish the governing equation of motion
rigorously, the model is first formulated using
Newton’s second law before being derived inde-
pendently within the Lagrangian framework. The
Newtonian approach provides a physically intuitive
description based on momentum balance, whereas
the variational formulation offers a systematic an-
alytical framework for subsequent developments.
The agreement between the two derivations con-
firms the consistency and validity of the proposed
mathematical model for the time-dependent mass
harmonic oscillator.

For a harmonic oscillator with time-dependent
mass m(t), the restoring force generated by the
spring is: F' = —kx, where k denotes the spring
constant and z(t) is the displacement from the
equilibrium position.

According to Newton’s second law, the net force
acting on the system is equal to the time deriva-
tive of the linear momentum: F' = % (m(t)x(t)).
Substituting the restoring force into Newton’s law
yields: —kz = % (m(t)z(t)). Applying the prod-
uct rule gives: —kx = m(t)Z+m(t) £(¢). Dividing
by m(t) gives the general equation of motion for
a harmonic oscillator with time-dependent mass
(Equation 4):

i ™MW kg (4)
m(t)  m(t)

Now consider the exponentially decreasing mass
function m(t) = mee~*, where mg is the initial
mass and A is the mass-decay parameter. Differ-
entiating with respect to time gives Equation
5:

m(t) = —Amee M = —Ami(t) (5)
The Newtonian formulation presented above
provides a direct derivation of the governing equa-
tion of motion for the time-dependent mass har-
monic oscillator. Starting from Newton’s second
law and the balance between the restoring spring
force and the time-varying momentum, the equa-
tion of motion is obtained as Equation 6:

k
=M+ —eMr =0 (6)
Mo

By introducing the parameter w? =

S n%v the
governing equation can be written in the compact

form Equation 7:

¥ — i+ wie)\tx =0 (7)
In the following subsection, the same physi-
cal system is reformulated within the Lagrangian
framework, and the corresponding equation of mo-
tion is derived using the Euler-Lagrange equation.
The recovery of the same governing differential
equation through both the Newtonian and La-
grangian approaches confirms the consistency and
validity of the mathematical model adopted in this
study.

2.2. Lagrangian formulation of the
time-dependent mass harmonic
oscillator

To investigate the dynamical behavior of a har-
monic oscillator with time-dependent mass, the
system is formulated within the Lagrangian frame-
work. Using the Lagrangian defined in Equation
1, the Lagrangian function for a harmonic oscil-
lator with time-dependent mass m(t) is given by
Equation 8:

1 : 1
L= §m(t)a:2 - 5/@3:2 (8)
and Euler—Lagrange equations from Equation 3
lead to Equation 9:

d .
7 (m(t)z) +kx =0 (9)

As a specific example, consider a mass that
decreases exponentially with time according to
m(t) = mee ™. At t = 0, the mass is equal to
me, Whereas as t — 00, the mass approaches zero.
Therefore, the derivative of the mass function with
respect to time is given by Equation 10:

d

ﬁm(t) = —Amye M (10)

Substituting Equation 6 into Equation 5
yields Equation 11:

mge M

i — Amee Ni + kr =0 (11)
dividing Equation 7 by me.e™ ™, gives & — \i: +
mLOeAtw = 0. Since mio is a constant, it can be
written as w? . Therefore, Equation 11 reduces

to Equation 12:

i — M4 w2eMr =0 (12)

Equation 12 describes a time-dependent mass
harmonic oscillator. It is a second-order linear
homogeneous differential equation with variable
coeflicients, arising from the exponential variation
of the system mass. Here, &, & denote the second
and first derivatives of the displacement x with
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respect to time ¢, w, is the natural angular fre-
quency, and A represents the exponential rate of
mass decrease.

3. Analytical and semi-analytical
solution

In this section, the dynamical behavior of the
harmonic oscillator with time-dependent mass is
analyzed using both analytical and semi-analytical
approaches. The analytical solution is obtained
by transforming the governing differential equa-
tion into a standard form that can be solved in
terms of Bessel functions. On the other hand,
the semi-analytic methods, such as the differential
transformation method (DTM) and the multistep
differential transformation method (Ms-DTM), are
utilized to obtain approximate solutions with rel-
atively low computational effort. Therefore, by
using both analytical and semi-analytical meth-
ods, it is possible to perform a comprehensive
analysis of the system and compare the different
approaches used to obtain exact and approximate
solutions.

3.1. Analytical method via Bessel’s
equation for the time-dependent mass
model

An analytical approach is applied to the harmonic
oscillator with time-dependent mass (Equation
12). Using a suitable transformation, the equa-
tion is reduced to the standard form of Bessel’s
equation,?* 2% yielding exact solutions in terms of
first and second kind Bessel functions.?%

We consider the differential equation derived for
the harmonic oscillator model with mass varying
with time, given in Equation 12, with the initial
conditions z(0) = 1 %(0) = 0.

Let 7(t) = 2‘;\)06 > We proceed by computing
the derivatives of the transformed variable:2”

The first derivative of x is given by Equations
13 and 14:

dr dx dr
a " d (13)
dx At dx
P (14)

The second derivative of x is obtained as follows
(Equation 15):

dx  d At dx

@ <w m) (15)
d27x o €>\t d%x dr + )\w eAt dx
a2~ % T dr2 dt °dr

Let (C% = wee® , then (Equatlon 16):

d’x a (ANdx a d?x

W = Wyt 2 <2d7’ + wee 2 T) (16)
Substituting Equation 16 into the original dif-

ferential equation allows the equation of motion to

be expressed in terms of the transformed variable

7. This yields Equation 17:

5 yd?T A acdr

woe i Ewoe E—i—w e

To simplify the expression and remove the com-
mon exponential factor, Equation 17 is divided

by=0  (17)

by woeg, giving Equation 18:
At d2:E Adz At
WoC® g — 5 +wee2x =0 (18)
At
Using the transformation relation 7(t) = 22¢ 2,

the remaining time-dependent coeflicient can be
rewritten entirely in terms of 7. Substituting this
relation into Equation 18 gives Equation 19:
M d?x Ndz AT 0
2 2dr Qx_
Dividing Equation 19 by
compact form (Equation 20):

(19)

leads to a more

d’x  dx
= 2
T2 g +71x=0 (20)
and dividing by 7 (7 # 0) yields Equation 21:
d’x 1 dx
dr?  rdr tr=0 (21)

This is similar to a Bessel’s equation, but it is
not in the standard form. The standard Bessel
equation of order v is:?* 72 d o +Td7' + (12 =)z =
0.

Our Equation 21 has a negative sign on
the first-derivative term, which means it does
not directly match. To transform Equation 21
into the standard Bessel form, we introduce the
substitution z(7) = 7y(7). The first derivative
with respect to t is given by Equation 22:

dx dy
— = — 22
dr y+ Td’]' (22)

Differentiating once more with respect to ¢, we
obtain Equations 23 and 24:

d’x dy dy d?y

— = =4 = — 23

dr? dr + dr +T dr? (23)
d’x dy d%y
o _ 9% 24
dr? dr + Tar? (24)

Substituting Equations 22 and 24 into Equa-
tion 20, becomes Equation 25:
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dy %y dy
T (2d7' + T3 \Y —1—75 +7(ry) =0 (25)
After substitution and simplification, the gov-
erning equation becomes Equation 26:

d? d
TQd—Tz;—{—T%—i—(ﬂ—l)y:O (26)
Equation 26 is recognized as the standard
Bessel equation of order one.?? Consequently,
its general solution can be expressed as a linear
combination of the corresponding Bessel functions

(Equation 27).26

y(1) = e1Ji(7) + e2Yi(7) (27)
where J1(7) is the Bessel function of the first kind
(order 1), Yi(7) is the Bessel function of the sec-
ond kind (order 1), and ¢, ¢o are constant. Since
z(71) = Ty(7), we have Equation 28:

z(1) =7 (1 J1(7) + 2Y1(T)) (28)

The integration constants c¢; and cy are de-
termined from the prescribed initial conditions:
z(0) =1, and £(0) = 0. At ¢t = 0, the transformed
variable takes the value 7(0) = 7 = 2—‘3\’0 Sub-
stituting this condition into Equation 28 gives

Equation 29:

x (To) = T, (01J1 (7’0) + oY (7’0)) =1 (29)
which leads to Equation 30:
1
c1J1 (7o) + 21 (15) = o (30)

o
To obtain a second equation relating to the
unknown coefficients, the derivative of the dis-

placement is evaluated. Since z(t) = z (7(t)), we

use the chain rule to give: #(t) = ‘é—f : %, where,

dr _ e . Differentiating Equation 28 with

respect to 7 yields Equations 31 and 32:

(1) = % (1T (1 J1(T) + c2Yi(7)))

(1) = (e1J1(7) + oY1 (7)) +

(31)

T% ) reniy D

Using the Bessel function identities:?
L) = Jo(r) = 22, and £ (Vi(r) =
Yo(r) = 27

T

i(t) = woe® <01 (Jl (1) +7 (JO(T) _ Jl(T)))

T

e <Y1(T> +7 (YO(T) - Yf”)) )

4

, the velocity can be expressed as

After simplification, this reduces to Equation
33:

z(t) = woe% (17 Jo(T) + c2TY 5(7)) (33)
Evaluating Equation 33 at t =0, 7(0) = 7, =

2wWo

%2, gives Equation 34:

2(0) = woTo (1o (T0) + 2Yo (15))  (34)
Since, w,7, # 0, the initial condition #(0) =
0 implies that (Equation 35):

c1do (1) + 2Yo (15) =0 (35)
Equations 30 and 35 form a system of two
linear equations for the constants ¢; and co:
01J1 (7’0) + C2Y1(To) = 710
1o (T0) + 2Yo (15) =0
Solving this system using Cramer’s rule,?” the

solution is: )
Y Yo (70)

1= (7o) Yo(ro)Vi(7e)Jo(to)
— 2= Jo (7o)

J1(70)Yo(70)—Y1(70) Jo(70) ~

The Wronskian identity for Bessel functions is
used to simplify the expressions for the integration
constants: 24

J1(T)Yo(T) = Yi(7)Jo(T) = £,

Substituting this identity into the above ex-
pressions gives ¢ = 5Y,(7), and c; =
—5Jo (7). Therefore, the solution of the trans-
formed equation can be written as: xz(r) =
7 (e1J1(7) + ¢2Y1(7)). Substituting the evaluated
constants into this expression leads to the analyti-
cal solution (Equation 36):

and ¢y =

(w(t) = 7(t) { = Yo (10) J1 (7(1))
<2 (36)

2

At
where: T(t) = %2e2.

The analytical solution presented in Equation
36 provides an exact representation of the dis-
placement response of the harmonic oscillator with
time-dependent mass under the specified initial
conditions. Transforming the governing equation
into the standard Bessel form allows the system dy-
namics to be expressed in terms of well-established
special functions, yielding a closed-form solution.
Although this analytical result offers valuable in-
sight into the model’s behavior, alternative solu-
tion techniques are also useful, particularly when
exact solutions are difficult to obtain or when more
complex forms of the governing equations are con-
sidered. For this reason, the DTM is introduced
in the next section as a semi-analytical approach,

T () Vi <T<t>>)
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and its results are subsequently compared with
the exact Bessel-function solution obtained here.

3.2. Semi-analytical solution via the
Differential Transform Method for the
time-dependent mass model

A semi-analytical approach based on the DTM
is employed to solve the harmonic oscillator with
time-dependent mass (Equation 12). DTM com-
bines analytical and numerical techniques by trans-
forming differential equations into rapidly conver-
gent series, providing efficient approximate solu-
tions, especially when exact solutions are difficult
to obtain or when the system exhibits complex
time-dependent behavior.28-31

Definition 1. The DTM is based on the Taylor
series expansion of a function. The differential

transform of a function x(t) is defined as Equa-
tion 37:%1

F(k) =

L[] .

K| dtk
where f(t) is the original function and F(k)is
the transformed function. The inverse differen-
tial transform of F (k) is defined as Equation 38:
_\ ™ K

=3, Fk)(t—to) (38)

By substituting Equation 37 into Equation
38, we obtain Equation 39:

o [ (t—to)" d¥f (1)

f(t) = Zk:o (k' gk > L (39)
which implies that the concept of the differential
transform is derived from the Taylor series ex-
pansion. The transformation rules summarized in
Table 1 can be derived from the above definition.

The rules listed in Table 1 are used to derive
the recurrence relations required for the solution
of the governing differential equation. To solve
Equation 12 using the DTM, the second-order
differential equation is first converted into an equiv-
alent system of first-order equations:

Letting 1 = x, and 29 = . Then the system
becomes:

T1 = T2
= A\xg — w26)‘t:1:1
The transformed functions X (k)and

Xo(k), satisfy the following recurrence relation
(Equation 40):

1

(X2(k))
Xo(k+1) =

1 9 (40)
k1 <AX2 — Zl oFXl l)>

To improve the accuracy of the solution and
extend the range of approximation, the Ms-DTM
is adopted.

Table 1. Basic transformed in the Differential Transform Method3! 32

Original function f(t)

Transformed function F'(k)

F(®) = u(t) L o(t)

F(t) = au(t)
(@) = u(®)v(t)
(t) — du(t)
F&) ="
F)=e

F(k) = U(k) £ V(K)

F(k) = aU( ) where o is constant
F(k):ZlO Uv(k—=1)

F(k) = (k+1)U(k+1)

F(k) = 06(k —m)
F(k) =3

3.3. Semi-analytical solution via the
Multistep-Differential Transform
Method for the time-dependent mass
model

This method extends the classical DTM by parti-
tioning the time domain into multiple subintervals,
thereby improving accuracy and enabling the so-
lution to be obtained over longer time intervals.?3

Although the DTM accurately captures the behav-
ior of the problem, it generally provides reliable
approximations only over relatively small time in-
tervals. In contrast, the Ms-DTM generates series
solutions over longer time intervals and improves
the overall accuracy of the approximation.®!

Definition 2. Let [0, T] be the interval for a
nonlinear initial value problem (Equation 41):%
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f(tv u, ula"' ’u(p)) :07 u(k)(o) = Ckg
for k=0,1,--- ,p—1

The solution can be approximated by the finite
series (Equation 42):

N
u(t) = Zn:o ant”

(41)

(42)

Assume that the interval [0, T is divided into
M subintervals: [to, t1],[t1, t2], ..., [tm—1,tm],
m =1, 2,---, M. With a step size h = %,
the nodes are defined as t,,, = mh. For the first
interval [0, 1], the initial conditions u;*)(0) = ¢,
are considered. Applying the DTM to Equation
41, and the solution is obtained as Equation 43:

K
(75} (t) = ano alntnv

For m > 2, the initial conditions at each subin-
terval [t;,—1, tm], are taken as: Uy, F) (tm—1) =
Up—1®) (t;n—1). The DTM is then applied to
Equation 41 over the interval [t,,—1, t,], where
the expansion point £, in Equation 42 is replaced
by t,,—1. Repeating this procedure over all subin-
tervals generates a sequence of approximate solu-
tions um, (t), m =1, 2,--- , M, given by Equation
44:33,34

i) =3, ,

where N = K - M.
In general, the Ms-D'TM solution given as Equa-
tion 45:

telo, ] (43)

Amn (t - tm—l)n s

t € [tm, tm+1]

(44)

ul(t),
ua(t),

t e [0, tl]
t € [t1, to]

u(t) = (45)

up(t), t€tm-1, tml
After converting the harmonic oscillator system
into its DTM, the Ms-DTM is applied using a
step size of h = 0.01. The resulting approximate
solutions are given by Equation 46:

S pmo Xa1(n)t",
Sk, Xi2(n)(t — 0.01)",
S, X1a(n)(t —0.02)",

t € [0.00, 0.01]
t € [0.01, 0.02]

t 0.02, 0.03
21 (t) = €10.02, 0.03]

S X ) (a1 € o, ]
Do Xaa ()",

Sor—o Xa2(n)(t —0.01)™,
> om—o Xa3(n)(t —0.02)",

t € [0.00, 0.01]
t € [0.01, 0.02]

t € [0.02, 0.03]

z2(t) = (46)

Sk Xom(n) (E—tar—1)™, t € [tar—1, tu]

4. Simulation results and discussion

This section presents and analyzes the simula-
tion results for the harmonic oscillator with time-
dependent mass obtained using analytical, semi-
analytical, and numerical approaches implemented
in MATLAB. The main focus is on evaluating the
accuracy and effectiveness of each method in cap-
turing the system’s dynamic behavior. Particular
attention is given to the RK4 numerical method,
which accounts for the additional complexity in-
troduced by the variable mass. RK4 serves both
as a reliable tool for approximating solutions and
as a benchmark for validating results from an-
alytical (Bessel’s equation) and semi-analytical
methods (Ms-DTM). The analysis also examines
the effects of the natural frequency wy and the
time-dependent mass parameter A on the system’s
response, highlighting how these parameters influ-
ence the accuracy and behavior of each solution
method.

Figure 1 shows the variation of the mass m(t)
against time. It is clear that m decreases expo-
nentially from 1 to 0, and the rapid exponential
decrease occurs as A increases.

— )= (). 1

0.2 —1 = 0.01
A=0.001
0 "
0 20 40 60 80 100
Time (t)
Figure 1. The behavior of m(t) = m,e~* vs time

with m, = 1.

Now, we discussed the variation of x(t), and
#(t) against time for the cases discussed below.
Here, we simulate the plots using the Characteris-
tic Equation.

For the time-dependent model, we discussed
the variation of z(t), and @(t) against time for the
cases discussed below. Here we simulate the plots
using the three methods discussed before (Bessel's
analytical solution, Ms-DTM solution, and RK4).

Figures 2—4 display the dynamic responses
of the time-dependent mass harmonic oscillator
for a given value of natural frequency (w, = 2)
and various values of the mass decay parameter
A. Comparisons of displacement, velocity, and
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phase trajectories were made using the analytical
Bessel solution, the RK4 method, and the Mass-
Dependent Time-Marching (Ms-DTM) approach.
A striking result from Figures 2—4 was the almost
perfect coincidence between the analytical Bessel
solution and the RK4 numerical solution through-
out all simulations. This agreement verifies the
correct transformation of the original equation
into a Bessel-type equation and shows that the
exact solution can represent the dynamics of a
variable-mass oscillator. Consistency among these
independent solution processes validated both the
mathematical derivation and numerical implemen-
tations.

A

2

— Analytical (Bessel)

x(t)

0 2 4 6 8 10
Time (t)

C

Physically, the value of A determines how fast
mass is lost. When moving from Figure 2 to
Figure 4, the mass changes less rapidly, so it
exhibits properties similar to those of a classical
constant-mass system. So, there will be smooth
oscillatory motion and more clearly defined loops
in the phase trajectory. With higher values of A,
the inertial terms will exhibit greater time depen-
dence, leading to greater variation in displacement
and velocity amplitudes. This happens because
the effective inertia decreases continuously over
time. Therefore, due to greater acceleration from
stronger restoring forces, the oscillation pattern
will change.

5 T T T T

4l Analytical (Bessel) | |
== = Runge-Kutta (RK4)
3pk —MS-DTM d

\

dx/dt

Time (t)

dx/fdt

—Analytical (Bessel)] |
= =Runge-Kutta (RK4)
——MS-DTM

dx dx

Figure 2. Graphical representation for the time-dependent mass of (A) z(t) vs t, (B) 5% vs t, and (C) <7 vs

x(t) for case one.

At first, the Ms-DTM solution agrees well with
both the analytical and RK4 solutions, but as
time progresses, they appear to diverge. This is
expected because the Ms-DTM uses piecewise Tay-
lor series approximations whose truncation errors

dt dt

accumulate over successive subintervals. While
the multistep strategy extends the convergence
interval much further than standard DTM, its ac-
curacy is still limited by the time it can integrate,
especially when the governing equation contains
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strong time-dependent terms. Thus, this discrep-
ancy is simply a function of local truncation error
accumulation instead of a lack of quality in either
the mathematical model or the algorithms used.

Phase portraits are presented in Figures 2C—
4C, giving further insight into the system’s dy-
namics. Both analytical and RK4-generated phase
space structures have almost identical character-
istic features of system dynamics. On the other
hand, phase space structures generated by Ms-
DTM deviated from the reference orbits over time
and showed effects from increasing approximation
errors, which affected predictions of the energy
distribution and phase evolution.

Case one: A\ = 0.1 and w, = 2.

Case two: A\ = 0.01 and w, = 2.

Case three: A = 0.001 and w, = 2.

In addition to varying values of A\, we studied
the influences of natural frequency w, on dynam-
ics. We did this while keeping the mass-decay
parameter A constant. Increased w, produces a

1.5
— Analytical (Bessel)
1 == = Runge-Kutta (RK4)
——MS-DTM
0.5
=
“;’ 0
-0.5
1Pk
1.5 -
0 2 4 6 8 10

Time (t)

C.

more intense restoring force, leading to faster oscil-
lation frequency of both displacement and velocity.
Results show that as w, increases, the system un-
dergoes more oscillation cycles in a shorter amount
of time. These behaviors agree with classical os-
cillating theories, where oscillation periods are
inversely proportional to the natural frequency
Wo.-

Even though there is an increase in oscillational
complexity, the analytical Bessel solution remained
extremely close to the RK4 results. The analytical
formulation had maintained its reliability even in
high-frequency cases. The Ms-DTM solution has
a larger difference at higher frequencies. For exam-
ple, rapid oscillations require higher-order series
expansion to get an accurate solution variation
locally; thus, as w, increases, approximation errors
accumulate more rapidly, which is the reason why
Ms-DTM has larger differences than it does in
Figure 5.

Case four: \ = 0.01 and w, = 4.

Case five: A = 0.01 and w, = 8.

=—Analytical (Bessel)
== =Runge-Kutta (RK4)| ]
—MS5-DTM

dx/dt

Time (t)

dx/dt

= Analytical (Bessel)
== =Runge-Kutta (RK4) | |
—M5-DTM

0 0.5 1 1.5
x(t)

dz dz

Figure 3. Graphical representation for the time-dependent mass of (A) x(t) vs t , (B) §f vs ¢, and (C) 7 vs

z(t) for case two.
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1.5 T T T T T
Analytical (Bessel) Analytical {(Bessel)
1 == =Runge-Kutta (RK41) | | == =Runge-Kutta (RK4}| }
MS-DTM —MS-DTM
0.5 r
= 8
% 0 = 1
o
0.5 b E
-1
1.5 n
0 2 4 6 8 10 3 .
Time (t) 0 2 4 ] 6 5 10
Time (t)
S —
= Analytical (Bessel)
ok == =Runge-Kutta (RK4)| |
—M5-DTM
1F .
-
B
= OF 1
o
Ak
-0k L
-3 A = i
-1.5 -1 05 0 0.5 1 1.5

X(t)

dx dx

Figure 4. Graphical representation for the time-dependent mass of (A) z(t) vs t, (B) 5% vs t, and (C) <7 vs

z(t) for case three.

Overall, Figures 2—6 demonstrate that the
analytical Bessel solution provided an exact and
excellent representation of the oscillator dynamics,
while Ms-DTM gave an efficient semi-analytical
representation suited for short or moderate length
time intervals. Also, Figures 2—6 revealed that
both mass-decay rate A and natural frequency
w, are important factors influencing the dynamic
response by altering the inertia/restoring-force
balance.

Tables 2—6 present a quantitative evaluation of
the accuracy of the analytical Bessel solution and
Ms-DTM approximation compared to the RK4
numerical solution. A number of statistical mea-
sures were used to evaluate these solutions, includ-
ing point-wise absolute error, infinity-norm, root
mean square error (RMSE), and the Kolmogorov—
Smirnov (KS) uniformity test.

It was noted that across all tests, the analytical
Bessel solution showed extremely low error levels.
In terms of absolute error at the evaluation points,
the highest value remained below 10~%. Likewise,
the RMSE values were extremely low. These small

dt dt

error levels suggest that the analytical solution
produces the RK4 solution with nearly perfect
accuracy. These data indicate a high degree of
confidence in using the Bessel function-based solu-
tion as an exact representation of the differential
equation, and thus it may serve as a “benchmark”
solution for this type of problem.

Conversely, the Ms-DTM exhibited large errors
that increased with time. Although local abso-
lute errors remain relatively small immediately
after t = 0, they grow with time. As previously
mentioned, this trend arises from the cumulative
nature of truncation errors arising from repeated
series approximations. The trends for both L-
infinity and RMSE also show that as the integra-
tion length increases, the approximation’s accu-
racy deteriorates.

Another interesting observation is that the ac-
curacy of the Ms-DTM is highly dependent upon
the physical characteristics of the model being an-
alyzed. For models characterized by rapid changes
in mass and/or frequency, errors measured using
the metrics described above will be substantially
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greater. Thus, while Ms-DTM is computation- sensitive to parameter variations in systems with
ally efficient, its performance becomes increasingly  highly time-dependent dynamics.

15 r r r . 5 r r r .
— Analytical (Bessel) =——Analytical (Bessel)
== = Runge-Kutta (RK4) == =Runge-Kutta (RK4)
——MS$-DTM i ——MS-DTM
e
T
= 1 = of
= o
5 M 2 . M
15 M M M 2 0 P s p . p
0 2 4 6 8 10 Time (t)

Time (t)

C

5 T T T T
=—Analytical (Bessel)
== =Runge-Kutta (RK4)
—MS5-DTM

dx/dt
o

x(t)

Figure 5. Graphical representation for the time-dependent mass of (A) x(t) vs t , (B) 4 vs ¢, and (C) 4 vs

dt dt
z(t) for case four.

Table 2. Absolute error between the RK4 method and Bessel’s, and the difference between the RK4 method
and Ms-DTM when A = 0.1 and w,= 2

Absolute error |[RK4- Absolute error |RK4-

Time (t) Bessel RK4 Ms-DTM Bessel| Ms-DTM]
1 —0.484451 —0.484459 —0.484459 9.00 x 107 0.00

2 —0.498420 —0.498441 —0.635028 2.10 x 107% 1.37 x 107
3 1.056093  1.056153  1.151673 6.10 x 1079 9.55 x 10792
4 —0.937580 —0.937647 —0.415826 6.70 x 1079 5.22 x 107%
5 0.415937  0.415968  —0.869257 3.10 x 1079 1.29

6 0.153764  0.153781 1.303129 1.70 x 1079 1.15

7 —0.577677 —0.577729 —0.303944 5.20 x 1079 2.74 x 107
8 0.821683  0.821744  —1.145218 6.10 x 1079 1.97

9 —0.915901 —0.915943 1.447286 4.20 x 1079 2.36

10 0.871364  0.871364  —0.138857 0.00 1.01

Max absolute error (L- _ _ 6.70 x 109 2.36

inf)

Root mean square error — — — 4.22 x 107% 1.18
Uniform distribution fit- B _ _ 0.5231 0.0114

ting (p-value)
Abbreviations: Ms-DTM: Multistep-Differential Transform Method; RK4: Runge—Kutta.
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B
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— Analytical (Bessel)
== = Runge-Kutta (RK4)
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=——Analytical (Bessel)
== = Runge-Kutta (RK4)

! n n ——MS.DTM ——MS-DTM
0.5
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Figure 6. Graphical representation for the time-dependent mass of (a) z(t) vs t , (b) %% vs t and (c) % vs

for case five.

(t)

Table 3. Absolute error between the RK4 method and Bessel’s, and the difference between the RK4 method
and Ms-DTM when A = 0.01 and w,= 2

Absolute error | RK4-

Absolute error | RK4-

Time (t) Bessel RK4 Ms-DTM Bessel| Ms-DTM]
1 —0.422874 —0.422881 —0.422881 7.00 x 107 0.00
2 —0.640545 —0.640566 —0.652460 2.10 x 107% 1.19 x 107°2
3 0.979388  0.979431  0.978854  4.30 x 10~% 5.77 x 107%
4 —0.228080 —0.228091 —0.168704 1.10 x 1079 5.94 x 1072
5 —0.772791 —0.772832 —0.846035 4.10 x 107% 7.32 x 10702
6 0.941391  0.941439  0.885809 4.80 x 107% 5.56 x 10702
7 —0.113668 —0.113673 0.105495 5.00 x 107 2.19 x 107%
8 —0.831736 —0.831765 —0.983918 2.90 x 107% 1.52 x 107%
9 0.926536 0.926555  0.725449 1.90 x 1079 2.01 x 107
10 —0.091429 —0.091429 0.380365 0.00 4.72 x 107
—01
i\ﬁgx absolute error (L- _ _ 430 x 109 4.72 x 10
Root mean square error — — — 2.762245 x 1079 1.86 x 1079
Uniform distribution fit- B _ _ 0.479851 0.0384

ting (p-value)

Abbreviations: Ms-DTM: Multistep-Differential Transform Method; RK4: Runge—Kutta.
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Table 4. Absolute error between the RK4 method and Bessel’s, and the difference between the RK4 method

and Ms-DTM when A = 0.001 and w,= 2

Absolute error |[RK4- Absolute error |[RK4-

Time (t) Bessel RK4 Ms-DTM Bessel| Ms-DTM]
1 —0.416812 —0.416819 —0.416819 7.00 x 107 0.00

2 —0.652339 —0.652360 —0.653532 2.10 x 1079 1.17 x 1079
3 0.962134  0.962174  0.962033 4.10 x 1079 1.41 x 107%
4 —0.153685 —0.153692 —0.147784 7.00 x 107 5.91 x 107
5 —0.833130 —0.833172 —0.839800 4.20 x 1079 6.63 x 10798
6 0.854689  0.854731  0.848006 4.10 x 1079 6.73 x 1079
7 0.112468 0.112473  0.133726 5.00 x 1079 2.13 x 1072
8 —0.949772 —0.94902 —0.960331 3.10 x 1079 1.05 x 10792
9 0.691858 0.691871 0.666691 1.30 x 1079 2.52 x 1072
10 0.362655  0.362655  0.405525 0.00 4.29 x 10792
i\r/llgx absolute error (L- _ _ 410 x 109 499 x 10-92
Root mean square error  — - - 2.66 x 107% 1.78 x 10792
Uniform distribution fit- B _ B 0.4691 0.0419

ting (p-value)

Abbreviations: Ms-DTM: Multistep-Differential Transform Method; RK4: Runge—Kutta.

Table 5. Absolute error between the RK4 method and Bessel’s, and the difference between the RK4 method

and Ms-DTM when A = 0.01 and w,= 4

Absolute error |RK4- Absolute error |RK4-

Time (t) Bessel RK4 Ms-DTM Bessel| Ms-DTM]
1 —0.647123 —0.647171 —0.647171 4.80 x 107% 0.00

2 —0.186596 —0.186619 —0.169670 2.30 x 107% 1.69 x 10792
3 0.895694  0.895849  0.873999 1.55 x 107% 2.19 x 107°?
4 —0.907672 —0.907854 —0.963552 1.82 x 107% 5.57 x 107°2
5 0.168921  0.168958  0.368432 3.70 x 107% 1.99 x 107
6 0.729669  0.729817  0.494810 1.48 x 1079 2.35 x 107
7 —0.992491 —0.992671 —1.014668 1.79 x 10~% 2.20 x 107°2
8 0.337769  0.337816  0.817809 4.70 x 1079 4.80 x 107
9 0.654573  0.654624  —0.037096 5.10 x 10~% 6.92 x 107
10 —1.009330 —1.009337 —0.777857 7.00 x 107°¢ 2.31 x 107°
il\r/flfm)x absolute error (L- _ _ 1.82 x 10~ 6.92 x 10~
Root mean square error — - - 1.14 x 107% 3.15 x 107
Uniform distribution fit- B _ _ 0.3951 0.0199

ting (p-value)

Abbreviations: Ms-DTM: Multistep-Differential Transform Method; RK4: Runge-Kutta.

Finally, additional insight into the reliability
of each solution can be obtained by conducting a
statistical validation using a KS-test. Results of
this validation effort showed that the p-value for
the Bessel solution for all cases tested was > 0.05.
Since such p-values represent a random distribu-
tion of residual errors, no systematic growth has
been identified. This behavior supports both the
numerical stability and robustness of the Bessel
formulation. By comparison, p-values associated
with the Ms-DTM were less than 5% in all cases
evaluated. Rejection of the null hypothesis of
uniformity for the residuals suggests that errors
produced by Ms-DTM exhibit structured growth
over time. Structured growth of errors typically
occurs due to the cumulative nature of approxima-

tion errors. Thus, while Ms-DTM may produce
reliable estimates over short simulation times, its
reliability diminishes as simulation time increases.

Collectively, Tables 2—6 clearly illustrate a
hierarchical relationship among the three solu-
tions examined. The analytical Bessel solution
is the most accurate and stable, yielding errors
many orders of magnitude lower than those gen-
erated using Ms-DTM. Finally, since RK4 is a
well-established numerical method, it can serve
as a reliable benchmark against which other solu-
tions can be validated. While Ms-DTM represents
a cost-effective semi-analytic alternative that pro-
duces acceptable results for short simulation times,
its ultimate accuracy is limited by its reliance on
accumulated truncation errors.
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Table 6. Absolute error between the RK4 method and Bessel’s, and the difference between the RK4 method

and Ms-DTM when A = 0.01 and w,= 8

Time (t) Bessel RK4

Ms-DTM

Absolute error |[RK4- Absolute error |[RK4-

Bessel| Ms-DTM|
1 —0.165969 —0.166008 —0.166011 3.90 x 107% 3.00 x 1079
2 —0.935554 —0.936049 —0.954895 4.95 x 10~% 1.88 x 10792
3 0.584410  0.584801  0.484930 3.91 x 107% 9.99 x 10792
4 0.622178 0.622690  0.803382 5.12 x 107% 1.81 x 107
5 —0.955083 —0.955882 —0.756715 7.99 x 107% 1.99 x 107
6 0.033334  0.033347  —0.560049 1.30 x 1079 5.94 x 107
7 0.918684  0.919353  0.950388 6.68 x 1079 3.10 x 10792
8 —0.795454 —0.795885 0.249925 4.31 x 107% 1.05
9 —0.185616 —0.185695 —1.042973 7.90 x 1079 8.57 x 107
10 0.962219  0.962228  0.094076 9.00 x 107 8.68 x 107
Max absolute error (L- _ _ 799 x 10~ 1.05
inf)
Root mean square error  — - - 4.41 x 107% 5.36 x 107
Uniform distribution fit- B _ B 0.4132 0.0075

ting (p-value)

Abbreviations: Ms-DTM: Multistep-Differential Transform Method; RK4: Runge—Kutta.

5. Conclusion

We studied the dynamics of a harmonic oscillator
that had a time-dependent mass. They used an-
alytical, semi-analytical, and numerical methods
to investigate how mass variations affect the os-
cillator’s behavior. The authors found an exact
analytical solution to the oscillator’s governing
equation. This solution transformed the govern-
ing equation into a Bessel equation. The solution
showed that variations in mass can significantly af-
fect an oscillator’s frequency and amplitude. The
authors also compared their analytical solutions
to numerical solutions using the fourth-order RK4
method. The authors found that the two types of
solutions were nearly identical.

In addition to finding accurate analytical and
numerical solutions, the authors applied the DTM
and its multistep extension to obtain further ac-
curate solutions. The authors found that both
methods could be used to achieve high accuracy
and that they converged rapidly. The authors
stated that the combination of these analytical
and numerical methods provides an effective frame-
work for modeling the behavior of oscillators whose
masses vary in time. The authors suggested that
possible future research directions include extend-
ing this approach to nonlinear models that incorpo-
rate dissipation and applying this type of model to
real-world problems in mechanical or other fields.

Acknowledgments

The authors extend their appreciation to Pales-
tine Technical University—Kadoorie for supporting
them during this work.

Funding

None.

Conflict of interest

The authors declare that they have no known com-
peting financial interests or personal relationships
that could have appeared to influence the work
reported in this paper.

Author contributions

Conceptualization: All authors
Formal analysis: All authors
Methodology: All authors
Writing—original draft: All authors
Writing—review € editing: All authors

Availability of data

Data will be available upon request.

AT tools statement

The authors used Grammarly and Al-based lan-
guage enhancement tools solely for improving
grammar, spelling, and overall language clarity
during the preparation of this manuscript. These
tools did not contribute to the study design, data
analysis, results, or scientific conclusions.

References

1. Goldstein H, Poole C, Safko J, Addison SR. Classi-
cal Mechanics, 3rd ed. Am J Phys. 2002;70(7):782-
783.
https://doi.org/10.1119/1.1484149

1702


https://doi.org/10.1119/1.1484149

10.

11.

12.

13.

14.

Igtit et al. / IJOCTA, Vol.16, No.5, pp.1688-1705 (2026)

Rath B, Mallick P, Mohapatra P, Asad J,
Shanak H, Jarrar R. Position-dependent finite
symmetric mass harmonic like oscillator: classi-
cal and quantum mechanical study. Open Phys.
2021;19(1):202138.
https://doi.org/10.1515/phys-2021-0024

Leach PGL. Harmonic oscillator with variable
mass. J Phys A Math Gen. 1983;16(14):3261-3269.
https://doi.org/10.1088/0305-4470/16,/14/019

Abdalla MS. Canonical treatment of harmonic
oscillator with variable mass. Phys Rev A.
1986;33(5):2870-2873.

https://doi.org/10.1103 /PhysRevA.33.2870

Flores J, Solovey G, Gil S. Variable mass oscillator.
Am J Phys. 2003;71(7):721-725.
https://doi.org/10.1119/1.1571838

Rhoads JF, Shaw SW, Turner KL. Nonlin-
ear dynamics and its applications in micro-
and nanoresonators. J Dyn Syst Meas Control.
2010;132(3):034001.
https://doi.org/10.1115/1.4001333

Arikoglu A, Ozkol I. Solution of differential-
difference equations by using differential transform
method. Appl Math Comput. 2006;174(2):1216-
1228.

https://doi.org/10.1016/j.amc.2005.06.013

Erturk VS, Asad J, Jarrar R, Shanak H, Khalilia
H. The kinematics behaviour of coupled pendulum
using differential transformation method. Results
Phys. 2021;26:104325.
https://doi.org/10.1016/j.rinp.2021.104325

Lu J. Global residue harmonic balance method
for strongly nonlinear oscillator with cubic and
harmonic restoring force. J Low Freq Noise Vib
Act Control. 2022;41(4):1402-1410.
https://doi.org/10.1177/14613484221097465

Odibat Z, Bertelle C, Aziz-Alaoui MA, Duchamp
G. A multistep differential transform method and
application to non-chaotic or chaotic systems.
Comput Math Appl. 2010;59(4):1462-1472.
https://doi.org/10.1016/j.camwa.2009.11.005

Xie L, Zhou C, Xu S. An effective numerical
method to solve a class of nonlinear singular
boundary value problems using improved differen-
tial transform method. SpringerPlus. 2016;5(1).
https://doi.org/10.1186/s40064-016-2753-9

Al-Ahmad M, Abdullah FA. On the convergence
of multi-stage differential transform method. J
Appl Math Model. 2024;105:1-15.
https://doi.org/10.47363/JPMA /2024(2)107

Gitterman M. Harmonic oscillator with fluctuat-
ing mass. J Mod Phys. 2011;2(10):1136-1140.
https://doi.org/10.4236/jmp.2011.210140

Florea OA, Shahroor D, Wannan R, Asad J. Pen-
dulum between two springs using Ms-DTM. Phys

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

1703

Ser. 2025;100(2):025240.
https://doi.org/10.1088/1402-4896 /adad6b

Wannan R, Florea O, Asad J. Analytical approxi-
mation and dynamic response of the driven cubic—
quintic Duffing oscillator. J Low Freq Noise Vib
Act Control. 2026.
https://doi.org/10.1177/14613484261429146

Roy T, Soqi A, Maiti DK, Wannan R, Asad J.
Pendulum attached to a vibrating point: semi-
analytical solution by optimal and modified ho-
motopy perturbation method. Alezandria Eng J.
2025;111:396-403.
https://doi.org/10.1016/].aej.2024.10.086

Alkhader T, Maiti D, Roy T, Florea O, Asad J.
Time Dependent Harmonic Oscillator via OM-
HPM. JCAMECH. 2025;56(1).
https://doi.org/10.22059/jcamech.2024.386177.1
304

Baleanu D, Jajarmi A, Defterli O, AlShaikh Mo-
hammad NF, Asad J. On generalized asymmetric
harmonic oscillator with quadratic nonlinearity
within fractional variational principles. J Low Freq
Noise Vib Act Control. 2025;44(2):959-968.
https://doi.org/10.1177/14613484241309058

Jarrar R, Erturk VS, Asad J. Remarks on sym-
metric anharmonic oscillator. J Low Freq Noise
Vib Act Control. 2024;43(4):1509-1516.
https://doi.org/10.1177/14613484241275601

Roy T, Rath B, Asad J, Maiti DM, Mallick P, Jar-
rar R. Nonlinear oscillators dynamics using opti-
mal and modified homotopy perturbation method.
J Low Freq Noise Vib Act Control. 2024;43(4):1469-
1480.
https://doi.org/10.1177/14613484241272253

Jarrar R, Safdar R, AlShaikh Mohammad NF, Flo-
rea O, Asad J. Dynamical mode of case study on
mass-spring system on a massless cart: compared
analytical and numerical solutions. J Mech Contin
Math Sci. 2025;20(2):1-10.
https://doi.org/10.26782/jmems.2025.02.00001

Butcher JC. Numerical Methods for Ordinary Dif-
ferential Equations. 2nd ed. Wiley; 2008. Accessed
January 1, 2026. https://learn.fmi.uni-sofia.bg/pl
uginfile.php/99883/mod _resource/\content/1/%
2521%2521%2521%2521%255BButcher_J.%\ 255
D_Numerical_methods_for_ordinary_\differ %2528
BookZZ.org%2529.pdf

Thornton ST, Marion JB. Classical Dynamics of
Particles and Systems. 5th ed. Brooks/Cole; 2004.
Accessed January 1, 2026. https://eacpe.org/cont
ent/uploads/2016/11/Classical-Dynamics-of-Par
ticles-and-Systems.pdf

Abramowitz M, Stegun ITA, eds. Handbook of
Mathematical Functions. 9th ed. Dover Publica-
tions; 1965. Accessed January 1, 2026. https:


https://doi.org/10.1515/phys-2021-0024
https://doi.org/10.1088/0305-4470/16/14/019
https://doi.org/10.1103/PhysRevA.33.2870
https://doi.org/10.1119/1.1571838
https://doi.org/10.1115/1.4001333
https://doi.org/10.1016/j.amc.2005.06.013
https://doi.org/10.1016/j.rinp.2021.104325
https://doi.org/10.1177/14613484221097465
https://doi.org/10.1016/j.camwa.2009.11.005
https://doi.org/10.1186/s40064-016-2753-9
https://doi.org/10.47363/JPMA/2024(2)107
https://doi.org/10.4236/jmp.2011.210140
https://doi.org/10.1088/1402-4896/ada46b
https://doi.org/10.1177/14613484261429146
https://doi.org/10.1016/j.aej.2024.10.086
https://doi.org/10.22059/jcamech.2024.386177.1304
https://doi.org/10.22059/jcamech.2024.386177.1304
https://doi.org/10.1177/14613484241309058
https://doi.org/10.1177/14613484241275601
https://doi.org/10.1177/14613484241272253
https://doi.org/10.26782/jmcms.2025.02.00001
https://learn.fmi.uni-sofia.bg/pluginfile.php/99883/mod_resource/\content/1/%2521%2521%2521%2521%255BButcher_J.%\255D_Numerical_methods_for_ordinary_\differ%2528BookZZ.org%2529.pdf
https://learn.fmi.uni-sofia.bg/pluginfile.php/99883/mod_resource/\content/1/%2521%2521%2521%2521%255BButcher_J.%\255D_Numerical_methods_for_ordinary_\differ%2528BookZZ.org%2529.pdf
https://learn.fmi.uni-sofia.bg/pluginfile.php/99883/mod_resource/\content/1/%2521%2521%2521%2521%255BButcher_J.%\255D_Numerical_methods_for_ordinary_\differ%2528BookZZ.org%2529.pdf
https://learn.fmi.uni-sofia.bg/pluginfile.php/99883/mod_resource/\content/1/%2521%2521%2521%2521%255BButcher_J.%\255D_Numerical_methods_for_ordinary_\differ%2528BookZZ.org%2529.pdf
https://learn.fmi.uni-sofia.bg/pluginfile.php/99883/mod_resource/\content/1/%2521%2521%2521%2521%255BButcher_J.%\255D_Numerical_methods_for_ordinary_\differ%2528BookZZ.org%2529.pdf
https://eacpe.org/content/uploads/2016/11/Classical-Dynamics-of-Particles-and-Systems.pdf
https://eacpe.org/content/uploads/2016/11/Classical-Dynamics-of-Particles-and-Systems.pdf
https://eacpe.org/content/uploads/2016/11/Classical-Dynamics-of-Particles-and-Systems.pdf
https://personal.math.ubc.ca/~cbm/aands/abramowitz_and_stegun.pdf

Time-dependent mass harmonic oscillator

//personal.math.ubc.ca/~cbm/aands/abram
owitz_and_stegun.pdf

25.  Olver FWJ, Lozier DW, Boisvert RF, Clark CW,
eds. NIST Handbook of Mathematical Functions.
Cambridge University Press; 2010. Accessed Janu-
ary 1, 2026. https://assets.cambridge.org/9780521
1/40638/frontmatter /9780521140638 _frontmatt
er.pdf

26. Watson GN. A Treatise on the Theory of Bessel
Functions. 2nd ed. Cambridge University Press;
1944. Accessed January 1, 2026. https://archive.
org/download/treatiseontheory00watsuoft/treati
seontheory0Owatsuoft.pdf

27. Boyce WE, DiPrima RC. Elementary Differential
Equations and Boundary Value Problems. 10th
ed. Wiley; 2012. Accessed January 1, 2026. https:
//www.imsc.res.in/~pralay/diprima.pdf

28. Pukhov GE. Differential transforms and circuit
theory. Int J Circuit Theory Appl. 1982;10(3):265-
276.
https://doi.org/10.1002/cta.4490100307

29. Hassan IH. Comparison of differential transfor-
mation technique with Adomian decomposition
method for linear and nonlinear initial value prob-
lems. Chaos Solitons Fractals. 2008;36(1):53-65.
https://doi.org/10.1016/j.chaos.2006.06.040

30. Odibat ZM. Differential transform method for solv-
ing Volterra integral equation with separable ker-
nels. Math Comput Model. 2008;48(7-8):1143-1148.
https://doi.org/10.1016/j.mcm.2007.12.022

31. Odibat ZM, Momani S, Al-Smadi M. Differ-
ential transform method for solving nonlinear
partial differential equations. Appl Math Lett.
2008;21(2):194-199.
https://doi.org/10.1016/j.aml.2007.02.022

32. Gokdogan A, Merdan M. Adaptive multistep dif-
ferential transformation method to solve ODE
systems. Kuwait J Sci. 2013;40(1):35-55. Accessed
January 1, 2026. https://journals.ku.edu.kw/kjs/i
ndex.php/KJS/article/view /81

33. Nourifar M, Sani AA, Keyhani A. Efficient mul-
tistep differential transform method: Theory and
its application to nonlinear oscillators. Commun
Nonlinear Sci Numer Simul. 2017;53:154-183.
https://doi.org/10.1016/j.cnsns.2017.05.001

34. Jacques I, Judd C. Ordinary differential equations:
initial value problems. In: Numerical Analysis.
Springer; 1987:233-264.
https://doi.org/10.1007/978-94-009-3157-2_7

Shahd Iqtait received her B.Sc. degree in Applied
Mathematics and her M.Sc. degree in Mathemati-
cal Modeling from Palestine Technical University
— Kadoorie, Tulkarm, Palestine, in 2022 and 2025,

respectively. Her research interests include analyt-
ical, semi-analytical, and numerical methods for
solving nonlinear differential equations and math-
ematical models. Her research work focuses on
the application and comparison of analytical, semi-
analytical, and numerical techniques for solving
nonlinear systems arising in applied mathematics.
https:/ /orcid.org/0009-0005-8206-5514

Taqwa Alkhader is an Assistant Professor in the
Department of Applied Mathematics, Faculty of
Applied Sciences, at Palestine Technical Univer-
sity — Kadoorie, Tulkarm, Palestine. Her research
interests include dynamical systems, nonlinear dif-
ferential equations, mathematical modeling, frac-
tional calculus, and analytical and semi-analytical
methods for solving engineering and physical prob-
lems. She received her B.Sc. degree in Mathemat-
ics and Statistics from the Arab American Univer-
sity, Palestine, in 2008, and her M.Sc. degree in
Mathematics from Birzeit University, Palestine,
in 2011, and her Ph.D. degree in Mathematics
from the University of Jordan, Amman, Jordan,
in 2022. Her doctoral research focused on ana-
lytical and mathematical. She has authored and
co-authored several peer-reviewed publications in
applied mathematics and mathematical physics,
with particular emphasis on nonlinear oscillators,
lattice dynamical systems, and advanced computa-
tional techniques.
https://orcid.org/0009-0000-7986-5274

Jihad Asad received the B.Sc. and M.Sc. de-
grees in Physics from An-Najah National Univer-
sity, Palestine, in 1995 and 1998, respectively,
and the Ph.D. degree in Theoretical Physics from
The University of Jordan, Amman, Jordan, in
2004. His doctoral research focused on analyti-
cal, mathematical, and computational aspects of
theoretical physics. He is currently a Full Pro-
fessor of Theoretical Physics and serves as the
Dean of Scientific Research at Palestine Technical
University—Kadoorie, Palestine. Throughout his
academic career, he has been actively involved in
research, teaching, and scientific leadership. Prof.
Asad has served on the program committees of nu-
merous national and international conferences and
acts as a reviewer for a wide range of reputable
international scientific journals. His research in-
terests span several areas of theoretical, mathemat-
ical, and computational physics. He has authored
and co-authored more than 170 articles in inter-
nationally indexed journals and has an h-index of
33, reflecting the significant impact of his research.
In recognition of his scientific achievements and
global research influence, he was included in the

1704


https://personal.math.ubc.ca/~cbm/aands/abramowitz_and_stegun.pdf
https://personal.math.ubc.ca/~cbm/aands/abramowitz_and_stegun.pdf
https://personal.math.ubc.ca/~cbm/aands/abramowitz_and_stegun.pdf
https://assets.cambridge.org/97805211/40638/frontmatter/9780521140638_frontmatter.pdf
https://assets.cambridge.org/97805211/40638/frontmatter/9780521140638_frontmatter.pdf
https://assets.cambridge.org/97805211/40638/frontmatter/9780521140638_frontmatter.pdf
https://archive.org/download/treatiseontheory00watsuoft/treatiseontheory00watsuoft.pdf
https://archive.org/download/treatiseontheory00watsuoft/treatiseontheory00watsuoft.pdf
https://archive.org/download/treatiseontheory00watsuoft/treatiseontheory00watsuoft.pdf
https://www.imsc.res.in/~pralay/diprima.pdf
https://www.imsc.res.in/~pralay/diprima.pdf
https://doi.org/10.1002/cta.4490100307
https://doi.org/10.1016/j.chaos.2006.06.040
https://doi.org/10.1016/j.mcm.2007.12.022
https://doi.org/10.1016/j.aml.2007.02.022
https://journals.ku.edu.kw/kjs/index.php/KJS/article/view/81
https://journals.ku.edu.kw/kjs/index.php/KJS/article/view/81
https://doi.org/10.1016/j.cnsns.2017.05.001
https://doi.org/10.1007/978-94-009-3157-2_7
https://orcid.org/0009-0005-8206-5514
https://orcid.org/0009-0000-7986-5274

Igtit et al. / IJOCTA, Vol.16, No.5, pp.1688-1705 (2026)

Stanford University World’s Top 2% Scientists
List for four consecutive years, from 2021 to 2024.
https://orcid.org/0000-0003-1888-592X

Olivia Ana Florea is an Associate Professor
at the Faculty of Mathematics and Informatics,
Transilvania University of Brasov, Romania. Her
academic and research activity is focused on ap-
plied mathematics, mathematical modeling, numer-
ical methods, nonlinear dynamics, fluid mechanics,
and the mechanics of continuous media. She holds
two Ph.D. degrees: a Ph.D. in Engineering Sci-
ences, with research dedicated to analytical and
numerical methods for dynamic systems arising
i fluid mechanics, and a Ph.D. in Mathemat-
ics, focused on mized problems with boundary and
initial data for generalized thermoporous contin-
uum media. The habilitation thesis in Mathemat-
ics, entitled “Frontier Developments in Continuum
Mechanics and Nonlinear Dynamics: Theories,
Methods, and Applications”, reflects her contribu-
tions to advanced mathematical theories, modeling
techniques, and applications in continuum mechan-
ics. Her scientific activity includes more than 60

published papers, with numerous contributions in-
dexed in Web of Science. Her research impact is
reflected through recognized citation metrics, in-
cluding Hirsch indexes in both Google Scholar and
Web of Science databases. Her work integrates the-
oretical developments, mathematical modeling, and
computational approaches to address complex prob-
lems arising in applied sciences and engineering.
In addition to her research activity, Dr. Florea
has extensive experience in higher education and
academic leadership. She served twice as Vice
Dean of the Faculty of Mathematics and Infor-
matics at Transilvania University of Brasov: as
Vice Dean for Student Affairs (2016-2019) and
as Vice Dean responsible for Teaching and Re-
search (2023-2024). She has also coordinated
Mathematics-Informatics academic programs and
contributed to the development of modern teaching
methodologies. She has participated in national
and international research projects and has been
actively involved in the organization of interna-
tional scientific conferences in mathematics and
computer science.
https://orcid.org/0000-0002-6862-1634

An International Journal of Optimization and Control: Theories & Applications (https://accscience.com/journal/ijo

cta)

This work is licensed under a Creative Commons Attribution 4.0 International License. The authors retain ownership of
the copyright for their article, but they allow anyone to download, reuse, reprint, modify, distribute, and/or copy articles
in IJOCTA, so long as the original authors and source are credited. To see the complete license contents, please visit

http://creativecommons.org/licenses/by/4.0/.

1705


https://orcid.org/0000-0003-1888-592X
https://orcid.org/0000-0002-6862-1634
https://accscience.com/journal/ijocta
https://accscience.com/journal/ijocta
http://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. The physical model
	2.1. Newtonian formulation of the time-dependent mass harmonic oscillator
	2.2. Lagrangian formulation of the time-dependent mass harmonic oscillator

	3. Analytical and semi-analytical solution
	3.1. Analytical method via Bessel's equation for the time-dependent mass model
	3.2. Semi-analytical solution via the Differential Transform Method for the time-dependent mass model
	3.3. Semi-analytical solution via the Multistep-Differential Transform Method for the time-dependent mass model

	4. Simulation results and discussion
	5. Conclusion
	Acknowledgments
	Funding
	Conflict of interest
	Author contributions
	Availability of data
	AI tools statement
	References

