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This study introduces a robust fault detection filter (RFDF) for uncertain
neutral-type systems with time delays in both state variables and their deriva-
tives. Such systems are frequently encountered in manufacturing processes,
where delays and parametric uncertainties can significantly impact system
reliability and efficiency. The proposed method addresses the simultaneous
challenges presented by unknown inputs and parameter uncertainties. A Lya-
punov—Krasovskii functional is employed to derive sufficient conditions for en-
suring the asymptotic stability of the estimation error dynamics. The design
problem is formulated as a convex optimization problem solved via linear ma-
trix inequalities. A new fault detection scheme has been developed comprising
three key components: a model-based fault detection filter, a reference residual
generator operating under nominal conditions, and a resilient residual gener-
ator that is impervious to disturbances yet responsive to faults. An He op-
timization criterion is applied to maximize fault sensitivity while minimizing
the effect of unknown disturbances. The effectiveness of the proposed RFDF is
validated through simulation of a two-stage chemical reactor system subject to
neutral time delays and recycle streams. The results demonstrate the proposed
filter’s ability to detect actuator and sensor faults under uncertain conditions,
confirming its robustness and effectiveness.

(@her |

1. Introduction

Robust fault detection filters (RFDFs) for neutral
systems with time delays have attracted consider-
able attention in industrial applications over the
past few years.!™

Neutral delay systems are dynamical systems
in which the system behavior depends not only

tThese authors contributed equally to this work.
*Corresponding Author

on the present state but also on past and delayed
states, including their derivatives. Such delays
are common in modeling diverse processes across
mechanics, physics, chemistry, economics, and re-
lated disciplines.*8

In the literature, a substantial body of research
has addressed the synthesis of linear uncertain
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neutral systems with time delays, with a partic-
ular focus on differentiating the types of delays
involved.? 11

Delays often introduce undesirable effects,
which may manifest as faults in actuators, sen-
sors, or system models, potentially leading to in-
stability. Consequently, stabilization, robust sta-
bility, and fault diagnosis remain central objec-
tives in developing reliable control strategies.!? 13

In the literature, various approaches have been
proposed to ensure the stability or stabilization
of delayed systems. Among these, Lyapunov—
Krasovskii functionals provide a general theoret-
ical framework applicable to a broad class of dif-
ferential equation systems.

In particular, time-varying delays and switch-
ing topologies have been extensively studied in
the context of multiagent consensus systems. For
instance, the consensus problem for noisy multi-
agent systems with Markovian-switching topolo-
gies and time-varying delays has been investigated
using linear matrix inequality (LMI)-based stabil-
ity analysis.'* Similarly, continuous-time average
consensus under dynamically changing topologies
and multiple time-varying delays has been ad-
dressed, further demonstrating the versatility and
generality of delay-dependent LMI frameworks in
networked and distributed control systems.'?

Furthermore, robust stability conditions are
frequently established using the LMI frame-
work, which has been widely adopted for delay-
dependent control and estimation design.'® Un-
like robust control, robust fault detection (RFD)
aims to distinguish between the effects of faults,
parametric uncertainties, and external distur-
bances. Consequently, the performance of an
RFD scheme should be assessed in terms of
robustness (disturbance/uncertainty attenuation)
and fault sensitivity.

Numerous physical processes exhibit time de-
lays and uncertainty; a suitable representation
for such processes is an uncertain neutral sys-
tem with state delay. Since delays in both the
state and its derivative frequently degrade per-
formance and may compromise system stability,
there has been growing interest in designing ro-
bust fault-detection filters (RFDFs) for linear, un-
certain, neutral, state-delayed systems.'” 19 LMIs
have been widely employed for RFDF synthesis
in neutral uncertain systems.zo*22 However, the
performance indices commonly used to define the
reference residual model for retarded systems do
not directly extend to neutral systems due to si-
multaneous delays in the state and its derivative.
As a result, the RFDF design that simultaneously
accounts for time delay, exogenous disturbances,

and parametric uncertainty remains relatively un-
derexplored.

This work addresses that gap by developing
an Hoo based on the RFDF for a class of linear
neutral time-delay systems subject to exogenous
disturbances and parameter uncertainties. Our
contributions are threefold:

e We synthesized a residual generator that is
robust against structured parametric uncer-
tainty and unknown inputs while preserving
fault sensitivity;

e We developed open-loop stability conditions
using a Lyapunov—Krasovskii functional and
derived convex LMI constraints; and,

e We formulated an Hoo optimization that
yields residuals selectively sensitive to faults
affecting the system under study.

The remainder of this paper is organized as fol-
lows: Section 2 formulates the problem and sys-
tem model. Section 3 presents the RFDF de-
sign. Section 4 illustrates the proposed approach
through a simulation example. Section 5 draws
the conclusions.

2. Framework and problem formulation
2.1. Framework

Time delays arise from sensing, actuation, and
transport phenomena and are ubiquitous across
engineered and natural systems. In our setting,
they primarily reflect measurement/actuation la-
tencies and transport lags. In addition, delays
occur, particularly when a phenomenon related
to the transport of matter, energy, or information
is present.?324

The manipulation of physical processes re-
quires a modeling phase. These mathematical
models are viewed as sets of equations that re-
flect subjective understanding of the mechanisms.
Thus, they can be seen as a procedure for identify-
ing the behavior of the system’s inputs/outputs,
which depends on parameters whose values are
often poorly known or vary over time.25 27 The
obtained models did not provide a perfect repre-
sentation of reality. The parameters character-
izing a system cannot always be identified with
exactitude. However, during the modeling phase,
uncertainties naturally arise from sensor impreci-
sion and model errors.?8-30

The parameter uncertainties, whose origins
are multiple (ignorance of certain system parame-
ters, poorly accounted-for dynamics, linearization
of the physical equations, parameter fluctuations,
model complexity), can affect system dynamics.
However, it is necessary to take these different
factors into account when modeling.
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In the literature, numerous works address the
synthesis of linear uncertain neutral time-delay
systems, but the differences lie in the types of
delays.

2.2. Problem formulation

Consider a class of uncertain neutral systems with
time delays, which is defined by the following
state-space Equation 1:

(t) = (A+ AA)z(t) + (A + AAp)x(t — h)+
(A+AAgz(t—d) + (B+AB)u(t)+ (1)
Bqad(t) + By f(1)
y(t) = Cx(t) + Dy f(t) + Dad(t)
w(t) =0(t) ;te[—k0]

where x(t)e R"™ is the state vector, u(t)e R™ is
the input vector, y(t)€ RP indicates the output
vector. A, Ay, Aq, B, and C are known constant
matrices with appropriate dimensions. K = max
{h, d} and 6(t) € R" is a continuous initial func-
tion. While both h > 0 and d > 0 indicate, re-
spectively, the state and its derivative, constant
time-delays. d(t)e R™ denotes the disturbance
input, and f(t)€ R’ represents the fault vector.
In addition, B¢, Bg, D¢, and Dd are well-known
matrices.

Thus, the argument A of uncertain matrices
depends on the time t with AA, AAy, AAq4, and
AB. The uncertain parameter terms are given as
Equation 2:

[AA AA, AAq AB]|=[E)) F (2)
1

BY,n BY R B R
where Fy, FEy, E3, Ey, F1, F3, F3, and F, are
known constant matrices. which specify how the

uncertain parameters in » ;, >, , ».3, and
> ,enter the nominal matrices A, Ay, Ag, and

B.
>4, 29 » 23, and > ,, which are

real unknown matrices with Lebesgue mea-
surable elements, may vary over time, and
satisfy )] S < I, 32 S, < I8 5. < I, and
D PWESS
We model parametric uncertainty by adding
structured perturbations to the nominal state-
space matrices. The uncertainty blocks are norm-
bounded and enter multiplicatively, yielding an
LMI-amenable representation.
As mentioned above, the considered system de-
scribes the delay impacts (that is, the values of
the past state x(t—h) and its derivative &(t — d).

This model accounts for parameter uncertain-
ties. As a result, the structural complexity of this
class of systems requires a specific analysis using
mathematical tools (for example, LMIs3!). Dur-
ing this work, we are interested in the stability
analysis of Equation 2 with/without structured
parameter uncertainties AA, AAy, AA4q and AB.
In the literature, the analysis of neutral systems
with time delays is a recent topic and is little
studied.!

3. A new architecture for robust fault
detection issue

The proposed RFD architecture, dedicated to a
class of uncertain neutral systems with time de-
lays in both states and state derivatives simulta-
neously, consists of three steps, described as fol-
lows:

Step 1. Synthesis of a model-based fault detec-
tion filter: This filter is designed to generate fault
indicators (residual signals) that are sensitive to
faults and disturbances, and take into account de-
layed states and their derivatives.

Step 2. Design of the fault detection reference
filter: This is synthesized under nominal condi-
tions, assuming that the structured parametric
uncertainties are 0.

Step 3. Design of the RFDF: The scheme
is based on an augmented system subject to un-
known inputs, and the filter generates a robust
residual signal in their presence (Figure 1).

Details of the proposed RFD scheme are in-
cluded in the next section.

3.1. Fault detection filter synthesis

We adopt a two-filter architecture (reference and
residual-generating blocks) Equation 1 to decou-
ple disturbance effects and amplify fault signa-
tures. The synthesis problem is posed in state
space with decision variables collected in the fil-

ter gain matrices (Equation 3):2

Z(t) = AT(t) + ApT(t — h) + Aqz(t — d)+

Bu(t) + H(y(t) — y(t)) 3)

y(t) = Cz(t)

r(t) = Viy(t) —y(t)]

In this instance,z(t) € R", y(t) € R? represent,
respectively, the estimated state and output vec-
tors. The state error e(t) is determined as though
the difference between the actual value of a sys-
tem x(t) and the desired value Z(t). Then, the
relation is given as e(t) = x(t) - Z(¢) . There-
after, the residual signal form r(t) is introduced
by Equation 4:

r(t) =V {y@) - y(t)] (4)
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Figure 1. New scheme for robust fault detection
Abbreviation: RFDF: Robust fault detection filter.

where a weighting matrix V is necessary to speed
up the convergence of the fault indicators. While
the output error y(t)—y(t) herein indicates a fault
indicator. Both matrices H and V are the observer
gain and the weight related to the residual gener-
ator r(t), respectively.

The state reconstruction error dynamic é(t) is
defined by Equation 5:

é(t) = () —z(t) (5)
This should be asymptotically stable. Using
Equations 1-3, this dynamic state error can be
rewritten as Equation 6:
é(t) =(A—HQC)e(t) + Ape(t — h) + Agé(t — d)
+AAx(t) + AApz(t — h) + AAgx(t — d) (6)
+ABu(t) + (Bq — HDg)d(t) + (B — HDy) f(t)
The residual signal is obtained in the following
manner (Equation 7):
r(t) = VCe(t) + VDgyd(t) + VDs f(t) (7)
Thus, the equation system is obtained
(Equation 8):
(&(t) = (A— HC)e(t) + Ape(t — h)
+Aqe(t —d)
+AAx(t) + AApz(t — h))
+AA i(t — d) + ABu(t)
+(Ba — HDq)d(t) + (By — HDj) f (1)
(7(t) = VCe(t) + VDyd(t) + VDyf(1)
According to Equation 6, the residual response
is a function not only of the fault vector f(t) and
the perturbation d(t) but also depends on the
state vector x(t), the delayed state x(t-h), and
the delayed-state derivative @(t — d).
Nevertheless, the typical RFDF designed in
previous studies cannot easily lead to finding a

filter expression in terms of e(t), e(t—h), and
é(t _ d)_32,33

(8)

Residual
generation

Residual

To overcome common difficulties with neutral
uncertain systems with time-delays, the issue can
thus be reformulated, taking into account model-
matching problems Hoo. In fact, the solution con-
sists of generating an ideal reference residual, de-
noted 7,¢¢(t), and minimizing the error between
the residual signal obtained from the fault detec-
tion filter, r(t), and the reference residual signal
Tref (t).

Noting that, owing to a reference filter de-
voted to the fault detection target, the design of
an RFDF dedicated to neutral delay systems can
be readily achieved.

3.2. Design of the reference fault
detection filter

In the sequel, an appropriate reference fault detec-
tion filter should be developed to synthesize a per-
tinent RFDF for neutral systems with time delays
and parameter uncertainties. The fault detection
algorithms must improve the system’s monitora-
bility.

In this case, we suppose that the structured
parameter uncertainties are equal to 0, AA=0,
AAhZO, AAdZO, and AB=0.

The reference filter associated with Equation
3 is obtained in this form (Equation 9):
bref(t) = (A — H,C)epes(t) + Aperes(t — h)
+Adéref(t - d) + (Bd - Hde)d(t)+
(By — H,Dy)f(t)

Tref(t) = ViCepep(t) + Vi Dad(t) + V. Dy f(t)
eref(t) =0 (t<0)

With e,cf(t) and ryef(t) denote the reference
error vector and the reference residual signal, re-
spectively. H, and V, are the reference filter

gains. These latter are calculated in order to the
term (A — H,C') guarantees asymptotic stability.

9)
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The design targets high sensitivity to the fault
vector while attenuating unknown inputs and
parametric variations. This is enforced through
the weighting in the LMI conditions.

If the reference filter is wrongly chosen, the ref-
erence residual signal r,.¢(t) is unable to describe
the desired behavior of the fault indicator r(t).
For this reason, false alarms will appear.

The reference filter accounts for the effects
of external disturbances on the reference residual
signal. For this, it is necessary to minimize the
disturbance’s influence and maximize the fault’s
effect.

According to previous studies, the reference fil-
ter is defined as follows (Equatlon 10):3436
res(s) = wy £(s)+wa d(s) (10)
where r,..¢(s) indicates the Laplace transforma-
tion of the reference residual signal, ws(s)€ RHx
and wy(s)€ RH, represent, respectively, the fault
and disturbance vectors. The latter are com-
pletely decoupled. Subsequently, this residue can
satisfy the desired performances.

The robustness of the reference residual signal

with respect to disturbances and the fault sensi-
tivity is determined via Equation 11:
T = 1G5 Moo = [1G7d 0o (11)
with HGrefHoo and HGTEfHOO represent, respec-
tively, the transfer functions from the fault f(¢)
and the disturbance d(t) to the reference residual
Tref(1).

Then, to maximize the performance index Jy,
Equation 12 must be verified:

1G5 |00 — max

HG:ZfHOO — min

Consequently, the fault reference filter in Equa-
tion 9 is designed to account for the performance
index in Equation 11. For simplicity, we assume
that two matrices, L and R, are introduced to se-
lect appropriate inputs/outputs for channels or
channel combinations, as used in reference.?”

We consider the following transfer function
(Equation 13):
¢ 2L R=1[c G| R (13)

v rf rd
with L € R?*9 and R € R**!. In addition, the

selection of 5 and « scalars can be determined as
B > a > 0 and verified this condition,

L1

L=1,x4, R = [—lez
14:

167 = Gl 2 1167 lloe = 1G5 1

1Glloe >~ = I\G’”efl\oo >

and ||G7 )| < @
where G is the expression of the reference filter
(Equation 15):

(12)

], we obtain Equation

(14)

éref(t) = (A — HTC’)eref(t) + Ahemf(t — h)—l—
G Adéref (t — d) -+ BlR'I}(t) (15)
Tref(t) = LV,Cerer(t) + LD1Ru(t)
where By = [Bf — H.Dy By — Hde],
Dy = [V,Dy V.D4] and v = [T d"].

Thus, the reference residual model in Equation
10 can be constructed by defining the following
optimization problem (Equation 16):

maXa’B,HmVT (ﬁ - a) (16)
constraints (14) and (15)

To determine the reference filter model, it is nec-
essary to find the parameters related to H, and
V.

The theorem below enables the determination
of the two gains that essentially constitute the
reference fault detection filter.

Theorem 1. Consider the reference fault detec-
tion filter in Equation 9 and the associated aug-
mented error dynamics. Suppose there exist sym-
metric positive-definite matrices =, T, Y, Z, and
scalars B> a > 0 together with a tuning parame-
ter k > 0 such that the following matriz inequality
holds:

(&, 0 Ay &y ZAT —FCT = ALY

x —T 0 0 TAL 0 0

x o+« =Y 0 Y AT 0 0

* * * — Py 0 0 0

* * * * — (1ih)Y 0 0

* * * * * =T 0
| * * * * * * —%Y_
<0 (17)
where

) = AZ + A= + AT + =47

~-0TzC -FC-CTFT —T
= (Bf + By) + F(Df + Dy) + CTZ(Df + Dy)
O3 =(8—a)l+ (Df + Dd)TZ(Df + Dy)
The parameters of the reference fault detection

filter H.and V, are substituted, respectively, by
=Y and Z1/2.

Proof. The proof of this theorem relies on an
adapted Lyapunov—Krasovskii functional. The
main idea of this theorem is therefore to deter-
mine a positive definite functional V(e,cr(t),t)
whose derivative along the trajectories is negative
definite. O

Consider the following Lyapunov-Krasovskii
functional (Equation 18):

t
V(erest) = €,(5) Peres(s) + / elly(s)

Qerer(s)ds

1629




Robust fault detection filter design for uncertain neutral systems with time delays: A case study of two-stage...

where P, @ and S are positive definite, symmetric
matrices.
Consider the following index (Equation 19):

J:/O r?efrrefdt— (6—a)2/0 vl vdt

= / [T»,Tefrref - (/8 - O‘)Q,UTU - ‘./vl(erefvt):| dt
0

V(erefst)|,_o = Ounder zero initial condition and

V(eres t)],_o, > 0, by substituting the time de-

rivative of V(escf,t) along the solution of Equa-
tion 18 is yielded by Equation 20:

V(eref’t) = égef(t)Peref(t) + erefT(t)Péref(t)

teres! (t)Qeres(t) = eres” (t— h)Qerer(t — h)
By substituting Equation 9 and the time de-
rivative expression in Equation 20, we obtain
Equation 21:
V(eref,t) =
el ((t) [P(A— H,C + Ap)+
(A—H,C+ A)TP+Q+ hPAhS_lA:,fP]
eref(t)
+2erefT(t)PAdéref(t - d) + 267"efT(t)P
(By — HrDy) f(2)
2erefT(t)P(Bd - Hde)d(t) - erefT(t - h)
Qeref (t - h)+
eTefT(t)(A — H.C)TWS(A -~ H,C)erer(t)
—|—2€refT(t)(A - HTC)T\I/SAheref(t — h)
+2eref T (8)(A — HyC)TUS Agéres(t — d)+
2¢,e57 (1) (A — H.C)TUS(By — H,Dy) f(t)
+2€refT(t)(A - HTC)T\IJS(Bd - Hde)d(t) (21)
+2epef T (t — h) AT VWS Agérer(t — d)
+2€ref L (t — h)ATUS(By — H,Dy) f(t)+
2¢,e5 L (t — h)ATUS(By — H,Dy)d(t)
terer (t—h)ALUSAperer(t —h)+
Qé%f(t —d)ATUS(B; — H,Dy) f ()
+2é,,¢(t — d)AdT\I/S(Bd — H,Dg;)d(t)
+é?~if(t — d)ATUS Agérer(t — d)
+d"(By — H,Dg)¥S(By — H,.Dy¢) f(t)+
dT(t)(By — H-Dgq)VS(By — H,.Dy)d(t)
+fT(t)(By — HDy)" S(By — H,Dy) f(t)
+fT(t)(By — H,Dy)"S(By ~ H,Dy)d(?)
—el p(t — d)Séper(t — d)
The reference residual is given by Equation
22:
Tref(t) = LV,Cerer(t) + LD1 Ru(t) (22)
The term 72, s()Treg(t) is computed as Equa-
tion 23:

rer (Orees (1) =
[ViCeres(t) + Vi Dad(t) + Vi Dy f(1)] T %
[V:rceref(t) + V;"Ddd(t) + V;fo(t)]

= e} ()CT ZCl,es(t) + €)os(t) [CTZDy  (23)

—CTZDg] v(t) +v"(t) [Df ZC — Di ZC] epes(t)

+v"(t) [D} ZDy — D} ZD4— Dy ZDy — Dj ZDy]
v(t).

Finally, the equality in Equation 19 may be

specified in the form of a matrix as presented in
Equation 24:

_ OO T
J—/O (w750} di

Consider diag(Z,T,Y,1,Y), Schur complement
can be applied (Equation 25):

[y 0 Ay @&y ZAT -FCT = ALY
x —-T 0 0 TAL 0 0
x o« =Y 0 VAL 0 0
* * * —®g 0 0 0
* * * * — (1ih)Y 0 0
* * * * * =T 0
| * * * * * * —%Y
<0 (25)
where

®) = A=+ A=+ AT + AT —CTZC - FC -
CTFT — T} ® = (By + Bq) + F(Dy + Dg) +
CTZ(Dy + Dy)

O3 =(6—a)l + (Df + Dd)TZ(Df + Dy)

The LMIs of Equation 25 can be verified
when the preceding J criterion is positive defi-
nite. Moreover, if we choose the vector v(t) = 0
which depends on faults and disturbances, the de-
rivative of the functional V'(e,;, ) is specified in
Equation 26:

[G(E,H,) 0 AlY EZA-FC E AlY]
* =T 0 TA;, 0 0
* * -Y YA, 0 0
* * * — (1Jlrh)Y 0 0
* * * =T 0
i * * * * —%Y_
<0 (26)

3.3. Robust fault detection filter design

Let the uncertain neutral time-delay system rep-
resented in Equation 1 rewritten in Equation
27:

(t) = (A+ AA)x(t) + (Ap + AAy)z(t — h)
+(Ag+ AAg)a(t —d)+ (B+ AB)w(t) (27)
y(t) = Cu(t)
z(t) =0(t) ; te[—k0]
u(t)
With w(t) = | f(t)|.
d(t)

The vectors x(t), u(t), y(t), d(t), and f(t) are
respectively, the state, input vectors, output, dis-
turbances and faults. The theorem below offers a
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sufficient condition ensuring the asymptotic sta-
bility of the system and satisfying the norm Hoo.

Theorem 2. Consider the wuncertain linear
neutral-type delay system in Equation 27. Given
a prescribed scalar v > 0, the system is asymp-
totically stable, and, under a zero initial condi-
tion, the performance ||y(t)||, < v llw(t)||, holds
if there exist symmetric positive-definite matri-
ces X1, Xo,X3, Y, and T, together with positive
scalars €1, €o, €3, €4, and h > 0, such that the
following LMI is feasible (Equation 28):

[Mij]12><12 <0 (28)

The nonzero blocks of M;; are specified as:

My = AXy + A4p Xy + X0 AT + X1 AL + o FI Ry

Mg = AgX3, M1y = B, M5 = X; AT
Mg = X1CT, My7z = Xq, Mg = Al X5
Mg = X1E1, M0 = X1Eo,

My 10 = X1 By, My 11 = X1 E3

My = —Xo + e9F] Fy, Moy = Xo AL
M33 = —X3 + EgFgFg,M% = XgAg
M44 = —’)/I + 64F4 F4, M45 = BT

Mss = —1+hY Mg = —1

M7z =T, Mgg = —+Y ,Mgg = —&11

Moo = —e2l, My111 = —e3l

Mg 9 = —e4l

and M;; = 0 otherwise. All  ma-
trices are of compatible dimensions and

(A’ Ah7Ad7B7C7El’E7 l: ]‘""74)
are known data.

Proof. Consider the Lyapunov—Krasovskii func-
tional defined by Equatlon 29:

V(z, t) = dT(s)Pix(s) + [, 27(s)Qua(s)ds
+ [l )ng( ) ds (29)
+ 0 (fm 5)Qa(s) ds ) do

where P, 1, and Q)2 positive definite matrices.
The index J; can be written as Equation 30:

= o vy — (8 - @)’wwdt (30)

O

Then, this criteria is rephrased. To admit that
V(z,t)—g = 0 and V(z,?) =0, we get
Equation 31:

DS S5 6Ty = (8= a)wTw — Va(e, t)] i (31)

Then the dynamics of V(z,t) is given by Equa-
tions 32 and 33:

[t=00

V(z,t) =227 (t)Piz(t) + 27 (t)Qrz(t)—
wT(t - )Qlw(t —h)+ wT(t) Qo (t)
—aT(t — d)an: (t— f [T (t) Q2 (t)—
(t+a)Q2:c (t+a)] do
2233 (8)Pa(t) + o (H)Qra(t)—
( h)Qua® (t —h) + (1+h) T(H)Q2i(1)
2T (t — d)Qai(t — d) fh (—|—an
(t + a)do
=2l (t)(PL(A+ Ap) + (A+ Ap)T
Pr+ Q1)z(t)
2T Py [0, Apic(t + a)da+ 22T (1) Py
Agx(t —d)
+2:L‘T(t)P1§u(t) - :UT(t —h)Q1xT(t — h)
(U h)ET — a7 (t - Quilt — d)—
10 L 3 (E+ @) Qo (t + a)do — 22T (t) Py fEh Api
(t + a)da
=— f 295 (t)PLApa(t + a)da
< f h PlAhQQ IATPIQS‘( )
(t + a@)Q2(t + a)da
< hx ( )PlAhQQ_lATplx( )
IO, 8T (¢ + @)Qai(t + a)da
=a"(t) [Pi(A+ Ah) (A+ A,)T P+
Q1+ hPlfithlezpl] :L’(t) + 2:L’T(t)P1
Agx(t —d)
+2xT(t)P1§ugt) (e h)Q1z(t — h)
2T () AT (1 + h) Qe Aw(t)+
( JAT (1 + h)Q2 Apa(t — h)
+2x (t )AT( + h)Q2Agi:(t — d)+
2T (1) AT(1 + )Qs Bu(?)
+2xT(t — h)AT (1 + h)Q2Aqa(t — d)
+227 (t — h) A (1 + h)Q2Bu(t)
+2T(t — h)AL (1 + h)Q2Apx(t — h)+
207t — d) AT (1 + h)Qa Bu(t)
+3T(t — d)AT (1 + h)Q2 A3 (t — d)+
ul' () BT (1 + h)Q2Bu(t)
—iT(t — d)Qai(t — d)
where yTy = 27 (t)CTCx(t) , then we can calcu-
late the following expression as Equation 34:

(32)

(33)

Yy — (B —a)’ww — Va(z,t)
M(X1,4,4,) 0 AuXy

—X,

*******“
X % ¥ ¥ ¥ %
lO
* % ¥ ¥ ¥
>
* % ¥ ¥ ~NO oy
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(34)
X AT x0T Xy ApXs ]
Xo A 0 0 0
X3AT 0 0 0
1
_I—ThY 0 0 0 <0
* —I 0 0
* * — X5 0
* * * —%Xg )
Lemma 1. (Equation 35).
Q= Ql + Ql * dzag {21, 22, 23, 24} *
diag {Fl,Fg,Fg,F4}*dz'ag {Fl,FQ,F3,F4} (35)
+diag{F{, Iy, Ky, F['}
T
* dlag{z,{a Eg? ET, EZ}Q§
where Equation 36:

Q- (3
My 0 Myg My Mys Mg Mir Mg
x M22 0 0 M25 0 0 0
* * M33 0 M35 0 0 0
* * * M44 M45 0 0 0
* * * x Mss 0O 0 0
* * * * * Mg O 0
* * * * * x My 0

* * * * * * *  Msgg
Lemma 2. )
EXF + FTYTET < EAET + FTAF
E = QQ, F = diag{Fl,Fg,Fg,F4
r = diag{eil,eal,e3l,eql}, % =

dzag {217 227 Z3a 24}

This inequality warrant that V(z,t) < 0. If
w(t) = 0. LMI in Equation 17 that satisfy the
feasibility of the LMI in Equation 34 this im-
plicit that the system in Equation 19 is asymp-
totically stable (Equation 37):
ly(@®)ll2 < lw(®)ll2 (37)

Therefore, the augmented system corresponds
to the linear uncertain system with neutral time-
delays and it is described by Equation 38:

Xp= (AF + AAR) XF + (Ahp + AAhF)
Xp(t—h)+ (38)

(Adp + AAdF)XF(t —d)+ (Bp + ABp)w(t)

rp=CpXp+ DFw(t)

é U
where Xp = €ref|, W = fl,
i d
A—HC 0 0
Ap = 0 A—H, 0|, A, =
0 0 A
A, 0 0 Ag 0 0
0 A, 0], A = 0 A; 0],
0 0 A 0 0 Ay

0 B;—HD; By—HD,
Bp - 0 Bj—H,D; By—H,Dy
B By By

5 CF = [VC ‘/TC 0], DF =

0 VDy—V,Dy VDg—V,Dg], Ap =

Evpy o Firs Anp = Eor) o Fop  Ag =
Er

E3p) 3 F3p , Bp = Eyr )y Fur, E1yp = | O |,
_El_

Ey Es [E4]

FEop = |0, Esp = | 0|, Byp = | 0|,
Es Es | Eq |

Fip = [0 0 R, Fbp = [0 0 F, F3p =

0 0 F3], Fap=[0 0 Fy

To calculate the gain H and the weighting ma-
trix V associated with the robust filter for fault
detection given by Equation 8, it is necessary to
ensure the stability of the augmented system in
Equation 38.

Theorem 3. Consider the linear uncertain neu-
tral time-delay system in Equation 38. Given
a constant scalar ~v > 0, the system is
asymptotically stable and the Hoo performance
lre)]l, < Yllw(®)|ly holds if there exist sym-
metric positive definite matrices P, Q1, Q2, and
I'=diag{e11,e91,e31,e41} and free matrices Y
and V, such that the following LMI is satisfied
(Equation 39):
[Nijliaxia < 0 (39)

The symmetric block entries are defined by:
Ny = PlA—l-ATPl —i—PlAh—l-Az;Pl —ch—CT}/lT
Ni5 = PBy —Y1Dy, Nig = P1Bg — Y1 Dy
Niz = CTVT, Ny1g = PiAg, Nii1 = PLEy
Nij12 = PiEs, N113 = PiE3, N1y = P Ey
Nog = Py A+ ATPQ 4+ Q9 — PbH.C — CTHgPQ
Nys = PyBy — PyH, Dy, Nog = PyBy — PyH, Dy
Noy = CTVE, Nog = PyAp, Nojg = PyAg
N33 = P3A + ATP3 + Q3 + €1F1TF1, N34 = PgB
N3s = P3By, N3g = P3Bg, N3g = P3Ay
N3 10 = P3Ag, N3 11 = P3E1, N312 = P3E>
Nsi13 = P3E3, N3y = P3Ey, Nag = —*1 +
€4F4TF4, N55 = —"}/21
Ns7 = D?VT — DJ? VI Neg = —721
Ner =DIVT — DIV Nez =1
Ngs = Qa, Nogg = —Q1 + e2F4 F>
Niowo = Q2 + e3F] F3, Ni11 = —e1l
Nig12 = —eal, Ni313 = —e31
Nig1a = —e4l,

N;; =0 otherwise.

Moreover, the observer gain and weighting are
recovered by H = P~V and V = ZY/2, respec-
tively.
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The fault detection phase is completed by the
development of a reference filter, allowing the gen-
eration of the fault indicators r,..; sensitive only
to the fault and robust with respect to the para-
metric uncertainties.

4. Modeling and analysis of two-stage
recycle reactors

4.1. System description

The effectiveness and capabilities of the proposed
fault detection algorithms will be demonstrated
through analysis of a two-stage chemical reactor
with delayed recycle streams. Both reactors are
assumed to be continuous stirred tank reactors
that are isothermal.3® 42 In industry, the recycling
reactor is most frequently utilized. In addition
to increasing conversion overall, it lowers reaction
costs.

A reactor is a container or enclosed space for
conducting and optimizing a chemical reaction
and for converting materials in general. In addi-
tion, the recycling reactor is used when the reac-
tion is self-catalyzed, when the reactor must oper-
ate under nearly isothermal conditions, or when
selectivity is required. This type of reactor can
also be applied to biochemical operations.

The schematic diagram of the two-stage reactor
with recirculation is depicted in Figure 2.

Recycling reactor

Figure 2. Principle of operation of a recycling
reactor

Referring to the schematic diagram in Figure 2,
the reused jet is removed at point 3 and merged
with the fresh feed at point P. The recycling pa-
rameter R is defined as the moles recycled per
mole of product removed at point Q.

4.2. System modeling

Before applying the methods of fault detection,
reactor modeling is crucial. For reactor model-
ing, consider an element of the reaction phases
volume AV believed to be uniform in tempera-
ture and composition: a general form of a molar

balance for any continuous species A; continuous
in a volume V| is presented as Equation 40:
@i = Fie — Fis + AV {i=1....k} (40)

% is the rate of accumulation of A; in volume
AV. F;. and Fj, are, respectively, the molar flow
rates entering and leaving by convection and/or
diffusion. V; is the rate of production of the chem-
ical species and is expressed in units of volume.
The reactor parameter values are summarized in
Table 1.

The mass balance equations for the reactor

shown in Figure 3 are deduced in Equation 41:

Vid1(t) = (1 — Ro)wa(t) + ki (t — d)

— & Jig(t — d)
- plxl( ) — Vidra ()
‘/Qig(t) = FQ.’EQf(t) + R2$2(t — h) (41)
+Ryx1(t — h)
—(Rl + Rg)i'l(t — d) + Rg.fg(t — d) — VQ(SQ(L'Q(t)
—FQI'Q(t)

Equation 41 can be rewritten as Equation
42 after simplification:

(@1() = (& +81) ()+%x2(t)+

7R2><V1x1(t — d) — 7R <V i‘Q(t — d)

da(t) = (& + 52) za(t) + Bag(t — )+ (42)
Rlxl(t - h) + Dty — V) (1 — g)
+ I'Q(t —h)

The state equation is defined as Equation 43:
i(t) = Ax(t) + Apa(t — h) + Agi(t — d) + Bu(t)

y(t) = Ca(t) (43)
Tty = <I>(0) with [to — h, to]
with x(t), x(t—h), &(t — d), and u(t) are the vec-

tor of state, delayed state, neutral state, and the
control of second-stage reactor, respectively. y(t)
is the output corresponding to the reactor outlet
flow rate of the first stage. A, Ay, Agq, B, and C
are matrices of appropriate dimensions given as

follows: ( :
1 1-R
- 1 P h -
0 0 B, gl
[Rl 32] A = | (Bhy B B =
Vo Vo Vo 72
H
P
\%
C=[1 0.D

5. Simulation results

Figure 4 shows the dynamic behavior of the re-
actor states, specifically the flow rates, under time
delays of h = 3 and d = 1, which are held con-
stant. The figure shows how states change over
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time, demonstrating the system’s evolution under
the given delays.

Table 1. Parameters of the two-stage recycling
reactor

Figure 5 illustrates how the system output
changes with a nonzero time delay. Adding a de-
lay d to the state derivative causes transient os-
cillations over (2.5-15) seconds before it reaches
steady state, indicating the system’s ability to
suppress disturbances caused by delays.

Reactors are susceptible to faults and distur-
bances that can affect their performance. How
to develop fault detection filters that are robust,
as described in the study, to reduce the impact
of the faults and maintain the reactor’s reliable

While the uncertain parameter characteristics
are defined by:

Symbol Description Value
Ry Recycling flow rate 1 0.5
Ry Recycling flow rate 2 0.5
0, Residence time of stage 1 1
02 Resifience time of stage 2 1 operation.
01 Reaction constant of stage 1 1
P Reaction constant of stage 2 1
F; Feed rate 1
Vi Volume of reactor 1 1
Vs Volume of reactor 2 1
}el - (f‘ _h)

)

_____________________

I I I
I | |
1 | |
——T e — — ———— U N g ——
I ] |
1 I I x2
1 | | x1
1 I I
—————— e e e e [ el
1 | |
I | |
l | |
DU DU AP S .
[ ] |
1 | |
o 1 | |
> 1 ] ]
—o0Aa+Hy----——r-—-———-—-a4—-————- +——————— F——————— ———————
- I | |
= 1 l l
1 I I
I | | i
T T I
1 | |
1 I I
[ | |
______ e
1 I I
I | |
1 | |
—————— T e T e T e L b
1 I I
I | |
I | |
1 L 1
15 20 25 30
Time (s)

Figure 4. Evolution of the system states in normal operation
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The fault occurs at t = 5 s and t = 7 s. Using
Theorem 1, the reference residual model, given
in Equation 2, has the observer gain H, and the
weighting matrix V,. as follows:

g [ 15614 0.6391
"7 |-0.5620 0.9493

V. — 1.9691 —1.0011
" 1—0.3588 1.6496

The value of the constant v, determined by
Theorem 2, is equivalent to 3.5195. Based on
the LMI’s resolution, we can confirm that the dis-
parity ||z]|, < v||w|l, is satisfied. According to
the third theorem, the Hoo It is possible to solve
the RFDF problem, and the equation yields the
desired filter in Equation 3, with H and V es-
tablished as:

g [F0-1641 0.5898
~ | 1.8032  —1.8476
v [2.0180  —0.2819
~|-0.2359 0925

Faults can take many forms. In what follows,
we will focus on the fault. The system is affected
by two franc-type sensors f.(t) and actuator f,(t)
faults given as follows (Equations 44 and 45):

Figures 6 and 7 illustrate the fault signals
injected into the system to evaluate the perfor-
mance of the proposed fault detection and isola-
tion scheme.

Figure 6 shows the sensor fault signal f.().
This is defined as a rectangular pulse with an am-
plitude of 0.2 and is active only during the time
interval 20 < t < 21s. Outside this interval, the
signal is 0 (Equation 44). This fault is inten-
tionally brief, lasting only one second, and occurs
relatively late in the simulation, making it chal-
lenging to detect.

Figure 7 represents the actuator fault signal
fa(t) defined as a rectangular pulse of amplitude
0.1, occurring over the interval 5 < t < 6 seconds,
and 0 elsewhere (Equation 45).

Figure 8 illustrates the dynamic evolution of
a neutral-type delay system under the influence
of switching faults and disturbances. The peak in
time (5 < t < 6) is significant, because it detects
the presence of an actuator fault, and the same
for the peak between (20 < t < 21 seconds) for
the sensor fault. The oscillatory behavior also re-
veals, to some extent, system stability problems.
To reliably detect faults, the filter must be suf-
ficiently sensitive to faults but robust enough to
withstand the typical dynamics and disturbances

f = 02 20<t<21 44 of normal operation.
fty=1"% 20 (44) ofxe . |
eise Figure 9 demonstrates the time-like evolution
of the residual signal, which is often employed in
Fult) = {0-1 5<t<6 (45) fault detection and isolation strategies. The resid-
a - .
0 else ual compares the measured system output with
the anticipated (observer-assessed) output.
0.2 T T T T T
| | | I I
| | | I I
018fF——————— : _______ ——— | - r T T T
l l l l l
QIGp=—==——== e = == —— = ————— - —— = = ]
I I I I
014 | —————- e S e P P
| | | 1 1
I B I [ A B
| | | 1 1
| | | 1 1
— | | | | |
g orf-f---- - q------ i o == ===
| | | 1 1
0.08F—f-———- A S L S Lo S
| | | | |
| | | 1 1
0.06 [ f ===~ P e e P P
| | | | |
| | | 1 1
0.04 - i | | i | -
| | | I I
| | | I I
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| | | ] ]
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0 | | | i 1
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Figure 5. Output trajectory analysis of the neutral-type time-delay system
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Figure 7. The actuator fault
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Figure 9. Residual evolution

Fault detection involves evaluating residuals
to distinguish between healthy and faulty cases.
This is a rather straightforward process: residuals
are simply compared to a predetermined thresh-
old; any residual above it confirms the presence
of a fault (Equation 46).

Jh = (%)

sup
de€Lo,u€ls,f=0

<ﬁ%£wmw)

The evaluation function is based on the robust
residual expression. This function enables the de-
tection of faults. The residual evaluation function
is defined as Equation 47:

2T, —

(46)

J(r) = lr@®)ll2r. =

< /t :O+Te T () (t) dt) :

The evaluation interval is defined as ¢t €
[to, to + Te], where t = 0 denotes the initial evalu-
ation time and represents the duration of the eval-
uation window. The value of T¢ is limited, since
computing the residual over the entire time hori-
zon is impractical. Based on the considerations
above, fault occurrence can be detected using the
logical relations in Equation 34. The decision-
making process involves comparing the norm of
the residual, calculated over the interval T,, with
an adaptive threshold J;j according to the follow-
ing detection logic (Equation 48):
&r(t)er. > Ju, = fault alarm
{&r(t)g,Te < Jin = without fault

(47)

(48)

The adaptive threshold indicates the deviation
of the residual from zero. When this threshold is
exceeded, the residual indicates a fault has been
detected. This threshold is used to suppress false
alarms.?® 42 The detection threshold .J;, must also
be based on the model’s tolerance to external dis-
turbances and uncertainty. The detection thresh-
old is determined under normal operating condi-
tions (fault-free system) as follows (Equations
49 and 50):

I7a(t) + ru@)ll2,r. < lra(®)l2,r.+
(49)

()2, < Jg+ Ju

o 74(t) = r(t)|u=0,f=0: It represents the por-
tion of the residual that is robust to faults
and system inputs, while remaining sensitive
to disturbances.

o 7y(t) = r(t)|d=0,r=0: It represents the portion
of the residual that is robust to faults while
being sensitive to the system inputs.

Jq = sup ||[rq(t)|l2,1.
de Lo

(50)

Ju = sup [|ru(t)|2.7.

Thus, the adaptive threshold .Jy, is chosen as

follows (Equation 51):

Jih = Jg+Ju (51)
Assuming d € Lo, we have (Equation 52):

Ja = upger, lIra(t) 2 = M, (M = 0) (52)
We obtain Jy, = vy [[ul|y 7, and the constant v,

is determined by (Equation 53):
u(t e

T = sup L 2 (53)

As a conclusion, the adaptive threshold can be

rewritten as the association of a constant term M
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and variable ones that depend on the evolution
of ull.7,-

Thus, the adaptive threshold is given below
(Equation 54):

Jin = M+ llull2,r. (54)

The generated residual and evaluation functions
are shown in Figures 9 and 10. With the evalu-
ation time set to t = 0 s, the detection threshold
can be obtained directly from the evaluation func-
tion. Jyp= 0.1690 for the 30 s period. We can see
that [|rp(t)lly7, ~ 0.169 > 0.09 for Tc = 5.5 s.
Hence, the system can identify faults once they
have occurred.

To further highlight the contribution of this
study, Table 2 provides a comparative overview
of recent works on robust filtering and fault de-
tection for time-delay systems. The comparison is
structured around three key features: the consid-
eration of neutral-type time delays, the treatment
of system uncertainties, and the design of a robust
filtering scheme. Several existing approaches have
addressed these challenges partially. For instance,

some works have focused on robust Hoo filtering
for uncertain linear systems with time-varying de-
lays but without accounting for the neutral de-
lay structure, while others have tackled fault de-
tection filter design specifically for neutral sys-
tems, yet without incorporating parametric un-
certainties. A third line of research has proposed
an unknown-input observer-based fault detection
approach for uncertain time-delay systems, but
without addressing neutral dynamics. In con-
trast, the present work simultaneously handles all
three aspects: neutral time delays, system uncer-
tainties, and RFDF design. This combination,
applied to a concrete industrial case study of two-
stage recycle reactors, represents a more compre-
hensive and practically relevant framework than
those previously reported in the literature. As
summarized in Table 2, to the best of our knowl-
edge, our approach is the only one that jointly
satisfies all three criteria, and thus closes a signif-
icant void in the existing literature.
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5 : : s at
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[ " " [ '
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Figure 10. Residual-to-threshold comparison for fault detection purposes

Table 2. An overview of research on robust neutral time delay

Study Neutral Uncertain  Robust H.,
time delay system filtering

Robust Hoo filtering for a class of uncertain linear systems with No Yes Yes

time-varying delay

Linear matrix inequality-based fault detection filter design of Yes No Yes

a neutral system with delay in states

Robust fault detection of linear uncertain time delay systems No No Yes

using unknown input observers

Our study: Robust fault detection filter design for uncertain Yes Yes Yes

neutral systems with time delays: A case study of two-stage
recycle reactors
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6. Conclusion

Our study presented a novel RFDF designed for
uncertain neutral-type systems with time delays
affecting both the dynamics and its derivative.
Using Lyapunov—Krasovskii functionals and LMI
methods, stability theorems were formulated to
guarantee resilient residual synthesis in the pres-
ence of systematic uncertainty and unknown in-
puts.

The proposed architecture incorporates a refer-
ence residual filter and an Hoo optimization-based
detection approach to enhance fault sensitivity
while reducing the effects of external perturba-
tions.

The theoretical advancements were corrobo-
rated via a simulation analysis of a two-stage
chemical reactor with delayed recycle streams rep-
resentative of real industrial processes. The sim-
ulation results confirmed the effectiveness of the
developed fault detection filter. Sensor and actua-
tor faults could be successfully isolated under un-
certain conditions, demonstrating the filter’s ro-
bustness and practical applicability. Future work
could extend this paradigm to encompass non-
linear or large-scale distributed systems, examine
advancements in data-driven or adaptive estima-
tion methods, and evaluate experimental valida-
tions in hardware models.
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