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In this paper, Ulam’s stability of neutral fractional stochastic differential equa-
tions (NFSDEs) with sub-fractional Brownian motion (sfBm) is studied. Exis-
tence and stability results are established using fixed point theory, semigroup
theory, and fractional calculus in a stochastic setting. We modify unstable
impulses into stable impulses in the signal transformation of the cell tissue

Keywords: trajectory. Numerical simulations are provided to verify the obtained results.
Fractional differential equation Fractional components are used to construct a fractional-order analogue circuit
Ulam’s stability model for an artificial tissue homeostasis circuit, which is relevant to the ap-
Stochastic calculus plication features. The proposed circuit offers several advantages for framing
Non-instantaneous impulse effective cell populations, including (i) predicting the death of 3 cells at the
Homeostatis analog circuit microscopic level for type 1 diabetics, (ii) regenerating the dead cells through
Health sytem modelling stem cells, and (iii) achieving stable signal transformation between 3 cells and
Sustainable innovation stem cells.
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1. Introduction years because of their applications in science, en-
gineering, medicine, and many other fields, with
extensive research interest.'22 The activity of
instantaneous impulses does not clarify certain

Random noise affects several phenomena in engi-
neering, physics, biomedical, and other fields of

study. Thus, the stochastic differential equation .
model is undeniable (see' and?). Recently, frac- dynamics of the development procedure of phar-

. . . . . . th } int t the ci t
tional differential equations have received wide at- tnacotherapy-. One Cail TeTpret e Circumstance
tention: see references3® TFew authors inlo18 25 an impulsive action that begins suddenly and

have studied the qualitative properties of frac- remains dynamic over a limited period, which

. L . . b tured b -instant i Ises.
tional stochastic differential equations. Further- (132513725 C;I;elrljcz d t}ife I;g;g:ﬁcir;ezﬁ?:?srlgn(gzszesf
more, electrical networks include a lossless trans- P

mission line, which is illuminated by a neutral generalized fractional stochastic differential equa-

. . . . . . tions with non-instantaneous impulses driven b
differential equation. Impulsive differential equa- 9597 p y
. . . fBm. In a few papers, the researchers exam-
tions have been an active research area in recent

ined stability properties of impulsive differential
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Self-similarity, non-stationary of the
28

equations.
increment, and Holder path are the properties
of sfBm, which greatly help as a model tool in
telecommunication, finance, and many other ap-
plications. The S cells are the sub-optimal system
of microscopic pancreatic cells. Thus, sfBm is uti-
lized to represent the diffusion part of the cells.
In general, insulin slows glycogen production in
the liver whenever glycogen metabolism is irreg-
ular. Therefore, delay differential equations have
been embedded in this study. The delay differen-
tial infinite-dimensional system has rich dynamics
and is more qualified to consider complex objects
through a long life history. Tissue homeostasis is
a vital system that manipulates the different cell
populations within a tissue.?? To regenerate the
dead S cell due to miscarriage of homeostasis, ar-
tificial adult stem cells could be utilized as per the
following model of the Hill equation described as
dAIl C

d PO+ Ky
which represents the differentiated cell popula-
tion, excluding the diffusion of molecules. Nu-
merical demonstrations of different genuine situ-
ations are prompted by the modeling of differ-
ential equations. Depending on the total number
of requested subsidiaries, these customary models
may present large errors. The fractional differen-
tial equation helps to correct the error by utilizing
fractional derivatives and gives an amazing por-
trayal of the memory and heredity properties of
cycles. Hence, it is necessary to upgrade the pre-
vious model to a fractional-order delay system.
The proposed fractional-order circuits®?:3! are the
foundation for identifying the dead cell in a more

suitable way than the previous one.

Stability is one of the significant qualitative
properties of a dynamical system in that the abil-
ity to control is noteworthy in biological applica-
tions since deviations in the mathematical model
unavoidably lead to estimation errors. Here, the
RC' circuit model has been utilized to examine
stability properties, as it has been taken into
consideration by numerous scientists throughout
its potential applications. Ulam-Hyers stabil-
ity supports finding the nearby exact solution.
Ulam-Hyers stability results of differential sys-
tems have been investigated by many authors;
see.3273% There is no existing literature discussing
Ulam’s stability behavior of the proposed model
driven by sfBm. Therefore, the study of Ulam’s
stability is concerned with the system described
by

— Koy Al

“Dg, [w(6) = L(Lz(t = pr(0)))]
= [Az(0) + §(£, z(£ — p2(£)))] 1)

A (e - py(0) 22D

Ce (s ti+1], i=01,28k

z(0) = Ni(l,z(£ — pa()))), £ € (i, i), i =1,2,...,k,

zo(+) = ¢ € BFO([(0), 0], H), (2)
where ¢D?0%1 describes the Caputo differentia-
tion of order ¢ € (0,1). Choose A be an op-
erator on D(A) C H — H. =x(-) takes val-
ues in the Hilbert space H with inner product
< -+ > and nom || (K,||K,(--)) be an an-
other separable Hilbert space. We use the same
|| and (-, ) symbols for K norm and inner prod-

uct respectively. Let J = [0,b]. The mappings
LF:JxH—=H, A:JxH— L2OK,H) are
appropriate functions to be defined in the sequel.
Let Ky = Q%K, also LY(Ko, H) signifies the space
of all @-Hilber-Schmidt operators from Ky to H
and Ni: [0, (i) xH —H (i=1,2,--- ,k,k € N)

are all BoreAl measurjble flAlIlCtiOIlS. Also, assume
that J; = (G, binr], Ji = [Ci bia], Ti = (G, b,
T; = [é,ﬂiﬂ] and ¢;, fl are fixed numbers assur-

ing0=l=CG<h<G< - <l<(<
liv1 = b < co. Assume p;(¢) € C(RT,RT)(j =
1,2,3,4) succeed t — p;(t) = oo as £ — oo and

m(0) = mazinf >0(C - p;({), j=1,2,3,4
and BF0([(0),0]) stands for the family of all (al-
most surely) a.s. bounded, F0-measurable, con-
tinuous random variables p(¢) : [(0),0] — H
along the following norm

lp| B =supm < € < 0F |p({)| H.

The novelty and importance of the study are
highlighted as follows:
e The non-instantaneous impulsive condition is
imposed on NFSDEs for investigation.
e The Banach fixed point theorem is used to de-
rive the existence and stability result by relaxing
the compactness conditions on the semigroup of
a bounded linear operator Ty (£),£ € J.
e Sufficient conditions are established for Hyers-
Ulam stability of NFSDESs, driven by sfBm.
e Results are derived through the p** moment
norm.

In the application aspects,
(1) Hyers-Ulam stability results and non-
instantaneous impulses of NFSDEs are used to
identify the exact location of the dead [-cells.
(2) Generate a stable signal transformation from
the new stem cells of the trajectory tracking to
B cells. Then the feedback control (homeostasis)
mechanism of § cells becomes activated.

The paper contains five sections: Section 1,
provides the literature review. Section 2 explains
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basic concepts, notations, and lemmas. In Sec-
tion 3, we derive the necessary conditions for the
existence, uniqueness, and stability of NFSDEs
with non-instantaneous impulses. In Section 4,
numerical simulations are offered to establish the
results. Section 5 is devoted to the conclusion.

2. Preliminaries

Let (92, F,P) be a complete probability space
with the normal filtration F = {Fy}s>o. Let
Sg(ﬁ) = {S(¢);¢ € J} denote a sub-fractional
Brownian motion (sfBm) with Hurst parameter
H € (1,1) defined on (Q, F,P).

The space of all Fy-adapted processes U(t, w) :
[11(0), 00) x @ — R that are almost surely contin-

uous in ¢ for fixed w € Q satisfy ¥(¢,w) = ¢({)
N X p

for ¢ € [(0),0] and EH\If(z, w)HH < 0. Define

Y = C(J, Lp(Q,H)) is a Banach space with the

norm

=supF
>0

¥

&J(E)Hi; < 0.

Denote Jo = [0, ¢1], Ji = (Q, liva],i=1,2, .,
Take Z = PC(J,Lp(QQ,H)) = {z : z

IImw

(J, Lp(Q,H)), x(£;), x(¢) exists and z(f;)

e(6F),i = 1,2k} with ||, =
1

sup{E [|z(£)[["} .

led

Lemma 1. (%) For A, R,(¢) and T,(¢, one has
AT, (0)x = AT, () A%,

4°T,(0)| < 4ot F(ffq(‘le) Gy (e ©

Remark 1. (%)

¢ 2 A~ 2 AP
B [ o= Oacasd
Y
< ROz mE=E yppy 3 (7”_2 )1722
r 2pq —p—2

44 ~
< [ ]J#0

Lemma 2. A H-valued Fy-adapted stochastic
process {x(f) : £ € J, 0 < b < oo} is called
a mild solution of system (1) — (3), if for ev-
ery xg = ¢ € Br,([m(0),0],H), z(¢) has cad-

lag paths on J as. VU € (Af, the function

(€= Q)1 AT (0~ )L(C, 2(C — pr(C))) is integrable

and satisfies the following integral equations

Rq(0)[0(0) — L(0, 90(0 p1(0)))]

+L(¢, m(ﬁ—pl +f0 K— )q 1

x ATy (¢ — C) (Gl - Pl(C)))dCA )

ey = 4 T =0 1T (0= OFC = pa O @
+ =T (0= 0)

xA(C.a (C Z1(8 )))dsg(f),/€ [0, 1]
Ni(t,2(C = pa(0))), €€ (£, G,

i=1,-,k

(£ = 6) [NilCuralG = pa(C))
~L(Gia (cl pr(CN)] + £( 2t — pr(0))
+ JE (0= QAT (0= O, (= (O
L= O = O 2(C — pa(d)))dd
L= O T - DA,

2(C - p3<o>dsQ<<> € (Givti+1]

where Ry(0)z & Ty(¢)x is specified in.%°

The following inequalities are used to derive the
Hyers-Ulam stability result.
Choose € > 0 satisfying

(E||“Dg.[9(6) = L&, 5 = p1(£)))]
—[Ag() = §(t, (¢ = pa(6)))

dSH(e
—A(t, (v — ps(1)) fjt( >}

p

le (I/’Ugi-i-l]

E[[“Dg.9(6) = L&, 5(¢ = p1(0)))]
=N, (€ = pa)))|I” < €, € (L, v,
i=1,2,... .k

Definition 1. (%7) One can say that system
(1) — (3) is Hyers-Ulam stable if 3 a solution y
that satisfies the above inequalities (6) with the
initial value g, = x4, = @, € ([M(0),0],H)and
if ©(t) satisfies the system (1) —(3), then 3 a con-
stant G has the property such that

I5(¢) — z(O)||P < Ge, VL€ J.

Definition 2. (%%) One can say that system
(1) — (3) 1is Hyers-Ulam stable if 3 a solution g
that satisfies the above inequalities (7) with the
initial value g, = x4y = @, € ([M(0),0], H)and
if ©(t) satisfies the system (1) —(3), then 3 a con-
stant G has the property such that

19(6) — 2O < Ge, Ve € J.

The following assumptions are imposed to de-
scribe the stability of the problem
(A1): The function f : J x H — M satisfies, for
some C1,Cy > 0
E|f(t,z) = |f Lyl < Cillw -yl
E|f(t,2)|? < Caolz||%
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(A2): The function A:JxH— Lg satisfies, for

some C’g, C’4 >0
Bl 2) — AL, )|I” < Callle —y|L)
ElIA@,2)|I” < Ca([lz]1%).

(A3): (i) The mapping £ : [0,00) x H — H is con-
tinuous in the p! mean sense and satisfies,
for any z,y € H and ¢ > 0, L({,z(¢ —
p1)) € D(A%), 3 a function C5 > 0 such

that

e (G
—@e L ate- )| =0,
B (4 L(t,a(t = pr))I5 < Cs 2]

where a € (0,1] and satisfies pa > 1, p
is an integer p > 2. Choose L(¢,0) = 0,
¢>0.

(A4): (1) The function N; : [0,00) x H — H
are completely continuous and 3 constants

Cn;.i=1, -, ksuchthat E [N;(¢, )|, <

Cn. E [|z]|%, for each = € H and N;(¢,0) = 0.
(As): 3 3 a constant & < 1 where & = &5 [4%|? +

Cs | AT~ ||” K (q,a)po7Pao7t

(5ai=r)" CotOn, 0 (e=Gyrat (225)" "Cut

pg—1
P—2

2pg—p—1 == A
5 p—2 Z ¢y
2pq—p—2

~ p ~ 2
RCZ P =5 N2 (e — &)

3. Main result

Theorem 1. Assume that hypotheses (A1) —(A4)
hold. Then there exists a mild solution of the
Equations (1)-(3).

Proof. The operator U : Z — Z is defined as
(W) () = 3(¢) for £ € [m(0),0], £ > 0 and

Rq(O)[6(0) = £(0,¢(0 = p1(0)))]

L2 =) + [y -0
qu(e—g)Ac ¢ C
oo

+fo/— :
xA(C, z(C — ps
{ e [O fl]

Ni(6,2(€ = pa(£))),
(&,x)(g)_ Rq(f Cz)[ (é fv(é
(R (RS m]
+L(Ga(t - pi(1)
+ i W(€—=0)
Aﬁ(c, (C p1(C )))dC

A
~
=
=
Y
)
QE
=
'
C

)
qlT

+ J{ (=TT = ORC,
(¢ - p2<c>)>d<:

L= )T Ty (L - 0
A@

(¢ — ps(E))dSE(), £ € (Gt +1]

The proof is divided into the following three
steps. O

Step 1. Y maps bounded sets into bounded sets
in Z.

Indeed, it is sufficient to show that for ev-
ery # > 0, 3 a constant # > 0 such that for
every x € By = {x : HxH% < 7}, one can get

2P
H\IJ:EHH < @. From (A1) — (A4) and utilizing the
Holder’s inequality for ¢ € [0, ¢1], we obtain

swp B (0]
£€1]0,¢4]

p—1 P
<5 swp B|Ry(0)[¢(0) = £, (=p1 ()]
+E Lz — pr(O))]

L N N 2 N N
w; / (01T (0 - HALC, 2(C — pr (Ol

+E

~>

2 N ~
/0 (= &y (0 — &)

+E

t N NP N N p
/O (€= QT (0 = QA 2(C = p3))dSg(Q) }
5
=51 "7,
=1
Using assumptions (A;) and (A4)(7), we have

o[

— e

H=E HRq(E) {cp(O) —£(0
<([ iy aiy [or0)
< (C5(0)) (@(p2(0)))]

fo = E||L(Cz(t — pr(0)]E, < [|(4)

X (@)(Has(e —p1())])

/ by |

OALC, 2(E = pr(0)))dC

117

f=E

p

xTy((€ — <

¢ 2 2 p N -l
/0 (A7 (= Q) AT, (¢~ 5))“6&“]

< [ 8o @] aé < far=e|p
0

R e 1 1. .
x K(q,a)f}1™P1 1(7]3 )p C505
pq —pgo —1
A ¢’I'(1 +a)"(CT_,)
here K =
where K(q, a) TP (L + ga)

By Holder’s inequality and hypothesis (Az)(ii),
we get
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Ty =

¢ . R
_ Aa-l _;
E /O (0= QT Ty((f = ¢)

<G(é,2(C — pa(é)))dé

p—1
<

¢ 2 AP 2
/0((6—5)\“1%((6—6))“%]

< [ B o]

< MPpr- 1(7]3 !
-1

From (As3)(ii), we get
Y4 ~ ~
_ a1 _/
: /0 =m0
<A (¢~ ps))asEO|

<K (( /0 (€= )T Ty (0 — 5))

)p‘lége;.

5 =

o EPH,E p,2Pa—p—1 p—2 o
= KCﬁIE 2MT <2pq—p— 2)
&L L
< F /0 A a6 = pa)))| dé
< RCEmE-5 e ™5 1(”_2)?220 i
2pq —p—2 873
Hence
sup E ||lz(t)|[f,
£€[0,01]
< 51’—1{( | atore e ady [0
0
+ [[(4)=2||” E56s]
+ /(AP Cs (05 (IIt, (€ — pr(O)])
1—a||P pq—pqa—1 p— 1 p—1
+ |4 K (g, )2 ot =)

1\p-1 . .
x Ciss + NIBAPT 1(%)1’ (il

NP PH+pa—p/2—1 (
+ Mpty vl —1

For / € (Ei,éi], i=1,---,k, we obtain
EINi(€,2(€ = pa(O)IP < Cui E [l (€ = pa(0))]”

max C, ||z||P == do.
i€ (L k]

_ p—1 . V2N ~
71> Kcécgeg} — By,

Similarly, for every ¢ (Ei,£i+1], i=1,---.k,

we have

sup  E[[z(0)]"

26 (Civliya]

<671 sup { ‘
2e(Cilita)

-F

(= NG o(G— pa(@))||

Ry~ G)Li(Gio (G — pl(éi)))Hp

+ EL(C,x(0 = p1(0)|I3

+E
+E

+F
<6rt

X max CN 07
il

p

14 ~ ~ ~ ~ ~ ~
Jo =0T = DAL = il

p

14 ~ ~ A A ~ ~
J =0 (= T = patOnac

J €= 0= ORC 21— pas )

p }
sup
LE(Cisliga]

{Mﬂ [ i@ oaiy
— (A

a||P

x NP / ) Dady (Gt - &)y + 4o

< K (g, 0)(t — Gy (2L ) e,
’ ' pq — pgec — 1
g Eypa-1( P 1N pH-§
+ ML= ) (qu 1) Cob, + KCE ¢

X Mp(f C,)

B||(wa))

have ||(

Choose f = max {éo +%+ éi},VE € J. Then
1<i<k

P A .
H < 6. Hence, for every x € Z, we

(E)HP <.

Step 2. ¥ is continuous

Choose {x™(€)}2

n=1

C B; for lim z" —

n—oo

x € Bj. As, the functions f,/AX,E are continu-
ous, Ve > 0 3 N satisfying, Vn € N, we get

B
E
€

E
E

£ 2" (¢ = p(0))
[o AL,

p
’<e

)dep <

— £ a( = p(©)]
(@) - £C. 2~ m(0))
i6,a7C — &) §CaC @[], < ¢
A= po(O) ~ A - )| < e

For every ¢ € J, we get
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Ee e (&~ () - £ 2~ m@O)
<4771 |(A) " Co
x B [[#(C = (O) — uC - (O]

<y Gt | [ s @ md)

~£(Ca(C - |
<o [ ey

N p

% E 2 = p1(0) = y(C = pr(O))
S 4p_1K(a, q)égég

p

E[i(,2"(C = p2(0) = 1, w(C = pa())
< 4r71C46,

H

p

E||AC2"(C = p2(0) = A, (C ~ p2(0)
< 4p—1kcétpﬂ—%é4é4>

Hence, for ¢ € [0, ¢;1] by the dominated conver-

gence theorem,
sup B [(bam)(6). - (xfm)(ﬁ)”p

Lej

< 4P sup {E [£(6, 2" (€ = pr(£)))
leJ

=Ltz = pr(ODI°

£ 2 2
B / (€= T AT (0 — OL, (L — pr(0)))

|
[y
=

(e = ()|

£ N PN N
B / (€= &1 Ty — Oié a(E — pa(d))

i w(C ~ paad|

¢ N N N N
iy / (= )T Ty (£ = OAC, 2™ (€ = p3(O))

A - pa(0asBO| }

—0asn—>o00. Forle (Zi,éi],i: 1,---,k
B - ()0 < BN "~ pate))
—N;(l,x(€ — ps(0)))||” — 0 as n — oc.

~

For each /¢ € (@y&‘ﬂ], i1=1,---,k, we get

N 2 P
sup E H(mn) - (m)(z)”
Le(li,liqn]

<6P7! sup
L€ (Ciliya]

{E [ Rate &G G~ patn)

p

~NiCir (G — pa(é))]
Ryl = &)L, 26 — pi(G))

£~ m G|
+ BILE "~ pr (1)
Lt ()

-F

L ~ A ~ ~
8| [ = Orare = Gied € - md)

£ - NI

¢ N 2 ~ R 2

w: / = Tyt - &)FEC 2 — p()))
&

(&~ NI

L N NN N
L E /< (0= &1 1,0 = HAC (€ - ps(O)))

A #(C - pa(OasBQ) }

— 0 as n — oo, which proves the continuity.

Step 3: The map VU is a contraction. Case 1:
When ¢ € [0, ¢4]

supi [ (o) 6) = ()0

< 4p1 sup {E |L(€, x(€ — p1(£)))
e

—L{y(C = pr (D)

1 ~
| e=omtane-4)
£(t,2(0 = pi(0))
~L(ty(t ()i

+F

£ 2 AN N
iy /0 (= )17 T, (0 = OF(C, 2(C = pa(0)))

F(CulC -~ e

¢ X A A N
\E /O (=17 T, (0 — OAC 2(C — ps(©)))

A€~ pOasBO)| } < RIE@ -y

For £ € (£,C)i =1,k
A 2 p
B||(02) - (@ay) )| < BIN (@t (0= pa()
N6 y(C = ()P < K| — )|
For each £ € (éi,€i+1], i=1,---,k, we get

2 2 P
sup E H(\Ifx) . (\I!y)(é)H <67 sup
£ (85,0i41) teitin]
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3 {E [ Rate — EoitG s - paC)
Nl G~ pa G|

— B[Ry = OILG 2(G — 1))
_E(éiay(éi - p1(5i)))] ’

Y
+ E|[L(2(l = pi(2))) 5

=Lty = pr )

14 ~ ~
+E / (0= )T LAT, (0 - ;)
Gi

<G 2(E -~ ()
~£CylC = m@OMa]

+E

Jte=drme =)

(6, 2(C — p1<5>>>
(& = p@ac

+E

/5(6 ~ O, Q)
A2 - ps(0))

A (= pa(OasBQ)| }
< 8|B@ -y

2 N p
VO, E H(w - \I/y)(E)H < &)z —y|”. There-
fore, for every z € Z, the NFSDEs have obtained
the mild solution of (1) — (3).

4. Ulam-Hyers stability

To prove Ulam-Hyers stability, we need the fol-
lowing additional assumption.

(Ag): The mapping L : [0, 00) x H — H is contin-
uous in the p! mean sense and satisfies,
for any z,9 € H and ¢ > 0, L({,z(¢ —

p1)) € D(A®), such that

tim E | () £(6.2(t ~ p1)) — ()£ 300~ 1)

Consider the following equation

DL [5(0) — L, G(L — p1(0)))]
= [Ag(0) + F1(€,5(¢ — p2(0)))]

dSE(¢
it~ pste)) 2

+ A, LV Le G bi]

(6) :M(E’?)(g - p4)))v€ € (gzaCz] 1= 1’2’~ . '7k)
o(-) = ¢ € Br,([m(0), 0], H).

0

Using the solution of Equation (5), we obtain
(#)(€) =Rq(6)[6(0) = L(0,

o(t = p1(0)))]
+ L€, 9(C = pr(0)))

¢ N ~
+ / (0= &1y (0 — )
AL, 3(E = pr(0)))dC
¢ N
+/0 (E—C)q_qu(E
— Of (G, a(E = pa(0)))dd
¢ 2
+/0 (EfC)qfqu(é)

— OAC,H(C - ps(O)))dSE(C), £ € [0, 1]
ve (bl i=1,-- K

Ry(€ = G) Vil 36 = pa(6)))

— £ 3G — mG)] + £ = p®))

T /5(6 = O (0= HALE9(C — pr(E))dC
" /;w = O (= O G 9C — pa(E))dC
' /5(6—5)‘1-%@—5)

x A 9(C = p3(0)))dSH(C), £ € (G ti + 1.
It is clear that the solution is Ulam stable in

t—¢ JV e 0,41], and let € < 1 we get

< G5 la(6) = 9(0)|"

Theorem 2. If the hypotheses of Theorem 3.1.
and (Ag) are hold, then (1) — (3) is Ulam-Hyers
stable.

Proof. We now consider the Ulam stability of the
solution

If 3 a function f;(¢,y5(¢ —
1106, 2(€ = p2(€))) = F(£,5(¢ =

p2(¢))) such that
p2(0)) <€

1933

Ez() — 90"
< 47’_1{E L0, z(¢ — p1(£)))
=L, g = pr(ONP

l A 2
+EH/0 (€= I, (0 - §)

XLl x(f = p1(£)))
— AL, Gl — pr (O)P
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> /0 (0= O, — )

~

<[j(, @ <5—p2<5>>>
G~ O

4
[e=omme-0
<A, (C ~ p3))

A9 pa)1asEO)| }

+F

< 419—1{[M5~\\<A>-aupéﬁ

X B l2(0) = (0P + K(a,q)
Xﬂfq_pqa_l(pq pqa—1>
X B () - ()H“Mp(g )pe+f<

C%tprgMpgz 5" 1( )7
H T"1 2pq p— 9

ngfgégéSE |z (¢) — @(@”p} }

Ellz(6) — (0|7 — 47~ I{H )|

x G5 || (£) — §(0)||P
p—1
pg —pgoe—1
x C5E ||x(0) — (0"
2pq == 1( p—2
2pqg—p—2

+ poreet( )" (o)

p—2

) T RCE Gy,

+Mpé

x Bla(0) — ()" | } <o (e

pq

Elz(0) — 5(0)|” {1 — () és

—pqo— p— 1 p—1 A
+ PaTPe 1<7) k(a,q)C
! pq — pgor — 1 ()G
. P p .~ 2pg—p—1 —2 pT72 ~
KCiem= e, 7 (22 ) 7 G
+ H 71 2pq —p— 2 3
. ppa
< 4”71]\/[;(—)6.
pq

Choosefi; =1 — 4P~ 1 [ H(A)_QHP Cs
_p-1
pq —pgo — 1

2pg—p—1

+ KCE2rm=5 Npb,

n ezloq—pq&—1< )pilK(a,q)CA's,

p—2 22 o
(5pa=p=3) " Cs|Ellat0) il
4P=INIE (0 e
< A—pq = g()f,
ni
4P 1Mp P4
where Gy = #
Slmllarly for € > 0, and a solution §(¢) V¢ €

(éh CZ]

E||z(f) — y(é)l\Z
< 5PLE NG (6, (€ — pall)) — N6, §(€ — pa(O)|IP + €
< Cn, E |Ni(4,z(€ — pa(l))
—Ni(€,§(€ — pal0))]I + €
<50t (Jhax Cw: E |(t) —

,k, one can get

IO + e

That is,

Bla(t) = g0 =5 max CnBlla(®) = 50"

<e
Bla(@) — 90" (15" max On;) <
where G; = 1 is a constant.
(1 5p—1  max C’N>
(i=1,---,k)

Thus F ||z(£) — g(0)||5, < Gie = (1) — (3) is
Hyers- Ulam stable.
For every ¢ € (61, li41], similarly, we obtain

E |lz(6) - §(0)|”

1) [ (re-a=E029) g
<5 {((/0 ia(0) )di
B V(G2 = pa(G)))

—[ (- (&) -
+ |2t~ pr(0)) —

— Ni(Go 3G — paC)))]
‘C(Eh Q(éi - pl(éi)))] Hp
L9 = pr(0))]|”

¢ N N N N ~
LB /< (€= 11Ty (0 = O ALE, 2(C — p()))

AL 9 = pOnac|”

£ 2 RooA R 2 2
| [ (0= 0T = O ol - )
Gi
(G5 pa1ac|”

+FE

L N o
J =0T = O #C s
A aC - pasEO)| }

S 5p_1{M(g16 — H(A)—osz 6'5)

[ )] G+ (6= Eoparmet
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p—1 p—l
x (qupqa— 1)
x K(a,q)Llz(¢ - p1)|°

p—2

RS -E R0 - C)
Co(0)bs(llz(t — ps()")]
—@wm%+M#¢”“”m%}

2pqp1( p—2 ) 2
2pq —p—2

x E ||z(¢) o

Ellz(6) —g(0)|”
<5 ) ¢
)p_lK(a,q)

2pqp1

2 _ _ p—l
+ g_(ipq pqo 1(7
( ) pg — pga — 1

x Lllz(—p)||” + KC ZPH—aMPg
(i) Cawinllate = o)1)
x Ellz(t) — g(O)]°

=Eua@—ywmpb—5W*Um®—ﬂfés

)y Es + (¢ = Gyprriet

p—2

p—2 )T
2pq—p—2

+ RCF 5N (- 6) =

x@wﬁmwwmwmmﬂ
< 5P‘1{M(g1e — |4~
+M;(m
bq

= [1 =5 ]|y ¢

4 (t _ Ei)pq—pqa—l (

°|I" Cs)

) e} .choose 72 (t)

p—1 )P !
pqg —pga — 1

K(a,q)L||x(¢— p1)||p + f(cﬂ%gp]}]l_g

p—2 232

<R O () T G

éﬁM@—m@DWH

Blle(€) = (03
5L NI(Gre | ()2 Cs) + MR () )
n2
5p—1{M(916||( +Mp(%)e}
Hence E||z(t) — 3(0|” < Ge. where G =

maz{Go,G1,G2, -} is a constant. Thus, system
(1) — (3) is Ulam-Hyers stable.

“H”

where Gy =

S gQGa

We now illustrate the theoretical results with
numerical examples.

1 4

Tlustration © DY [z(0) — ﬁcos(:r(ﬁ — g))}
=02z + e%sin:c(@ —1/4)
1. dsg(0)

+ ewsmx(ﬁ —£/6) FT ¢ € (5,10]

2(0) = %cos 2= 0/5), (€ (2,5]

zo(-) = ¢ € ((0,2],0).

From (1) — ( ), for £ € [ ,2], £*(¢) = 0.490842,
and for ¢ € (5,10], ( ) = 0. 0000226989.

f(t.a(t—pa(t)) = Fsin(z(f—§)). and A a(C-
p3(0)) = e%sinx(ﬁ — {¢/6). By substituting these
values, we get & = 0.70053 € (0,1). This
means the obtained theory has a solution. G =
max{0.09517,1.00061,0.08387},G = 1.00061 > 0
is a constant. Hence the system (1) —(3) is Hyers-
Ulam stable.

Here ¢ = 1.5, 0.2z(0) + Zsinz(f — £/4) is the
drift coefficient, and CD%m(E) denotes the state
space rate of change, where x(¢) represents the
newly connected stem cells and S cells.

The term h(¢,xy) = e%cos(m(f - Z/L?))
for self-balancing and also for lossless transmis-
sion between stem cells and [ cells.

The term f(¢,x2(¢)) = e%sinx(f—f/ll) represents
the function that describes signal transformation
between [ cells.

The stochastic component of the sub-fBm pro-
cess is taken as
A, z(0)) = ﬁsinm(ﬁ—ﬁ/G) which represents the
death of 3 cells.

is used

4.1. Disturbance rejection

The stochastic disturbance (death of 5 cells) is
explained through a fractional differential analog
circuit:

DI [x(0) — L(L, (L — py
:MWHWMfm

— Al 2(0 - ps(f))) (

)l
(0))]

+ (6, x( - %w»femmzf
20() = ¢ € B, ([(0), 0], H) (7)
Here f(6,z(0 = po(0) = Kpeirabite

hl,z(f — ps(£))) = Sp% which repre-

sent the stem cell terms, and A(¢,z(¢ — p3({))) =
KaegAIL.
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One can follow a similar method as in Sys-
tem (1) to obtain the existence and stability re-
sults for (14) as well. When h(¢,z(¢ — p5(¢))) =

elesin(:r(ﬁ - g))A and u?ing the values of f(¢, z(¢ —

p2(0))), A(C, 2(C = p3(C))) as given in the previous
numerical calculation.

In Figure 1 shows the stability of system
(1) — (3) with non-instantaneous impulsive NFS-
DEs. Here, data 1 corresponds to ¢ € [0,2] and
¢ € (2,5] at the fractional power ¢ = 0.6 and
g = 0.8. One can observe the discontinuity be-
tween the impulses in the unstable and stable re-
gions, indicating no transformation from dead /3
cells to other living cells.

In Figure 2 illustrates the stability of sys-
tem (1) — (3) with non-instantaneous impulsive
NFSDEs. Here, data 1 denotes ¢ € (2,5] and
¢ € (5,10] at the fractional power ¢ = 0.6 and
q = 0.8. The discontinuity between unstable and
stable impulses is clearly visible, reflecting the ab-
sence of transformation from dead S cells to other
living cells.

The approximate formula for q can be obtained
from the complex frequency domain of the equiv-
alent circuit in chain form, as shown in Figure
3 for ¢ = 0.9, according to circuit theory in the
Laplace domain.

Figure 4 depicts the regular mechanism of the
stem cell in detail: the diffusion part is shown in
green the fractionally differentiated cell in black,
and All and the growth-affecting factor (GAF) in
pink.

In Figure 5, the value of Pg¢ is attained
through Kirchhoff’s current law by subtracting
Pss and Poe from 1. Automatic regulation of
Psg and Poeo by the feedback loop occurs while
the population of S remains stable.

An analog feedback circuit has been designed
to improve performance while reducing instabil-
ity. As shown in Figure 6, one can observe
the precise homeostasis analog circuit controlling
stem cells and S cells. The differentiated and
stem-cell population numbers are represented by
the C and S variables, respectively. S and C se-
crete AIC and AIS, which are diffusible molecules.
AIC activates AC and RC, whereas AIS activates
AS and RS, which in turn activate GAF, Acc,
and Agg downstream signalling pathways, respec-
tively. GAF is an effector molecule. Agg gov-
erns S5 division, Agcregulates CC division, and
Acc regulates overall growth. To govern differ-
entiation, Acc and Agg enhance their respective
conductances.Psg, Poc, and Pgo are probabili-
ties indicated by current fluxes; the signal flows

are represented by neutral terms. The FFL is
implemented by RFFL (slow suppression), AFFL
(fast activation), and AFFLOUT, which com-
bine these to provide transient control signals
at ASDIC. The control of Agg by ASFIC
promoting SS division whenever the risk of
differentiated- cell death is high. The authors in-
corporated an incoherent feed-forward loop; its
inclusion reduces steady-state error, which is
equivalent to adding a fractional-order capacitor
while significantly increasing loop gain. In analog
circuit design, the feed-forward loop operates as
a lead-zero compensator. Psg is increased propor-
tionally to —D?C. The latter derivative approx-
imated by the difference between two relatively
fast derivatives and a filtered version of C.

From Figure 7 shows the stability of sig-
nal transformation between healthy (5 cells and
stem cells, without abrupt changes due to dead 3
cells. The advantage is that the unstable signal
transformation of damaged cells is converted into
stable signal transformation among cells through
fractional power, which outperforms integer-order
approaches.

In,?” the authors describe that 70% recovery oc-
curs in the feedback control shown by the differen-
tial circuit. The proposed model is enhanced into
an NFSDEs analog circuit. On the other hand,
the fractional differential equation approach cre-
ates a strong link between the classical affected
model and a class of renewal models that can
be used in more complex settings. We can test
the capacity of the fractional-order circuit to re-
ject stochastic disturbances, which supports sig-
nificantly higher recovery. Generally, stem cells
(S) divide into two stem cells (SS division), im-
mediate two daughter cells (CC division), or stem
cells and primary two daughter cells (asymmetri-
cal division) (SC division). The mechanism of
stem cell division, whether SS, CC, or SC, must
be carefully controlled to provide optimal homeo-
static behaviour when growth management is crit-
ical. The probability of each division mode Psg,
Poco, and Psc sums to 1 in Figure 5, because a
stem cell can only undergo one of the three types
of differentiation. If the ideal ratio of stem cells
to developed cells (C) is not optimal, the system
adjusts the division probabilities. This division
supports restoring the healthy level of stem cell
population and restoring C through fractional dif-
ferentiation. In Figure 5 P,. is proportional to
Sj% and Ppco is proportional to % There is no
need to consider division when S and C are at
the finest adequate population size. By apply-
ing the fractional-order circuit’s ability to reject
stochastic disturbances, recovery is greatly im-
proved. The resulting closed-loop system can be
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obtained via Kirchhoff’s law:
D [x(0) = L, x(0 = pr(£)))]

o ol) = (b alt ~ pa(0))
H
— At o) 2
+ 06l —ps(0) L€ [0,8] == T, L #4;
zo(-) = ¢ € Br,([(0),0], H) (8)
In this case, £(0) = xo defines the initial condi-
tion. The expression f(¢, (£ — pa(£))) — AL, 2:(¢ —

+

dSE (¢) 1—g
p3(0))—gr— + bl z(C — p5(0))) = Fey E (L) rep-
resents the exogenous input; the parameter o
is associated with the system’s temporal compo-
nents R, C] denote the resistor and capacitor, re-
spectively; the source is the temporary parame-
ter 0177 and E(f) which eventually depend on
time. The stability of signal transformation be-
tween stem cells and fractionally developed cells
using the RC} circuit is demonstrated by the fol-
lowing theorem.

0.3 T T T T

0.25F

0.2

m=e== 0=0.8 in [0,2]
——g=0.8in (2,5]
=== =0.6 in [0,2]

015r s 1=0.6 N (2,5]

x(t)

0.05f

-0.05 ' ' ' :

Figure 1. Stability trajectory for NFSDEs with non-instantaneous impulses on ¢ € [0,2], and ¢ € (2, 5],

showing fractional powers at ¢ = 0.6 and ¢ = 0.8

0-15 T T T T T T T
e 9=0.8 in (2,5]
0.1r = =0.8 in (5,10] 1
— =0.6 in (2,5]
e 0=0.6 i (5,10]
0.05+ .
0 [y
-0.05+ .
_0-1 1 1 1 1 1 1 1
2 3 4 5 6 7 8 9 10

Figure 2. Stability trajectory for NFSDEs with non-instantaneous impulses on ¢ € (2,5] and ¢ € (5, 10]

showing fractional powers at ¢ = 0.6 and ¢ = 0.8
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X ™ 1/GAF

s = 1SHC

= B

Po=l- Py -Pe

Figure 3. The feedback mechanism of the homeostasis circuit, which promotes G-growth via GAF

Theorem 3. The electrical RCY circuit defined
by Equation (8) and characterized by the Ca-
puto fractional derivative is stable.

Proof. Let i > 0. Applying the Laplace trans-
form to Equation (14), we get

SUL[ () — £( 2 — pr (7)) — S
ol=a -
+ S Llal)] = LI (i~ pa()))

o
~ L{AG 2 — po()) 28

dpt
+ Lb(f, z(fi — ps(1))]
ST Y0 I pa())

i€[1, k]

1—q
L[x(/l){Sq + ;Cl } = gu-1

x w0 — L(0,2(0 — p2(0)))] + SILIL (i,

z(i— p1(f)))]

. ) ) L dSH ()
+ Lb(i, z(f — ps ()]
That is, L[z (f)]
ol=a\ -1
— ga-1 (Sql + e ) [r0 — L(0,2(0 — p2(0)))]
+so(sr RCf) LIL (G 2 — pr ()
s (s0r+ RCf) Ll 2 — pa()))
1—q. 1 dS5 (i
(Sq1+ Rcl) LIA(, 2(fa — ps(f))) ff[fu)]

1—gq

+ (SqI+ ;Cl) 1L[h(u, (2 = ps(r)))]

() = Ry(0)[$(0) - L(0,

where R

qfo
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Let Lz(f) = e “C$ d( where L

is the usual Laplace transform and let C]}Cq =A
with [ is the identity operator. Then we obtain

V() = 5! / " e g — L(o, 20— pa(0)))]dé
L5 / "1 Ll - pr(E)))dé
+ / T e B G 2l - pol))dl
0
_ /0 e FT (A, 2(C — ps(C))dSE (C)

4 / e 1h(C,x(C — ps(O))dE L€ [0,6] = J, £ £ 1.

O
From,'®26 we have

(€ — p1(0)))]
£ X ~ 2
L (- pr(0))) + / (€~ &T L AT (¢~ {)
. . . . 0
L, x(C — pi(C)))dC
Y2 N ~ ~ ~ ~
+ / (€= 1T, - Oié — pa(d))l
0

+ / (0= Ty (0 — OAC, 2(E — pa(d)))dSE(D)

+ / w—E)q*quw—E)hw,xw*ps(e)))dé, (9)

Oz =[5
71%01 07 (0)R(¢90)d0.

e~ RC(0) R(090)2dd, T, (0)x
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Fractional order circuit at g=0.9

R1
62.84MO o i

1.23pF 1.83uF I.1pF
Figure 4. Fractional-order circuit
Fractional differential (g= 0.9)
Differentiated cell{c)
Stem cells(s) R3

R1 R2
62.84MQ 230K

Differentiated cellic)

Stem cells(s)

|
'Fhl’l_sspr LIuF - 0231 g3yp  LIF

iy

Figure 5. Homeostasis is circuit
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Fractional order circuit at q=0.9
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Figure 6. The homeostasis control circuit as a purely fractional-order analog circuit. Each circuit element
can be viewed as a state variable defined by a circuit modification involving a current generator variable, a

fractional-order resistor, and a

capacitor.

x 10
35 T T T
sl
25 == q=0.6 NO IFFL
’ — =0.6,IFFL
= q=0.8, NO IFFL
2 = q=0.8,IFFL
s =1, NoO IFFL
£ 15 m— =1, IFFL
1
0.5
0
05 . . .

Figure 7. Stability trajectory of signal transformation between stem cells and fractionally differentiated cells,

represented by NFSDEs

5. Conclusion

model representing the artificial tissue homeosta-

Sufficient conditions are obtained for the mild
solutions of the Hyers-Ulam stability of NFSDEs
driven by sfBm. Numerical simulations are ap-
plied to validate the main results, and a real-life

sis fractional differential system analog circuit
is provided. In future work, the results will
be extended to controllability problems for other
abrupt changes, such as earthquakes and sudden
fires in electrical wiring.
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