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This paper explores the minimum-time optimal control problem in a locally
convex linear topological space L. To solve this problem, we assume that L
is Hausdorff and that the continuous time system is controllable. The system
is represented by > = {I,L,E;, X,Y, ¢,v¥}, where I = [to,t], X is the state
space of state variables and Y is the output space. In this system >, we take
the unit ball in L as the polar set E, which characterises the locally convex
linear topological space L. By employing the concept of this unit ball and
defining the continuous linear operator T} : Frx — X for each fixed time ¢t € I,
we first establish the existence of an optimal control [ € E. by proving the
compactness of the attainable set A(t). Next, we obtain the minimum-time
optimal control by considering a decreasing sequence {t,} — t = ¢(1) and by
considering a sequence {l,,} in E, such that {l,} — [. Thus, the concept of
this unit ball is a novel technique in our study. Furthermore, we approach
Pontryagin’s maximum principle for the existence of the minimum-time optimal
control ! for fixed ¢t € I minimizing the time cost function J; by maximizing
the Hamiltonian H, considering the differential equation v = Au(t) + BI(t)
represented by the dynamical system > . Additionally, we provide a geometric
interpretation for maximizing the Hamiltonian H to obtain the minimum-time
optimal control lope at time t = tope = t(1). Finally, we provide two examples
based on Pontryagin’s maximum principle related to our problem.

(co) E

1. Introduction

motive control systems, where timing is critical.
Nevertheless, the inclusion of bounded controls

Minimum-time optimal control focuses on guid-
ing a dynamical system to a specified target as
quickly as possible while satisfying the system
equations and all admissible constraints. Unlike
other optimal control problems that balance time
with energy or cost considerations, the sole cri-
terion here is minimization of the transfer time.
Such formulations are particularly relevant in ar-
eas that require swift maneuvering or response,
such as robotics, aerospace engineering,and auto-

*Corresponding Author

and state limitations significantly increases the an-
alytical and computational complexities of these
problems. In light of this, several authors have
studied minimum-time optimal control problems
with a range of constraints and system configura-
tions.

Leigh explained the minimum-time optimal con-
trol, which uses the unit ball as a norm,

Q= {u:|ull <k} (1)
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where k is the given real number and is concerned
with bringing a system to a desired condition in
the shortest possible time.

The theory of optimal control depends on an
attainable set and its characteristics. The author
used the Lyapunov theorem for the range of vector
measures and discussed the Pontryagin Maximum

Principle.! Henry Hermes and Joseph P. Lasalle
discussed the general linear time optimal control
problem by considering the vector differential equa-
tion

z(t) = A(t)x(t) + B(t)u(t),
where A is n X n matrix, B is n X r matrix. They
used the unit ball as

0900, = {u; u is measurable, |u;(1)| = 1,5 = 1,...r,7 € [0,]}. (2)

In this theory of time-optimal control, the au-
thors established a reachable set together with its
crucial properties, thereby proving the Bang-Bang
Principle for the derivation of time optimal control
and its uniqueness.? Chakraborty solved the opti-
mal control problem using functional analysis for
the existence of optimal control in locally convex
linear topological spaces governed by linear plants
with extensive restrictions on the control variables.
The necessary and sufficient conditions were also
derived to obtain a clear statement of optimal con-
trol.> Pontryagin et al. introduced the Pontryagin
Maximum Principle as the most effective tool for
solving optimal control problems. This principle
became a paradigm in optimal control theory, and
its remarkable properties have been studied from
many perspectives.® Yosida presented lectures
at the University of Tokyo on set theory, topo-
logical spaces, measure spaces and linear spaces.”
Jerzy Zabczyk wrote Mathematical Control The-
ory, which covers advanced concepts such as linear
algebra, differential equations, and calculus. Fur-
thermore, the book covers stabilization of nonlin-
ear systems using topological methods, realization
theory for nonlinear systems, impulsive control and
positive systems, control of rigid bodies, stabiliza-
tion of infinite dimensional systems, and solution
of the minimum energy problem. In addition, this
book by Dong, D. E. devotes several chapters to
controllability with vanishing energy, boundary
control systems, and delayed systems, and it pro-
vides additional proofs, theorems, findings, and a
more comprehensive index.” Prasad and Kumar
contributed to the knowledge and development of
topological dynamical systems. In addition, the
authors explained how variational calculus served
as the main analytical tool in the classical study
of dynamical system. This approach, based on
Hamilton’s Principle of Least Action, led to what
are now referred to as topologies compatible with
the dynamical structure of the system. Finally,
the study expanded this investigation to topologi-
cal dynamical systems in the more general setting
oftopological vector spaces, with particular empha-

sis on locally compact groups and locally convex
spaces.® The convexity and compactness of attain-
able sets were explained by Pugh and Hermes, who
also provided proofs of the related theorems.? 10

Dong et al. addressed these limitations by for-
mulating the time-optimal ergodic search prob-
lem, aiming to generate fast, adaptive exploration
trajectories using Pontryagin’s Maximum Princi-
ple and directed transcription optimization. The
study demonstrated effective minimum time cover-
age in both simulations and drone experiments. It
also integrated constraints such as obstacle avoid-
ance and showcased flexibility across scales. A
receding horizon framework further enabled adap-
tive sampling for tasks such as localization.!! In
Linear Topological Spaces, Kelley et al. made a
significant contribution by presenting a systematic
and rigorous treatment of topological vector spaces.
They developed foundational concepts connecting
topology and linear algebra, clarified the structure
and properties of locally convex spaces, and pro-
vided essential tools for understanding continuous
linear mappings in modern analysis.'> Ghosh and
Chakraborty contributed to the field of control the-
ory by using mathematical methods to examine
robust stability and robustly strictly positive real
(SPR) properties with uncertainties for an interval
plant family. In their study, they employed a novel
technique by constructing a Kharitonov rectangle
as a Kharitonov box at a certain frequency. Us-
ing this approach, they provided insights into the
robust stability and robustly strictly positive real
(SPR) properties of an interval plant family in
real-world uncertainty scenarios.'3 15

Recent studies have extensively investigated
controllability and optimal control problems for
semilinear systems in Hilbert spaces, including
second-order, stochastic, retarded, and fractional-
order models. Using various fixed point techniques
and controllability methods, several authors estab-
lished existence, uniqueness, approximate control-
lability, and optimal control results under suit-
able assumptions.These contributions provide a
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significant foundation for the development of con-
trollability theory for nonlinear evolution systems
and are useful in the preparation of the present
work.16-20

The works in optimal control theory concern-
ing the existence of optimal controls for infinite-
dimensional semilinear systems with admissible
controls in nonreflexive spaces are also useful
and relevant to the present study.?! Similarly,
studies on infinite-dimensional fractional evolu-
tion equations with endpoint state constraints and
Pontryagin-type optimality conditions were also
relevant to the present work. Their treatment of
variational analysis and fractional control systems
motivated the development of our results.??

In addition, several important contributions re-
lated to optimal control theory, Pontryagin-type
maximum principles, fractional differential sys-
tems, variational analysis, and infinite-dimensional
control problems have also been reported in the
literature. In particular, the studies on impulsive
and hybrid systems, minimal time control prob-
lems, mean field and probabilistic control mod-
els, convex analytical approaches, and fractional
evolution equations provided useful mathematical
background and motivation for the formulation
and analysis carried out in the present work.23=37
Moreover, illustrative Example 2 in Section 8.1
is developed by employing certain concepts and
analytical techniques from the theory of fractional
differential equations presented in.37-40

1.1. Comparision

Previous studies on time-optimal control by Leigh'
and Hermes and LaSalle? considered norm-induced
unit balls in (1) and (2), respectively. In the
present work, the time-optimal control problem is
formulated in a locally convex linear topological
space L by considering the polar set F,; as the
unit ball in (4). The controllable continuous-time
system is given by

> ={I,L,Er, X,Y, 6,9}, (3)

where I = [tg,t], X is the state space, Y is the
output space, and for each fixed ¢t € I, the state
transition mapping is represented by the continu-
ous linear operator T; : E; — X in (5).
Chakraborty? applied functional analytic tech-
niques to optimal control problems with restricted
controls. Motivated by this framework, the present
article establishes the existence of time-optimal
controls using the polar set E, and derives the
corresponding optimality conditions through max-
imizing the Hamiltonian H via the Pontryagin
Maximum Principle. The foundational role of the

Pontryagin Maximum Principle in optimal control
theory was established by Pontryagin et al.*®

Topological methods developed by Yosida,b
Zabczyk,” and Kelley et al.'> provide the ana-
lytical framework for the present study in locally
convex spaces. Furthermore, while Pugh® and
Hermes'® discussed convexity and compactness
properties of attainable sets, the present work
proves these properties for the attainable set A(t)
using the polar set E in the locally convex set-
ting. Related developments on dynamical systems
and robustness properties were also studied in,® 13
whereas the present work focuses on minimum-
time optimal control using the polar set E; in
L.

In contrast to recent studies such as Dong et
al.,'! which focused on minimum-time coverage
conditions, the present work characterizes the opti-
mal trajectory via the boundary of the attainable
set A(t) and relates it to the maximization of the
instantaneous projection onto the normal vector
¥(t) to the hyperplane Q.

1.2. Advantage

By using the polar of the unit ball, the entire
space can be characterized. In industrial applica-
ton, the shape of the unit ball may be expanded
or contracted as needed. In a medical context, the
affected region expands most rapidly along the
outward normal at an extreme point of the unit
ball, since any pathogen progresses most rapidly
through that direction, as shown in Figure 1 and 2.
For this reason, if that point cannot be controlled
by medication, vaccination, or other techniques,
the pathogen will be unable to spread through
either the extreme point or the boundary of the
affected region. Thus, the findings of this study,
particularly the properties of the unit ball, may
have applications in both industrial processes and
medicine. In addition, by employing geometric
concepts of the unit ball such as polar sets, nets,
and Kharitonov-style rectangular or cuboid re-
gions, it is possible to develop control strategies
for time-delay multi-agent systems. These tech-
niques can be utilized for various system types,
including continuous-time controllable models, lin-
ear differential systems, nonlinear and distributed
systems, dynamical systems, normal and proper
systems, uncertain-interval plants and other ap-
propriate system structures.

1.3. Contribution

In this paper, we present the time-optimal control
problem for a controllable continuous time system
>~ (3). In this system, we take the unit ball to be
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the polar set F; in L of a bounded subset E of
L*, defined as

Er={leL:supiep,cc{l{l, )| <L fe ECL"}}, (4)

where L is a Hausdorff locally convex linear topo-
logical space and L* is the set of all continuous
linear functionals defined on L.? The unit ball E,
in (4) is a useful technique in our problem and is
also referred to as the set of admissible controls.
For each fixed time ¢t € I we define the continuous
linear operator as

TtiEﬂ——>X (5)

representing the state transition mapping ¢ for
fixed to and u(tg), and we obtain the existence of
a minimum-time optimal control [ € E; at time
t =1t(1), t € I such that

(1) u(t(1)) = v(t(1))
(2) #(1) = inf{t : u(t) = v(t),t € [to, 00)}.

To prove conditions 1 and 2, we assume L is
reflexive and then use the compactness of the at-
tainable set A(t) given as

A(t) = {u(t) - u(t) =T:(),l € Ex},  (6)

where A(t) is the resulting output space Y.

In addition, we consider a decreasing sequence
{tn} — t = t(1) and a sequence {l,} — [ in E,
such that T3, (I,,) = v(ty). Since L is reflexive, the
polar set E in L is compact by Remark 1.

Next, we apply Pontryagin’s Maximum Princi-
ple, which is a necessary condition for the exis-
tence of the minimum-time optimal control [ at
t =t(1), by representing the system ¥ in (3) by a
differential equation,

i = Au(t) + BI(t), (7)

where A is an n X n matrix and B is an n X r
matrix. Then, using the concept of the unit ball
as a polar set E in L, we minimize the time cost
function J; with respect to the optimal control
[ € E; at the minimum time ¢ = ¢(1). The func-
tional is defined via conditions (1) and (2), given

by
sup {[(l, f)[}, (8)

leExCL
and the minimization is achieved by maximizing
the Hamiltonian

Ji(l) =

= (¢, u), (9)
where 1) is an outward normal on H to 0A(t), the
boundary of the attainable set A(t). To gain fur-
ther geometric insight into the problem, we provide
a geometric interpretation of the maximization of
the Hamiltonian H = ¢, where ¢ is a constant.

Thus we have shown that [,y (t) is the time-optimal
control, such that u(t ;lop) € OA(L), Vt € [to, topt],

where t = t,p; = t(1) . Finally, we provide two ex-
amples based on Pontryagin’s Maximum Principle
related to our problem.

2. Preliminaries

2.1. Inner product space

A Euclidean vector space is the real n-dimensional
space R™ equipped with the standard dot product.
Given two vectors

X1 1
€2 Y2

x - M y - : )
Tn Yn

with the inner product? defined as

(z,y)=z"y

n
= § ZiYi
i=1

=21Y1 + X2y2 + - + Tpyn

2.2. Bounded set

A subset A of a linear topological space is said
to be bounded if for each neighborhood U of the
origin, there exists a real number « such that A
is contained inside aU.'?

2.3. Barrelled space

In a locally convex linear topological space L, any
convex, balanced, and absorbing closed set is called
a barrel. L is called a barrelled space if each of its
barrels is a neighborhood of zero.5

2.4. Theorem

A locally convex linear topological space L is re-
flexive if and only if it is barrelled and every closed,
convex, balanced and bounded set of L is compact
in the weak topology of L.6

2.5. Characterizations of reflexive space

A locally convex Hausdorff space is reflexive if and
only if it is semi-reflexive (bounded weakly closed
sets are weakly compact) and evaluable (strongly
bounded subsets of the adjoint are equicontinu-
ous).'?

2.6. Krein—Milman theorem

A non-void compact subset K of a locally convex
linear topological space has at least one extreme
point.6
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2.7. Extreme point

In a linear topological space, a point = of a convex
set A is an extreme point of A if and only if = is
not an interior point of any line segment whose
end points are in A.2

2.8. Adjoint of a locally convex linear
topological space

In a locally convex linear topological space L, the
adjoint space, denoted by L*, comprises all con-
tinuous linear functionals defined on L.!?

2.9. Boundary and interior of polar set
(Ex)

Let L be a locally convex linear topological space.
The polar set E, for every set £ C L* is then
defined in (4).

From (4), the boundary of the polar set E is
represented by OFE; as follows:

(9Eﬂ— = {l eL: suplEEﬂCL{|<l7f>|7f ek C L*} = 1},

and interior of the polar set F is represented by
IntE,; as

IntEr ={l € L:supicp,c{l{l,fl),f € ECL"} <1}

Remark 1. The polar set E. in (4) is a neigh-
borhood of the origin in a Hausdorff locally convex
linear topological space L if E is a bounded sub-
set of L*. In addition, E. is absorbing, balanced,
bounded and conver in L. Since E. is a barrel,
by Section 2.3, E. is closed in the weak topology
of L and hence closed in the strong topology of L.
Moreover, if L is reflexive, then E, is compact by
Section 2.4.

Remark 2. The locally convex linear topological
space L is characterized by the polar set E.

2.10. Extremal

For each nonzero f € L*, if there exists at least one
element | € E; C L such that f(I) = |(l, f)| and
supieg,cL{|{l, /), f € E C L*} = 1, then this
element [ € E, is called an extremal of f € L*.'?

2.11. Bang-Bang control

Consider the time optimal control for the system
>>(3) where Ex = {l € L : supicg,.cr{|{, f)| <
1;f € E C L*}} by (4). In control theory, a
control [ € E for almost all t € I = [ty, t] is con-
sidered as a bang-bang if it satisfies the condition

SUPZEEWCLW,fH =1!

Remark 3. The polar set E in (4) is referred to
as the set of admissible inputs and the attainable
set A(t) C X where X is the state space of all
state variables. In addition, A(t) is the output
space Y.

Remark 4. Thus the system > (3) is controlled.
Hence, according to (6), there must be some t € I

for which v(t) € A(t).

3. Problem statement

Let > be a controllable continuous-time system
> =A{I,L,E, X,Y,p,9} where L is a Hausdorff
locally convex linear topological space, I = [to, ]
is the time interval, X is the state space, and
Y is the output space. Let the polar set E, of
bounded subset £ C L* in L be Er = {l € L :
supiee,. cL{l{l, )| < 1;f € E C L*}} where L* is
the dual space of all continuous linear functionals
defined on L. To determine the minimum-time
optimal control | € E; at the time t = ¢(1) with
t € I, given an initial state u(tp) € X and a contin-
uous function v(t) € X defined on I, we consider
the following conditions:
(1) u(t(1)) = v(t(1)).
(2) t(1) = inf{t : u(t) = v(t),t € [to,00)}.

Here, A(t) C X is the attainable set and Y is
the output space, where X is the state space of all
state variables. For each fixed ¢t € I, the operator
T: : E; — X is a continuous linear operator which
is onto by Remark 7 and satisfies u(t) = Ty(1)
with 1 = T; ' (u(t)), for u(t) € A(t) as given by (5)
and (6). Thus, we ensure that sup;cp_-1, {[(l, f)|}
serves as the time cost functional J;, which is to
be minimized by maximizing the Hamiltonian H
at the minimum time ¢ = ¢(1).

To solve this problem, we exploit the reflexivity
of L and determine the minimum-time optimal
control using the following theorems:

Theorem 1. The attainable set is convexr and
compact.

Proof. E; is convex by Remark 1. By the defini-
tion of the attainable set A(t) in (6), T} : Er — X
in (5) is a continuous linear operator, and linear
operators preserve convexity. Then in Remark 3,
the attainable set A(t) C X is convex. In our
problem we consider L is Hausdorff and reflex-
ive. Moreover, E, is a polar set of a bounded
subset F of L* in L. Then, by Remark 1, E is
compact. Since a continuous linear operator T}
preserves compactness, the attainable set A(t) is
compact. O

Theorem 2. Let u(t) € 0A(t) be a point on the
boundary of attainable set A(t). Then, T; *(u(t))
has a minimum element for each fixed t € I if and

only if u(t) € A(t).

Proof. Let u(t) € 0A(t) N A(t). By the defini-
tion of the attainable set A(t) in (6), we have
u(t) = Ti(1). Subsequently, T, *(u(t)) contains
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an element [ in E, for each fixed t € I. Since
u(t) € 0A(t) and T; is onto by Remark 7, this ele-
ment [ of E; must satisfy supiep cr{|{l, )|} =1
which implies | € 0E7 for each fixed t € I.

Conversely, we consider that [ to be the min-
imum element of T; ' (u(t)) for each fixed t € I.
Because T; is a linear operator, it follows that ol is
the minimum element of T, *(au(t)) for any scalar
a> 0.

Now if a < 1, then au(t) € A(t) and so au(t)
has a pre-image which satisfy

supiee.cril({, f)I} <1,

in Section 2, using Definition 2.9.

As « is arbitrary, it follows that
supicprcri|(l, )|} < 1. However, u(t) € 0A(t).
Then | € 0E, satistying supier, c{|{l, )|} =1
and u(t) = Ty(1) € A(t). O

Remark 5. By Remark 3, A(t) C X. From The-
orem 2, we can conclude that for each fized time
t € I and each u(t) € X, T, (u(t)) has a mini-
mum element 1 if and only if A(t) is closed.

Remark 6. In our problem, we assume that L is
a Hausdorff locally convex linear topological space
and that L is reflexive. Then by Section 2.5, L is
semi-reflexive and bounded weakly closed sets in
L are weakly compact. Consequently, the unit ball
E. , viewed as a polar set in L, is weakly compact.
Hence, T, *(u(t)) has a minimum element | for
each u(t) € X and each fizred t € I.

Theorem 3. There exists at least one time-
optimal control satisfying the following conditions:

(1) u(t(1)) = v(t(1)).
(2) t(1) = inf{t : u(t) = v(t),t € [to,00)}.

Proof. In Section 3, we consider the con-
trollable  continuous-time system ) =
{I,L,E;, X,Y,0,%} (3) and assume that L is
reflexive. Then, from the controllability assump-
tion, we have v(t) € A(t) for some t € I accord-
ing to Remark 4. From the problem statement,
v(t) € A(t) for t > t(1) where
t(1) = inf{t : u(t) = v(t),t € [tg,00)}.

By Remark 1, E; is compact and hence E is
closed. Now, let {t,,} be a decreasing sequence
in I such that {t,} — ¢t =t(1), and let {l,,} be a
sequence in E; such that {l,,} — [ satisfies

Ttn (ln> - U(tn)7 (10)

by the definition of the attainable set A(¢) in (6).
In addition, by (6), we can write

Ty, (ln) = u(tn). (11)
Now from (10) and (11), we have
v(ty) = u(ty), (12)

for some ¢, € I. Then, by the triangle inequality,
[v(t(1)) — w(t(1), ln)| = [v(t(1)) — v(tn) + v(tn) — u(t(1),1n)]
< [u((1) = v(tn)] + [v(tn) — u(t(1), ln)]
= |v(t(1)) — v(En)] + [u(t(1),ln) — v(tn)],
(13)

and by the assumption {t,} — t(1), we can write
as
w(t(1), 1) < ult),

Thus, we have

Wt 1) — ultn) < Ty (In) — Tin (). (14)

From (13), using (12) and (14), we obtain

[0((1)) — w(t(1), ln)] < Jo(t(1)) = v(tn)] (15)
_HTt(l) (ln) - Ttn (ln)‘

In Section 3, from the problem statement and
the definition of the attainable set in (6), both v
and T; are continuous. Then we have

v(tn) = v(t(1))

= |v(tn) —v(t(1))| = (16)
and Ty, (1) —>Tt (n)
= T3, (ln) — Tyy (ln)| = 0. (17)

Then, from (15), using ( 6) and (17) we can
write

[(t(1)) — u(t(1),ln)[ =0
= o(t(1)) = u(t(1)). (18)
where t(1) = inf{t : u(t) = v(t),t € [tg,00)} is

the minimum time and {l,} — [ is the optimal
control. Thus, it is clear that there exists at least
one optimal control [ € F, at the minimum time
t = t(1) that satisfies conditions 1 and 2 in our
problem. O

Remark 7. For a controllable continuous time
system Y, the continuous linear operator T; :
E. — X in (5) is onto by [,! Theorem 7.9/, and
we define the time-optimal control as | = I(t) at
the time t € I. Thus, using (6) and (5), we can
write the minimum-time optimal control at t = t(1)

as

1(t(1)) = Ty H(u(t(1)))- (19)
Remark 8. From Theorem 3, it follows that
an optimal control exists. Then by,! there

exists a bang-bang optimal control satisfying
SupleEﬂCL{Kl?vaf eECL= 1}

Remark 9. According to Theorem 3, L is reflex-
ive and by Subsections 2.4 and 2.5, the polar set
E. in L is compact. Then, by the Krein—Milman
theorem, (Section 2.6), | € Er is an extreme point
and is unique. Thus by Subsection 2.11, it follows
that | is necessarily a bang-bang control on the
time interval I € [to,t(1)] and is of the form
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I(¢) = ksgn(f(1)).

4. Application of Pontryagin Maximum
Principle: Minimize the cost function
J using the maximization of
Hamiltonian and the form of optimal
control

Let us consider
U= Au(t) + Bl(t), u(t) e X andl € E ,t el

be the form of differential equation in (7), which
describes the dynamical system > (3). In this
setting, L is the locally convex linear topological
space, I = [to,t] is the time interval and E is the
polar set in L. we can then determine at least one
optimal control ! in minimum time ¢ by minimiz-
ing the cost function J;(I) = sup;ep_r {[{l, )|}
in (8), while the solution of the differential equa-
tion (26) satisfies u(t) = T;(1) via (5) and (6) in
Remark 11.

Now we define an additional adjoint variable 1
and costate variable w such that

W = —9H/du, (20)

where ¢ € L*, L* is the adjoint space of the lo-
cally convex linear topological space L, and H
represents the Hamiltonian of the system given by
H = (¢,4) in (9).

Now, we determine the optimal control [, in
minimum time ¢ € I using (9) and (7) to minimize
(8), and we have

H = (¢, Au(t) + BI(t)). (21)
Thus by (20) and (21), we have
b= (. Au(t) + BI()
=¥ =—,4)
=) =—1T A, by the definition 2.1
— (t) = ce= M, cis a constant
P(t) = ¥(0)Q(1), (22)

where ¢(0) = ¢ at time t = 0.

Remark 10. By the property of the transition
matriz Q(t), we have e~ = Q(t).

By the Pontryagin Maximum Principle for the
time-optimal control problem, we maximize the
Hamiltonian H given in (21) to minimize the cost
functional J(1) = supyyep.cr {I(L I} in (8).

Thus, we define

H(,u(t),t,lopt) = P for almost all ¢,

and then by (21), we can write
H = (9, Au(t) + BUO) = (¥, Au(t)) + sup

™

(¥, BI(t)).

Now we have

P = (¢, Au(t)) + sup (i, BI(t)),

leExCL

(23)

to maximize (¢, Bl(t)) at all times where [y is
chosen. Based on the compactness of the attain-
able set A(t) established in Theorem 1, and the ex-
istence of a minimum-time optimal control in Theo-
rem 3, where T; : E; — X is the continuous linear
operator that is onto by Remark 7 , we obtain an
optimal control [ € E satisfying u(¢(1)) = v(¢(1))
where ¢t = ¢(1) = inf{t : u(t) = v(t),t € [to,0)}.
Thus the control function () serves as a minimum-
time optimal control if it maximizes the Hamil-
tonian H at almost all points on the boundary
0A(t(1)). Moreover, since L is reflexive in our
problem, it follows from Remarks 7, 8, and 9 that
[(t) is an extreme point. Thus, we can write the
control function I(t) as

lopt(t) = Sgn(w(t)), (24)
where lop; € OF, satifies supie g, c.{|{lopt; f)I} =

1 at the minimum time ¢ = ¢(1) = ¢,y and by
(22), ¥(t) = ¥(0)Q(t). Setting ¥(0) = A with
A an arbitrary constant, we can rewrite (22) as
P(t) = AQ(t), which leads to (24) in the form of

the optimal control

lopt (t) = Sgn()‘Q (t) ) )

at minimum time ¢ = t4p.

(25)

Remark 11. In this paper, L is the locally convex
linear topological space and L* is its adjoint space.
The set E is the polar set in L of a bounded set
E C L* in Section 1.3, (4), and I = [to,t] is
the time interval in Section 1.1. For each fized
tel T, : Ex — X is a continuous linear op-
erator, where X 1is the the state space of state
variables u(t), as in Section 1.1. To prove The-
orem 1, we assume that L is Hausdorff and re-
flexive. Then, by Remarks 1 and 2 , the polar set
E. is compact in L . Thus, T;(E;) is compact
and hence the attainable set A(t) C X is compact.
In our problem, we consider Y as a controllable
continuous dynamical time system , where X 1is
infinite-dimensional. According to’, the control-
lability concepts for infinite-dimensional systems
coincide with those for finite-dimensional systems.
Consequently, the attainable set A(t) C X is com-
pact in this infinite dimensional space under a
continuous linear operator T;.

Again, using Pontryagin’s mazimum princi-
ple, we consider the differential equation u(t) =
Au(t)+ BI(t) in (7) from Section 1.8 which is rep-
resented by the system Y, where | € E; for some
time t € I and u(t) € A(t) C X. The solution of
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the differential equation can be written as

u(t) = u(to)®@(t,to) —|—/t O(t, 7)B(T)u(T)dT

t
= u(t) — u(to)®(t,to) = / @(t, 7)B(T)u(t)dr (26)
to
using integrating factor el AWt ynd consider the
transition matriz ®(t,tg) = eAO=At0) = &(t —tg).
To investigate problems of optimal transfer from
some initial state to a final state it is sufficient
to study the problem u(t) = Ty(l) for each fixed
t € I, which represents (26). With this concept,
we use the matriz form u(t) = Au(t) + Bl(t) in
the system of Hamiltonian by Equation (9) as

H ::<@U,Q>
= (¢, Au(t) + BIl(t)) by Equation (21)

to obtain the optimal control | in minimum time t
while minimizing the time cost function as Jy(l) =
supiep, {1, f)[} in (8) and P = (4, Au(t)) +
s?p(@/},Bl(t)) by (23).

Remark 12. In Section 4, u(t ; lop) is on the
boundary of A(t) for each | = lop where Loy =
T, (u(t)) € OF, as Ty is onto mapping using Re-
mark 7, and for each t € [to,t(1)], t = topr = t(1) .

Remark 13. Pontryagin’s mazimum principle in
Section 4 states that J; in (8) is minimized when
s chosen at all times to mazimize the Hamiltonian
in (21).

5. Geometric interpretation

A hyperplane is represented by the equation H =
(,u) = ¢, where ¢ is a constant and H is the
Hamiltonian. Let this hyperplane be denoted by
Q(t); in this case, 1(t) is normal to Q for all t. It
is evident that choosing [ in a way that maximizes
the projection of the vector #(t) onto ¥ (t) is geo-
metrically equivalent to maximizing the Hamilton-
ian. In Remark 12, [,y is the time-optimal control
and u(t ; lopt) € 0A(t) for every t € [to, topt] as
shown in Figure 1. Assuming 2 is the hyperplane
passing through wu(tep), €2 supports A(t). Its nor-
mal is ¢ (), and the projection of the motion 4 is
given by the Gram-Schmidt process:

m = (i, 9 (t)/supiep, o[l ()})p(t).  (27)

Thus, the normal (t) onto the hyperplane 2
that lies on the boundary of A(t), is maximum,
and the optimal trajectory passes through the
boundary of the attainable set A(t) to maximize
the instantaneous projection of motion onto the
normal v (t) as shown in Figure 2.

6. Figures for geometric interpretations

In Figure 3, FE, is the polar set as a unit ball
characterizing the locally convex linear topolog-
ical space L by Remark 2 associated with the
attainable set A(t) which is the output space Y
by Remark 3. The time-optimal control [(¢) lying
on the boundary of E, produces the trajectory
u(t) = Ty(1) which in turn reaches the boundary of
A(t) at a minimum time ¢ = ¢(1). A supporting hy-
perplane 2 of the attainable set A(t) with outward
normal 1 at u(¢(1)) such that u(t(1)) € 0A(t) N Q
indicates the extremal direction of the optimal
trajectory. Because T; : B — X is a continuous
linear operator and is onto by Remark 7, then the
optimal control satisfies [(¢(1)) € OE, such that

(1) = Ty (u(t(1))-

Optimal Trajectory

w()

Figure 1. Geometric representation of the time
optimal trajectory corresponding to the attainable set
A(t) associated with the control system.

w(e(1))

a(t(1), lopy)

u(t, lapt)

Figure 2. Relationship among the time-optimal
trajectory, the boundary of the attainable set A(t),
and the adjoint variable 9 (t) with the projection m in
the equation (27) for motion %(¢(1)) where € is the
supporting hyperplane of the attainable set A(t)
passing through u(¢(1)) and whose normal is ().
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u(t(1)) € A) NQ

Figure 3. Geometric interpretation of the output
u(t(1)) in the attainable set A(t) and the associated
optimal control | € E at t = t(1), where T, : E, — X
is a continuous linear operator.

7. Example 1
Determine the form of the minimum-time optimal
control for the following systems:

Uy = ug,
—U1 + l?
with u(to) = 0 and sup;cp_r {|{l, f)|} < 1 by the
method of Pontryagin’s maximum principle.

Now to determine the form of the time-optimal
control for the given systems we have

i = Au(t) + BI(t)
|

(2 1

U2

0

! (28)

where

A:{o 1

% B |

and the Hamiltonian H using (28), is given by

w8 ) [

w,[

and the adjoint variable w is given by
¢ = —9H/du, by (20)

0
1

U1

}, andX:[
U2

1
10

0
1

= %%1—-—<w7[fl é})
— ‘%’ =y’ Lol (ﬂ by the definition 2.1
— ¢T(t):ce_H01 éH
o L ol .

where ¢ = ¢(0) at time ¢ = 0. By (23) in Section
4, we have

P = (1, Au(t)) + supick, (¥, Bl(t))

= P = (1, [_01 (1)] [Zj) + supieg, L (Y, [ﬂ )

so that l,,+ must maximize (¢, Bl(t)) at all times.
Also, from (25) we have

lopt (t) = Sgn()‘Q(t))

Now,

(1, Bl(t)) = " BI(t) by the definition 2.1

e T

g[8 e 2[%, e
+% [_01 é]nt”w( ) H
_ m H(0)l - H W)+ {_01] O [‘ﬂ B4(0)1
»aifsor= g [ oo [

(- %tfﬂ + étf’ )

o 1- %tQ + it‘* -~ ét(a 4o
_ (o)1 :—Cilsﬂ , (30)
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which satisfies (25) as the control function /() ex-
ists at the minimum time ¢ = ¢,,; = ¢(1) = inf{¢ :

and A = ¢(0).
Thus
it =oon (0 [1]).

where lop: = T, '(u(t)) € OB, by Remark 12
and lopt satisfies SUPZEEﬂCL{|<laf>|7f € £ C
L*} =1.

Now choose ¥(0) = [11(0),12(0)]  where
—11(0) = cosé and 2(0) = sind. Thus (31) be-
comes

Lopt (t) = =11 (0)sin(t) + v2(0)cos(t),

= cosdsint + sindcost

=sin(d+t), — 7w <6<,

Y3(0) +¥3(0) £ 0

(32)

which is the form of the minimum-time optimal
control for the given system related to our problem
in Section 3.

8. Application to a fractional control
system

In this section, we illustrate the applicability of
the proposed optimal control framework by consid-
ering a fractional differential equation with lower-
order terms. When modeling dynamical systems
with memory and inherited characteristics, the Ca-
puto fractional derivative is often employed. Let
0 < a < 1, and let z(t) be a suitably smooth
function. The definition of the order a Caputo
fractional derivative is

| boal(s)
“Di(t) = Fr o /0 —sp

where the Gamma function is denoted by I'(-).
This formulation is especially appropriate for con-
trol and physical applications since it permits the
use of classical initial conditions.?”

Consider the following linear fractional control
system described by the Caputo derivative

“DeX(t) = AX(t) + BI(t), 0<a<1, (33)

subject to initial condition X (0) = Xy, where A
and B are matrices of the proper dimensions, [
is the control input, and X (¢) € R" is the state
vector. These types of systems are frequently em-
ployed in fractional optimal control problems.3® 39

O<a<l.

8.1. Example 2

Consider a Caputo fractional differential equation

of order 2¢q together with additional lower-order

terms. 0
CD2q

olu(t) — 3°DE u(t) +2u(t) =0,  (34)

with fractional initial conditions u;(0) =
Up1, CDg+u1(O) = ug2. The system state vector is
expressed as

u(t) }
X(t) =
0= e u
Then
“Dfu(t) = ua(t) (35)
CDngul (t) = ua(t). (36)
By differentiating (35) we have
C D30 us(t) = D% u(t). (37)
From (35) and (37) we obtain
C D% us(t) = Bua(t) — 2us(t). (38)

Employing (36), (38), the System (34) can be
represented in matrix form as

°pt, [Z;gﬂ = {_02 :ﬂ [Z;Em

— AX (1), (39)
0 1 . ..
where A = [_2 3} and the initial condition
Uuo1
X(0) = .
0= [

To write (39) as a control, introduce a control
input [(t)

“D§. X(t) = AX(t) + BI(t), by (33). (40)

choose B = {(1)

0 1| |ui(t 0
DI X(t) = [_2 3] [ui%ti] + M 1(t).
The Hamiltonian H is defined as
H(X,l,v) = ((t), AX(t) + Bl(t)) + 1
= (¥(t), AX (1)) + ((8), BI(t)) + 1
The adjoint system corresponding to the con-
trolled Caputo fractional state equation is derived
using the fractional Pontryagin Maximum Prin-
ciple together with the fractional integration-by-
parts formula applied to the Hamiltonian varia-
tional equation. The adjoint dynamics involves
the adjoint operator associated with the state
operator A (which reduces to the transpose ma-
trix A7 in the present finite-dimensional setting),
while the control operator B (33) appears through
the Hamiltonian maximization condition and the
switching function [37, pp. 20-22].
Now, the switching function is defined as

o(t) = (¥(t), B).
Then, (41) becomes
H = (1), AX (1)) + ¢(@)I(t) + 1

] and (40) becomes

(41)

(42)
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According to the Pontryagin Maximum Princi-
ple, the optimal control maximizes the Hamilton-
ian H

H(X, lopt (1), (1)) = M sup, ey 1 10.5)|<1 (43)

H(X (1), 1,9%(t)).

Assume that the control satisfies supic g {|{l, f)|}
< 1, using Definition 2.9. Then by Section 4 and
(43), we can statethat o,y € OF; is the optimal
control that satisfies supjcp cr{|{(l, f)|} = 1 at
the minimum time ¢ = ¢, = t(1) = inf{t : u(t) =
v(t),t € [to,00)}.

Remark 14. As H is linear in l(t), the mazimum
occurs when [(t) has the same sign as the switching

function.

Thus, we have

lopt(t) = Sg’fl((ﬁ(t))
= sgn((¢(t), B)) by (42)
= sgn(AQ(t)) by (25).
1, et >0,
Lopt (£) = {—1, if(t) < 0.

for ¢(t) = AQ(t) and it is the bang-bang control.
Since the Hamiltonian is linear with respect to the
control variable and the control is bounded, the
optimal control takes values at the boundary of the
admissible control set, resulting in a bang—bang
control law. Consequently, the obtained control
represents the minimum-time optimal control.

9. Results

The existence of minimum-time optimal control for
a controllable continuous-time system in a Haus-
dorff locally convex linear topological space L is
established. By utilizing the polar set FE; as a
unit ball, which is a compact neighborhood of
the origin in L, the attainable set A(t) is shown
to be compact using the continuous linear op-
erator 1; as Ty : B, — X for each fixed time
t € I, which guarantees the existence of an op-
timal control on the boundary of E; in L and
the minimum time is obtained as the limit of a
decreasing sequence of admissible times with con-
vergent controls in F;. Moreover, the necessary
optimality conditions are derived using the Pon-
tryagin maximum principle to obtain the form of
the optimal control Iy (t) = sgn(AQ(t)) in (25) at
the minimum time ¢ = t,,; , and the Hamilton-
ian maximization is interpreted geometrically. An
example illustrates the theoretical results when
lopt =sin(d +1t), —m <0 < (32) .

10. Discussion

The results show that minimum-time optimal con-
trol problems in Hausdorff locally convex linear
topological spaces can be effectively handled us-
ing the polar set as a unit ball E,. This method
enables the identification and description of opti-
mal controls, without enforcing restrictive norm
assumptions. The structure of the optimal con-
trols is further clarified by the geometric interpre-
tation of Hamiltonian maximization, which also
emphasizes the analytical benefits of the suggested
formulation. These results suggest that a wider
class of infinite-dimensional control issues could
benefit from the proposed strategy.

11. Conclusion

Thus using the polar set E; in L, we can conclude
from Remark 13 that the geometric interpretation
for maximizing the Hamiltonian H = (¢, 1) = c,
where 9(t) is an outward normal on H to the
boundary of the attainable set A(t) and we have
shown that [y (t) is the time-optimal control such
that u(t ;lope(t)) € O0A(t) , Vt € [to,topt] and
@ = Au(t) + Bl(t), where A is an n X n matrix, B
is an n X r matrix, u is an element in X, and ¢
is constant. In future work, we are interested in
extending the time-optimal control problem using
the bang-bang principle. In addition, by using
the ideas of a unit ball such as a polar set, nets,
and Kharitonov-type rectangles or cuboids, con-
trollers can be designed for multi-agent systems
with time delays. These concepts can be applied to
a wide range of system classes, including control-
lable continuous-time systems, linear differential
equation systems, nonlinear systems, dynamical
systems, distributed and networked systems, nor-
mal and proper systems, interval-uncertain plants,
and other suitable system formulations. Again,
the present study opens several directions for fur-
ther investigation. One possible extension is the
study of nonlinear and semilinear fractional con-
trol systems in locally convex topological vector
spaces. The analysis may also be generalized by
incorporating state constraints, delayed controls,
and nonconvex admissible control sets. Another
important direction is the investigation of robust
and stochastic formulations in the presence of un-
certainties and perturbations. Further research
can also be devoted to infinite-dimensional dy-
namical systems governed by partial differential
equations, delay equations, and evolution inclu-
sions. The geometric properties of the attainable
set, including its boundary structure and support-
ing functionals, may provide deeper insight into
the characterization of optimal trajectories and
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controls related to the shape and size of the con-
structed unit ball in structural engineering. In
addition, the development of computational tech-
niques for approximating attainable sets and opti-
mal controls remains an important practical prob-
lem. The obtained theoretical results may further
find applications in quantum control, engineering
models, and other systems described by fractional
dynamics. It would also be interesting to estab-
lish generalized Pontryagin-type optimality condi-
tions under weaker topological assumptions and
for more general classes of control systems.
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On time optimal control problem in locally convez linear topological space

Appendix

Nomenclature

2
L

L*
I
FE
Ex
O,
intE,
f
X
Y
T;
o)
u(t)
o(t)
I(t)
Lopt (t)
t(1)
Alt)
OA(t)
H
Q

(G
wT
Q(t)

e—At

s> >

Controllable continuous time system
Locally convex linear topological space
Adjoint of all continuous linear functionals defined on L
Time interval I = [to, t]

Bounded subset of L*

Polar set as a unit ball pological space L
Boundary of polar set F

Interior of polar set E,

feECL®

State space of state variables

Output Space

Continuous linear operator at each fixed time t € I
State transition mapping represented by T}
State variable u(t) for some time ¢
Continuous function defined on [

Control variable [ at each fixed time t € T
Optimal control at time ¢ = o, = t(1)
Minimum time, t = ¢,y = t(1)

Attainable set

Boundary of attainable set

Hamiltonian

Supporting Hyperplane

Outward normal to the attainable set A(t)
Transpose of outward normal ¥
Transition matrix

State Transition Matrix

Arbitrary constant

Arbitrary Scalar

Arbitrary angle, —7<d<m

n X n matrix

n X r matrix
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