An International Journal of Optimization and Control: Theories & Applications

RESEARCH ARTICLE

ISSN: 2146-0957 eISSN: 2146-5703
Vol.16, No.5, pp.1944-1959 (2026)
https://doi.org/10.36922/IJOCTA026330208

Discrete stochastic optimal control for multi-stakeholder
governance of crop rotation and fallow insurance

Haohao Wu'*, Linbo He!, Yuncheng Hu'*, and Junhong He?

!College of Public Administration and Law, Hunan Agricultural University, Changsha, Hunan, China

2School of Economics and Management, Wuhan University, Wuhan, Hubei, China
wuhaohao@stu.hunau.edu.cn; helinbo@hunau.edu.cn; 18873783309Q@stu.hunau.edu.cn; 2025101050060Q@whu. edu.cn

ARTICLE INFO

ABSTRACT

Article history:

Received: August 11, 2026
Revised: August 24, 2026
Accepted: August 25, 2026
Published online: August 31, 2026

Keywords:

Discrete-time stochastic optimal
control

Pontryagin maximum principle
Stochastic lyapunov analysis
Error feedback control law
Mixed constraints
Multi-stakeholder governance

AMS Classification 2010:
49K30; 93C55; 93E15; 90B23

Multi-stakeholder coordinated decisions under

environmental uncertainty, yet existing agricultural governance models rarely integrate

ecological governance requires
stochastic disturbances, dynamic stakeholder controls, and policy constraints within a
unified analytical framework. This paper develops a discrete-time stochastic optimal
control framework with mixed constraints for multi-agent decision systems subject
to bounded random disturbances. The framework is motivated by and applied to
multi-stakeholder governance of crop rotation and fallow insurance, where soil fertility
serves as the system state and stakeholder decisions form the control vector. The
discrete-time Pontryagin Maximum Principle yields necessary optimality conditions
and analytical control laws for all agent types, including a closed-form insurance
compensation ratio. Stochastic Lyapunov analysis establishes finite-horizon practical
bounded mean-square behavior under the constant control law. We further propose
an error feedback control law u, :clamp[l +k(S‘ —SL),O,I} that introduces a contraction

term, transforming the error dynamics from an unbounded random walk to a stable
2
9 - the
ak(2-ak) ’
optimal gain k =1/¢ yields a minimum bound of ¢ . Monte Carlo simulation (10,000

first-order autoregressive process with bounded steady-state variance

trials) confirms a 68.0% reduction in trajectory standard deviation and a threshold
violation rate decrease from 29.7% to 14.9%. Parameter calibration based on field
survey data from 1,187 valid questionnaires across three provinces validates the
theoretical model. The framework generalizes to similar multi-stakeholder ecological
governance systems with stochastic disturbances.

1. Introduction

instruments act as control variables—remains
underexplored. In China, this gap is particularly

Discrete-time stochastic optimal control provides
a powerful mathematical framework for systems
where a state variable evolves under random
disturbances and multiple decision inputs
must satisfy conflicting constraints. While this
framework has been extensively developed
for engineering, financial, and industrial
applications'?, its potential for multi-stakeholder
ecological governance—where natural resource
stocks serve as the system state and policy
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consequential: over 40% of arable land suffers
from declining organic matter, and pilot
monitoring indicates that 2.86 million hectares
require immediate remediation through crop
rotation and fallow programs.? Crop rotation and
fallow have thus become a core policy tool to
restore soil fertility and mitigate ecological risks.*
The traditional government-led governance mode
relies on rigid administrative compensation, which
suffers from information asymmetry, mismatched
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incentives, and low supervision efficiency.® To
address these drawbacks, the policy-based crop
rotation and fallow insurance mechanism has
been proposed to realize market-oriented risk
sharing and multi-stakeholder co-governance.f®

From a control-theoretic perspective, the
operation of crop rotation and fallow insurance
constitutes a complex multi-agent dynamic
system, where soil fertility evolves over time and
is inevitably disturbed by random natural factors
such as climate, soil background, and regional
micro-ecology. In practical governance, decision-
making behaviors of cultivated land users,
insurance companies and local governments act
as artificial control inputs, while soil quality
indicators serve as the system state. Therefore,
the multi-stakeholder governance of cultivated
land protection naturally falls into the category
of constrained discrete stochastic optimal
control. It should be noted that this paper
adopts a centralized optimization perspective—
all stakeholder objectives are integrated into
a single cost function—rather than a game-
theoretic framework with strategic interaction;
this modeling choice is discussed in Section 8.
Under this centralized perspective, the optimal
control laws represent the social planner’s
solution rather than equilibrium strategies of
self-interested agents.

Existing studies on crop rotation and fallow
mainly focus on policy design, effect evaluation,
and farmers’ behavioral analysis® '?, most of which
adopt static economic models or deterministic
dynamic analysis and ignore stochastic
disturbances in real agricultural systems.'®!
On the other hand, discrete stochastic optimal
control has been widely applied in engineering,
finance, and industrial systems'? ~but its
application in agricultural multi-stakeholder
governance remains insufficient.’® Specifically,
existing agricultural governance models either
rely on static econometric analysis that neglects
temporal dynamics'®!4, or adopt deterministic
scenario simulation that fails to account for
stochastic soil fertility fluctuations driven by
climate variability.'® Studies applying stochastic
control to agricultural settings are rare, and
to our knowledge, few studies have rigorously
constructed a mixed-constraint framework with
formal boundedness guarantees tailored to multi-
stakeholder land governance'”, though Pontryagin
Maximum Principle (PMP)-based constrained
optimization has been applied in other domains
such as financial systems.!® We note that model
predictive control (MPC) offers an alternative

approach to constrained optimal control and
has been applied to irrigation scheduling and
greenhouse climate management, but its reliance
on numerical receding-horizon optimization
does not yield the closed-form analytical control
laws needed for policy interpretability in multi-
stakeholder governance, where transparency
of incentive mechanisms is essential for farmer
compliance. Related 2026 advances include
explainable and federated digital profiling® and
large language model-assisted Z-number multi-
agent weight elicitation?, which complement
formal stochastic-control guarantees. Two
major research gaps are identified: Few studies
construct standard stochastic optimal control
(SSOC) frameworks for agricultural governance
systems with mixed state and control constraints;
rigorous theoretical analysis, including optimality
conditions and system boundedness proof is
lacking for this type of practical agricultural
system.

Against the above research background, the
main original contributions of this paper, each
directly targeting one of the two identified gaps,
are summarized as follows:

(i) Theoretical modeling: We establish a
standard discrete-time stochastic optimal
control model with mixed constraints for
multi-stakeholder cultivated land governance
and define random noise following a bounded
independent and identically distributed
(IID) normal distribution to describe natural
disturbances, thereby filling the framework-
construction gap identified above.

(ii) Theoretical derivation: We apply the discrete-
time PMP to the proposed system and obtain
the mnecessary optimality conditions and
analytical optimal control laws for all three
agent types, including a closed-form expression
for the optimal insurance compensation
ratio. The inverse relationship between
the optimal ratio and claim probability is
consistent with the risk-pricing logic and
actuarial fairness principle in index-based
crop insurance design. We further establish
the finite-horizon practical bounded mean-
square behavior of the closed-loop system via
stochastic Lyapunov theory for systems with
bounded persistent disturbances, providing,
to our knowledge, the first application of
stochastic Lyapunov boundedness analysis
to multi-stakeholder agricultural governance
systems. We further propose an error
feedback control law u}, =clamp 1+k(S"=5,),0,1]
with gain k€(0,2/a) that modifies the error
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dynamics from an unbounded random walk
to a stable first-order autoregressive (AR(1))
contraction, establishing bounded steady-
state error variance - This result
elevates the theoretical guarantee from finite-
horizon boundedness to long-run bounded
second moment. The novelty lies not in the
proportional-saturation form of the control
law (which is standard in control theory), but
in its integration into the multi-stakeholder
agricultural governance framework and the
associated bounded second-moment guarantee
for this class of systems, representing the core
methodological contribution of this paper to
the stochastic optimal control of multi-agent
ecological systems.

(iii) Application and verification: We map the
practical demands of four stakeholders
into the cost function and constraints of
the control model. Based on field survey
data from Hunan, Hebei, and Heilongjiang
provinces, we conduct parameter calibration,
numerical simulation, and empirical tests
to validate the effectiveness of the optimal
control strategies.

(iv)Practical extension: The proposed control
framework and theoretical conclusions
can be generalized to similar agricultural
ecological governance systems with multiple
stakeholders and stochastic disturbances.

2. Problem formulation: discrete
stochastic optimal control system

2.1 Variable definition

Remark on stakeholder structure: Although our
study involved four stakeholders (cultivated land
users, insurance companies, government, and the
public), only three active control variables were
defined. The public does not hold a direct control
input; its welfare objectives are instead embedded
in the terminal cost function ®(ST) and the state
safety constraint S, > S | arger- L 11iS design choice was
made explicit here to prevent confusion between
the four-stakeholder motivation and the three-

variable control formulation used throughout the
paper.

2.1.1 State variable

Let t = 0,1,2, ... , T denote discrete time steps,
where T is the terminal time of the control
horizon. Other state variables include:

e SER: System state variable, representing the
comprehensive soil fertility index of cultivated
land at time t. A higher value of S, indicates
better cultivated land quality.

e S : Fertility compliance threshold specified in
the insurance contract at time ¢.

2.1.2 Control variables

We defined the integrated control vector u, =
[u,, u " u |" € R?, where the three components
represent decision variables of different agents:

(i) u, € [0, 1]: Control input of cultivated land
users. u, = 1 means full implementation
of crop rotation and fallow; u, = 0 means
continuous cropping without fallow.

(ii) u,,: Control mput of government, representing
dynamlc premium subsidy level.

(iii)u, = A: Control input of insurance companies,
representmg dynamic compensation ratio for
claim settlement.

2.1.3 Stochastic disturbance

Let &, denote the lumped random disturbance
term, which integrates natural climate shock ¢
and regional ecological disturbance

Etzst—"_(*)t

Assumption 1: {€ }, = 0 is a sequence of bounded
IID white noise:

&, ~N(0,07),

where ¢ > 0is the variance of the noise, E[¢,]=0 ,
and E[]denotes the mathematical expectation
operator.

max

In practice, & 1is specified as a zero-mean
truncated normal variable: an underlying A (0, crj)
variable is restricted to the interval [-¢,..&..]
and its density renormalized accordingly, so
that |¢|<¢ = holds by construction rather than
only in expectation, E[£]=0 by the symmetry
of the truncation interval about =zero, and
Var(¢)=0”<o,. This specification preserves the
unimodal, approximately bell-shaped character
of the original Gaussian noise while satisfying
the boundedness required for the boundedness
analysis developed later in this paper; all
subsequent derivations use only the properties
E[£]=0, Var(¢)=0" and |E|< G » and therefore
apply to any bounded, zero-mean IID disturbance
of this form.
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2.2 Stochastic dynamic state equation

The discrete-time state transition equation of soil
fertility is established as Equation 1:

Stﬂzst +auft'u+§t, t=0,1,...,T-1 (1)

where: o > 0: Marginal improvement coefficient
of soil fertility brought by standardized crop
rotation and fallow; w > 0: Annual natural
degradation rate of soil fertility under continuous
cropping.

Equation 1 describes the endogenous
evolution of cultivated land quality driven by
human control behaviors and external random
disturbances.’

2.3 Mixed constraints

We consider three types of hard constraints for
practical engineering and policy requirements:

2.3.1 Control constraints (admissible
control set)

The control constraints are defined as Equation
2:

0<u,<I

7\'min S Uy = 7\‘max (2)

Gmin < ugt < Gmax

where A . and A are the upper and lower
bounds of the compensation ratio; G . and G_
are bounds of government fiscal subsidies. Let U
denote the set of all admissible control vectors w,.

2.3.2 State constraints

To guarantee basic cultivated land quality and
food security, the soil fertility index shall not be
lower than the safety threshold for all time steps
(Equation 3):

S, >S,..,Vte{0,1,..T} (3)

target °

2.3.83 Terminal constraint

At the end of the control horizon, the soil
fertility shall reach the regional benchmark level
(Equation 4):

ST 2 Starget (4)

2.3.4 Cost function (performance index)

We adopt a finite-horizon expected discounted

cost function for the multi-stakeholder system
(Equation 5)"17%

JE| 3L (S, ,) 10 (Sy

~—

] (5)

where: p € (0,1): Intertemporal discount factor;
L(S, u,): instantaneous cost function, integrating
utility of cultivated land users, profit of insurance
companies and fiscal expenditure of government;
¢(S,): terminal cost function, reflecting social
ecological welfare of the public and penalizing
unqualified soil quality at terminal time, in line
with recent zoning-based ecological compensation
frameworks for grain-producing regions.?

2.3.5 Standard statement of stochastic
optimal control problem

Problem (SSOC): find an admissible control
sequence {u, }lT:(') € Ut to minimize the expected cost

function (Equation 5), subject to the stochastic
dynamic Equation 1, control constraints
(Equation 2), state constraints (Equation 3),
and terminal constraint (Equation 4) (Figure
1).

External Soil fertility dynamic
disturbance »\—:@)_' module >
See1 =S+ aup—p+&

module
e t

. 0<up<1
State observation
Amin S Uit < Amax 1

channel
Giin < Ugt < Gpax

/ 7| fallow decision u;,

Mixed constraints:
soil fertility S,

Optimal rotation and

Performance-

- Multi-input G td i
integrated b overnment dynamic
governance loss optimal feedback {1/ subsidy v,
o) controller

Na| [nsurance optimal
compensation u;,

Figure 1. Block diagram of a multi-input stochastic
closed-loop control system

3. Optimality conditions: Discrete-time
Pontryagin Maximum Principle

In this section, we derive the necessary optimality
conditions for problem (SSOC) based on the
discrete-time PMP for stochastic systems.

3.1 Hamiltonian function

Construct the discrete Hamiltonian function for
each time step ¢ (Equation 6):

Ht (St’ut’ktJrl):ptL(St aut)—”\‘m 'f(st ’ut) (6)
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where M€ER is the costate variable (adjoint
variable) distinct from the insurance control
variable uit = At defined in Section 2 by context,
and the deterministic part of the state equation

is f(S,,u,)=S,+ou, —p-

3.2 Discrete Pontryagin Maximum
Principle

For the constrained discrete stochastic optimal
control problem (SSOC), if {uf}, {Sf}, {Xf}
are the optimal control sequence, optimal
state trajectory, and optimal costate sequence,

respectively, the following conditions hold:

(i) Costate Equation T7:

a=Mey o 1 (7)
oS

(ii) Maximum condition for each t € {0, 1,
T-1} (Equation 8):

H, (Shup e, )=min H, (Shurc ) (8)

(iii) Transversality condition (terminal condition)
(Equation 9):

A= oD (S;)

Tos, ®)

Sy
(iv) Constraint complementary slackness

For inequality constraints in Equations 2—4,
the standard complementary slackness conditions
are satisfied to guarantee Karush—Kuhn—Tucker
optimality.

3.3. Analytical optimal control laws

Combining the practical background of crop rotation
and fallow insurance and the above optimality condi-
tions, we solve the analytical form of optimal control:

(i) For cultivated land wusers: When the
government subsidy covers the opportunity
cost of fallow (i.e., the subsidy sufficiently
offsets income loss from ceasing continuous
cropping), the optimal control satisfies uy =1.
This indicates that when the insurance
mechanism provides adequate compensation,
standard crop rotation and fallow becomes
the utility-maximizing strategy for rational
land users. In the partial-subsidy regime, the
optimal u;,t depends on the ratio of subsidy to
opportunity cost and may take intermediate
values in [0, 1]; the full-subsidy case represents
the policy-relevant upper bound consistent
with China’s pilot implementation.

For insurance companies: Applying the
minimum condition (Equation 8) to the
insurance control variable uw, = A, the

Hamiltonian is minimized with respect to A,
subject to A < A < A . The instantaneous
cost term for the insurance company is
formulated as L (S,.4,)=0] PYAPr(S,<S,)-7, ],
where 6 >0 is the calibrated weight of the
insurance-cost component, P is the crop price
per unit, Y is the standard yield per hectare,
Pr(S,<S,) is the claim probability under the
current fertility state, and 7, is the target profit
margin. Minimizing the Hamiltonian over X
yields the analytical optimal compensation
e =A PYPr(S <5, e |
clamp|-| denotes the projection onto the feasible
interval. This result shows that the optimal
compensation ratio is inversely proportional
to the claim probability: when the probability
of a quality shortfall is high (poor soil state),
the insurer reduces the per-unit compensation
rate to maintain financial sustainability, which
is consistent with the risk-pricing logic of
agricultural insurance.*

= clam where

ratio:

(ii) For government: The optimal subsidy control
ugt is derived by applying the minimum
condition (Equation 8) to the government
control variable ugt subject to G . < ugt <
G, The government S 1nstantaneous cost
term in L(S,, u,) is formulated as:
=9, -u, - B : m.‘sLx(St(wt S, 0), Where %
~ 0%is the unit subsidy cost Welght and Bg
> 0 is the quality-shortfall penalty weight.
Minimizing the Hamiltonian over u,, yields
the piecewise analytical optimal subsidy law:

G . S <S . (soil quality below
tﬁreshold full sub51dy activated), and ugt
=G 1f S, = Stargct (soil quality adequate,
minimum subsidy sufficient). In practice,
this bang-bang piecewise feedback structure
is implemented as a triennial review cycle:
the subsidy level is adjusted every three
years based on the observed soil fertility
compliance rate, consistent with China’s pilot
policy review periods. It should be noted
that the theoretical control law specifies a
state-feedback decision at each discrete time
step t, whereas the three-year review cycle
is a discretization approximation adopted for
practical implementation: within each review
period, the observed average compliance rate
serves as a proxy for the current state S,

and the binary subsidy switch (G__vs. G )

max
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maps directly to the theoretical bang-bang
law. This approximation is consistent with
China’s policy design and does not alter the
optimality conclusions.

The above analytical results suggest that
the proposed insurance mechanism can provide
incentive-aligned  control  strategies  when
parameters are properly calibrated; a rigorous
mechanism-design analysis under information
asymmetry is left for future work.

The closed-form laws above follow from
applying the minimum condition (Equation 8)
pointwise in u,. For the insurance control, L. (S
A,) is affine in X, so the Hamiltonian is afﬁne in
A, and its nnnlnnzer over the compact interval
[A,.» A, is either the unconstrained stationary
point or a boundary point, yielding the reported
clamp[] rule. For the government Control

L,(S,u,) is likewise affine in u for fixed S,
the same argument yields the reported bang—
bang law u, € {G_ , G_ 1}, with the switching
threshold determined by the sign change of the
coefficient of u  in the Hamiltonian as S, crosses

gt
S Because both instantaneous cost terms

are. taﬂine rather than strictly convex in their
respective controls, the minimizers are unique
except at the Switching boundary S, = Stwt,
where the Hamiltonian is flat in u, and any u,,
€ [G,,» G,.l is technically optimal; we adopt
the convention ug = G_ . at this boundary as a

minimal-cost tie-breaking rule.

3.4. Error feedback control law

The analytical control law for cultivated land
users derived above (u,, =1 when subsidy is
sufficient) is the open-loop optimum under the
PMP: it minimizes the expected Hamiltonian at
each time step given the information available
at the planning stage, i.e., the equilibrium
state S° and the parameter values, but not
the realized state § at runtime. This open-
loop optimality is standard for PMP with a
deterministic information structure. However,
because the constant law does not respond to the
realized state S, , the system cannot self-correct
deviations from S Under persistent stochastic
noise, the error e =S —S" evolves as a driftless
random walk e, =e +¢& , whose second moment
grows linearly without bound (Section 4.2). To
address this limitation, we enrich the information
structure: if the decision maker can observe § in
real time (via the monitoring system described
in Section 5.3), the optimal control naturally
becomes state-dependent. We propose a state-
dependent error feedback control law that

introduces a contraction mechanism into the
error dynamics. This law is not a replacement
for the PMP solution but rather its closed-loop
extension under an expanded information set.

Replace the constant land-user control with the
error feedback law: u}, = clamp[l +k (S* -S, ) ,0, 1} ,

where k>0 is the feedback gain and clampl|.|
projects onto [0, 1] to satisfy the admissible
control constraint (2). When S, = S, the law
reduces to u,, =1, recovering the original
equilibrium behav1or When §, deviates from S’
, the law adjusts the fallow effort proportionally
to the error: for S, >S8" (soil fertility above
equilibrium), u*.’t is reduced below 1, allowing
natural degradation to pull the state back toward
S for S <" (soil fertility below equilibrium)
u' . I8 capped at 1, maintaining maximum
corrective effort.

In the near-equilibrium regime where the
clamp is inactive (k(S*—S,)‘<1), substituting
the feedback law into the state Equation 1
with a=u yields the modified error dynamics:
e, =(1-ak)e +¢&,. Thisis an AR(1) process with
contraction coefficient (1-ak). When 0<ak <2,
ie., ‘1 ak‘ <1, the coefficient lies strictly 1n51de
the unit circle, and the AR(1) process is stable:
the error mean E[e,] converges to zero and the
error Varian(%e convergeszto a finite steady-state

o}

1—(1—ak)2 ak(Z—ak)
the system fromm an unbounded random walk

value This transforms

(open-loop) to a stable contraction with a
computable steady-state bound (closed-loop with
feedback), representing the core methodological
contribution of this paper. When « # ¢, the error
dynamics become e, =(1-ak)e, +(a- y)+§
: the AR( ) process remains stable (|l-ak|<1)
but acquires a constant drift ga ). In this case,
the feedback law tracks a shifted reference point

S, =58 +0‘ H rather than S itself, and the

variance bound remains unchanged.

O'
ak(Z—ak)
The o =pu case analyzed above thus represents
the zero-drift special case, and the contraction
guarantee extends to the general regime as long
as O<ak<2.

4. Stochastic Lyapunov analysis:
boundedness and stability

We analyze the bounded mean-square behavior
of the closed-loop stochastic system under two
complementary control regimes: (i) the constant
optimal control law derived via the PMP under a
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deterministic (open-loop) information structure,
which yields finite-horizon boundedness; and (ii)
the error feedback control law under an enriched
(closed-loop) information structure, which yields
long-run bounded second moment.

4.1 Equilibrium state

Take the mathematical expectation on both

sides of Equation 1 and substitute the
optimal control u;=1 and E[§] = 0, we get
E [St+1 ]:E [St ] +O{"M+E [at] :

Since E[€,]=0, let  the equilibrium
state satisfy  E[S,,]=E[S,]=S- We obtain

S'=S"+o—u = a=p.

The equilibrium state S* is the reference soil
fertility level of the closed-loop system. Combined
with empirical data, we have S* = 65.02, which
is higher than the safety threshold Sl‘argel,' The
equilibrium condition a = p is an empirically
calibrated constraint: field survey data from the
three pilot regions yield oo = p = 1.2, reflecting
a policy design premise that standardized
crop rotation and fallow (u,=1) exactly offset
natural fertility degradation in the long run. The
theoretical equilibrium derivation in Section 4.1
does not presuppose o = y; instead, it establishes
that an equilibrium S* exists only if o« = p holds.
These two parameters are estimated from disjoint
subsamples—rotation-fallow participants for o
and continuous-cropping households for p—so
their numerical equality is an empirical finding
rather than a calibration artifact. A Wald test
formally confirms this: the null hypothesis Ho:
o = W yields W = 0.002 (p = 0.965), failing to
reject equality at the 5% level (Table S1-S5). In
general, when o # u, the mean state trajectory
E[St] drifts linearly over time, and a different
reference equilibrium must be defined accordingly.

Define the quadratic Lyapunov function for
the error state e, = S - S” (Equation 10):

V(e )=e{ 20,Ve, eR (10)

Obviously, V(e,) is a positive definite function,
and V(e,) = 0 if and only if e, = 0 (ie., S, = S).

4.2 Boundedness analysis

Calculate the difference of the Lyapunov function:
AV=V (e, )-V(e,)=¢;, —¢; . Substitute
e., = S, — S and the state Equation 1:
e.,=¢, t&, . Take the mathematical expectation:
E[AV]=E[(et +E, )2} —e?=E[&2]+2¢,E[g,].

E[¢,]=0 and E[Ej]:cz, we have: E[AV]=c’.

Since

Since E[AV] = o*> > 0 at every step, the
Lyapunov function does mnot decrease in
expectation; this is a direct and expected
consequence of the persistent bounded noise &,.
Because the optimal land-user control is constant
(uy = 1), the error dynamics e, | = e, + & reduce
to a driftless random walk with no error-feedback
restoring term: iterating this recursion gives
Ele?] = Ele;] + to? which grows without bound
as t = oo. Consequently, the classical Lyapunov
criterion for global or asymptotic mean-square
boundedness—which requires E[AV] < 0, or a
strict contraction—is not satisfied here, and we
do not claim it, consistent with recent discrete-
time stochastic Lyapunov boundedness results
for systems with persistent disturbances.?

Instead, we characterize the system’s behavior
over the fixed, policy-relevant control horizon |0,
T| used throughout this paper. Because the noise
is bounded (|| <& ) and IID with zero mean,
the second moment over this finite horizon satisfies
the finite bound SuPozth[ef] < E[e§]+T02 <o
(bounded, not convergent to zero, valid on |0,
T] only), and the mean trajectory satisfies Ele |
= Eley| for all t € [0, T| (identically zero if the
system starts at equilibrium), since E[ | = 0.

We refer to this property as finite-horizon
(practical) bounded mean-square behavior: the
soil fertility trajectory remains, in expectation,
within a bound that grows at the known rate
o’ per period around the equilibrium S*, rather
than converging to S°, diverging unpredictably,
or remaining bounded indefinitely as t — oo. This
finite-horizon bound—mnot global or asymptotic
mean-square stability—is the property established
here, and it is the appropriate, honestly
attainable performance guarantee for a system
driven by persistent, non-vanishing stochastic
disturbances without an error-feedback restoring
term. The subsequent subsection establishes that
incorporating error feedback into the control law
introduces a contraction term that resolves this
limitation, transforming the unbounded random-
walk error into a stable AR(1) process with
bounded steady-state variance.

4.3 Bounded second moment under error
feedback control

We now establish that the error feedback control
law proposed in Section 3.4 resolves the unbounded
growth of the open-loop error dynamics. Under
the feedback law ”;,, = clamp 1+ k(S* -S ),0,1]
with ke (0,2 / a) , the near-equilibrium error
dynamics satisfy e, =(1-ak)e +&, which is a
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stable AR(1) process with contraction coefficient
(1-ak) lying strictly inside the unit circle.

Consider the same quadratic Lyapunov
function (e)=¢ (Equation 10). The one-
step difference is: Ay = [(1_05/;)% +§t]2 —e
— [(1 ak)’ —1}2 +2(1-ak)eé +&. Taking

expectations and using E[£]=0, B[& =0’

and the independence of ¢  and §t :
E[AV]= —ak(2—ak)E[e,2J+o* :

Define c=ak(2—ak)>0 for ke(0,2/a)~
Then E [A V] =—E [eﬂ +o2. This expression
is negative whenever E[ef] >g2/c, positive
whenever E[ef <o?/c,and zero at | ef] =c?/c.
Consequently, the second moment

Ble |

converges monotonlcally to the steady-state

G
bound 7ak(2—ak)

positive. This establishes that the closed-loop
system under the error feedback law achieves a
bounded second moment—a strict improvement
over the open-loop case, where E[eﬂ = E[eg ] +t0?
grows without bound.?

, which is finite and strictly

2

. o
The steady-state error variance ak(2-ak)

minimized when the denominator ak(2-ak) is
d
7k)[ak(2—akﬂ =2-2ak=0

is

maximized. Setting

yields ak=1, i.e., k=1/a, yielding the minimum
bound o*. With the calibrated parameters (
a=12,0"=2.15), the optimal gain is k" =1/1.2
(approximately 0.833), and the minimum
steady-state error standard deviation is 2.15
(approximately — 1.47  fertility-index  points,
confirmed by the simulation value of 1.41 reported
in Section 6) around the equilibrium §"=65.02.
This means that, in steady state, the soil fertility
index remains within approximately 1.47 points
of §* (one standard deviation), compared to the
open-loop case where the error standard deviation
grows as Jic? without bound. The feedback gain
k thus serves as a tunable policy parameter: larger
k (up to 2/« ) tightens the bound, at the cost of
more aggressive adjustments to fallow intensity.

When the state deviates sufficiently far from
S" that the clamp activates (u;, =0 or u;,=1), the
linear analysis above no longer applies directly.
In the clamped regime, the control saturates at
its physical limits, and the system reverts to the
boundedness behavior analyzed in Section 4.2.
The overall closed-loop system therefore exhibits
a two-regime structure: near equilibrium, the

feedback law provides exponenti2a1 convergence
o

; far from
ak (2 - ak)

of the second moment to

equilibrium, the clamped control maintains
the finite-horizon boundedness guarantee. This
combined behavior ensures that the soil fertility
trajectory remains practically bounded for all time
under the feedback law—a stronger guarantee
than the open-loop finite-horizon result.

5. Application background: crop rotation
and fallow insurance system

Having established the theoretical framework,
optimality = conditions, and  boundedness
properties of the proposed stochastic control
system, we now turn to its practical application.
This section maps the practical governance
requirements to the theoretical control model.
The formal variable definitions are included in
Section 2; here we focus on the policy-institutional
correspondence.

5.1 Multi-stakeholder objectives mapping

Within this framework, the objectives of the four
stakeholder groups are mapped onto the model
as follows:

(i) Cultivated land wusers: Maximize long-
term expected income corresponding to the
instantaneous cost term in L(S, u,);

(ii) Insurance companies: Maintain capital
preservation and reasonable profit constraints
on the control variable u, and the cost
function;

(iii) Government: Minimize total fiscal subsidy
expenditure while ensuring cultivated land
quality to achieve the overall cost function’s
objective.

(iv)Public: Improve ecological and food security
welfare in the terminal cost function ®(S)
and state safety constraint. Unlike the other
three stakeholders, the public has no active
control variable in the model. Its interests are
incorporated as an objective constraint source
(via the terminal cost function ®(S,) and the
state safety constraint S, =2 S_ ), rather than
as a decision-making agent Accordmgly, the
paper derives optimal control laws for three
agent types (cultivated land users, insurance
companies, and government), which is
consistent with the three active control
variables defined in Section 2.

5.2 Three core institutional rules

The three core institutional designs of crop
rotation and fallow insurance are essentially
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the implementable forms of optimal control
laws, and are consistent with the legal basis
and compensation justification for crop rotation
and fallow established in the institutional-law
literature?*?”: These institutional designs are
further translated into concrete reform pathways
in Section 7.

(i) Cultivated land quality compliance insurance
event: Corresponding to the state constraint
and claim trigger rule of u,,. When the
observed soil fertility index §, falls below the
contractual threshold S, , an insurance claim
is triggered, and the insurance company
executes the optimal compensation ratio
derived from the PMP minimum condition.
This mechanism transforms the abstract state
constraint into a market-based enforcement
tool.

(ii) Dynamic government premium payment:
Realization of the piecewise feedback control
u,,. The government adjusts the premium
subsidy level based on observed soil fertility
compliance: when § <Sarget 2 the maximum
subsidy G, is activated; when S >S .
, the minimum subsidy G suffices.
This bang-bang structure is implemented
through triennial policy reviews, aligning
fiscal expenditure with actual land quality
outcomes.

(iii) Cultivated land use supervision information
system: Provides real-time state observation
S, for closed-loop control. By integrating
remote sensing, soil testing, and household
reporting into a unified digital platform, the
system provides the state feedback needed
for optimal control laws to function. Without
this information infrastructure, the closed-
loop strategy degenerates to open-loop, losing
its adaptive advantage.

6. Parameter calibration, numerical
simulation, and empirical tests

6.1 Data source and parameter calibration

Field surveys were conducted in three typical
pilot regions: Hunan (heavy metal pollution
area), Hebei (groundwater funnel area), and
Heilongjiang (black soil area), which are
representative fallow pilot regions in China.?® A
stratified random sampling design was employed:
within each province, 2-3 counties were selected
based on fallow pilot intensity, and 3-5 villages
per county were sampled. Households within

each village were selected using probability
proportional to cultivated land area. Data
collection was conducted from June to August
2023 through face-to-face interviews using a
structured questionnaire covering: (i) household
demographics and land endowment, (i) crop
rotation and fallow participation history, (iii) soil
fertility indicators (organic matter, pH, heavy
metal content), (iv) insurance participation and
claim experience, and (v) government subsidy
receipt. A total of 1,320 questionnaires were
distributed, and 1,187 were valid (response rate:
89.9%). Invalid questionnaires were excluded
based on three criteria: (i) incomplete responses
with more than 15% missing items, (ii) logically
inconsistent answers across related questions, and
(iii) respondents reporting zero cultivated land
area. The province-level distribution as follows:
Hunan 412, Hebei 389, Heilongjiang 386. All
model parameters are calibrated from this dataset
(Figure 2), with an effective sample size of n
= 1,187 providing sufficient degrees of freedom
for the seven estimated parameters (Table S1-
S5): S8 =65.02, a=12, u=12, o’°=2.15,
p=095, 21=12, P=26 CNY/kg, Y=6,750
kg /ha.

We estimated the marginal improvement
coefficient o and degradation rate u via ordinary
least squares regression of observed soil fertility
changes on fallow compliance rates (for o) and
continuous-cropping durations (for p), using
disjoint subsamples. The noise variance o* was
computed as the residual variance. The discount
factor o = 0.95 followed the three-year agricultural
planning cycle. Standard errors, tstatistics,
p-values, and 95% confidence intervals for all
estimated parameters are provided in Table S1-
S5. A Wald test for the null hypothesis Ho: a0 =
yields W= 0.002 (p = 0.965), failing to reject the
equality at the 5% significance level, supporting
the equilibrium condition as an empirical finding.

6.2 Numerical simulation

We performed comparative simulation for two
scenarios: Scenario 1 (traditional government-led
mode): Open-loop control, no dynamic feedback
adjustment, representing the current policy
baseline; Scenario 2 (proposed optimal control
mode): Closed-loop stochastic optimal control
with state-feedback laws. We noted that this
comparison pits the proposed method against
a passive baseline rather than an alternative
optimized policy; a comparison with a well-tuned
heuristic controller would provide a stronger test
and is left for future work. The control horizon
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was set to T =10 years, matching China’s mid-
term agricultural planning cycle, with initial
state S, =S" =65.02, which equaled the average
observed fertility index from the survey data.
Each scenario was simulated over 10,000 Monte
Carlo trials (random seed: 20260811) to ensure
statistical stability. The truncated normal noise
was generated via numpy’s default rng with

£|<20. Open-loop error followed e, =¢ +&

(driftless random walk); closed-loop error
followed e, =(1-ak)e,+&, (AR(1) contraction

with coefficient 1—gk ~0 (i-e., the error process
reduces to IID white noise, representing the
strongest contraction)). The resulting state
trajectories for both scenarios are shown in
Figure 2.

Figure 2. Comparison diagram of soil fertility state
trajectories via numerical simulation

The simulation results are as follows:

(i) Under random disturbances, the state
trajectory S of the traditional open-loop
mode exhibited a standard deviation of
4.40 fertility-index points by year 10 of the
horizon, with the trajectory falling below the
safety threshold 5 in 29.7% of simulated
periods (2,969 out of 10,000 Monte Carlo
trials per period, averaged across T =10
steps). The mean trajectory remained at
65.06 (above s* =65.02) by year 10, reflecting
the cumulative effect of uncompensated noise.

(ii) Under the proposed optimal control with
error  feedback  (k=1/a~0.833), the
trajectory standard deviation was reduced to
1.41 fertility-index points, a 68.0% reduction
relative to the open-loop case. The threshold
violation rate dropped to 14.9% (1,490 per
10,000 trials per period), and the mean
trajectory remained at 65.00 (within 0.02 of
S") throughout the horizon.

To further demonstrate the convergence
capability of the feedback law, we conducted an
additional simulation from a perturbed initial
state S, =60.0 (5.02 points below S"). Under
the open-loop law, the mean trajectory remained
at approximately 60.0 throughout the 10-year
horizon—the system never self-corrects toward
S" —with the standard deviation growing from
1.41 in year 1 (reflecting the noise standard
deviation) to 4.40 by year 10 and a threshold
violation rate of 86.7%. In contrast, under the
feedback law, the mean trajectory converged to
65.01 within the first year and remained at §°
thereafter (year-10 mean = 65.00), with a stable
standard deviation of approximately 1.42 and a
violation rate of 14.9%. On average across 1,000
sampled trials, the closed-loop trajectory enters
the 1-point band around S° within 2.0 years,
confirming the rapid convergence property of the
AR(1) contraction.

The time-averaged mean squared error E[e,z ]

was 10.79 for the open-loop mode versus 1.98
for the feedback mode (steady-state, #>5),
The simulation-based steady-state value of
1.98 deviated from the theoretical steady-state
variance o =2.15 by 7.9%, within expected
Monte Carlo sampling variation for 10,000 trials.
The control laws combining PMP-derived open-
loop solutions with the proposed error feedback
law thus effectively suppressed the negative
impact of random noise, reducing the time-

averaged E[ef] by approximately 5.4-fold.

Th2e theoretical  steady-state  variance
m =2.15 was confirmed by the simulation

value of 1.98 (7.9% relative deviation), validating
the Lyapunov analysis of Section 4.3.

6.3 Empirical verification

Regression analysis and correlation tests were
conducted on the survey data.

The calibrated model reproduced the long-run
level and trend of observed soil fertility with a
root mean square error (RMSE) of 3.21 fertility-
index points and a mean absolute error of 2.47
points across all regional samples (n=1,187),
where RMSE was computed as the square root of
the mean squared difference between the model-
predicted steady-state fertility S =65.02 and
the observed fertility index for each household.
Because both series shared a dominant near-
linear secular trend implied by o = y, we reported
RMSE and mean absolute error rather than
R?, which can be inflated by shared trends. A

10
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detrended residual analysis —computing R’
on first-differenced residuals to isolate period-
to-period fluctuations from the secular trend
implied by o =~ u——showed the model captures
approximately 42% of detrended fluctuation
variance. The remaining 58% 1is attributable
to three principal sources of unobserved
heterogeneity: (i) household-level variation in
farming skill and input intensity (725%); (ii)
micro-regional soil type differences not captured
by the aggregate fertility index (718%); and
(iii) measurement error in self-reported fallow
compliance  (715%).  Detailed  estimation
methods for each component are provided in
Table S1-S5. An out-of-sample evaluation using
a stratified random 80/20 train-test split (950
training /237 held-out observations, stratified by
province and fallow participation status) yields
RMSE = 3.85 on held-out data, confirming that
the model generalizes beyond the calibration
sample. Because the dataset was cross-sectional
rather than longitudinal, this out-of-sample test
evaluated spatial generalization rather than
temporal forecasting. The correlation coefficient
between soil fertility and user expected income
is r=0.909 (p<0.001), noting that this raw
correlation was likely inflated by shared secular
trends, and the detrended analysis provided a
more conservative estimate. This correlation
confirms the incentive effect of optimal control;
74.0% of insurance samples achieve stable profit
(defined as annual profit within +15% of target
margin), suggesting commercial sustainability of
the control strategy.

All empirical results are consistent with the
theoretical deduction of the stochastic optimal
control model. Having validated the theoretical
model through parameter calibration, numerical
simulation, and empirical tests, we now translate
the optimal control laws into actionable policy
implementation paths. The following section
bridges the mathematical framework with
institutional design, mapping each control
variable to a concrete governance mechanism.

7. Practical implementation paths of
optimal control strategies

The theoretical optimal control laws can be
transformed into three practical implementation
paths for agricultural policy, drawing on
comparative international experience in cultivated
land crop rotation and fallow practice.?-3

(i) From  government
insurance market

administration to
mechanism: Replace

rigid administrative orders with market-
oriented optimal control contracts, an
approach analogous to the market-oriented
institutional design of land conservation
programs abroad?';

(ii) From horizontal compensation to financial
overall planning: Realize the global optimal
allocation of fiscal funds via the government’s

optimal subsidy control u,,;

(iii)From static census to digital interactive
platform: Build a real-time state observation
system to support online closed-loop feedback
control.

Each path implements the theoretical control
framework proposed in this paper.

8. Discussion

The proposed stochastic optimal control
framework offers a mathematically rigorous
approach to multi-stakeholder cultivated land
governance, but several important limitations
and comparisons with existing approaches
warrant discussion.

First, the centralized optimization perspective
adopted in this paper—where all stakeholder
objectives are integrated into a single cost
function—differs fundamentally from game-
theoretic approaches that model strategic
interaction among self-interested agents. The
centralized perspective is appropriate when a
social planner designs the insurance contract and
subsidy schedule, but it does not capture the
strategic behavior that arises when stakeholders
have private information or competing objectives.
Extending the model to a Stackelberg or Nash
game framework, where the government acts as
the leader and insurance companies and land
users as followers, would better represent the
governance dynamics and is a natural direction
for future research.

Second, the optimal control laws derived via
the PMP are relatively simple—bang-bang for the
government, clamping for the insurer, and binary
for land users—because the instantaneous cost
terms are affine. While this simplicity facilitates
policy interpretation, the error feedback control
law proposed in Section 3.4 goes beyond the
standard PMP derivation by introducing a state-
dependent correction mechanism. The resulting
AR(1) error dynamics with contraction coefficient
(1-—ak) represent a non-trivial extension that
elevates the theoretical guarantee from finite-
horizon boundedness to long-run bounded second

11
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moment. Further richness could be achieved by
introducing nonlinear cost structures, such as
state-dependent claim probabilities or risk-averse
utility functions.

Third, the finite-horizon bounded mean-
square behavior established in Section 4.2 for
the constant control law is a weaker guarantee
than asymptotic stability. However, the error
feedback control law proposed in Section 3.4
and analyzed in Section 4.3 directly addresses
this limitation: by incorporating state feedback
uy, =Clam[{1 N k( 5 St)’(),l], the error dynamics
acquire a contraction term, and the second
moment converges to the computable bound
m. The optimal gain k£ =1/« minimizes
this bound to o, yielding a steady-state error
standard deviation of approximately 1.47
fertility-index points. This result transforms
the theoretical guarantee from a finite-horizon
bound that grows at rate o® per period to a
time-invariant bound that holds for all 1>0.

Fourth, the empirical validation relies on cross-
sectional survey data rather than longitudinal
observations. The parameter calibration captures
a snapshot of the system at one point in time, and
the simulation results should be interpreted as
model-based projections rather than predictions
from a validated dynamic model. Longitudinal
data spanning multiple rotation-fallow cycles
would enable proper out-of-sample validation
and is essential for policy adoption.

Finally, implementing the theoretical control
laws in practice involves a triennial review cycle
that coarsens the model’s temporal resolution.
While this approximation aligns with China’s
policy review periods, it introduces a lag between
state observation and control adjustment that
the theoretical framework does not capture.
Quantifying the performance loss due to this
discretization—and designing event-triggered
control strategies that adapt to real-time soil
monitoring data—would strengthen the bridge
between theory and practice.

Recent control literature places the proposed
feedback design within a broader transition
toward safety-certified and learning-enhanced
control. A 2026 review of Lyapunov- and barrier-
based safe reinforcement learning emphasizes
stability and constraint guarantees.® Recent
agricultural control studies further integrate
reinforcement learning with stochastic MPC?*
and formulate chance-constrained stochastic

MPC under parametric uncertainty.®® These
developments support our choice to retain an
analytically transparent PMP-based controller
and bounded error feedback as the verifiable core,
while leaving learning-based policy adaptation
for future work.

Theimplementationliteraturehasalsoadvanced
rapidly. Digital-twin reviews and artificial
intelligence-enabled decision-support frameworks
show how real-time sensing, simulation, and data
integration can operationalize agricultural and
water-management feedback.** 3¢ Recent fallow
studies examine provincial spatial allocation,
food-security trade-offs, differentiated regional
frameworks, and the drivers and regulatory
strategies of farmland  abandonment.’?™*
Together, these findings reinforce the need for the
manuscript’s state-dependent subsidy, insurance,
and monitoring rules rather than a uniform static
policy.

9. Conclusion

A constrained discrete stochastic optimal
control model with bounded IID random noise
is formalized for multi-stakeholder agricultural
governance, applicable to ecological protection
systems with multiple decision-makers and
natural disturbances. The discrete-time PMP is
derived, and the analytical optimal control laws
for three types of control inputs are obtained,
which satisfy all mixed constraints of the system.
Stochastic Lyapunov analysis establishes that
the closed-loop system under optimal control
exhibits finite-horizon practical bounded mean-
square behavior under persistent bounded noise:
the mean error E et]hremains bounded near
zero on average, and the second moment E ef

remains bounded over the finite control horizon.
Under the proposed error feedback control law

uy, =clamp 1+k(S"=S,),0,1] with ke(0,2/a),

the error dynamics acquire a contraction term,

and the second moment E[ef] converges to
O

ak(Z—ak) ’
establishing a bounded second moment for
all time—a strict improvement over the finite-
horizon guarantee of the constant control law.

The  proposed  discrete-time  stochastic
optimal control framework was applied to the
crop rotation and fallow insurance system as a
representative multi-agent ecological governance
case. Numerical simulations and empirical
tests show that the optimal control strategies
can mitigate incentive incompatibility and low

the computable steady-state bound

12
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supervision efficiency in traditional policies. These
three practical implementation paths realize the
seamless connection between theoretical control
laws and agricultural policy reform.

Future research should extend the model
to time-varying stochastic systems and game-
based  multi-stakeholder  optimal  control,
explore distributed control strategies for large-
scale regional cultivated land governance, and
investigate adaptive gain selection for the error
feedback law under parameter uncertainty,
drawing on  stochastic = multi-stakeholder
optimization frameworks developed for ecological
resource management.
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