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The time-fractional coupled Konno-Oono equation model describes a current-
carrying rope placed in an outside magnetic field. This model is important for
understanding wave behavior in such physical systems. However, finding a wide
range or new soliton solutions of this model remains relatively unexplored. In
this paper, we study this model using two analytical methods: the modified
auxiliary equation method and the generalized projective Riccati equation
method. The effects of different orders of time derivatives on the system
are also examined using three types of derivatives: conformable, beta, and
M-truncated. The proposed model yields many new solitary wave solutions,
including periodic solitons, singular periodic shapes, dark-bright solitons, and
anti-bell-shaped solutions. Unlike previous work, this study provides a broader
family of solutions using simple and reliable methods. The physical behavior of
these solutions is shown using 2D line graphs, 3D surface graphs, and contour
plots generated with Wolfram Mathematica 9. We also discuss the stability
of the proposed model. These results help us understand various natural and
dynamical processes.
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1. Introduction

Fractional derivatives and integrals have proven
to be powerful tools for constructing. The concept
of fractional calculus originated with L’Hopital,
who on 30th September 1695, wrote to Leibniz
inquiring about the meaning of a derivative of
non-integer order.1

In recent decades, the study of fractional-order
derivation and integration has developed into a
broad research field, appearing not only in mathe-
matics but also in physics, chemistry, biology, and
mechanical engineering. Many of the ”useful conse-
quences” predicted by Leibniz have since been un-
covered and confirmed.2 The extension of ordinary
corresponds to to fractional calculus means moving

from integer order to any real order α > 0, giving
rise to new definitions for integrals and deriva-
tives, of which the ordinary definitions become
special cases. Numerous scientists and researchers
, including Lioville, Laplace, Riemann, Abel, Grun-
wald, Letnikov, Sonin, Laurent, Nekrassov, Levy,
Fourier, and others , have contributed to the de-
velopment of fractional calculus.3–6

Over the past few decades, fractional calculus
has proven to be a key source for describing com-
plex physical behaviors in various fields, including
signal processing, biological population models,
optics, fluid mechanics, and electronic network-
ing. Among the different fractional models stud-
ied, finding travelling wave solutions—a particular
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type of exact solution—for nonlinear fractional
differential equations (NLFDEs) is a crucial topic.
Many powerful techniques have been used to ob-
tain explicit solutions for such problems, including
the simplest equation method,7 the modified aux-
iliary equation method,8 the (G’/G)-expansion
method,9 the extended tanh-function method,10

the first integral method,11 the extended trial equa-
tion method,12 the Hirota bilinear technique,13 the
modified Kudryashov method,14 the sine-cosine
method,15 the sub-equation method,16 the simpli-
fied bilinear method,17 the multipliers method,18

the Jacobi elliptic function method,19 the Sine-
Gordon expansion method,20 the extended Fan-
sub equation method,21 the new transfer function
method,22 and others.

The modified auxiliary equation approach
(MAEA) is particularly suitable for constructing
analytical solutions, especially travelling wave so-
lutions of NLFDEs.23–26 Likewise, the generalized
projective Riccati equation approach (GPREA)
has been successfully applied to many NLFDEs
and is known to be powerful and direct.27–31 How-
ever, most existing studies have applied these two
methods separately or using only standard deriva-
tives.

To the best of our knowledge, no previous work
has applied both MAEA and GPREA together
to the time-fractional coupled Konno-Oono equa-
tion model (TFCKOEM) using three different frac-
tional derivatives. Moreover, a broad family of
new solitary wave solutions for this model has not
yet been reported in the scientific literature.

Therefore, this paper aims to fill this gap by de-
riving new travelling wave solutions for the TFCK-
OEM using both GPREA and MAEA. For the
wave transformations, we employ three distinct
fractional operators: the conformable derivative,
the beta derivative, and the M-truncated deriva-
tive. These solutions have not previously appeared
in the literature.

It should be noted that the conformable, beta,
and M-truncated fractional derivatives considered
in this work belong to the class of local frac-
tional operators. Each of these operators can
be expressed as the classical first-order deriva-
tive multiplied by an appropriate time-dependent
scaling function. As a result, they lack the in-
tegral kernel structure that characterizes nonlo-
cal fractional derivatives such as the Caputo and
Riemann–Liouville operators. Consequently, they
are not capable of describing memory-dependent
or hereditary phenomena, and the differences
observed in the corresponding formulations are
mainly attributable to time-scaling effects rather
than genuine nonlocal behavior. The main focus

of this study is not the modeling of systems with
memory effects but rather the analytical inves-
tigation of the TFCKOEM under different local
fractional frameworks. These operators are par-
ticularly useful in this context because they re-
tain many properties of classical calculus, such
as simplified differentiation rules, which make it
possible to derive exact travelling wave solutions
in a straightforward manner. Hence, they serve
as convenient mathematical tools for constructing
analytical solutions of NLPDEs.

In contrast, fractional operators of the Caputo
and Riemann-Liouville type incorporate nonlocal
memory through integral formulations and are
therefore more suitable for describing processes
with hereditary characteristics and anomalous dif-
fusion. However, such operators often lead to more
complicated analytical structures and require dif-
ferent solution techniques. Since the present study
is restricted to local fractional formulations, a de-
tailed comparison with nonlocal models is beyond
its scope and may be considered an interesting
direction for future investigation.

Solitons are a special class of nonlinear localized
wave structures that propagate over long distances
while retaining their shape, amplitude, and veloc-
ity due to the delicate balance between nonlinear-
ity and dispersion. Unlike ordinary waves, which
gradually disperse or dissipate during propagation,
solitons exhibit remarkable stability and retain
their identities even after interacting with other
solitons, emerging from collisions with only a phase
shift. Since the pioneering observation of solitary
waves by John Scott Russell in 1834, solitons have
attracted significant attention in nonlinear science
and mathematical physics. Their unique ability to
maintain their shape while propagating has made
them an important subject of research. Solitons
are encountered in numerous physical contexts, in-
cluding fluid mechanics, plasma physics, nonlinear
optical media, condensed matter systems, quan-
tum field theory, and various biological processes.

The mathematical investigation of solitons has
significantly advanced the understanding of non-
linear evolution equations, where exact analyti-
cal solutions provide valuable insights into the
underlying wave dynamics. In recent years, the
extension of soliton theory to fractional-order dif-
ferential equations has attracted considerable at-
tention because fractional calculus incorporates
history-dependent and hereditary characteristics
that cannot be represented by conventional integer-
order models. Consequently, the study of solitary
wave solutions in time-fractional nonlinearsystems
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offers a more realistic description of many complex
physical phenomena and contributes to the devel-
opment of mathematical models with enhanced
predictive capability.32–37

The remainder structure of this paper is struc-
tured as follows. Section 2 presents some basic
definitions and results for the derivatives used.
Section 3 introduces the governing model. Section
4 describes the proposed methods. In Section 5, we
apply these methods to construct novel analytical
solutions for the TFCKOEM. Section 6presents
the graphical representation of the obtained solu-
tions. Section 7 examines the modulation stability
of the model. Section 8 provides the conclusions.

2. Basic definitions

Fractional calculus is closer to reality owing to
its flexibility and plays a key role in applied sci-
ences. Here, we present the basic definitions and
the properties of three fractional derivatives: the
conformable derivative, the beta derivative, and
the M-truncated derivative.

2.1. Conformable derivative

Definition 1. For a function g : (0,∞) → R and
0 < α ≤ 1, the conformable derivative of order α
is defined as

Dα(g)(t) = lim
ϵ→0

g(t+ ϵt1−α)− g(t)

ϵ
, t > 0.

If g is α-differentiable, then Dα(g)(t) = t1−αg′(t)
on (0, a).38

Theorem 1. Let 0 < α ≤ 1. Suppose f and g are
α-differentiable at a point t. Then the following
properties hold:

(i) Linearity:

Dα(qf + wg)(t) = qDα(f)(t) + wDα(g)(t),

for q, w ∈ R.
(ii) Power rule: for any real constant ς,

Dα(t
ς) = ςtς−α.

(iii) Product rule:

Dα(fg)(t) = f(t)Dα(g)(t) + g(t)Dα(f)(t).

(iv) Quotient rule:

Dα

(
f

g

)
(t) =

f(t)Dα(g)(t)− g(t)Dα(f)(t)

[g(t)]2
.

2.2. Beta derivative

Definition 2. For 0 < α ≤ 1 and a function g(t)
defined for t ≥ 0, the beta derivative of order α is

defined as39

Dα
t (g(t)) = lim

ϵ→0

g

(
t+ ϵ

(
t+ 1

Γ(α)

)1−α
)
− g(t)

ϵ
.

The beta derivative satisfies the following prop-
erties for α-differentiable functions g and y at a
point t:

(i) Linearity: for a, b ∈ R,
Dα

t (ag(t) + by(t)) = aDα
t g(t) + bDα

t y(t).

(ii) Derivative of a constant: for any constant c,

Dα
t (c) = 0.

(iii) Product rule:

Dα
t (g(t)y(t)) = g(t)Dα

t y(t) + y(t)Dα
t g(t).

(iv) Quotient rule:

Dα
t

(
g(t)

y(t)

)
=
y(t)Dα

t g(t)− g(t)Dα
t y(t)

[y(t)]2
.

(v) Relation to ordinary derivative: if g is differ-
entiable on (0, a), then

Dα
t (g(t)) =

(
t+

1

Γ(α)

)1−α dg(t)

dt
.

2.3. M-truncated derivative

Definition 3. Let 0 < α ≤ 1, β > 0, and t ≥ 0.
For a function g(t), the M-truncated fractional
derivative of order α and parameter β is defined
as40

0D
α,β
M (g(t)) = lim

ϵ→0

g (t Eβ(ϵt
−α))− g(t)

ϵ
,

where Eβ(·) is the Mittag-Leffler function. The
subscript 0 indicates that the derivative is taken
at t = 0.

The M-truncated derivative satisfies the follow-
ing properties for α-differentiable functions g and
h at a point t:

(i) Linearity: for a, b ∈ R,

0D
α,β
M (ag(t) + bh(t)) = a 0D

α,β
M g(t) + b 0D

α,β
M h(t).

(ii) Derivative of a constant: for any constant c,

0D
α,β
M (c) = 0.

(iii) Product rule:

0D
α,β
M (g(t)h(t)) = g(t) 0D

α,β
M h(t)+h(t) 0D

α,β
M g(t).

(iv) Quotient rule:

0D
α,β
M

(
g(t)

h(t)

)
=
h(t) 0D

α,β
M g(t)− g(t) 0D

α,β
M h(t)

[h(t)]2
.

(v) Relation to ordinary derivative: if g is differ-
entiable on (0, a), then

0D
α,β
M (g(t)) =

t1−α

Γ(β + 1)

dg(t)

dt
.

1962



Tariq et al. / IJOCTA, Vol.16, No.5, pp.1960-1975 (2026)

3. The governing model

Recent advances have established fractional calcu-
lus as a powerful tool for modeling diverse phenom-
ena across the physical and engineering sciences.
It offers a more accurate description than ordinary
calculus. This has motivated researchers to study
and find new solutions for many models using
fractional operators. In this article, three differ-
ent fractional operators are applied to the time-
fractional coupled Konno-Oono equation model
(TFCKOEM): the conformable derivative, the M-
truncated derivative, and the beta derivative.41

In 2022, Elbrolosy and Elmandouh42 found dif-
ferent types of traveling wave solutions for this
model. Their work considered the model as a
dynamical system in a magnetic field. In 2023,
Yasmin and Aljahdaly43 studied symmetric soli-
tary wave solutions using two forms of an extended
direct algebraic method.

Consider the time-fractional coupled Konno-
Oono equation:

Dα
t q(ϖ, t) + 2p(ϖ, t)pϖ(ϖ, t) = 0,

Dα
t p(ϖ, t) + pϖ(ϖ, t)− 2p(ϖ, t)q(ϖ, t) = 0.

(1)

Here, 0 < α ≤ 1 and Dα
t is a fractional deriva-

tive (defined in Section 2). The functions p(ϖ, t)
and q(ϖ, t) represent the displacements of two
interacting particles in the medium.

4. Framework of the proposed methods

We now describe the two methods used in this
paper. Both methods are applied to nonlinear
partial differential equations (NLPDEs).

Consider an NLPDE of the form

V (p, pϖ, pt, pϖϖ, ptt, pϖt, . . . ) = 0, (2)

where V is a polynomial in p(ϖ, t) and its partial
derivatives.

We use the wave transformation

p(ϖ, t) = P (ζ), where ζ = ϖ ± ct. (3)

Substituting Equation (3) into the NLPDE
reduces it to an ordinary differential equation
(ODE):

V (P, P ′, P ′′, P ′′′, . . . ) = 0. (4)

4.1. Method 1: Modified auxiliary
equation method

The core workflow consists of the following key
steps.

Step 1: We assume that the solution of the
ODE has the form

P (ζ) = a0 +

M∑
i=0

liK
−if(ζ) +

M∑
i=0

ziK
if(ζ), (5)

where a0, li, and zi are constants to be determined
later. The function f(ζ) satisfies the ODE

f ′(ζ) =
1

lnK

(
σKf(ζ) + αK−f(ζ) + β

)
. (6)

Step 2: We find the positive integer M using
the homogeneous balance method, which balances
the highest-order derivative term with the highest-
power nonlinear term in the ODE.

Step 3: We substitute Equations (5) and (6)
into the ODE and group terms with the same pow-
ers of Kif(ζ) for i = −M, . . . ,M . This yields a
system of algebraic equations. Setting each coeffi-
cient to zero and solving the system using Wolfram
Mathematica 9 gives the values of α, β, σ, zi, li, and
the other parameters.

Step 4: We insert these values together with
the solution of the Equation (6) into Equation
(5) to obtain analytical solutions of the original
NLPDE.

4.2. Method 2: Generalized projective
Riccati equation method

The core workflow consists of the following key
steps.

Step 1: We assume that the solution of ODE
has the following expression:

P (ζ) = A0 +
M∑
i=1

ϑi−1(ζ) [Aiϑ(ζ) +Biτ(ζ)] . (7)

Here, A0, Ai, and Bi are constants to be deter-
mined later. The functions ϑ(ζ) and τ(ζ) satisfy
the ODEs

ϑ′(ζ) = εϑ(ζ)τ(ζ), (8)

τ ′(ζ) = ℏ+ ετ2(ζ)−mϑ(ζ), ε = ±1. (9)

These functions also satisfy the relation:

τ2(ζ) = −ε
(
ℏ− 2mϑ(ζ) +

m2 − 1

ℏ
ϑ2(ζ)

)
, (10)

where m and ℏ are nonzero constants.
If ℏ = m = 0, the solution simplifies to

P (ζ) =

M∑
i=0

Aiτ
i(ζ), (11)

and τ(ζ) satisfies:

τ ′(ζ) = τ2(ζ). (12)

Step 2: We find the positive integer M using
the homogeneous balance method, as before.

Step 3: We substitute Equations (8)–(10)
into the ODE and collect terms with the same
powers of ϑjτ i (where j = 0, 1, 2, . . . and i = 0, 1)
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or powers of τ j (where j = 0, 1, 2, . . .). Setting
each coefficient to zero gives a system of algebraic
equations. We solve this system using Wolfram

Mathematica 9 or Maple to obtain the values of
ℏ, c,m,A0, Ai, Bi, and other parameters.

Step 4: The system admits the following known
solutions:44

(1) If ε = −1 and ℏ ̸= 0:

ϑ1(ζ) =
ℏ sech(

√
ℏ ζ)

m sech(
√
ℏ ζ) + 1

, τ1(ζ) =
ℏ tanh(

√
ℏ ζ)

m sech(
√
ℏ ζ) + 1

,

ϑ2(ζ) =
ℏ csch(

√
ℏ ζ)

m csch(
√
ℏ ζ) + 1

, τ2(ζ) =
ℏ coth(

√
ℏ ζ)

m csch(
√
ℏ ζ) + 1

.

(13)

(2) If ε = 1 and ℏ ̸= 0:

ϑ3(ζ) =
ℏ sec(

√
ℏ ζ)

m sec(
√
ℏ ζ) + 1

, τ3(ζ) =
ℏ tan(

√
ℏ ζ)

m sec(
√
ℏ ζ) + 1

,

ϑ4(ζ) =
ℏ csc(

√
ℏ ζ)

m csc(
√
ℏ ζ) + 1

, τ4(ζ) =
ℏ cot(

√
ℏ ζ)

m csc(
√
ℏ ζ) + 1

.

(14)

(3) If ℏ = m = 0:

ϑ5(ζ) =
G

ζ
, τ5(ζ) =

1

εζ
, (15)

where G is a nonzero constant.

Step 5: We substitute the values of
A0, Ai, Bi, c,m, ℏ together with the solutions from
Equations (13), (14), or (15) into Equation
(7) to obtain the analytical solutions of Equation
(1).

In this study, we take the case ε = 1. (The case
ε = −1 can be treated analogously.)

5. Implementation of methods to the
time-fractional Konno-Oono equation

5.1. Analysis of solutions using MAEA

We now apply the modified auxiliary equation
method (MAEA) to the time-fractional coupled
Konno-Oono equation model (TFCKOEM) to ob-
tain new and distinct solitary wave solutions.

To find exact analytical solutions of Equation
(1), we use the transformation

p(ϖ, t) = P (ξ), q(ϖ, t) = Q(ξ), (16)

where c is the wave velocity. This transformation
converts the system of NLPDEs in Equation (1)
into a system of ODEs. The appropriate trans-
formations for the three different derivatives are
given below.

(a) For the conformable derivative:

ξ(ϖ, t) = kx− c
tα

α
. (17)

(b) For the beta derivative:

ξ(ϖ, t) = kx− c

α

(
t+

1

Γ(α)

)α

. (18)

(c) For the M-truncated derivative:

ξ(ϖ, t) = kx− ctαΓ(1 + β)

α
. (19)

Using these transformations, Equation (1) is
converted into the following coupled ODE system:

−cQ′ + 2kPP ′ = 0,

−ckP ′′ − 2PQ = 0.
(20)

Integrating the first equation of (20) with re-
spect to ξ and simplifying gives

c2kP ′′ + 2kP 3 + 2Ph = 0, (21)

where h is the integration constant.
Using the homogeneous balance method, we

find M = 1. The ODE solution then takes the
form

P (ξ) = a0 + a1K
f(ξ) + b1K

−f(ξ), (22)

where

f ′(ξ) =
1

lnK

(
αK−f(ξ) + β + σKf(ξ)

)
. (23)

Substituting Equation (22) and its derivatives
into Equation (21) and collecting terms with the

same powers of Kif(ξ) for i = −M, . . . ,M , and
equating the coefficients to zero, we obtain the
following algebraic system:
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Kf : c2ka1β
2 + 2ka1c

2ασ + 6ka20a1 + 6ka21b1 + 2ha1 = 0,

K2f : c2a1kβσ + 2a1kc
2βσ + 6a0ka

2
1 = 0,

K3f : 2a1σ
2kc2 + 2ka31 = 0,

K−f : c2b1kβ
2 + 2kb1c

2ασ + 6kb21a1 + 6a20kb1 + 2hb1 = 0,

K−2f : c2kb1βα+ 2kb1c
2βα+ 6ka0b

2
1 = 0,

K−3f : 2b1kα
2c2 + 2kb31 = 0,

Constant : c2ka1αβ + b1kc
2βσ + 2ka30 + 12ka0a1b1 + 2a0h = 0.

(24)

Solving this system with Wolfram Mathematica
9 yields the following solution families discussed
in following subsections one by one.

5.1.1. Family 1

The Family 1 solutions are given by obtained from
Equation (24).

a0 =
icβ

2
, a1 = icσ, b1 = 0, α =

−4h+ c2β2k

4σkc2
. (25)

The corresponding solitary wave solutions are:

Case 1: β2 − 4ασ < 0 and σ ̸= 0:

P (ξ) =
icβ

2
+ icσ

−β +
√
4ασ − β2 tan

(
1
2

√
4ασ − β2 ξ

)
2σ

 , (26)

or

P (ξ) =
icβ

2
+ icσ

−β +
√
4ασ − β2 cot

(
1
2

√
4ασ − β2 ξ

)
2σ

 . (27)

Case 2: β2 − 4ασ > 0 and σ ̸= 0:

P (ξ) =
icβ

2
+ icσ

−β +
√
β2 − 4ασ tanh

(
1
2

√
β2 − 4ασ ξ

)
2σ

 , (28)

or

P (ξ) =
icβ

2
+ icσ

−β +
√
β2 − 4ασ coth

(
1
2

√
β2 − 4ασ ξ

)
2σ

 . (29)

Case 3: β2 − 4ασ = 0 and σ ̸= 0:

P (ξ) =
icβ

2
+ icσ

(
−2 + βξ

2σξ

)
. (30)

Here, ξ is given by the wave transformation in
Equations (17), (18), or (19), depending on the
derivative used.

5.1.2. Family 2

The solutions of 2nd family are given by obtained
from Equation (24).

a0 = 0, a1 = icσ,

b1 =
ih

4ckσ
, α =

h

−4σkc2
.

(31)

The corresponding solitary wave solutions are:

Case 1: β2 − 4ασ < 0 and σ ̸= 0:

P (ξ) = icσ

√
4ασ − β2 tan

(
1
2

√
4ασ − β2 ξ

)
2σ


+

ih

4ckσ

 2σ√
4ασ − β2 tan

(
1
2

√
4ασ − β2 ξ

)
 ,

(32)
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or

P (ξ) = icσ

√
4ασ − β2 cot

(
1
2

√
4ασ − β2 ξ

)
2σ


+

ih

4ckσ

 2σ√
4ασ − β2 cot

(
1
2

√
4ασ − β2 ξ

)
 .

(33)

Case 2: β2 − 4ασ > 0 and σ ̸= 0:

P (ξ) = icσ

√
β2 − 4ασ tanh

(
1
2

√
β2 − 4ασ ξ

)
2σ


+

ih

4ckσ

 2σ√
β2 − 4ασ tanh

(
1
2

√
β2 − 4ασ ξ

)
 ,

(34)

or

P (ξ) = icσ

√
β2 − 4ασ coth

(
1
2

√
β2 − 4ασ ξ

)
2σ


+

ih

4ckσ

 2σ√
β2 − 4ασ coth

(
1
2

√
β2 − 4ασ ξ

)
 .

(35)

Case 3: β2 − 4ασ = 0 and σ ̸= 0:

P (ξ) = icσ

(
−2 + βξ

2σξ

)
. (36)

5.1.3. Family 3

The third solution family is given by:

a0 =

√
h√
2k
, a1 = icσ, b1 = 0, α =

−3h

2c2kσ
, β =

i
√
2h

c
√
k
. (37)

The corresponding solitary wave solutions are: Case 1: β2 − 4ασ < 0 and σ ̸= 0:

P (ξ) =

√
h√
2k

+ icσ

−β +
√
4ασ − β2 tan

(
1
2

√
4ασ − β2 ξ

)
2σ

 , (38)

or

P (ξ) =

√
h√
2k

+ icσ

−β +
√

4ασ − β2 cot
(
1
2

√
4ασ − β2 ξ

)
2σ

 . (39)

Case 2: β2 − 4ασ > 0 and σ ̸= 0:

P (ξ) =

√
h√
2k

+ icσ

−β +
√
β2 − 4ασ tanh

(
1
2

√
β2 − 4ασ ξ

)
2σ

 , (40)

or

P (ξ) =

√
h√
2k

+ icσ

−β +
√
β2 − 4ασ coth

(
1
2

√
β2 − 4ασ ξ

)
2σ

 . (41)

Case 3: β2 − 4ασ = 0 and σ ̸= 0:

P (ξ) =

√
h√
2k

+ icσ

(
−2 + βξ

2σξ

)
. (42)
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5.1.4. Family 4

Now, the solutions of fourth family are given be-
low:

a0 =
i
√
h√
k
, a1 = 0, b1 = icα, β =

2
√
h

c
√
k
. (43)

The corresponding solitary wave solutions are:

Case 1: β2 − 4ασ < 0 and σ ̸= 0:

P (ξ) =
i
√
h√
k

+ icα

 2σ

−β +
√

4ασ − β2 tan
(
1
2

√
4ασ − β2 ξ

)
 , (44)

or

P (ξ) =
i
√
h√
k

+ icα

 2σ

−β +
√
4ασ − β2 cot

(
1
2

√
4ασ − β2 ξ

)
 . (45)

Case 2: β2 − 4ασ > 0 and σ ̸= 0:

P (ξ) =
i
√
h√
k

+ icα

 2σ

−β +
√
β2 − 4ασ tanh

(
1
2

√
β2 − 4ασ ξ

)
 , (46)

or

P (ξ) =
i
√
h√
k

+ icα

 2σ

−β +
√
β2 − 4ασ coth

(
1
2

√
β2 − 4ασ ξ

)
 . (47)

Case 3: β2 − 4ασ = 0 and σ ̸= 0:

P (ξ) =
i
√
h√
k

+ icα

(
2σξ

−2 + βξ

)
. (48)

5.2. Analysis of solutions using GPREA

We now apply the generalized projective Riccati
equation method (GPREA) to Equation (1) to
construct analytical solutions.

Using the transformations given in Equations
(17)–(19), Equation (1) is reduced to the ODE

c2kP ′′ + 2kP 3 + 2Ph = 0. (49)

We assume the solution has the form:

P (ξ) = A0 +

M∑
i=1

ϑi−1(ξ) [Aiϑ(ξ) +Biτ(ξ)] . (50)

By the help of the homogeneous balance method,
we getM = 1. Therefore, Equation (50) reduces
to:

P (ξ) = A0 +A1ϑ(ξ) +B1τ(ξ). (51)

Subsituting Equation (51) together with
Equations (8)–(10) into Equation (49) and
collecting terms with the same powers of ϑ and
τ , then setting each coefficient to zero, yields the
following algebraic system, where R is an arbitrary
constant:

ϑ3τ0 : − c2kA1(m
2 − 1)− c2k(m2 − 1) + 2kA3

1 − 6kA1B
3
1(m

2 − 1) = 0,

ϑ2τ0 : 2c2RA1km+Rmkc2 + 6RkA0A
2
1 + 12mkRA1B

2
1 − 6kA0B

2
1(m

2 − 1) = 0,

ϑ1τ0 : − c2kA1ℏ2 + 6RkA2
0A1 − 6kR2A1B

2
1 + 12mkRA0B

2
1 + 2RhA1 = 0,

ϑ2τ1 : − 2kc2B1(m
2 − 1)− 2kB3

1(m
2 − 1) + 6RkA2

1B1 = 0,

ϑ1τ1 : 2c2RkB1m− c2kRB1m+ 4mRkB3
1 + 12RkA0A1B1 = 0,

ϑ0τ1 : − 2ℏ2kB3
1 + 6RkA2

0B1 + 2RhB1 = 0,

Constant : 2RkA3
0 − 6kR2A0B

2
1 + 2RhA0 = 0.

(52)
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Solving this system with Wolfram Mathematica
9 yields the following solution cases.

5.2.1. Case 1

The first solution family obtained by solving sys-
tem on mathematica 9 is given below:

A0 = 0, A1 = 1, B1 = − ic
2
,

ℏ = − 4h

kc2
, m =

√
c4k − 16h√

kc2
.

(53)

Using Equations (13)–(15), and (52), we
obtain the following analytical solutions.

For ε = 1 and ℏ ̸= 0:

P (ξ) =
ℏ sec(

√
ℏ ξ)

m sec(
√
ℏ ξ) + 1

− ic

2
· ℏ tan(

√
ℏ ξ)

m sec(
√
ℏ ξ) + 1

, (54)

P (ξ) =
ℏ csc(

√
ℏ ξ)

m csc(
√
ℏ ξ) + 1

− ic

2
· ℏ cot(

√
ℏ ξ)

m csc(
√
ℏ ξ) + 1

. (55)

Here, ξ is given by the wave transformation in
Equations (17), (18), or (19), depending on the
derivative used.

5.2.2. Case 2

The second solution family obtained by solving
system on mathematica 9 is given below:

A0 = 0, A1 = 1, B1 =
ic

2
,

ℏ = − 4h

kc2
, m = −

√
c4k − 16h√

kc2
.

(56)

Using Equations (13)–(15), and (52), we
obtain:

P (ξ) =
ℏ sec(

√
ℏ ξ)

m sec(
√
ℏ ξ) + 1

+
ic

2
· ℏ tan(

√
ℏ ξ)

m sec(
√
ℏ ξ) + 1

, (57)

P (ξ) =
ℏ csc(

√
ℏ ξ)

m csc(
√
ℏ ξ) + 1

+
ic

2
· ℏ cot(

√
ℏ ξ)

m csc(
√
ℏ ξ) + 1

. (58)

5.2.3. Case 3

The third solution case obtained by solving system
on mathematica 9 is given below:

A0 = 0, A1 = −1, B1 = 0, ℏ = 0. (59)

For ℏ = m = 0, using Equation (15), we
obtain:

P (ξ) = −G
ξ
. (60)

6. Graphical representation of extracted
solutions

In this section, we present the graphical inter-
pretation of our results. We successfully applied
GPREA and MAEA using three fractional deriva-
tives to obtain novel solitary wave solutions of the
TFCKOEM.

6.1. Key findings

The main findings of this work are as follows:

• To the best of our knowledge, several classes of
solutions reported here are new. These include
periodic solitons, singular periodic shapes,
dark-bright solitons, and anti-bell-shaped so-
lutions, none of which were found in earlier
studies on this model.

• The three derivatives (conformable, beta, and
M-truncated) produce different wave behav-
iors, which we illustrate through graphs for
various fractional orders.

• The obtained solutions help explain natural
phenomena in applied sciences, especially those
involving magnetic fields. For example, hyper-
bolic tangent functions appear in the calcula-
tion of magnetic moment and in special rela-
tivity. These solutions are also useful for all-
optical switches, optical amplifiers, and mode-
locked lasers.

• Both methods are simple and reliable, provid-
ing a wide family of solutions with low compu-
tational effort.

6.2. Graphical results

We now present graphs of selected solutions. All
plots were generated using Wolfram Mathematica
9. Figure 1 shows the dark-bright periodic soliton
from Equation (28) with three-dimensional sur-
face graphs, contour graphs, and two-dimensional
line graphs for different fractional orders. The
parameter values are c = 0.02, t = 0.1, β = 0.6,
and σ = 0.5.

Figure 2 shows the dark-bright soliton from
Equation (33) using the same parameter values.

Figure 3 shows real and the imaginary parts
of the periodic soliton from Equation (40). The
parameter values are c = 0.02, t = 0.1, ℏ = 3,
m = 2.

6.3. Implications of the results

The obtained solutions provide a reliable basis
for new experiments. They can be used by re-
searchers with appropriate initial conditions. The
fractional-order results help understand physical
changes and are also useful for controlling labora-
tory experiments.

These new solutions are valuable for theoreti-
cal analysis and experimental work in all-optical
switches, optical amplifiers, and mode-locked
lasers.
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7. Modulation stability of the coupled
Konno-Oono equation model

Many nonlinear natural phenomena exhibit insta-
bility behavior arising from the interplay between
nonlinear and dispersive effects. In this section,
we study the modulation instability of the TFCK-
OEM using linear stability analysis.

We begin with steady-state solutions of the
TFCKOEM of the form

p(ϖ, t) =
√
P + ϕ1(ϖ, t) exp(ψ(t)),

q(ϖ, t) =
√
P + ϕ2(ϖ, t) exp(ψ(t)),

where ψ(t) = P (α1 + Pα2ϵ)t.

(61)

Here, P represents the normalized optical power,
and ϵ is a small perturbation parameter.
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Figure 1. (a) represents the three dimensional plot for all three derivatives (b) represents the contour plot for
all three derivatives (c) represents the parametric plot for all three derivatives that are beta, conformable ,and
M-truncated fractional derivatives respectively for different values of α. Parameters: c = 0.02, t = 0.1, β = 0.6,
σ = 0.5.

Substituting Equation (61) into Equation
(1) and linearizing the resulting equation gives

∂ϕ2
∂t

+ Pα1ϕ2 + P 2α2ϵϕ2 + 2
√
P
∂ϕ1
∂ϖ

= 0,

ϕ1 + ϕ2 = 0.
(62)

We now assume solutions of Equation (62)
take specific forms depending on the fractional
derivative used.

7.1. Perturbation solutions for each
derivative

(a) For the conformable derivative:

ϕ1(ϖ, t) = β1 exp i

(
νϖ +

ωctα

α

)
,

ϕ2(ϖ, t) = β2 exp i

(
νϖ +

ωctα

α

)
.

(63)
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(b) For the beta derivative:

ϕ1(ϖ, t) = β1 exp i

(
νkx− ωc

α

(
t+

1

Γ(α)

)α)
,

ϕ2(ϖ, t) = β2 exp i

(
νkx− ωc

α

(
t+

1

Γ(α)

)α)
.

(64)

(c) For the M-truncated derivative:

ϕ1(ϖ, t) = β1 exp i

(
νkx− ωctαΓ(1 + β)

α

)
,

ϕ2(ϖ, t) = β2 exp i

(
νkx− ωctαΓ(1 + β)

α

)
.

(65)

Here, ω is the perturbation frequency and ν is the
normalized wave number.

7.2. Dispersion relation

Substituting Equations (63)–(65) into Equa-
tion (62)yields the following dispersion relation:

β2 = −β1,

P =
2k2ν2 + α1cω − 2

√
k4ν4 + α1ck2ν2ω

α2
1

.
(66)

To analyze the modulation stability behavior of
the system, we construct the stability region in
Figure 4 based on the dispersion relation given
in Equation (66).

7.3. Stability condition

The derived dispersion relation shows that steady-
state stability depends on both the normalized
wave number ν and the normalized optical power
P .

The steady state is considered stable against
perturbations if the following conditions hold:

• The dispersion ω remains real for all wave num-
bers ν.

• c ̸= 0.
•

√
k4ν4 + α1ck2ν2ω > 0.

When these conditions are satisfied, the system
is stable. If any condition fails, instability may
occur.
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Figure 2. (a) represents the three dimensional plot for all three derivatives (b) represents the contour plot for
all three derivatives (c) represents the parametric plot for all three derivatives that are beta, conformable ,and
M-truncated fractional derivatives respectively for different values of α. Parameters: c = 0.02, t = 0.1, β = 0.6,
σ = 0.5.
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Figure 3. (a) represents the three dimensional plot for all three derivatives (b) represents the contour plot for
all three derivatives (c) represents the parametric plot for all three derivatives that are beta, conformable ,and
M-truncated fractional derivatives respectively for different values of α. Parameters: c = 0.02, t = 0.1, β = 0.6,
σ = 0.5.
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Figure 4. Gain spectrum of modulation instability
(MI) for distinct values of ν.

8. Comparison

The main novelty of this work lies in the deriva-
tion of novel exact wave structures for the TFCK-
OEM using the GPREA and the MAEA together

with three time-fractional derivatives. Unlike pre-
vious studies, which mainly reported conventional
traveling wave solutions, the present analysis pro-
vides a richer class of exact solutions, including
anti-bell-shaped solitons, dark-bright solitons, and
singular periodic solitons. To the best of our knowl-
edge, the solution profiles obtained for the TFCK-
OEM within the adopted fractional framework are
reported here for the first time. In particular, the
anti-bell-shaped solitons, dark-bright solitons, and
singular periodic solitons enrich the known solu-
tion space of the model. Anti-bell-shaped solitons
represent localized inverted wave profiles, while
dark-bright solitons capture the coexistence of
localized depressions and elevations arising from
wave interactions. The singular periodic solitons
reveal complex recurring wave patterns with sin-
gular characteristics, thereby broadening the phys-
ical interpretation of nonlinear wave propagation
in magnetic field environments and enriching the
analytical solution space of the model.

1971



Exact Solutions of the Coupled Konno-Oono Model

9. Conclusion

In this paper, we have studied the time-
fractional coupled Konno-Oono equation model
using the MAEA and GPREA with three frac-
tional derivatives (conformable, beta, and M-
truncated). We obtained several new solitary wave
solutions, including periodic solitons, singular pe-
riodic shapes, dark-bright solitons, and anti-bell-
shaped solutions. These solutions have not been
previously reported. We have demonstrated the
physical behavior of these solutions using three-
dimensional surface plots, contour diagrams, and
wo-dimensional line graphs. The modulation sta-
bility analysis reveals that stability depends on
the normalized wave number and optical power.
Both methods have proven to be simple, reliable,
and efficient. Our findings are useful for appli-
cations in all-optical switches, optical amplifiers,
and mode-locked lasers. In future work, we will
apply these methods to other fractional nonlinear
systems.
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