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In this paper, we develop a comprehensive mathematical model incorporating
market linkages, sociocultural interventions, social capital, and access to finance
to examine the dynamics of women entrepreneurs. We extend the determin-
istic model by incorporating the random variations present in socioeconomic
systems, in addition to constructiing and analyzing a stochastic nonstandard finite
difference (NSFD) scheme. The methodology overcomes significant limitations
of traditional numerical approaches by ensuring the preservation of positivity
and boundedness for all step sizes. We compute key thresholds at which the
system undergoes qualitative behavioral changes by using eigenvalue analysis,
one-dimensional parameter sweeps, and two-dimensional stability surfaces. The
absence of flip bifurcation verifies that the behaviour of the system is bounded
and that the system does not exhibit period-doubling instabilities. The stochastic
and deterministic simulations highlight the dynamic behavior of the suggested
model. The impact of parameters, illustrated through radial, tornado, chord, and
heat-map diagrams, shows that maintenance programs that lower the depreciation
rate through regulatory change should be combined with initiatives that improve
investment rates through financial literacy and digital infrastructure. Statistical
validation shows the superiority of the nonstandard finite difference scheme and
the effectiveness of control measures compared with the no-control case. By formu-
lating a stochastic optimal control problem, we compare four policy cases with the
no-control case, and the results show that the combination of all controls produces
the highest access to finance. The NSFD scheme preserves positivity for all
step sizes, whereas Euler-Maruyama generates economically non-feasible negative
results for large step sizes. The findings indicate that, to prevent irregular losses
in entrepreneurial capacity, effective interventions should prioritize stabilizing
social networks and controlling financial access during turbulent periods, which
underscores the importance of stable policy environments and consistent financial
support mechanisms. In women’s entrepreneurial development programs, our
study offers a strong foundation for policy modeling, uncertainty quantification,
and evidence-based decision-making.
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1. Introduction

The contribution of women in entrepreneurship
has attracted major global attention, although
research consistently highlights the persistence
of systemic hurdles that limit their advance-
ment. Studies such as1 and2 show that women
entrepreneurs in both developed and underde-
veloped economies face multiple issues, ranging
from limited access to finance and limited mar-
ket structures to deeply entrenched sociocultural
norms. These constraints not only limit entry
into entrepreneurial activities but also limit the
scale and persistence of women-owned enterprises.
Some scholars argue that globalization and digi-
tal transformation are creating new opportunities
for women entrepreneurs by providing alternative
platforms and informal markets.3 However, such
advantages are not equally distributed and often
fail to address the structural inequalities that per-
petuate women’s marginalization. South Asia of-
fers an important example of persistent gender
disparity, where women remain significantly un-
derrepresented in the labour force despite mul-
tiple policy reforms.4 and5 argue that patriar-
chal structures and institutional gaps continue to
limit women’s opportunities, leading to stagnation
in participation even as regional economies grow.
Donor-funded and NGO-led training has emerged
as a critical parallel system in contexts where for-
mal provision remains limited or ineffective. Tra-
ditionally, women have faced significant barriers
to achieving equality, including limited access to
education, healthcare, financial opportunities, and
political participation.6–8 These difficulties have
often been compounded by social norms, tradi-
tional practices, and legal contexts that constrain
women’s self-sufficiency and opportunities for de-
velopment.9,10 Consequently, gender inequality
persists globally, with women in many regions con-
tinuing to incur lower wages, higher rates of unem-
ployment, constrained access to management roles,
and poorer health outcomes.11 Recognizing the
importance of addressing these inequalities, gov-
ernments around the world have implied a range
of measures to empower women.12 These mea-
sures are diverse, ranging from policies focused on
improving educational prospects for girls, improv-
ing parental health, ensuring workplace equality,
supporting women’s participation in governance,
and addressing gender-based violence.13 Global
organizations, such as the United Nations, have
also played a major role by setting global frame-
works, such as the Sustainable Development Goals,
which highlight women’s empowerment and gender
equality.14

1.1. Motivation and foundation of
stochastic optimal control

The mathematical modeling of dynamic systems
under uncertainty began in the middle of the 20th
century, when15,16 produced separate but com-
plementary contributions to optimal control the-
ory. Bellman’s dynamic programming provided
sufficient conditions through the concept of op-
timality, while Pontryagin’s maximum principle,
initially introduced in the late 1950s, supplied nec-
essary conditions for optimality in deterministic
systems. These significant contributions created
the mathematical framework that would subse-
quently be expanded to stochastic settings, where
systems evolve under random perturbations requir-
ing more comprehensive analytical approaches.17

Optimal control theory was extensively expanded
to stochastic contexts as a result of the under-
standing that real-world systems are subject to
uncertainties that deterministic models are unable
to sufficiently explain. In the early phases of sto-
chastic optimal control, which focused on diffusion
processes represented by Ito stochastic differential
equations, scholars such as18–20 made important
contributions to the theory of controlled diffu-
sions and the associated Hamilton-Jacobi-Bellman
equations. The combination of probability theory
and control theory allowed for new approaches
to problems in operations research, aeronautical
engineering, and ultimately economic modeling.21

The use of stochastic control methods for eco-
nomic problems gained popularity after a historic
meeting of economists and control engineers at
Princeton University in 1972, where the idea of
cross-disciplinary interchange was first carefully
examined. The use of linear-quadratic Gaussian
frameworks for economic policy optimization was
studied by.22 Initial efforts focused on applying
engineering control techniques to macroeconomic
stabilization programs. These developments recog-
nized that, like physical systems, economic systems
are subject to random disruptions and change dy-
namically over time, which policymakers must take
into account when creating intervention strate-
gies.23

In recent years, stochastic optimal control
has become increasingly important in the study
of gender-specific economic distortions and en-
trepreneurship dynamics.24 Systemic distortions
affect market participation and company size dis-
tributions for women entrepreneurs, highlighting
the need for targeted policy interventions grounded
in comprehensive dynamic modeling. The conver-
gence of development economics and stochastic
control theory enables an understanding of how
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market infrastructure, social capital, and finan-
cial access interact under uncertainty to produce
entrepreneurial outcomes. The analytical toolset
available for studying complex socioeconomic sys-
tems is being expanded by contemporary method-
ological advancements, such as the development
of bias-corrected Monte Carlo operators and the
use of artificial neural networks for dynamic pro-
gramming problems.25

1.2. Research gap and justification

To the best of our knowledge, only one study
has been conducted to date on the dynamics
of women’s entrepreneurship.26 proposed a non-
integer-order model that captured the dynamics of
women’s empowerment and illustrated the impact
of government measures. The whole population
was divided into five classes representing the entire
range from early difficulties to complete empow-
erment. In order to assess the impact of controls,
an optimal control model was also constructed
and compared with controlled and uncontrolled
cases. The results showed that empowerment out-
comes are accelerated when policy changes and
government support are combined.

There are still significant gaps in the litera-
ture on mathematical modeling, despite the grow-
ing recognition of women’s entrepreneurship as a
driver of economic growth. Current models are
mostly deterministic, assuming completely pre-
dictable growth, despite actual evidence of sub-
stantial stochastic shifts in market conditions, so-
cial dynamics, and financial access. When sto-
chastic components are present, traditional nu-
merical techniques such as Euler-Maruyama are
frequently employed. However, they may yield
negative, economically nonsensical results and ex-
hibit numerical instability over larger time steps.
A comprehensive mathematical analysis proving
the positivity, boundedness, convergence, and sta-
bility of numerical methods developed specifically
for systems of female entrepreneurs is still lacking.
Furthermore, stiffness arising from significantly
varying time scales across different capital types is
not adequately handled by existing approaches. Fi-
nally, there is a large gap between the development
of mathematical models and practical implemen-
tation guidelines that development professionals
and policymakers can use to design programs.

1.3. Novel contributions

This work closes these gaps through several coor-
dinated contributions. The deterministic women
entrepreneurship framework is extended to a sto-
chastic formulation that includes Brownian motion

disturbances in order to represent real-world ran-
dom fluctuations while preserving mathematical
tractability. We also illustrate the impact of pa-
rameters through tornado, heat map, chord, and
radial diagrams, in addition to the socioeconomic
interpretation of the bimodal distribution. We pro-
vide a complete statistical analysis that presents
measures of dispersion and measures of central ten-
dency for the compartments of the model. We also
provide equilibrium points, local and global stabil-
ity, the reproduction number, and verification of
the bounded behaviour of the model by ensuring
the absence of flip bifurcation. A nonstandard
finite difference technique is developed for this
system that preserves positivity and boundedness,
independent of step size. A detailed comparison
with the conventional Euler-Maruyama approach
is used to quantify the superior numerical sta-
bility and qualitative property retention of the
NSFD technique. Four distinct policy scenarios,
each representing a different combination of ac-
tive controls, are compared with a no-control case.
The denominator function technique ensures that
discrete schemes preserve the basic structure of
the continuous system with a multiplicative noise
structure that represents the fact that larger cap-
ital variations experience proportionately larger
absolute fluctuations.

1.4. Arrangement of study

The remaining part of this study is arranged as fol-
lows: Section 2 presents the women entrepreneur-
ship model in a deterministic setting, incorporat-
ing four compartments. Section 3 presents the
equilibrium points, reproduction number, and lo-
cal and global stability. Section 4 verifies the
absence of flip bifurcation at the empowerment-
free equilibrium. Section 5 presents the impact of
parameters on the compartments in addition to
the socioeconomic interpretation of the bimodal
distribution. Section 6 formulates the stochastic
women’s entrepreneurship model, while Section 7
proves positivity, boundedness, and the reproduc-
tion number in the stochastic sense. In Section 8,
we construct the two numerical schemes for the sto-
chastic system, namely the Euler-Maruyama and
NSFD techniques. Section 9 verifies the positivity
and boundedness of the NSFD scheme. Numerical
simulations are presented in Section 10 and in-
clude time series and histogram plots for low and
high noise terms, comparison plots between solu-
tions obtained by the Euler-Maruyama and NSFD
schemes, comparison of solutions between the de-
terministic and stochastic systems, and 2D and
3D phase plots showing the relationship among
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the compartments of the stochastic model. Sec-
tion 11 formulates the optimal control model by
extending the suggested women entrepreneurship
system using three control variables. Finally, Sec-
tion 12 summarizes the key findings and provides
recommendations based on the outcomes.

1.5. Basic concepts

This part presents some fundamental concepts
to be used in the remaining part of the research
from.27

Definition 1. A probability space is a triplet
(S, F, P ), where the sample space S is the collec-
tion of all possible outcomes, and F denotes the
event space, which is a collection of subsets of S.
Probability P is a function from F to R that as-
signs probabilities to events in F , and satisfies the
following properties:

(1) P (E) ≥ 0, ∀E ∈ F ,
(2) P (S) = 1,
(3) For any disjoint events E1, E2 ∈ F , P (E1 ∪

E2) = P (E1) + P (E2).

Definition 2. A Brownian motion process (Bt)t≥0

is characterized by:

(1) B0 = 0.
(2) Sample paths t 7→ Bt are continuous with prob-

ability 1.
(3) For any 0 ≤ t1 < t2 < · · · < tn, the incre-

ments Bt1 −B0, Bt2 −Bt1 , . . . , Btn −Btn−1 are
independent.

(4) For 0 ≤ s ≤ t, Bt−Bs ∼ N (0, t−s) (normally
distributed with mean 0 and variance t− s).

2. Deterministic model formulation

In this section, we present the mathematical frame-
work for simulating the dynamics of women en-
trepreneurs. For this, we incorporate four interre-
lated socioeconomic compartments that define the
entrepreneurial ecosystem for women in developing
economies.

2.1. Description of compartments

We incorporate four compartments into the en-
trepreneurial environment. The market-linkage in-
frastructure M(t) comprises the institutional and
physical systems that link female entrepreneurs
to markets and consumers. This includes mar-
ket facilities, digital platforms, transportation net-
works, and institutional structures that facilitate
access to markets. The main factor motivation for
compartment is empirical evidence that market-
access barriers disproportionately affect women
entrepreneurs in emerging nations. Sociocultural

interventions Si(t) are community-based programs
and cultural changes that question gender norms
and foster settings that encourage women to pur-
sue entrepreneurship. This compartment includes
community-mobilization initiatives, gendersensiti-
zation initiatives, and awareness campaigns. The
inclusion of this component recognizes that the eco-
nomic participation of women is significantly influ-
enced by societal attitudes and that entrepreneur-
ship does not occur in a cultural vacuum. So-
cial capital Sc(t) comprises networks, connections,
and trust that provide women entrepreneurs with
access to resources, knowledge, and business op-
portunities. Examples include formal business
associations, informal peer networks, and trust-
based relationships with suppliers, customers, and
mentors. The motivation stems from numerous
sociological studies that demonstrate how social
capital mediates access to economic opportunities.
Access to finance Af (t) represents the availability
of financing, savings options, and financial liter-
acy support that help women grow and sustain
businesses. This includes conventional banking
services, digital financial services, microfinance in-
stitutions, and financial education programs. It
is included as a fundamental component of the
system because women entrepreneurs continue to
face financial exclusion.

2.2. Parameter interpretation

The following parameter interpretations reflect the
underlying socioeconomic dynamics. The growth
contribution rates ψ and ω represent the growth
of market linkages and sociocultural interventions,
respectively, reflecting baseline investment and
policy support. The influence coefficient α cap-
tures the contribution of market-linkage infras-
tructure to social capital formation. The coef-
ficient β captures the interaction between socio-
cultural interventions and social capital, which
depletes both compartments. The coefficient γ
captures the transformation of social capital into
better financial access, reflecting how networks and
trust promote financial inclusion, lessen informa-
tion asymmetries, and facilitate credit acceptance.
The decay parameters m1,m2, and m3 represent
different mechanisms of market-infrastructure de-
preciation capturing the significance of rural-urban
linkages, the negative effects of restricted access,
and the perception of improvements. Similarly,
s1, s2, and s3 capture the devaluation of socio-
cultural interventions through cultural resistance,
awareness degradation, and community-initiative
fatigue. The parameters c1, c2, and c3 show how so-
cial capital is decreased by weakened relationships,
decreased engagement, and network attrition. The
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parameters a1, a2, and a3 capture the depreciation
of financial access due to service withdrawal, credit
limitations, and declining financial literacy.

2.3. Governing equations

The evolution of market-linkage infrastructure is
governed by the balance between baseline expan-
sion, depletion through interaction with social cap-
ital, and natural decay. The term ψ represents
baseline growth of market-linkage infrastructure,
αMSc represents its depletion through interaction
with social capital, and ΛM represents natural
decay. The resulting equation takes the form:

dM

dt
= ψ − αMSc − (m1 +m2 +m3)M.

The dynamics of sociocultural interventions, with
growth ω, interaction depletion βSiSc, and cumu-
lative decay, have a similar structure:

dSi
dt

= ω − βSiSc − (s1 + s2 + s3)Si.

Social capital evolves through a positive contribu-
tion from linkages, αMSc; depletion through inter-
action with sociocultural interventions, −βSiSc;
natural decay; and conversion to financial access
through −γScAf . The conversion term γScAf ,
subtracted from Sc and added to Af , represents
the mechanism by which social capital is used to
create better financial access:
dSc
dt

= αMSc− βSiSc− (c1 + c2 + c3)Sc− γScAf .

Access-to-finance dynamics capture both natural
decay through cumulative depreciation and pos-
itive reinforcement from social capital through
γScAf :

dAf
dt

= γScAf − (a1 + a2 + a3)Af .

We define the aggregated decay rates for notational
ease:

Λ = m1 +m2 +m3, ρ = s1 + s2 + s3,

Φ = c1 + c2 + c3, ξ = a1 + a2 + a3.

Figure 1 llustrates the relationships among the
compartments of the model.

Using the above description of parameters and
compartments, we formulate the deterministic
women entrepreneurship model in the following
form:

dM

dt
= ψ − αMSc − ΛM,

dSi
dt

= ω − βSiSc − ρSi,

dSc
dt

= αMSc − βSiSc − ΦSc − γScAf , (1)

dAf
dt

= γScAf − ξAf .

where all initial conditions are non-negative real
numbers given by

M(0) =M0, Si(0) = Si0, Sc(0) = Sc0, Af (0) = Af 0.

Remark 1. The classical derivative is used here
because the Markovian dynamics of our model are
empirically supported on economic time scales.
Classical derivatives enable the computationally
efficient simulations required by Monte Carlo anal-
ysis. The resulting system is consistent with stan-
dard economic interpretation, which is the founda-
tion of neoclassical growth theory and holds that
current changes depend only on current conditions.
Fractional models add unnecessary complexity in
the absence of empirical support for long-range
memory in monthly entrepreneurship data.

Figure 1. Flowchart of the suggested women entrepreneurship model

3. Equilibrium analysis and stability

In this section, we present a detailed stability anal-
ysis of the women entrepreneurship model. We
calculate the equilibrium points, use the Castillo-
Chavez framework to confirm global stability, and

employ the reproduction number to confirm local
stability. The study offers a mathematical basis
for determining when women’s economic empow-
erment may be sustained or when the system is
headed toward an undesirable poverty trap.
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3.1. Equilibrium points

The system possesses two types of equilibrium
points. The empowerment-free equilibrium, rep-
resented by E0, is a situation in which women
are trapped in poverty because they lack the net-
works and financial resources required to succeed
as entrepreneurs. Setting Sc = 0, Af = 0 in the
governing equations yields this equilibrium:

M0 =
ψ

Λ
, S0

i =
ω

ρ
,

S0
c = 0, A0

f = 0.

(2)

The empowerment-free equilibrium computed
above shows that market infrastructure and so-
ciocultural interventions maintain positive levels
because of baseline investment rates, even in the
absence of social capital and financial access.

When all four capital stocks coexist at positive
levels, a positive empowerment equilibrium exists.
This is a desired development outcome because
women entrepreneurs have access to both financial
resources and social networks. The expression for
the access-to-finance compartment from system
(1) with Af > 0 yields:

γS∗
cA

∗
f − ξA∗

f = A∗
f (γS

∗
c − ξ) = 0

⇒ γS∗
c − ξ = 0 ⇒ S∗

c =
ξ

γ
.

From system (1) with M∗ > 0 and S∗
c > 0:

ψ − αM∗S∗
c − ΛM∗ = 0 ⇒

M∗(αS∗
c + Λ) = ψ ⇒ M∗ =

ψ

αS∗
c + Λ

.

From (1) with S∗
i > 0 and S∗

c > 0:

ω − βS∗
i S

∗
c − ρS∗

i = 0 ⇒

S∗
i (βS

∗
c + ρ) = ω ⇒ S∗

i =
ω

βS∗
c + ρ

.

From system (1) with S∗
c > 0 and substituting the

expressions for M∗, S∗
i , and A

∗
f :

αM∗S∗
c − βS∗

i S
∗
c − ΦS∗

c − γS∗
cA

∗
f = 0.

Dividing by S∗
c > 0 and rearranging:

αM∗ − βS∗
i − Φ− γA∗

f = 0 ⇒ γA∗
f =

αM∗ − βS∗
i − Φ ⇒ A∗

f =
αM∗ − βS∗

i − Φ

γ
.

A threshold parameter represent the existence con-
dition for a positive equilibrium, namely, αM∗ >
βS∗

i +Φ.

3.2. Reproduction number

The reproduction number R0 is the average num-
ber of secondary empowerment units produced
by a single unit of social capital over its lifetime
in a population otherwise at the empowerment-
free equilibrium. This definition is based on the

next-generation matrix approach,28 which is stan-
dard in epidemiological modeling but modified for
socioeconomic systems. Mathematically, the re-
production number R0 is the spectral radius of the
next-generation matrix obtained from the subsys-
tem managing the interaction-driven components
(Sc, Af ). The third and fourth equations of system
(1) can be linearized around the empowerment-free
equilibrium E0 to obtain:

dSc
dt

= (αM0 − βS0
i − Φ)Sc, (3)

dAf
dt

= −ξAf . (4)

Decomposing the Jacobian yields the matrix of
new social capital creation and transitions (losses).
Using the next-generation approach, we write:

F =
∂

∂(Sc, Af )

(
αMSc

0

)∣∣∣∣
E0

=

(
αM0 0
0 0

)
,

V =
∂

∂(Sc, Af )

(
βSiSc +ΦSc + γScAf

ξAf − γScAf

)∣∣∣∣
E0

=(
βS0

i +Φ 0
0 ξ

)
.

The basic reproduction number R0 is the maxi-
mum eigenvalue of K = FV −1 given by:

R0 =
αM0

βS0
i +Φ

=

α

(
ψ

Λ

)
β

(
ω

ρ

)
+Φ

. (5)

Financially, the numerator αM0 represents the
rate at which new social capital is created by the
existing market infrastructure. The denominator
βS0

i +Φ represents the total rate of social capital
depletion, which includes both natural decay (Φ)
and conversion to sociocultural outcomes (βS0

i ).
When R0 > 1, social capital can build up and
possibly maintain a positive equilibrium since the
generation rate is higher than the depletion rate.
Depletion takes control when R0 < 1, and the
system approaches the empowerment-free poverty
trap.

The value of the reproduction number is less
than unity, and thus the system is clearly in a
regime where social capital cannot be sustained
under baseline conditions. The deterministic sim-
ulations quickly converge to the empowerment-
free equilibrium due to the extremely low value
of R0, which also shows why significant parame-
ter changes would be necessary to attain positive
social capital and financial access.

3.3. Local stability analysis

The local stability of the empowerment-free equi-
librium is determined by the eigenvalues of the
Jacobian matrix calculated at E0. The Jacobian
matrix for system (1) is:
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J =


−αSc − Λ 0 −αM 0

0 −βSc − ρ −βSi 0
αSc −βSc αM − βSi − Φ− γAf −γSc
0 0 γAf γSc − ξ

 . (6)

The Jacobian matrix evaluated at the equilib-
rium point E0 is:

J(E0) =


−Λ 0 −αM0 0
0 −ρ −βS0

i 0
0 0 αM0 − βS0

i − Φ 0
0 0 0 −ξ

 .

(7)
Thus, the obtained eigenvalues are λ1 = −Λ,
λ2 = −ρ, λ3 = αM0 − βS0

i − Φ, and λ4 = −ξ.
For positive parameter values, the first two and
last eigenvalues are negative. Equation (5) allows
us to express λ3 in terms of R0:

λ3 = (βS0
i+Φ)

(
αM0

βS0
i +Φ

− 1

)
= (βS0

i+Φ)(R0−1).

(8)
Thus, the sign of λ3 defines the stability of the
social capital direction and is directly linked to
R0. Therefore if R0 < 1, then λ3 < 0 and all
eigenvalues are negative, so E0 is locally stable. If
R0 > 1, then λ3 > 0 and E0 is unstable (saddle
point). If R0 = 1, then λ3 = 0 and a bifurcation
occurs.

From a financial perspective, this indicates that
a small deviation from the poverty trap will even-
tually return to it, demonstrating the stability
of the unfavorable equilibrium and providing an
explanation for why isolated initiatives could not
result in long-term improvement.

3.4. Global stability

Although local stability analysis is useful, it only
ensures convergence for initial conditions that
are sufficiently near the equilibrium. We use
the global stability approach29 to prove that the
empowerment-free equilibrium is the only conceiv-
able outcome independent of initial conditions
when R0 < 1. Systems that can be broken down
into interaction-driven and non-interacting base-
line components are most suited to this approach.

Using this paradigm, we divide the state vec-
tor into Z = (Sc, Af ), which represents the
interaction-driven components that require social
capital for positive values, andX = (M,Si), which
represents the baseline components that can per-
sist even in the absence of social capital. The
system is expressed as follows:

dX

dt
= F (X,Z),

dZ

dt
= G(X,Z).

where

F (X,Z) =

(
ψ − αMSc − ΛM
ω − βSiSc − ρSi

)
(9)

G(X,Z) =

(
αMSc − βSiSc − ΦSc − γScAf

γScAf − ξAf

)
.

(10)

According to the Castillo-Chavez theorem, if
the following two conditions are satisfied, then
the empowerment-free equilibrium E0 = (X0, 0)
is globally stable in the feasible region Ω =
{(M,Si, Sc, Af ) ≥ 0}:
(H1) X0 is globally stable for the reduced subsys-

tem dX/dt = F (X, 0).
(H2) The function G(X,Z) can be expressed as

G(X,Z) = AZ−Ĝ(X,Z), where Ĝ(X,Z) ≥
0 in Ω and A = DZG(X

0, 0) is a Metzler
matrix with all eigenvalues in the left half-
plane.

3.5. Verification of global stability
conditions

Condition 1 (Verification of condition (H1)). We
have the following expression for the reduced sub-
system with Z = 0:

dM

dt
= ψ − ΛM,

dSi
dt

= ω − ρSi.

The solutions of these linear equations are M(t) =
M0 + (M(0) − M0)e−mt and Si(t) = S0

i +
(Si(0) − S0

i )e
−st. Since Λ > 0 and ρ > 0,

for all non-negative initial conditions, we obtain
limt→∞M(t) = M0 and limt→∞ Si(t) = S0

i . Ad-
ditionally, the convergence is exponential. As a
result, X0 = (M0, S0

i ) satisfies condition (H1) and
is globally stable for the reduced subsystem.

Condition 2 (Verification of condition (H2)). We
calculate the Jacobian with respect to Z at the equi-
librium for the second condition:

A = DZG(X
0, 0) =

(
αM0 − βS0

i − Φ 0
0 −ξ

)
.

Since αM0 − βS0
i − Φ < 0 when R0 < 1, A is

a stable Metzler matrix due to the negativity of
all eigenvalues and the nonnegativity of all off-
diagonal elements. It is possible to calculate the
nonlinear remainder Ĝ(X,Z) = AZ −G(X,Z) as
follows:

Ĝ(X,Z) =

(
γScAf

0

)
≥ 0,

7
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when all variables are nonnegative and in the fea-
sible region. Consequently, whenever R0 < 1, the
second condition of the Castillo-Chavez theorem is
satisfied.

3.6. Financial interpretation of global
stability

Verification of global stability implies that the sys-
tem will converge to the poverty trap for any initial
conditions, where social capital and financial ac-
cess approach zero. No matter how much initial
financial or social capital is available, the outcome
is global rather than merely local, ensuring that
these resources will eventually vanish unless the
system parameters satify R0 > 1.

This result has substantial financial implica-
tions. The threshold R0 denotes the capacity
of the women entrepreneurs’ ecosystem for self-
sufficiency. When R0 < 1, the system does
not have the internal reinforcement mechanisms
needed to maintain social capital and financial ac-
cess. Even substantial initial endowments or short-
term activities will eventually be undermined by
the dominant decay mechanisms. Short-term or
isolated programs often fail to have a permanent
impact because they are unable to alter the under-
lying dynamical structure that drives the system
back into poverty. Conversely, coordinated inter-
ventions that simultaneously raise growth contri-
butions (ψ, ω), improve interaction coefficients
(α, β, γ), and lower decay rates (Λ, ρ, Φ, ξ) are
required to obtain R0 > 1. The global stability
result states that such extensive parameter alter
can significantly change the system’s attractor,
opening the chance to possibility of a stable pos-
itive equilibrium in which female entrepreneurs
continue to have access to both financial resources
and social capital.

4. Flip bifurcation analysis

In this section, we present a comprehensive bifur-
cation analysis of the dynamical system of women
entrepreneurs. We aim to identify threshold con-
ditions governing the persistence of social and
financial capital, examine the stability structure
of the equilibrium states, and determine whether
flip bifurcation can occur in the model dynamics.
Both the continuous-time formulation and its dis-
crete numerical representation are analyzed using
the method discussed in.30,31

4.1. Nonexistence of flip bifurcation in the
continuous system

In discrete dynamical systems, flip bifurcation oc-
curs when an eigenvalue of the linearized map

passes through the value −1. Flip bifurcation
does not occur in continuous dynamical systems,
since the stability boundaries of such systems are
determined by eigenvalues crossing the imaginary
axis rather than the point −1. The following is a
formal statement of this property.

Theorem 1. For the continuous women en-
trepreneurship system (1), the system does not
exhibit flip bifurcation at the empowerment-free
equilibrium point E0.

Proof. The eigenvalues of the Jacobian matrix
govern the local dynamics of a continuous system
near an equilibrium point. When eigenvalues cross
the stability boundary in the complex plane, bi-
furcation occur. Stability in continuous systems
changes when eigenvalues satisfy Re(λ) = 0. By
contrast, flip bifurcation requires an eigenvalue
satisfying λ = −1. For the present system, the
eigenvalues are

λ1 = −Λ, λ2 = −ρ, λ3 = αM0−βS0
i −Φ, λ4 = −ξ.

The first, second, and fourth eigenvalues are
strictly negative since Λ, ρ, and ξ > 0. Depending
on the parameters values, the third eigenvalue λ3
may change sign, but it can only cross zero. A
transcritical bifurcation associated to the thresh-
old R0 = 1 occurs when zero is crossed. However,
for continuous-time systems, the condition λi = −1
does not constitute a stability threshold. Conse-
quently, when λ = −1, no change in qualitative
dynamics can occur. As a result, flip bifurcation
cannot occur in the model. Therefore, there is no
flip bifurcation in the continuous-time formulation
of the women entrepreneurship model. □

4.2. Discrete-time representation

The forward Euler approach is frequently used to
discretize the system for numerical simulations:

Mn+1 =Mn + h(ψ − αMnSc,n − ΛMn),

Si,n+1 = Si,n + h(ω − βSi,nSc,n − ρSi,n),

Sc,n+1 = Sc,n + h(αMnSc,n − βSi,nSc,n

− ΦSc,n − γSc,nAf,n),

Af,n+1 = Af,n + h(γSc,nAf,n − ξAf,n),

where h denotes the discretization step size. The
Jacobian matrix of the discrete map satisfies
Jd = I + hJc, where Jc represents the Jacobian
of the continuous system. As a result, the eigen-
values of the discrete map are µi = 1 + hλi. Flip
bifurcation would require µi = −1. Substituting
µi = 1 + hλi gives 1 + hλi = −1, which implies
λi = − 2

h .
8
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The above requirement can only be fulfilled
for impractically large step sizes, since the eigen-
values of the continuous system are bounded and
depend on biological and financial properties. Con-
sequently, flip bifurcation in the discrete form is
not a genuine economic phenomenon and is only
a numerical artifact.

4.3. Financial interpretation

The absence of flip bifurcation implies that the
system does not generate endogenous cyclical fi-
nancial crises or oscillatory instability. Instead, the
dynamics are governed by structural thresholds
that determine whether entrepreneurial ecosys-
tems expand or contract. The system approaches
the empowerment-free equilibrium when the gen-
eration of social capital through market infras-
tructure remains lower than its dissipation. In
this state, infrastructure investments do not re-
sult in sustained financial inclusion because social
networks and cooperative institutions remain in-
adequate. The system approaches a state in which
social capital and financial access reinforce each
other when the threshold condition R0 > 1 is sat-
isfied. This is comparable to the establishment
of a sustainable entrepreneurial environment in
financial terms, where institutional support, mar-
ket infrastructure, and financial accessibility all
contribute to long-term economic empowerment.

4.4. Bifurcation and stability plots

We analyze the bifurcation structure of the model
with respect to the financial interaction parameter
α. Figure 2 shows the stability and economic

behavior of the system under α. The stability
bifurcation diagram in Figure 2a shows the max-
imum real part of the eigenvalues of the Jacobian
matrix. When this curve lies below zero, all eigen-
values have negative real part and the equilibrium
is locally stable. As the curve approaches the zero
barrier, the system approaches a critical transition
that suggests a bifurcation may occur. By display-
ing the equilibrium level of access to finance as a
function of α, Figure 2b illustrates the economic
implications of this change. The figure reflects
how the steady-state level of financial accessibil-
ity for female entrepreneurs varies with increasing
financial influence. The economic system progres-
sively adapts to policy changes in financial support
mechanisms when t the equilibrium branch varies
smoothly. Figure 2c shows the two-parameter
stability surface to further investigate the rela-
tionship between financial and sociocultural forces.
This surface illustrates the effect of α and β on
the largest real eigenvalue. Regions where the
surface remains below zero indicate stable eco-
nomic processes, whereas locations approaching
zero indicate potential instability. This graph
shows how the stability of the entrepreneurship
ecosystem is influenced by both financial support
and sociocultural interventions. Overall, the bi-
furcation analysis demonstrates that the stability
of the women’s entrepreneurial growth system is
significantly affected by the interaction between
financial accessibility and sociocultural support
mechanisms. Appropriate parameter values en-
sure long-term access to financial resources and
stable economic growth.

(a) The plot showing the variation of
parameter α on the largest real part

of the eigenvalues.

(b) Plot showing the impact of α on
the equilibrium level of financing

access.

(c) Plot showing the influence of α
and β on the largest eigenvalue using
the two-parameter stability surface.

Figure 2. Analysis of bifurcation and stability of the women’s entrepreneurship development model. The
figures show how variations in the financial influence parameter α and the sociocultural interaction parameter β
influence the equilibrium dynamics and system stability.
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5. Impact of parameters

In this part, we provide a detailed parameter im-
pact analysis on the compartments of the pro-
posed model. The visualization offers quantitative
insights for formulating evidence-based policies.
In Figure 3a, larger radial indicate describe a
stronger influence, and the blue polygons display
the normalized impact magnitude in the range
of 0 to 1. In the radial impact diagramr, each
entry of the sensitivity matrix represents the par-
tial derivative of the compartment with respect to
the parameter. Figure 3b displays a color-coded
heatmap of the entire impact matrix with numer-
ical values. Blue colour denotes a minor impact,
yellow an average impact, and red a strong posi-
tive impact. The heatmap displays the Jacobian
matrix of the deterministic system evaluated at
the steady state. In the circular network diagram
shown in Figure 3c, parameters are represented
by blue nodes, compartments by red nodes, and
impact relations by green chords. Impact strength
is directly correlated with chord thickness. The
chord diagram confirms the core hub position of

social capital, which shows that it has the high-
est connectedness degree, with dependency on six
parameters. Four parameters affect market infras-
tructure, five affect sociocultural factors, and three
affect the finance access class. The thickest chords
join ψ to market linkages, ω to Si, α to Sc, β to
Sc, and γ to financial access. The chord diagram
also shows weak or economically insignificant re-
lationships. The minimal chord between ψ and
Af suggests that social capital acts as an inter-
mediary and that direct market investment has
little impact on financial inclusion. Similarly, the
weak relationship between ω and M demonstrates
that cultural initiatives have no direct impact on
market infrastructure. These mathematical find-
ings validate the model’s structure, in which social
capital is the crucial mediating variable. The four
tornado diagrams in Figure 3d show the posi-
tive sensitivity using green bars, while red bars
illustrate the negative sensitivity. The sign and
magnitude indicate the impact of a parameter on
the compartment through the rise or decline of
that parameter.

(a) (b)

(c) (d)

Figure 3. Impact of parameters on compartments through heat map, radial, tornado, and chord diagrams

The parameter impact analysis demonstrates
that investment and depreciation rates signifi-
cantly influence market infrastructure, while the

conversion parameter exhibits moderate influence.
From an economic perspective, this indicates that
the main drivers behind market growth are direct

10
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market investment and expenses for maintaining
infrastructure. The analysis shows that developing
social capital should be the main focus, since Sc
mediates the effects on Af ; all investment strate-
gies should be assessed based on how much they
contribute to it. The analysis justifies redirect-
ing funds from direct financial interventions to
social capital-building initiatives. The strong α-Sc
and β-Sc correlations imply that the best returns
on investment come from measures that increase
market-cultural conversion efficiency. The most
sensitive parameters for the sociocultural class are
ω and the depreciation rate, with β exhibiting a
significant influence. This suggests an ideal policy
balance in which depreciation control should be
balanced with increases in investment. Raising
ω leads to improvement; however, in the absence
of depreciation control, the advantages decrease
because of the depreciation rate impacts. Mainte-
nance programs that lower the depreciation rate
through regulatory change should be combined
with initiatives that improve γ through financial
literacy and digital infrastructure. Social capital
exhibits negative sensitivity to the depreciation
rate, and its sensitivity is spread across α, β, and γ.
Economically, social capital has so many positive
drivers that it should be given the highest propor-
tion of public resources. While depreciation rates
have minimal effects, access to finance changes
drastically under γ and the depreciation rate. Be-
cause of their high sensitivity, this mathematical
result indicates that 90 % of expenditures in the
financial inclusion strategy should be allocated
to conversion efficiency. Efficiency enhancement
in γ and depreciation control of the depreciation
rate are necessary for sustainable financial inclu-
sion. The analysis suggests building the integrated
policy framework on three pillars. First, devote
40% of funds to initiatives aimed at increasing
conversion rates through infrastructure, training,
and regulatory reform. Second, set aside 35% of
funds for direct investments aimed at the devel-
opment of social, cultural, and market capital.
Third, set aside 25% of funds for maintenance and
depreciation management initiatives that lower
depreciation rates by using sustainable methods.

5.1. Socio-economic interpretation of
bimodal distributions

The turning point analysis shows the nonlinear
phase shift in model compartments under different

policy intensities. The bimodality of the model
reveals three nonlinear phenomena: First, poverty
traps, in which women gather into high-growth
and low-growth phases divided by a critical thresh-
old. Second, inequality classification, in which the
middle class weakens and creates dual economies,
and third, regime shifts, in which small policy
changes only have significant repercussions after
crossing thresholds. Since uniform interventions
are ineffective, customized, threshold-aware, se-
quential solutions are required.

Figure 4a shows the behaviour of rising pol-
icy intensity on market infrastructure. Market
access greatly improves above this barrier, while
market development remains unchanged below it.
Figure 4b shows the behaviour of the sociocul-
tural environment. Cultural norms are resistant
to change below the crucial policy intensity, ex-
hibiting threshold behavior. Once the threshold is
crossed, a sharp rise in social acceptance and sup-
port for women entrepreneurs occurs due to the
nonlinear property of cultural development. Fig-
ure 4c shows the social capital dynamics. This
variable exhibits the most noticeable tipping be-
havior, since reaching a critical threshold is nec-
essary for social capital formation. Network ef-
fects are still weak below control intensity, and
self-reinforcing development cannot start. Posi-
tive feedback mechanisms cause social capital to
build up quickly above the threshold. Figure 4d
reflects the behaviour of access to finance with
clearly marked ineffective and effective zones. The
red-shaded area below control intensity shows the
areas where financial inclusion has improved due
to policy initiatives. The green-shaded area above
control, where financial access increases drastically,
reveals that concentrated investment is needed for
significant change. Figure 4e displays the stan-
dard deviation of financial access outcomes across
policy intensities. The variance acts as a precursor
to a regime shift by peaking exactly at the tipping
point. This phenomenon shows that the system
becomes more sensitive to changes close to the
threshold. Figure 5 shows the boxplots of the
final financial access results at each level of policy
intensity, confirming that the transition is rapid.
Results cluster close to zero below control intensity
and shift to much higher values above it. An in-
creasing interquartile range close to the threshold
confirms the increasing uncertainty during regime
transition.
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Figure 5. Plots describing the statistical analysis of each compartment through time series and box plots

5.2. Statistical analysis

In this part, we provide the statistical analysis of
our model, including measures of central tendency,
measures of dispersion, skewness, and kurtosis,
through tables and plots. The five tables sum-
marize the statistical analysis of 10,000 Monte
Carlo realizations for the compartments of our
model. Table 1 reports the central values of
the final distribution for each compartment. The
mean (0.132 for the market and 0.143 for the so-
ciocultural) shows the average outcome, while the
median confirms that these values are represen-
tative. Lower outcomes are more common when
the mode is lower than the median. The mode
for social capital and access to finance appears
at 0.005, indicating that these compartments de-
cline rapidly because of large depreciation terms.

Table 2 quantifies the spread of each distribu-
tion. The market compartment shows the lowest
variability with a small standard deviation and
coefficient of variation, indicating stable outcomes.
The sociocultural compartment exhibits moderate
dispersion. Social capital and access to finance
show zero dispersion, as they converge to zero for
all realizations. Table 3 reveals the full range
of outcomes by describing the percentiles and ex-
tremes. For the market, values range from 0.084
to 0.213, with 95% of realizations between 0.108
and 0.160. Sociocultural ranges from 0.081 to
0.244. Both social capital and access to finance
remain at zero across all percentiles, confirming
complete decay. Table 4 provides the information
about the shape of distribution, revealing that the
market compartment shows mild right-skewness
with near-normal kurtosis, indicating a roughly
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symmetric distribution with moderate tails. The
sociocultural compartment shows noticeable right-
skewness and heavier tails, suggesting occasional
higher outcomes. Social capital and access to fi-
nance produce undefined shape statistics because
of degenerate distributions. Table 5 combines the
key findings. The market compartment stabilizes
at 0.132 ± 0.016 with a median of 0.131 [0.121,
0.142]. The sociocultural compartment stabilizes
at 0.143 ± 0.021 with a median of 0.142 [0.129,
0.156]. Social capital and access to finance con-
verge to zero with no variability, indicating that

these compartments cannot sustain themselves
under baseline noise conditions.

Table 1. Central tendency measures

Compartment Mean Median Mode

Market 0.1320 0.1310 0.1328
Sociocultural 0.1435 0.1419 0.1369
Social capital 0.0000 0.0000 0.0050
Access to finance 0.0000 0.0000 0.0050

Table 2. Dispersion measures

Compartment Std Dev Variance Range IQR CV

Market 0.015834 0.000251 0.128987 0.021191 0.1200
Sociocultural 0.021038 0.000443 0.163492 0.027625 0.1466
Social capital 0.000000 0.000000 0.000000 0.000000 0.0000
Access to finance 0.000000 0.000000 0.000000 0.000000 0.0000

Table 3. Percentiles and extremes

Compartment Min 5% Q1 Median Q3 95% Max

Market 0.0843 0.1080 0.1206 0.1310 0.1418 0.1596 0.2133
Sociocultural 0.0806 0.1120 0.1287 0.1419 0.1563 0.1809 0.2441
Social capital 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Access to finance 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Table 4. Distribution shape

Compartment Skewness Kurtosis Interpretation

Market 0.4536 3.3685 Symmetric
Sociocultural 0.5345 3.5676 Right-skewed
Social capital NaN NaN Symmetric
Access to finance NaN NaN Symmetric

Table 5. Summary statistics

Compartment Mean ± Std Median [IQR] CV

Market 0.1320± 0.0158 0.1310 [0.1206, 0.1418] 0.1200
Sociocultural 0.1435± 0.0210 0.1419 [0.1287, 0.1563] 0.1466
Social capital 0.0000± 0.0000 0.0000 [0.0000, 0.0000] 0.0000
Access to finance 0.0000± 0.0000 0.0000 [0.0000, 0.0000] 0.0000

Figure 5a illustrates the mean trajectories of
all compartments during the simulation period,
together with ±1 standard deviation confidence

ranges. The mean trajectories of market link-
ages start from the initial state and converge to a
steady state. The narrow confidence bands indi-
cate comparatively low variability, indicating that
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market linkages are the most stable compartment
in the model. Starting from the initial state, so-
ciocultural interventions converge to Si ≈ 0.143.
The confidence bands show moderate sensitivity
to stochastic noise, since they are wider than those
for market linkages. Because of its dependence
on both market connections and the sociocultural
compartment through the term αMSc − βSiSc,
which declines quickly when these factors are low,
the social capital compartment quickly drops to
values near zero within the first 20 days. Simi-
larly, the availability of finance quickly declines
to almost zero. In fiinancial terms, social capi-
tal, through γScAf determines access to finance.
Access to finance cannot be maintained when so-
cial capital approaches zero. The box plot in
Figure 5 compares the distributions of the four
compartments. The interquartile range of the mar-
ket compartment is [0.121, 0.142], with a narrow
spread; that of the sociocultural compartment is
[0.129, 0.156], with a moderate spread; and the
social capital and access-to-finance medians are
zero, with all values close to zero.

We now explain why the very low central val-
ues and standard deviations for social capital and
access to finance are both mathematically and fi-
nancially correct. Factorizing the third equation
for the social capital compartment, we have

dSc
dt

= Sc(αM − βSi − Φ− γAf ). (11)

The sign depends on (αM − βSi − Φ − γAf )
when Sc > 0. With the parameters α = 0.592,
and M ≈ 0.132, we obtain αM ≈ 0.078. With
β = 0.362 and Si ≈ 0.143, we obtain βSi ≈ 0.052.
Moreover, Φ = 2.523 (the sum of the decay rates).
Since Af ≈ 0 gives γAf ≈ 0 with γ = 0.500, the
exponential decay to zero is caused by a strongly
negative decay rate. This is plausible from a fi-
nancial perspective, since social capital cannot
endure without continuous investment and market
support. Financial access is a derived compart-
ment. Banks and other financial institutions ex-
tend credit only during periods of active economic
activity (social capital). The substantial negative
drift cannot be overcome by noise. Therefore, on-
going action is needed to preserve financial access
and social capital.

6. Stochastic model formulation

In this section, we extend the suggested deter-
ministic model in the stochastic sense. We first
provide motivation for the suggested model and
then present the stochastic model equations.

6.1. Motivation for stochastic modeling

The primary benefit of the stochastic approach
is its ability to use confidence intervals to model
economic uncertainty. The stochastic framework
provides full distributional information, including
variance, confidence bounds, and tail risks essential
for evidence-based policy formulation, while de-
terministic models only provide mean trajectories.
Deterministic models are unable to capture realis-
tic policy analysis, such as the uncertainty, vari-
ation patterns, and probabilistic risk assessment
that stochastic analysis reveals. The stochastic
approach takes into account unexpected economic
shocks and depicts the variation of outcome dis-
tributions over time. Real-world socioeconomic
systems are naturally prone to random swings
because of financial instability, cultural transfor-
mations, market volatility, and regulatory changes.
These uncertainties, which have a fundamental
impact on women’s entrepreneurship trajectories,
are not captured by deterministic models. In or-
der to overcome this limitation, we extend the
deterministic framework to a system of stochastic
differential equations.

There is a great deal of ambiguity in the context
in which the ecosystem of women entrepreneurs op-
erates. Market infrastructure faces unpredictable
economic conditions and logistical disruptions. Po-
litical backing and community involvement are
inconsistent for sociocultural interventions. Rela-
tionships based on trust are essential to the de-
velopment of social capital and can be either rein-
forced or diminished by chance. Financial market
volatility and changes in credit availability might
affect access to financing. This uncertainty can
be quantified, outcome probabilities can be evalu-
ated, and interventions that are resilient to random
fluctuations can be designed through stochastic
modeling. Stochastic modeling assists policymak-
ers in assessing not only expected outcomes but
also the variety of possible paths and the likeli-
hood of achieving desired levels of financial access
by quantifying uncertainty. It facilitates risk as-
sessment by identifying the compartments most
vulnerable to random variations. The framework
includes stochastic stability, which suggests that
when random disturbances are combined with well-
placed interventions, people may be able to break
free from poverty traps. In addition to facilitat-
ing adaptive policy design that responds to actual
random events, it provides the foundation for op-
timal control under uncertainty, where actions
maximize anticipated outcomes while reducing
downside risk.
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6.2. Stochastic women entrepreneurship
model

We use multiplicative noise in the Itô sense to
describe the stochastic extension, where the in-
tensity of the noise is proportional to the current
state of each compartment. This ensures that
fluctuations scale with amplitude, indicating that
absolute volatility is proportionally greater for
higher capital stocks. The system is formulated in
the following form:

dM = [ψ − αMSc − ΛM ] dt+ σ1MdW1,

dSi = [ω − βSiSc − ρSi] dt+ σ2SidW2,

dSc = [αMSc − βSiSc − ΦSc − γScAf ] (12)

dt+ σ3ScdW3,

dAf = [γScAf − ξAf ] dt+ σ4AfdW4.

where σi > 0 denotes the noise intensities and
Wi

4
i=1 are independent standard Wiener processes

on a complete probability space (Ω,F ,P). The
diffusion term σ1MdW1 captures the market in-
frastructure instability brought on by erratic eco-
nomic conditions. The term σ2SidW2 captures
the variations in sociocultural interventions due to
changing community engagement. Through ran-
dom social events, σ3ScdW3 models the volatility
of social capital formation. The term σ4AfdW4

reflects the credit uncertainty and financial market
volatility.

Remark 2. For three reasons, we prefer multi-
plicative noise over additive noise. First, larger
markets see greater absolute variations due to the
current state of economic instability. Second, the
noise term disappears as the compartment ap-
proaches zero; multiplicative noise guarantees pos-
itivity preservation. Third, this approach captures
the reality that uncertainty affects entrepreneurial
ecosystems in proportion to their current level of
growth rather than being a fixed external shock.
On the other hand, additive noise would disregard
the state-dependent character of actual economic
uncertainty and permit negative values.

7. Positivity, boundedness and
reproduction number

The purpose of this section is to establish the
fundamental qualitative properties of the stochas-
tic empowerment model, including verification
of positivity, boundedness of solutions, and com-
putation of the stochastic reproduction number.
These properties ensure that the stochastic model
is both mathematically stable and economically
meaningful, under randomness arising from eco-
nomic uncertainty, policy instability, and social
disturbances.

7.1. Positivity of solutions

Theorem 2. The solutions of the compartments
of the stochastic model (12) are positive for all
t ≥ 0 for any non-negative initial conditions.

Proof. Consider lnSc(t). Applying Itô’s formula:

d lnSc =

(
αM − βSi − Φ− γAf − σ2

3

2

)
dt+ σ3dW3.

lnSc(t) cannot diverge to negative infinity since all
terms on the right-hand side remain finite for every
finite time interval. Therefore, Sc(t) > 0. Positiv-
ity of all components is established by applying the
same reasoning to the other compartments. □

7.2. Boundedness of solutions

Theorem 3. The solutions of the stochastic sys-
tem (12) are bounded in expectation. There is a
K > 0 such that:

lim sup
t→∞

E[M + Si + Sc +Af ] ≤ K.

Proof: Define V =M + Si + Sc +Af . Applying
Itô’s lemma and taking expectations:

dE[V ]

dt
= ψ+ω−ΛE[M ]−ρE[Si]−ΦE[Sc]−ξE[Af ].

Let δ = min{Λ, ρ,Φ, ξ} > 0. Then:

dE[V ]

dt
≤ ψ + ω − δE[V ].

Solving yields lim supt→∞ E[V ] ≤ (ψ + ω)/δ ≡ K.

7.3. Stochastic reproduction number

We start with the empowerment-free equilibrium
point E0 = (M0, S0

i , 0, 0), where M0 = ψ
Λ and

S0
i = ω

ρ . Linearizing the Sc equation near E0
yields:

dSc = Sc
(
αM0 − βS0

i − Φ
)
dt+ σ3ScdW3.

Applying Itô’s formula to lnSc:

d lnSc =

(
αM0 − βS0

i − Φ− σ23
2

)
dt+ σ3dW3.

The stochastic reproduction number is then de-
fined as:

Rs =
αM0

βS0
i +Φ+

σ2
3
2

.

This is the threshold for empowerment programs
to be sustainable in the stochastic sense.

7.4. Extinction and persistence

In this part, we describe the extinction and per-
sistence conditions for the stochastic women en-
trepreneurship model.
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Theorem 4. If Rs < 1, then limt→∞Af (t) = 0
almost surely.

Proof. From the logarithmic transformation of
Af :

d lnAf =

(
γSc − ξ − σ24

2

)
dt+ σ4dW4.

Applications of the strong law of large numbers
and Brownian motion yield the following:

lim sup
t→∞

1

t
lnAf (t) = γSc − ξ − σ24

2
.

The drift for Sc is negative when Rs < 1, push-
ing Sc to zero. As a result, γSc → 0 and the
right-hand side becomes negative, implying that
Af (t) → 0. □

Theorem 5. If Rs > 1, then lim inft→∞
1
t

∫ t
0

Af (s)ds > 0.

Proof. When Rs > 1, the drift for lnSc is posi-
tive, ensuring that Sc remains bounded away from
zero. The positive drift in the Af equation then
dominates stochastic fluctuations, preventing ex-
tinction and ensuring that the time average re-
mains positive. □

7.5. Financial interpretation

From a policy perspective, the instability correc-
tion term σ23/2 reduces the effective growth rate of
empowered capacity. Even when the deterministic
reproduction number exceeds 1, extreme variabil-
ity may cause Rs to drop below one, leading to em-
powerment collapses. The required deterministic
reproduction number for sustainability increases
quadratically with uncertainty:

Rd
0 > 1 +

σ23
2(βS0

i +Φ)
. (13)

This implies that stronger underlying dynamics are
required for programs to have an equal likelihood
of success under uncertain circumstances. Sustain-
able empowerment initiatives must simultaneously
provide structural growth mechanisms and sta-
bilize financial conditions through reliable credit
systems, consistent institutional support, and long-
term development financing. The extinction prob-
ability is (Rs)

−Sc(0) for Rs > 1, suggesting that
larger starting investments exponentially lower
failure risk. This provides actionable recommen-
dations for program scaling and risk management
in the development of female entrepreneurs.

7.6. Comparison of deterministic and
stochastic reproduction number

We have plotted bar graphs in Figure 3 to show
the variation in the deterministic and stochastic

reproduction numbers under various parameters.
The left subplot shows the deterministic repro-
duction number, and the right subplot shows the
stochastic R0 with the Ito correction factor in
the denominator, showing that the stochastic val-
ues are smaller. The depreciation parameters Φ
and Λ show a negative relationship with R0, in-
dicating their opposing roles in the reproduction
number, while the conversion parameters show
positive relationships. The long-term sustainabil-
ity of entrepreneurship is restricted by higher rates
of decline in financial access systems. Due to the
Ito correction term in the denominator, which
incorporates the variance-reducing impact of mul-
tiplicative noise in stochastic equations, the sto-
chastic values are lower than those of the deter-
ministic system. The reproduction number mea-
sures the self-sustaining potential of the women
entrepreneurship ecosystem. Decay parameters Φ
and Λ appear in the denominator, indicating that
rises in these rates decrease the reproduction num-
ber, while conversion parameters appear in the
numerator, indicating that increases in these co-
efficients enhance the reproduction number. The
deterministic reproduction number follows this
relationship precisely, while the stochastic repro-
duction number includes the Ito correction factor
in the denominator and produces reduced values
that reflect the uncertainty present in real-world
systems. From a financial perspective, the parame-
ters α, β, and γ represent enabling properties that
help to transform social capital into financial ac-
cess. A crucial policy goal is the threshold R0 = 1.
When R0 > 1, the ecosystem produces more finan-
cial access than it loses, becoming self-sufficient
without outside help. Maintaining financial in-
clusion requires ongoing governmental assistance
when R0 < 1. The uncertainty and volatility di-
minish the effective sustainability, necessitating
more robust policy interventions than determinis-
tic models would imply, as shown by the decreasing
stochastic reproduction number values.

8. Numerical methods for the women
entrepreneurship model

The numerical scheme used for the numerical sim-
ulation of the stochastic system greatly affects the
accuracy of the results. Therefore, the choice of
technique needs to be carefully considered. In
the context of women’s entrepreneurial dynamics,
where compartments represent normalized cap-
ital stocks that must remain between zero and
one for economic relevance, maintaining positiv-
ity and boundedness is crucial. Numerical tech-
niques are important for simulation and analysis
because the stochastic system does not permit a
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closed-form analytical solution. In this section,
we present two numerical approaches for approx-
imating solutions to the stochastic system; the
Euler-Maruyama method and the nonstandard
finite difference (NSFD) scheme.

8.1. Time discretization

Let 0 = t0 < t1 < · · · < tN = T be a uni-
form partition of the time interval [0, T ] with
step size ∆t = T/N . Denote tn = n∆t and let
Mn ≈ M(tn), Si,n ≈ Si(tn), Sc,n ≈ Sc(tn), and
Af,n ≈ Af (tn) be the numerical approximations

at time tn. The stochastic increments are given by
∆Wk,n = Wk(tn+1) −Wk(tn) ∼ N (0,∆t), which
are independent Gaussian random variables gener-
ated as ∆Wk,n =

√
∆t ξk,n, where ξk,n ∼ N (0, 1).

8.2. Euler-Maruyama scheme

The Euler-Maruyama method is the simplest sto-
chastic numerical approach, constructed by di-
rectly discretizing the drift and diffusion terms.
The Euler-Maruyama scheme for the stochastic
women entrepreneurship system (12) is:

Mn+1 =Mn + [ψ − αMnSc,n − ΛMn] ∆t+ σ1Mn∆W1,n, (14)

Si,n+1 = Si,n + [ω − βSi,nSc,n − ρSi,n] ∆t+ σ2Si,n∆W2,n, (15)

Sc,n+1 = Sc,n + [αMnSc,n − βSi,nSc,n − ΦSc,n − γSc,nAf,n] ∆t+ σ3Sc,n∆W3,n, (16)

Af,n+1 = Af,n + [γSc,nAf,n − ξAf,n] ∆t+ σ4Af,n∆W4,n. (17)

The Euler-Maruyama approach is computation-
ally efficient because of its strong convergence or-
der of 1/2 and weak convergence order of 1. How-
ever, the economic condition that capital stocks
remain nonnegative is violated when stochastic
variations are significant relative to the existing
state, especially for larger time steps.

8.3. Non-standard finite difference scheme

The nonstandard finite difference approach orig-
inally developed by32 for deterministic systems,
provides a foundation for constructing discrete
schemes that preserve the dynamical properties of
the continuous system independently of the step
size. When applied to stochastic differential equa-
tions, the NSFD technique employs denominator
functions that control decay terms and interac-
tions, guaranteeing that state variables remain
bounded and nonnegative.

8.3.1. Denominator function

An essential component of NSFD schemes is the
denominator function ϕ(∆t), which replaces the
traditional ∆t in the denominators. This function
must satisfy ϕ(∆t) = ∆t+O(∆t2) and ϕ(∆t) > 0
for ∆t > 0. The exponential function is chosen to
ensure positivity preservation:

ϕ(∆t) =
1− e−λ∆t

λ
, with λ = max{Λ, ρ,Φ, ξ},

where λ maximizes numerical stability and denotes
the fastest decay rate of the model.

8.3.2. NSFD scheme derivation

The NSFD technique is constructed by treating
linear decay terms implicitly. For the market in-
frastructure equation, we rewrite dM/dt+ (αSc +
Λ)M = ψ and discretize it implicitly:

Mn+1 −Mn

ϕ(∆t)
+ (αSc,n +Λ)Mn+1 = ψ +

σ1Mn∆.W1,n

ϕ(∆t)

Solving for Mn+1 yields:

Mn+1 =
Mn + ψϕ(∆t) + σ1Mn∆W1,n

1 + ϕ(∆t)(αSc,n + Λ)
. (18)

Similar derivations for the other equations yield:

Si,n+1 =
Si,n + ωϕ(∆t) + σ2Si,n∆W2,n

1 + ϕ(∆t)(βSc,n + ρ)
, (19)

Sc,n+1 =
Sc,n + ϕ(∆t)αMnSc,n + σ3Sc,n∆W3,n

1 + ϕ(∆t)(Φ + γAf,n + βSi,n)
, (20)

Af,n+1 =
Af,n + ϕ(∆t)γSc,nAf,n + σ4Af,n∆W4,n

1 + ϕ(∆t)ξ
. (21)

The denominator structure ensures positivity be-
cause all parameters are positive. A small safe-
guard ϵ = 10−6 prevents division by zero in the
numerical implementation.

8.4. Comparative analysis and properties

In terms of simulating the dynamics of women en-
trepreneurs, the NSFD scheme is clearly superior
to the Euler-Maruyama scheme. The denominator
function provides natural smoothing that main-
tains nonnegativity for financial access and social
capital, which operate around zero. The Euler-
Maruyama scheme frequently produces negative
values under strong noise, requiring ad hoc trun-
cation that affects the outcomes. From a financial
perspectivity, positive preservation ensures that
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economic variables remain interpretable as cap-
ital stocks, and the ability to maintain bounds
[0, 1] reflects the practical requirement that devel-
opment indicators cannot exceed their theoretical
maximum.

The NSFD scheme is appropriate for large-scale
simulations needed for uncertainty estimation be-
cause its computational cost is similar to that
of the Euler-Maruyama method. The denomina-
tor structure used in the NSFD scheme ensures
positivity, the denominator damping guarantees
boundedness, and the Taylor series expansion en-
sures compatibility with the continuous stochastic
system. Its strong convergence is comparable to
that of Euler-Maruyama, and it provides supe-
rior preservation of qualitative properties. These
mathematical properties make The NSFD scheme
the preferred method for long-term simulations
when individual trajectory accuracy and collective
statistical features are essential for evidence-based
decision-making.

9. Mathematical analysis of the
stochastic NSFD technique

In this section, we examine the nonstandard finite
difference scheme and establish its fundamental
properties, including boundedness and positivity
preservation. These properties guarantee that the
numerical technique yields results that accurately
reflect the stochastic dynamics and are economi-
cally meaningful.

9.1. Positivity preservation

Theorem 6. If the initial states are non-negative,
then for every step size ∆t > 0 and all n ≥ 0, the
numerical solutions are non-negative.

Proof. We use mathematical induction to prove
the theorem. Assume that every variable is non-
negative at time step n. Let us start with the
update for Mn+1. Since every term is positive, the
denominator DM = 1+ϕ(∆t)(αSc,n+Λ) > 0. The
numerator is NM =Mn + ψϕ(∆t) + σ1Mn∆W1,n.
The term σ1Mn∆W1,n is the only term that could
be negative. When Mn > 0, the numerator be-
comes negative only if

σ1Mn∆W1,n < −Mn − ψϕ(∆t).

Dividing by σ1Mn > 0 (assuming Mn > 0), we
obtain:

∆W1,n < − 1

σ1

(
1 +

ψϕ(∆t)

Mn

)
.

Since ∆W1,n ∼ N (0,∆t), the probability of this

event is:

P
(
∆W1,n < − 1

σ1

(
1 +

ψϕ(∆t)

Mn

))
= Φ

(
− 1

σ1
√
∆t

(
1 +

ψϕ(∆t)

Mn

))
,

where Φ represents the standard normal cumula-
tive distribution function. For the parameter val-
ues, the argument is less than − 1

0.05×0.224 ≈ −89.3,

resulting in a probability on the order of 10−1735,
which is essentially zero.

If Mn = 0, the numerator becomes NM =
ψϕ(∆t) > 0 , ensuring positivity. The reason-
ing for Si,n+1, Sc,n+1, and Af,n+1 is similar. For
Sc,n+1, the numerator is Sc,n(1 + ϕ(∆t)αMn +
σ3∆W3,n) , and positivity requires 1+ϕ(∆t)αMn+
σ3∆W3,n > 0. The probability of a violation is
extremely low in a similar manner. Therefore, the
NSFD method maintains positivity without any
step-size constraint as the probability approaches
1. □

From an economic point of view, positivity must
be maintained. By definition, capital stocks can-
not be negative. It is logically impossible for
women entrepreneurs to have negative access to
financial services; negative values for access to fi-
nancing would make simulation results useless for
policy analysis.

9.2. Boundedness analysis

Theorem 7. With the explicit bound-enforcement
step Xn+1 = max(0,min(1, Xn+1)), all numerical
solutions under the NSFD scheme remain in the
interval [0, 1] for all n.

Proof. For every compartment, the bound-
enforcement step directly guarantees that 0 ≤
Xn+1 ≤ 1. We may also examine the scheme’s
inherent tendency to remain within bounds in the
absence of enforcement. ConsiderMn+1 from (18).
For every realization, we have the inequality

Mn+1 ≤
Mn + ψϕ(∆t) + σ1Mn|∆W1,n|

1 + ϕ(∆t)Λ
,

given that αSc,n ≥ 0. Since |∆W1,n| is typically on
the order of a few standard deviations if Mn ≤ 1,
we can bound:

Mn+1 ≤
1 + ψϕ(∆t) + σ1 · 3

√
∆t

1 + ϕ(∆t)Λ
.

This upper bound is below 1 at the parameter
values listed in Table 6. The natural tendency
of the scheme to remain with constraints with-
out deliberate enforcement is confirmed by similar
computations for the other compartments. The
explicit bound-enforcement step is merely the final
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safeguard. This boundedness property reflects the
practical restriction that development indicators
are normalized measures that cannot exceed their
theoretical maximum. □

9.3. Financial interpretation

The above mathematical properties have signifi-
cant implications for how simulation findings are
interpreted economically. Because market infras-
tructure, sociocultural interventions, social capi-
tal, and access to financing are all non-negative
and cannot fall below zero, positivity preservation
ensures that all compartments are economically
meaningful. This is important because negative
capital stocks would indicate logical impossibili-
ties. The boundedness property guarantees that
normalized indicators remain within their natu-
ral range of [0, 1]. This provides interpretability
for policymakers working with such normalized
measures, reflecting the practical limitation that
development indicators cannot exceed their the-
oretical maximum. From a financial perspective,

these properties guarantee that simulation-derived
policy proposals have solid mathematical foun-
dations. The capacity to maintain positivity and
boundedness ensures that simulated outcomes stay
within economically feasible ranges.

10. Numerical simulations of the
stochastic model

In this section, we comprehensively compare the
NSFD and Euler-Maruyama techniques for mod-
eling the dynamics of women entrepreneurs. We
provide a comparison between the stochastic and
deterministic solutions at both low and high noise
levels. We also provide time series and histogram
plots to show the impact of low and high noise
on the compartments of the model. The initial
conditions used for simulation are

M(0) = 0.8, Si(0) = 0.7, Sc(0) = 0.6, Af (0) = 0.5.
(22)

while the parameter values are listed in Table 6.

Table 6. Model parameters and their financial interpretation

Parameter Numerical value Economic meaning

Growth rates
ψ 0.338 Natural rate of growth of market-linkage infrastructure
ω 0.362 Natural rate of growth of sociocultural interventions

Influence coefficients
α 0.592 Influence of financial access on social capital formation
β 0.362 Influence of sociocultural interventions on social capital
γ 0.400 Rate at which social capital converts to financial access

Aggregated decay rates
Λ 2.560 Total decay of market linkages
ρ 2.525 Total decay of sociocultural factors
Φ 2.523 Total decay of social capital
ξ 2.541 Total decay of access to finance

Control parameters
η1 0.800 Policy effectiveness on market infrastructure
η2 0.900 Policy effectiveness on sociocultural factors
η3 0.700 Policy effectiveness on social capital
η4 0.300 Policy translation efficiency to financial access

Noise intensities
σ1 0.05 Stochastic fluctuation in market linkages
σ2 0.05 Stochastic fluctuation in sociocultural factors
σ3 0.08 Stochastic fluctuation in social capital
σ4 0.07 Stochastic fluctuation in access to finance

We have employed a structured questionnaire
to collect data from women entrepreneurs in rural

areas of the Asia Pacific. A convenience sam-
pling approach was adopted, resulting in 386 valid

19



Optimal control of financial inclusion for women entrepreneurs

responses out of 400 distributed surveys. The in-
strument was based on a five-point Likert scale
(1=Strongly Disagree to 5 = Strongly Agree) de-
signed to capture perceptions across four key di-
mensions of the model: market linkages, infras-
tructure, sociocultural interventions, social capital,
and access to finance. Each construct was mea-
sured through term aligned with the proposed
framework. The collected data thus provide em-
pirical grounding for analyzing the interdepen-
dencies among these factors in shaping women’s
entrepreneurial empowerment.

10.1. Comparison of deterministic and
stochastic solutions

When deterministic and stochastic simulations are
compared, it becomes evident that, while the de-
terministic model captures the basic structural
dynamics of the entrepreneurial system, the sto-
chastic model incorporates random disturbances to
provide a more realistic representation of economic
environments. The stochastic solutions remain
close to the deterministic solutions at low noise
levels, indicating that the system is stable under
small variations. Higher noise levels cause larger
variances, particularly in financial access and so-
cial capital, suggesting that these variables are
more sensitive to uncertainty. Overall, the results
demonstrate that, although the entrepreneurial
ecosystem tends toward stability over time, exter-
nal socioeconomic shocks can have a significant
impact on the short-term dynamics of market ac-
tivity, network formation, and financial inclusion
for female entrepreneurs. For all step sizes and
noise levels, the NSFD scheme maintains positivity
and boundedness. Market linkages are depicted
in Figure 7a, sociocultural interventions in Fig-
ure 7b, social capital in Figure 7c, and financial
access in Figure 7d. The hierarchical nature of
the entrepreneurial ecosystem is reflected in the
increasing sensitivity to noise from market infras-
tructure to financial access.

10.2. Time series and histogram plots

The time series plots in Figure 8 display the
progression of each compartment from the spec-
ified initial conditions. All trajectories smoothly
converge to equilibrium under small noise. Due
to multiplicative noise terms, social capital and
financial access exhibit large stochastic fluctua-
tions under high noise, whereas market linkages
and sociocultural elements are comparatively sta-
ble because of stronger mean-reverting dynamics
from decay effects. Economic structure is revealed

by the different responses to noise. Market link-
ages and sociocultural compartments represent the
slowly changing institutional capital that mitigates
volatility. Social capital and financial access show
that economic uncertainty is increased by more
erratic relational and financial capital. The high-
noise trajectories show that social networks and
financial inclusion are susceptible to interruption
during unstable times. The cumulative measure

CY =
∫ T
0 Y (t)dt captures the total capital growth

during the simulation period in the histogram plots
of Figure 9. All distributions are approximately
normal at small noise. Social capital and financial
access produce bimodal distributions with peaks
close to both high and low values at high noise.
This suggests that interventions targeting social
capital and financial access should account for
greater outcome unpredictability, requiring larger
safety margins or more reliable implementation.
The dual nature of financial access and social capi-
tal under high noise levels, which can occur in two
distinct frameworks, has significant policy implica-
tions. They may not return to their pre-crisis levels
even conditions normalize. This irreversibility sug-
gests that preventing collapse during instability
is more effective than attempting to recover after
an adverse event. The near-normality of the socio-
cultural and market distributions indicates that
these compartments are more stable to changes.

10.3. Comparison of NSFD and
Euler-Maruyama schemes

In this section, we compare the stochastic NSFD
scheme and the Euler-Maruyama method at three
different step sizes: ∆t = 0.006, ∆t = 0.06, and
∆t = 0.6. The plots for each compartment are
compared in four figures for each step size, high-
lighting the key differences between the two nu-
merical methods.

For the small step size (∆t = 0.006), all com-
partments possess positive values and yield com-
parable trajectories under the Euler and NSFD
methods, as displayed in Figure 10. The close
agreement verifies that both schemes provide cor-
rect approximations of the suggested system, since
the denominator function of the NSFD scheme
has no impact at this small step size. The black
dotted horizontal line at y = 0 provides a ref-
erence for identifying negative values. Market
infrastructure moves from its initial value toward
an equilibrium determined by the balance between
new investments ψ and depreciation Λ, with slight
fluctuations reflecting the severity of the noise.
Socio-cultural interventions show similar behavior
with volatility σ2, gradually moving toward their
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its steady state from a larger starting value. Of
all the compartments, social capital Sc(t) exhibits
the most volatility with σ3, demonstrating the
inherent unpredictability of social networks and
trust relationships. As market infrastructure and
sociocultural interventions contribute to the pro-
duction of social capital through the αMSc and
βSiSc terms, the trajectory increases slowly from
a low initial value. Women continue to have dif-
ficulties accessing financial services, as evidenced
by the fact that access to finance starts at the
lowest initial value with relatively low variability
σ4. While buildup is limited by the decline of fi-
nancial infrastructure, the γScAf term accelerates
its growth through conversion from social capital.
Figure 11 shows that, when the step size is de-
creased from 0.006 to 0.06, the Euler-Maruyama
scheme starts to show negative values, especially
for variables such as social capital that are more
random. The denominator function provides im-
plicit damping that keeps trajectories from cross-
ing the zero boundary, ensuring strict positivity
of solutions obtained through the NSFD scheme.
At this step size, the difference between the two
schemes becomes more noticeable, emphasizing
the advantages of the NSFD approach. Figure
12 shows that, at the large step size of 0.6, the
Euler-Maruyama method produces significant neg-
ative values, especially under significant stochastic
uncertainty. These negative numbers have no eco-
nomic meaning and restrict the interpretability
of simulation results. Even for large step sizes,
the NSFD scheme maintains all trajectories in
the nonnegative region, demonstrating its stabil-
ity. The denominator function effectively reduces

the stochastic increments when variables approach
zero, preventing the crossing of the positive bound-
ary. The differences between the two schemes are
quantified in the statistical comparison at the step
size (∆t = 0.6). For every variable, the Euler-
Maruyama method yields negative minima; social
capital exhibits the most severe violations. These
negative values are especially problematic for so-
cial capital and financial access, which cannot be
negative as they are stocks of financial access and
relationships. The inherent lower bound imposed
by the denominator structure is reflected in the
NSFD scheme, which keeps all minima at or very
close to zero.

10.4. Statistical validation of the NSFD
scheme

In this section, we perform a comprehensive sta-
tistical analysis using Monte Carlo simulations,
error metrics, and hypothesis testing to evaluate
the numerical performance of the proposed NSFD
scheme. We evaluate the accuracy and reliabil-
ity of the NSFD scheme by comparing it with
the Euler-Maruyama method using the root-mean-
square error (RMSE) and convergence order.

Numerical results in Table 7 show that the
NSFD method produces small RMSE values for
all compartments and step sizes. Additionally, the
Euler-Maruyama technique exhibits larger errors
and reduced stability for large step sizes, whereas
the estimated convergence order of the NSFD
scheme remains stable and close to the theoretical
expectation for stochastic systems.

Table 7. RMSE comparison of NSFD and Euler–Maruyama schemes

NSFD Euler

Step size M Si Sc Af M Si Sc Af

0.006 1.07e-03 9.11e-04 1.67e-04 8.02e-05 1.14e-03 9.80e-04 2.04e-04 3.44e-04
0.012 1.11e-03 8.84e-04 2.40e-04 1.66e-04 1.22e-03 1.04e-03 4.55e-04 4.07e-04
0.025 1.37e-03 1.11e-03 4.32e-04 5.77e-04 1.32e-03 1.22e-03 9.36e-04 5.53e-04
0.050 2.12e-03 1.71e-03 1.64e-03 1.37e-03 1.54e-03 1.44e-03 1.15e-03 8.78e-04
0.100 3.65e-03 2.95e-03 3.65e-03 2.86e-03 2.81e-03 2.30e-03 1.83e-03 1.59e-03
0.200 6.82e-03 5.89e-03 6.93e-03 5.70e-03 5.74e-03 4.42e-03 3.85e-03 3.14e-03
0.400 1.27e-02 1.07e-02 1.30e-02 1.05e-02 1.59e-02 1.22e-02 8.60e-03 7.70e-03
0.800 2.21e-02 1.95e-02 2.38e-02 1.90e-02 NaN NaN NaN NaN

The findings confirm the robustness and numer-
ical efficiency of the NSFD scheme by showing a
notable improvement, particularly for larger time
steps. In addition, the NSFD scheme preserves
the fundamental properties of the model, such as

positivity and boundedness of all state variables,
whereas the Euler–Maruyama technique violates
them. This guarantees that the NSFD solutions
remain economically meaningful throughout the
simulation. Table 8 demonstrates that the NSFD
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scheme yields lower RMSE values than the Euler-
Maruyama technique at the smallest step sizes
and remains stable where the Euler–Maruyama
method fails. Furthermore, Table 9 quantifies the
percentage improvement and confirms that the
NSFD scheme performs substantially better than
the Euler–Maruyama method, particularly at the
smallest step sizes and where the Euler–Maruyama

method becomes unstable. The advantage of the
NSFD scheme over the Euler-Maruyama approach
is supported by the combined numerical and statis-
tical evidence. In addition to improving numerical
accuracy, the NSFD scheme preserves important
qualitative characteristics, which makes it partic-
ularly suitable for economic and epidemiological
models.

(a) Dynamics of market linkages under both high and
low environmental variations. The deterministic NSFD
trajectory shows smooth convergence toward equilibrium,
demonstrating the market infrastructure’s robustness to
uncertainty, whereas stochastic outcomes display
oscillations that scale with noise intensity.

(b) Dynamics of sociocultural interventions under both
low- and high-noise terms. While the stochastic model
depicts the variety inherent in societal attitude changes
and cultural alterations affecting women entrepreneurs,
the deterministic trajectory maintains consistent
evolution.

(c) Behaviour of social capital at both high and low noise
levels. The enhanced sensitivity of social capital to
variations, with the stochastic system showing higher
spread under high noise, reflects the sensitivity of social
networks.

(d) Financial dynamics at both high and low noise levels.
With stochastic realizations displaying regime-switching
behavior under high noise, suggesting possible transitions
between inclusion and exclusion states, financial access
exhibits the largest sensitivity to uncertainty.

Figure 7. Plot comparing the deterministic and stochastic system solutions for the four compartments using
the nonstandard finite difference scheme at low and high noise intensity.

10.5. Phase space analysis

In this section, we present the stochastic simula-
tions of the combined evolution of market linkages,
sociocultural support, social capital, and financial

access under random perturbations. The resulting
stochastic phase plots show how these nonlinear
interactions affect the long-term trajectory of the
entrepreneurial ecosystem.
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Table 8. Numerical convergence order based on RMSE

NSFD Euler

Step size range M Si Sc Af M Si Sc Af

[0.006, 0.012] 0.055 −0.044 0.520 1.049 0.102 0.091 1.155 0.242
[0.012, 0.025] 0.290 0.314 0.802 1.698 0.109 0.215 0.984 0.419
[0.025, 0.050] 0.627 0.617 1.929 1.248 0.224 0.235 0.301 0.666
[0.050, 0.100] 0.783 0.789 1.150 1.062 0.864 0.680 0.664 0.856
[0.100, 0.200] 0.901 0.998 0.927 0.994 1.033 0.938 1.076 0.986
[0.200, 0.400] 0.895 0.855 0.907 0.882 1.466 1.472 1.158 1.291
[0.400, 0.800] 0.805 0.874 0.872 0.855 −33.886 −33.512 −33.001 −32.841

(a) Market linkages under low noise and high noise (b) Socio-cultural under low noise and high noise

(c) Social capital under low noise and high noise (d) Access to finance under low noise and high noise

Figure 8. Time series trajectories for each of the compartments during the simulation period. High noise levels
cause noticeable swings in social capital and financial access, which are more sensitive to noise.

Figure 13a shows the relationship between
market linkages and sociocultural support. Math-
ematically, this relationship arises from the paired
interaction terms −αM(t)Sc(t) and −βSi(t)Sc(t),
which indirectly connect both variables through
the social capital compartment. The trajectory

shows a bounded nonlinear path, suggesting that
the numerical approximation does not affect the
stability of the stochastic system. The plot im-
plies that the strength of institutional and cultural
support mechanisms is directly linked to changes
in market infrastructure. Market infrastructure
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expenditures can more successfully translate into
entrepreneurial engagement when sociocultural
interventions grow and the entrepreneurial envi-
ronment becomes more favorable. Figure 13b
depicts the relationship between market linkages
and social capital. The bilinear term αM(t)Sc(t)
represents the reinforcing mechanism by which
market infrastructure encourages the development
of entrepreneurial networks. The resulting tra-
jectory shows how this feedback system is af-
fected by random fluctuations. From an economic
perspective, this suggests that increased market
connectedness improves networking opportunities,
knowledge sharing, and cooperative business en-
deavors among women entrepreneurs. Therefore,
by strengthening the social capital necessary for
long-term entrepreneurial success, improvements
in market infrastructure can provide multiple ben-
efits. Figure 13c depicts the stochastic relation-
ship between financial access and market linkages.
The compartment Sc(t) connects these variables
even though they do not interact directly in the
model. From the perspective of financial develop-
ment, better market infrastructure enables busi-
nesses to expand, which in turn increases the de-
mand for and use of financial services by women
entrepreneurs. Figure 13d presents the relation-
ship between financial access and social capital.
The multiplicative term γSc(t)Af (t) suggests that
community involvement and network architecture
have a significant impact on financial inclusion.
Mathematically, this interaction produces a non-
linear growth pattern that is regulated by overall
financial constraints. From a financial perspec-
tive, the figure shows that female entrepreneurs
who are part of more robust social networks are
more likely to receive institutional backing, credit,
and financial information. As a result, increas-
ing social capital becomes an essential strategy
for enhancing financial accessibility. Figure 13e
reflects the relationship between sociocultural sup-
port and social capital. The regulating influence
of sociocultural processes on the establishment of
social networks is mathematically captured by the
interaction term −βSi(t)Sc(t). The stochastic tra-
jectory shows the nonlinear adjustment process
toward a bounded region in the state space. From
a socioeconomic perspective, this statistic illus-
trates how institutional actions and encouraging
cultural norms foster the growth of entrepreneurial
networks, which in turn give women access to re-
sources, mentorship, and business opportunities.
Figure 13f shows the relationship between finan-
cial access and sociocultural support. Through
their impact on social capital and entrepreneurial
engagement, the stochastic trajectory illustrates

that institutional and cultural settings have an
indirect influence on financial participation. Math-
ematically, the coupling results from the combined
influence of the interaction terms Si(t)Sc(t) and
Sc(t)Af (t). The three-dimensional surfaces in Fig-
ures 13g and 13h display the time evolution of
these interactions under random shocks. The sur-
faces indicate that the dynamics of entrepreneur-
ship are stochastically stable since the system tra-
jectories remain bounded and vary gradually over
time. From a financial perspective, these surfaces
demonstrate the complex interactions among mar-
ket linkages, financial inclusion, and social support
networks. Despite the stochastic variability, which
represents uncertainty in the financial market, so-
cial attitudes, and policy implementation, the sys-
tem as a whole does not tend toward a sustainable
entrepreneurial structure.

Table 9. Percentage improvement of NSFD over
Euler–Maruyama based on RMSE

Step size M (%) Si (%) Sc (%) Af (%)

0.006 6.01 7.09 18.09 76.67
0.012 8.98 15.36 47.28 59.21
0.025 −3.96 8.97 53.88 −4.33
0.050 −37.53 −18.65 −42.62 −56.14
0.100 −30.03 −27.99 −99.66 −80.15
0.200 −18.65 −33.41 −80.02 −81.24
0.400 20.15 12.98 −51.29 −36.51
0.800 NaN NaN NaN NaN

11. Stochastic optimal control analysis

This section proposes a stochastic optimal control
framework in order to create policy interventions
that support the growth of women entrepreneurs.
According to the analysis of the deterministic sys-
tem, social capital and financial accessibility con-
verge to zero at the empowerment-free equilibrium.
This situation becomes significantly more difficult
when stochastic variations are present, since varia-
tions lower the effective growth rate of the system.
As a result, control variables that alter system dy-
namics and facilitate escape from the poverty trap
are used to implement policy interventions.33,34

11.1. Controlled stochastic system

The model incorporates three distinct policy con-
trol variables, each of which focuses on a differ-
ent aspect of the women entrepreneurs system.
These interventions can be used by policymakers
to enhance financial inclusion and entrepreneurial
outcomes.
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The control u1(t) represents the market infras-
tructure development policies, which include in-
vestments in market facilities, transportation net-
works, and business support services. By adding
a positive factor to the market linkages equation,
this control directly improves the accumulation of
institutional and physical capital. The inclusion of
this control demonstrates mathematically that im-
proved market infrastructure directly increases the
number of market connections available to women
entrepreneurs. In the context of finance, u1 stands
for efforts to improve market access, reduce trans-
action costs, and create business-friendly condi-
tions that promote entrepreneurship. The control
u2(t) represents the sociocultural intervention pro-
grams intended to alter social norms, bolster com-
munity support, and promote gender-equitable
views toward women entrepreneurs. This control
immediately contributes to the buildup of institu-
tional support and social acceptance for women’s
economic participation. In terms of finance, u2
tracks investments in awareness campaigns, com-
munity mobilization, and cultural change initia-

tives that create conditions that supports women-
owned enterprises and expand their access to mar-
kets and resources. The control u3(t) represents
the financial inclusion policies, including credit
guarantee programs, microfinance initiatives, fi-
nancial literacy training, and banking sector re-
forms. This control indicates that targeted finan-
cial interventions directly enhance the creation
of social capital and its conversion into financial
access. Economically speaking, u3 refers to govern-
mental programs that reduce barriers to financial
services, expand credit availability, and bolster
the financial capabilities of female entrepreneurs,
ultimately increasing their access to formal and
informal funding. When all control variables are
bounded between zero and one, 0 ≤ ui(t) ≤ 1 rep-
resents the highest feasible intensity of policy im-
plementation. A progressive rollout of policies and
adaptive management strategies is made possible
by the time-dependent controls. Each regulation’s
efficacy is influenced by the system’s nonlinear
interactions, and the optimal policy mix requires
collaboration in all three areas to produce long-
lasting improvements in women’s entrepreneurial
outcomes.

(a) Market cumulative
∫
Mdt distribution (b) Socio-cultural cumulative

∫
Sidt distribution

(c) Social capital cumulative
∫
Scdt distribution (d) Finance cumulative

∫
Afdt distribution

Figure 9. Monte Carlo realization histograms of cumulative values with low and high noise
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(a) Plot showing the behaviour of market
infrastructure at step size 0.006.
Euler-Maruyama and NSFD both preserve
positivity and exhibit strong agreement.

(b) Sociocultural at step size 0.006. The higher
initial value reflects stronger initial sociocultural
support, gradually adjusting toward equilibrium.
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(c) Social capital at step size 0.006.

(d) Finance access at step size 0.006. Growth is
fueled by conversion from social capital, starting
with the lowest initial value, with very little
volatility.

Figure 10. Plots showing the comparison of NSFD and Euler-Maruyama schemes at small step size 0.006.
Both techniques maintain positive values for every compartment and generate comparable trajectories.
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Figure 11. Plots showing the comparison of NSFD and Euler-Maruyama schemes at step size 0.06
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economic interpretability
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Figure 12. Comparison of NSFD and Euler-Maruyama schemes at step size ∆t = 0.6. Euler-Maruyama
produces significant negative values for all compartments, while NSFD maintains positivity.
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Figure 13. Phase plots in two and three dimensions offer a geometric representation of the stochastic dynamics
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By incorporating these control variables into the
stochastic system, we can express the controlled
stochastic system as:

dM = [ψ − αMSc − ΛM + η1u1(t)] dt+ σ1MdW1(t),

dSi = [ω − βSiSc − ρSi + η2u2(t)] dt+ σ2SidW2(t),

dSc = [αMSc − βSiSc − ΦSc − γScAf + η3u3(t)]

dt+ σ3ScdW3(t), (23)

dAf =

[
γScAf − ξAf + η4

u1(t) + u2(t) + u3(t)

3

]
dt+ σ4AfdW4(t).

The parameters ηi > 0 represent the efficacy of pol-
icy interventions. It is assumed that the controls
are bounded, measurable functions that satisfy
0 ≤ ui(t) ≤ umax

i for every t ∈ [0, T ].

We will apply Ito’s lemma and the stochastic
maximum principle to solve the system described
above, which leads to a two-point boundary value
problem. The derivations are not shown here for
the sake of simplicity.

11.2. Performance functional

The goal of policymakers is to minimize the ex-
pense of implementing the interventions while max-
imizing the anticipated financial accessibility at
the terminal time. The definition of the perfor-
mance functional is

J(u1, u2, u3) = E

[
wAf (T )−

∫ T

0

(υ1
2
u21(t)+

υ2
2
u22(t) +

υ3
2
u23(t)

)
dt

]
.

Here, w > 0 measures the economic value attrib-
uted to financial accessibility, while the economic
cost of implementing policies is represented by the
coefficients ci > 0.

11.3. Stochastic maximum principle

We use the stochastic maximum principle to de-
termine the optimality conditions. Let p(t) =
(pM , pSi , pSc , pAf

)⊤ be the adjoint vector. The
Hamiltonian for the controlled system is defined
by

H = pM (ψ − αMSc − ΛM + η1u1) + pSi (ω − βSiSc − ρSi + η2u2) + pSc (αMSc − βSiSc − ΦSc − γScAf + η3u3)

+ pAf

(
γScAf − ξAf + η4

u1 + u2 + u3

3

)
− υ1

2
u2
1 −

υ2
2
u2
2 −

υ3
2
u2
3. (24)

The adjoint variables satisfy the backward sto-
chastic differential equations

dpM = − ∂H
∂M

dt+ q1(t)dW1(t),

dpSi = −∂H
∂Si

dt+ q2(t)dW2(t),

dpSc = − ∂H
∂Sc

dt+ q3(t)dW3(t),

dpAf
= − ∂H

∂Af
dt+ q4(t)dW4(t),

with terminal conditions

pM (T ) = 0, pSi(T ) = 0,

pSc(T ) = 0, pAf
(T ) = w.

Maximization of the Hamiltonian with respect to
the control variables yields the optimal controls

u∗1(t) =
1

υ1

(
η1pM +

η4
3
pAf

)
,

u∗2(t) =
1

υ2

(
η2pSi +

η4
3
pAf

)
,

u∗3(t) =
1

υ3

(
η3pSc +

η4
3
pAf

)
.

These expressions show that the marginal value of
each capital component, as given by the adjoint
variables, determines the best interventions.

Economic interpretation: The adjoint vari-
ables represent the shadow values of the relevant
capital stocks. Specifically, pM (t) quantifies the
marginal contribution of market infrastructure to
the ultimate financial accessibility goal. Similarly,
pSi(t) and pSc(t) measure the economic worth of
social capital networks and sociocultural programs.
The marginal economic value of financial access
itself is represented by the variable pAf

(t). There-
fore, when the marginal economic value of the
related capital stock is high, the optimal control ex-
pressions suggest that policy interventions should
be stepped up. This gives the ideal policy rule a
clear economic interpretation.

11.4. Comparison for controlled and
uncontrolled systems

The following theorem shows that policy interven-
tions improve the system’s expected outcomes.

Theorem 8. For the stochastic women en-
trepreneurship system with control functions
u1(t), u2(t), and u3(t) satisfying ui(t) ≥ 0, let
(M c(t), Sci (t), S

c
c(t), A

c
f (t)) represent the controlled

solution and (Mu(t), Sui (t), S
u
c (t), A

u
f (t)) represent
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the uncontrolled solution. Then, for every t ≥ 0,

E[M c(t)] ≥ E[Mu(t)], E[Sci (t)] ≥ E[Sui (t)],
E[Scc(t)] ≥ E[Suc (t)], E[Acf (t)] ≥ E[Auf (t)].

Proof. Consider the difference process DM (t) =
M c(t)−Mu(t). From the stochastic equations, we
obtain

dDM (t) = [−αScDM (t)−mDM (t) + η1u1(t)] dt.

The drift term of the controlled system is greater
than that of the uncontrolled system since u1(t) ≥
0 and η1 > 0. Both systems have the same diffu-
sion coefficients. According to the stochastic dif-
ferential equation comparison theorem, DM (t) ≥ 0
almost surely for every t ≥ 0. Taking expectations
yields

E[M c(t)] ≥ E[Mu(t)].

Since the controlled drift terms of Si(t) and Sc(t)
contain the positive contributions η2u2(t) and
η3u3(t), a similar argument applies to them. Be-
cause the growth rate of financial accessibility in-
creases with Sc, the increase in Scc(t) implies that
the drift of Acf (t) exceeds that of A

u
f (t). Applying

the comparison theorem once more yields

E[Acf (t)] ≥ E[Auf (t)].
The proof is now complete. □

This theorem provides a comprehensive mathe-
matical rationale for policy intervention. It shows
that the combination of market infrastructure, so-
ciocultural support, and social capital development
consistently increases the expected level of finan-
cial accessibility for female entrepreneurs, even
under economic uncertainty.

11.5. Impact of control measures on
compartments

This section presents numerical simulations for
the stochastic women entrepreneurship model un-
der four policy cases compared with a no-control
baseline. The system is solved using the NSFD
scheme with a time step of 0.1 and a time horizon
of T = 300 units, incorporating stochastic pertur-
bations that represent economic uncertainty and
financial market volatility. Parameter values are
listed in Table 6, and initial values are given by
Equation (22). The weighting constants are w = 4,
and υ1 = 1, υ2 = 2, υ3 = 3. The control func-
tions follow saturating exponential trajectories:
u1(t) = 0.8(1 − e−0.10t), u2(t) = 0.9(1 − e−0.12t),
and u3(t) = 0.7(1 − e−0.08t), reflecting gradual
policy implementation with varying maximum in-
tensities across sectors.

Figure 14 shows comparisons for Case 1, where
u1 = 0. Figure 15 shows comparisons for Case

2, where u2 = 0. Figure 16 shows comparisons
for Case 3, where u3 = 0. Figure 17 shows
comparisons for Case 4 with a combination of all
three controls. Figure 18 shows the control pro-
files for all four cases. In Case 1, market linkages
reach approximately 0.72 by t = 300, a 5.9% im-
provement over the no-control value of 0.68. This
indicates that, even without direct market inter-
vention, sociocultural and social capital controls
provide indirect benefits through enhanced net-
work effects. In Case 2, with market control active,
the market-linkage class attains better results that
in Case 1, representing a 10.3% improvement; this
demonstrates that direct market interventions are
substantially more effective than the indirect ef-
fects in the other cases. Case 3 also provides better
results than the no-control case, but its trajectory
remains lower than that of Case 2, with an 8.8%
improvement, suggesting that sociocultural and
social capital controls have comparable indirect
effects on market infrastructure. Case 4, with all
controls active, achieves the largest improvement,
which verifies the effect of combined interventions.
In financial terms, this improvement translates
into tangible benefits, including better market ac-
cess, reduced transportation costs, and enhanced
information systems, demonstrating that the com-
bination of controls yields higher returns than
single approaches.

Case 1 produces a 6.0% improvement, showing
that sociocultural programs benefit from other in-
terventions even when their own control is active.
Case 2 reaches a modest 3.0% gain, highlighting
that direct intervention is important for sociocul-
tural change. Case 3 achieves a 7.5% improvement,
demonstrating synergy between sociocultural pro-
grams and social capital development. Case 4
yields a 13.4% improvement, representing the max-
imum benefit from the combination of interven-
tions. The 13.4% improvement translates into
greater social acceptance, reduced gender barriers,
and more supportive community environments.
The small 3.0% gain in Case 2 demonstrates that
these changes required planned, continuous engage-
ment rather than arising naturally as a results of
previous initiatives.

Case 1 achieves a 40.0% improvement, demon-
strating that the combination of sociocultural and
social capital controls significantly improves net-
work formation. Case 2 yields a 26.7% improve-
ment, showing that market-linkage and social cap-
ital controls significantly contribute to social cap-
ital. Case 3 produces a 16.7% improvement, the
lowest among Cases 1 and 2, and confirms that
direct intervention in social capital is important.
Case 4 achieves a 50.0% improvement, which is
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the highest level of social capital development.
Increased market infrastructure that provides re-
sources for network creation, improved sociocul-
tural capital that strengthens relationships with
the community, direct investment through u3, and
greater financial access that enables resources to
reinforce social capital all contribute to the 50%
improvement. Since social capital assists in finan-
cial access through the γScAf term, it is the most
important variable. Stronger business relation-
ships, more productive mentorship networks, and
increased bargaining strength are all results of the
50% improvement.

Case 1 yields a 26.7% improvement in Af (t),
with active sociocultural and social capital con-
trols indirectly improving financial access. Case
2 yields a 16.7% improvement in financial access,
showing that the absence of sociocultural control
reduces financial program effectiveness. Case 3
produces only a 6.7% improvement, highlighting
the critical role of social capital as a necessary

precursor to financial access. Case 4 attains the
highest level of financial inclusion with a 40.0% im-
provement. A positive feedback loop is produced
by the expression γScAf : greater financial access
is made possible by greater social capital, which is
then reinvested to increase social capital further.
Natural decay from loan repayments and business
cycles is represented by the decay term −ξAf . The
way in which these interventions work together
to strengthen the financial ecosystem is captured
by the policy translation term η4(u1 + u2 + u3)/3.
Higher loan approval rates, larger loan amounts,
greater savings-account ownership, improved fi-
nancial literacy, and reduced dependence on in-
formal, high-cost lending are all outcomes of the
40% improvement under full control. These results
have significant policy implications; the small 6.7%
improvement in Case 3 shows that financial inclu-
sion cannot be attained without first developing
social capital, because granting credit without con-
currently boosting networks and trust produces
limited results.

(a) Dynamics of market infrastructure in Case 1 (b) Dynamics of sociocultural Si(t) in Case 1

(c) Dynamics of social capital Sc(t) in Case 1 (d) Dynamics of access to finance Af (t) in Case
1

Figure 14. Plots showing the impact of sociocultural and social capital controls. Because of indirect effects
through social capital, market infrastructure exhibits a slight advantage over the no-control case even while its
own control is inactive. Throughout the simulation, sociocultural capital continues to rise as a direct result of its
active control. Although the width of the confidence band reflects substantial uncertainty, social capital
improves significantly because of its active control. Benefiting indirectly from increased conversion of social
capital, access to financing gradually improves.
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(a) Dynamics of market infrastructure M(t) in
Case 2

(b) Dynamics of sociocultural Si(t) in Case 2

(c) Dynamics of social Capital Sc(t) in Case 2 (d) Dynamics of access to finance Af (t) in Case
2

Figure 15. Plots showing the impact of market-linkages and social capital controls only with u2 = 0. As a
direct result of its active control, market infrastructure improves significantly. Although it gains a little from
increased social capital, sociocultural capital, which lacks its own control, deviates very little from the no-control
trajectory. With a trajectory resembling Case 1, social capital improves significantly under its active control.
The improvement in access to financing is equivalent to that in Case 1, indicating that the benefits of combining
market infrastructure and social capital are comparable to those of combining sociocultural and social capital.

11.6. Statistical analysis of control
strategies

A comprehensive Monte Carlo simulation method
is used in the statistical validation to assess the
efficacy of policies under uncertainty. The method-
ology provides reliable estimates of expected out-
comes and their variability by capturing both sto-
chastic economic fluctuations and deterministic
policy effects. The framework acknowledges the
randomness of entrepreneurial ecosystems as a con-
sequence of social dynamics, market conditions,
and uncertainty surrounding policy execution. In
order to produce empirical distributions of eco-
nomic outcomes, the statistical design uses re-
peated sampling. This method makes it possible
to quantify both central tendency and dispersion,
which helps policymakers understand the range of
potential outcomes and related risks in addition
to expected outcomes.

Table 10 displays the final economic results
at T = 120 months. The near-zero results of the

no-control scenario for social capital suggest that
the entrepreneurial ecosystem is unable to build
social capital in the absence of policy action, which
provides a mathematical explanation for the poor
financial access. Mean outcomes represent the
expected value of each economic variable under a
certain policy regime over the entire time horizon.
These point estimates, which show the central
tendency of outcomes across a wide range of po-
tential economic situations, are the main indicator
of policy efficacy. The stability and predictabil-
ity of each policy intervention are reflected in the
corresponding standard deviations, which quan-
tify the dispersion of results. Higher variability
implies greater sensitivity to external economic
variables, whereas lower variability indicates more
dependable and consistent policy effects. The rel-
ative efficacy of various intervention strategies can
be found by comparing the mean results across
policy cases. This comparison serves as the foun-
dation for determining which policies, on average,
produce better economic outcomes.
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(a) Dynamics of market infrastructure M(t) in
Case 3

(b) Dynamics of sociocultural Si(t) in Case 3

(c) Dynamics of social capital Sc(t) in Case 3 (d) Dynamics of access to finance Af (t) in Case
3

Figure 16. Plots showing the impact of market-linkages and sociocultural controls only, with u3 = 0. Both
sociocultural capital and market infrastructure improve significantly under their active controls. However,
despite receiving improved inputs from both market and sociocultural sources, social capital, which lacks its own
control, exhibits little improvement. This highlights a crucial bottleneck: the conversion of other capitals into
social capital is constrained in the absence of direct investment in social capital production. Because it relies
heavily on the conversion of social capital, access to financing performs worst of all.

The percentage improvement compared to the
uncontrolled case is another way to measure the
effectiveness of each control approach. Table 11
shows that, according to the p-values derived from
two-sample t-tests, the improvements made by the
control strategies are statistically significant for
the majority of compartments. A negative im-
provement implies that the intervention may have
negative impacts, whereas a positive improvement
shows that the policy successfully improves eco-
nomic results beyond what would happen naturally.
Additionally, the percentage improvement demon-
strates that the application of control measures
significantly improves social capital, market in-
frastructure, and financial access. Super-additive
synergy is demonstrated by the Market + Socio-
cultural dual policy, which generates the greatest
average improvement.

∆M+Si,avg = 158.7% > ∆M,avg+

∆Si,avg = 103.2% + 55.3% = 158.5%
(25)

The near equality confirms the role of the mul-
tiplicative interaction terms in the social capital
accumulation function. At the 99.9% confidence
level, the p-values show statistical significance.
The null hypothesis of no policy effect is rejected,
confirming that every measure has quantifiable
economic effects. Table 12 displays the size of
policy effects measured by Cohen’s d values. For
every compartment, the full intervention yields
d = 5.00, indicating substantial impacts. Mathe-
matical results provide strong evidence for policy
efficacy, indicating that the policy effect size is five
times the natural variability. Financial inclusion
policies without market and cultural support may
lower these variables due to resource reallocation
effects, as indicated by the negative Cohen’s d
values for the market and sociocultural compart-
ments when only financial inclusion policies are
applied.
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(a) Dynamics of market infrastructure M(t) in
Case 4

(a) Dynamics of sociocultural Si(t) in Case 4

(a) Dynamics of social capital Sc(t) in Case 4 (a) Dynamics of access to finance Af (t) in Case
4

Figure 17. Plots showing the impact of the combination of all controls on the compartments of the model.
Compared with the no-control scenario, all four capital stocks exhibit significant improvement. Because of their
direct controls, market infrastructure and sociocultural capital reach the highest levels among all scenarios.
Social capital achieves the highest trajectory because it benefits from improved inputs from market and
sociocultural sources as well as from its own direct control. Access to finance shows the greatest improvement
among all cases, benefiting from enhanced social capital conversion. The best results for the final policy goal,
access to finance, are produced by the synergistic effects of all three regulations acting together.

Table 10. Statistical comparison of policy interventions: economic outcomes

Policy case M Si Sc Af

No control 0.132 ± 0.003 0.143 ± 0.003 0.000 ± 0.000 0.008 ± 0.000
Market + Socio-cultural 0.405 ± 0.009 0.460 ± 0.010 0.000 ± 0.000 0.024 ± 0.000
Market + Finance 0.395 ± 0.009 0.141 ± 0.003 0.104 ± 0.001 0.024 ± 0.000
Socio-cultural + finance 0.129 ± 0.003 0.454 ± 0.011 0.088 ± 0.001 0.008 ± 0.000
Full intervention 0.397 ± 0.009 0.455 ± 0.010 0.078 ± 0.001 0.024 ± 0.000

Table 11. Percentage improvement relative to no control. ∗∗∗ p < 0.001, ∗∗ p < 0.01, ∗ p < 0.05 compared to
no control

Policy case M Si Sc Af Average

Market only +206.6% +0.1% +0.0% +206.3% +103.2%
Socio-cultural only +0.1% +221.1% +0.0% +0.1% +55.3%
Finance only∗∗∗ −3.3% −2.3% +0.0% −1.0% −1.6%
Market + sociocultural∗∗∗ +207.0% +221.0% +0.0% +206.7% +158.7%
Market + finance∗∗∗ +199.6% −1.3% +0.0% +204.3% +100.7%
Socio-cultural + finance∗∗∗ −1.8% +217.1% +0.0% −0.7% +53.7%
Full Intervention∗∗∗ +201.2% +217.6% +0.0% +204.8% +155.9%
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(a) Profile of control variables in Case 1 (u1 = 0) (a) Profile of control variables in Case 2 (u2 = 0)

(a) Profile of control variables in Case 3 (u3 = 0) (a) Profile of control variables in Case 4, when
all controls are active

Figure 18. The control profiles display the intensity of each intervention over time for each case. Deactivated
controls appear as dashed lines at zero. Sociocultural interventions activate the fastest, whereas social capital
interventions activate the slowest, reflecting different implementation speeds for various policy categories.

Table 13 shows that the weighted composite
score includes 20% for market, 25% for sociocul-
tural, 30% for social capital, and 25% for finance.
Market + Socio-cultural strategy comes in first
because it targets both supply-side (market) and
demand-side (culture) elements, producing com-
plementary impacts. The full intervention comes
in second place, marginally behind market + so-
ciocultural, indicating that it might be too soon
to implement financial inclusion measures with-
out sufficient social capital creation. According to
the economic interpretation, successful financial
access requires a threshold level of social capital.
Access to credit, savings, insurance, and other
financial services is the primary emphasis of fi-
nancial inclusion initiatives. The financing barrier
that frequently prevents women from starting their
own businesses is the focus of these efforts. The
economic mechanism operates through increased
investment capacity, better risk management, and
lower borrowing costs. However, without sufficient
market possibilities or societal backing, financial
inclusion could be unsuccessful.

A sequential strategy is supported by the sta-
tistical evidence: In the first phase (0–24 months),
market and sociocultural policies are implemented
to build social capital. In the second phase (24–60
months), financial inclusion policies are introduced
after Sc > 0.1. In the third phase (60–120 months),
all interventions are scaled simultaneously. At the
α = 0.001 level, all results are statistically signifi-
cant, giving 99.9% confidence that the observed
gains are not the result of chance. Beyond sta-
tistical significance, practical significance is con-
firmed by the large effect sizes. The analysis shows
that integrated policies addressing market infras-
tructure, sociocultural reform, and financial inclu-
sion are necessary for the emergence of women
entrepreneurs. The most economical approach is
the market + sociocultural dual policy. Financial
inclusion policies should be implemented gradu-
ally as social capital accumulation reaches critical
threshold levels, although full intervention is effec-
tive and shows diminishing returns.
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Table 12. Effect sizes (Cohenś d). Cohenś d: 0.2 = small, 0.5 = medium, 0.8 = large effect

Policy Case M Si Sc Af Interpretation

Market Only 5.00 0.05 0.00 5.00 large
Socio-cultural Only 0.05 5.00 0.00 0.06 large
Finance Only −1.47 −0.98 5.00 −0.49 large
Market + Socio-cultural 5.00 5.00 0.00 5.00 large
Market + Finance 5.00 −0.56 5.00 5.00 large
Socio-cultural + Finance −0.81 5.00 5.00 −0.34 large
Full Intervention 5.00 5.00 5.00 5.00 large

Table 13. Policy intervention ranking based on weighted composite impact

Rank Policy Case Composite Score (%) Primary Impact

1 Market + Socio-cultural +148.3% Si
2 Full Intervention +145.8% Si
3 Market Only +92.9% M
4 Market + Finance +90.7% Af
5 Socio-cultural Only +55.3% Si
6 Socio-cultural + Finance +53.7% Si
7 Finance Only −1.5% Sc

11.7. Synthesis and policy implications

The numerical results reflect a clear structure of
policy effectiveness. Case 4 performs better than
all partial intervention cases, confirming that a
comprehensive combination of programs achieves
the best outcomes. Improvements in all variables,
especially access to financing, are severely lim-
ited when social capital is not controlled, making
social captial a crucial hurdle. The differential ef-
fectiveness of control combinations provides quan-
titative guidance for policy design. Even when
its inputs (market and sociocultural capital) are
improved, social capital does not automatically
rise, as demonstrated by the 50% improvement
in social capital under the combination of all con-
trols compared with 16.7% when its control is
absent. It is crucial to make direct investments in
the development of relationships, networks, and
trust. The comparable results of Cases 1 and 2 for
social capital and market linkages indicate that
policymakers can choose which of the other two
controls to prioritize depending on local circum-
stances and available resources. While commu-
nities with good market access could emphasize
sociocultural strategies, communities with strong
existing sociocultural support might focus on mar-
ket infrastructure. The higher funding needed for
multi-component approaches is justified by the
synergistic effects observed in Case 4. The 40%
increase in financing availability under full control

is greater than what would be expected from in-
creasing individual contributions, demonstrating
how interventions reinforce one another through
the system’s network of interactions.

11.8. Summary

The findings show several significant patterns: so-
cial capital and financial access remain at very low
levels under the no-control scenario, indicating
that these vital components do not grow in the
absence of active measures. Case 3, which lacks
social capital control, performs the worst among
the controlled cases for both social capital and
access to finance, although it has active controls
on market infrastructure and sociocultural inter-
ventions. The analogous performance of Cases
1 and 2, which both lack one control but retain
social capital control, suggests that the impacts of
sociocultural interventions and market infrastruc-
ture on the growth of social capital are essentially
equivalent. With all controls active, Case 4 at-
tains the greatest values for every variable and
has access to financing that is almost fifty times
greater than that of the case without controls.

12. Discussion and conclusion

In this study, we have presented a comprehensive
mathematical model for examining the dynamics
of women entrepreneurs using a four-compartment
system comprising market linkages, sociocultural
interventions, social capital, and access to finance.
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We studied the model first in a deterministic set-
ting, derived equilibrium points, verified local and
global stability, computed the reproduction num-
ber, and proved the absence of flip bifurcation.
Subsequently, we extended the proposed model
to a stochastic setting, verified the positivity and
boundedness of solutions, and showed that the
stochastic reproduction number is lower than the
deterministic reproduction number. We ensured
that the scheme preserves positivity and bound-
edness for all step sizes. By formulating a sto-
chastic optimal control problem, four policy cases
are compared with the no-control case, and the
results show that the combination of all controls
produces the highest final access to financing. The
NSFD scheme preserves positivity for all step sizes,
whereas Euler-Maruyama generates economically
non-feasible negative results for large step sizes.
The comparison between deterministic and sto-
chastic systems reveals fundamental differences in
system behavior. The deterministic system con-
verges to empowerment-free equilibrium points,
representing a poverty trap that requires the com-
bination of all measures to escape. At low noise
levels, stochastic trajectories stay near this equi-
librium, maintaining the qualitative dynamics. At
high noise intensity, social capital and financial
access show regime-switching behavior between
high and low states, indicating that accessible re-
gion of phase space are fundamentally altered by
uncertainty. This shows that deterministic analy-
sis alone is insufficient for understanding systems
subject to environmental volatility. At low noise,
all variables preserve normal distributions with
strong confidence bands, showing predictable re-
sults suitable for policy analysis. At high noise
levels, social capital and financial access produce
bimodal distributions, but market linkages and so-
ciocultural elements preserve normal distributions
with expanded variance. This shows that risk-
based policy design that takes into account worst-
case situations rather than just predicted values
is required because of this bifurcation. The com-
parative analysis shows the superiority of the non-
standard finite difference scheme over the Euler-
Maruyama scheme for stochastic simulation. The
NSFD scheme preserves positivity and bounded-
ness at all step sizes. As the step size increases,
Euler-Maruyama displays growing positivity vi-
olations, resulting in economically meaningless
negative values. NSFD is preferred for long-term
simulations because it preserves key qualitative
characteristics. The findings demonstrate that, for
all step sizes, the NSFD scheme consistently yields
lower RMSE values than the Euler-Maruyama
technique.

The bimodality of the model reveals three non-
linear phenomena: first, poverty traps, in which
women gather into high-growth and low-growth
phases divided by a critical threshold; second, in-
equality classification, in which the middle class
weakens and creates dual economies;; and third,
regime shifts, in which small policy changes have
significant repercussions only after crossing thresh-
olds.

The stochastic system produces the essential
properties of deterministic dynamics despite ran-
dom perturbations. Unbiased perturbations are
confirmed by mean trajectories that closely follow
the deterministic equilibrium under low and high
noise levels. In the stochastic formulation, the
boundary equilibrium continues to be the domi-
nant attractor, confirming that the stochastic ex-
tension adds realistic variability while preserving
the underlying mathematical structure. Flip bifur-
cation analysis reveals that flip bifurcation does
not occur because all eigenvalues are real, negative,
and far from the critical value of −1. Although the
poverty trap continues to be a powerful attractor
requiring the combination of all controls to escape,
stability throughout the parameter space permits
incremental policy implementation without oscilla-
tory instabilities. The parameter impact analysis
through tornado, radial, chord, and heatmap dia-
grams suggests that maintenance programs that
lower the depreciation rate through regulatory
change should be combined with initiatives that
improve investment rates through financial literacy
and digital infrastructure. The analysis suggests
constructing the integrated policy framework us-
ing three pillars. First, devote 40% of funds to
initiatives aimed at increasing conversion rates
through infrastructure, training, and regulatory
reform. Second, set aside 35% of funds for direct
investments aimed at developing social, cultural,
and market capital. Third, set aside 25% of funds
for maintenance and depreciation management ini-
tiatives that lower depreciation rates through sus-
tainable methods. According to stochastic optimal
control analysis, the best final access to financing
is obtained by combining all three controls. The
importance of social networks in the conversion
process has been demonstrated by the superior
results produced in cases with active social capital
control. Each control helps the others through net-
work interactions, creating synergy. Market infras-
tructure control contributes more to the creation
of social capital, sociocultural control strengthens
social network effects, and social capital control
accumulates resources while increasing the effi-
ciency of conversion to financial access. Although
they offer some improvement, partial interventions
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are unable to produce the transformative results
that coordinated multi-parameter approaches can
achieve. In financial terms, market linkages and
sociocultural factors provide slow-changing in in-
stitutional capital that offers steady returns and
acts as a buffer against economic changes. Access
to financing and social capital are more volatile
forms of financial and relational capital that in-
crease economic uncertainty but, if properly ac-
cumulated, offer greater potential returns. The
differential response to noise suggests that port-
folio approaches to policy design, which balance
investments in stable institutional capital with tar-
geted interventions in more volatile but potentially
higher-impact sectors, may be suitable. Finan-
cial inclusion programs should include automatic
stabilizers that maintain access during turbulent
times, as the bimodality of financial access under
high noise reflects real-world observations where
credit availability exhibits hysteresis, expanding
during good times but contracting sharply dur-
ing downturns with slow recovery. The mathe-
matical analysis combines bifurcation analysis for
capturing qualitative variation, stochastic calcu-
lus for incorporating uncertainty, optimal control
analysis, and comprehensive numerical schemes
for simulation. Through parameter sensitivity,
this cohesive method demonstrates strong stabil-
ity that prevents natural escape from poverty traps
while allowing for carefully planned interventions.
The mathematical requirements for sustainable
financial access and positive social capital accu-
mulation offer tangible standards for policy assess-
ment, enabling practitioners to determine whether
combined interventions are enough for long-term
progress. The analysis provides clear policy rec-
ommendations. Since indirect approaches through
other compartments are not sufficient, social capi-
tal must be the main target of any intervention. A
combination of multiple interventions is necessary
to overcome poverty. Differentiated interventions
require proactive stabilization for volatile aspects
but consistent investment for stable components.
Reactive approaches are less successful than auto-
matic stabilizers and contingent credit facilities.

The proposed model has a number of limitations,
even through it offers insightful information on the
dynamics of women’s entrepreneurial development.
Many institutional, cultural, and policy-related
elements that affect entrepreneurial growth are
ignored by the model. Additionally, the stochastic
component is restricted to a single noise source
that affects social capital. In particular, however,
several sources of uncertainty may affect financial
accessibility, sociocultural support, and market
linkages. To obtain better outcomes, one can also

include additional socioeconomic variables such
as educational attainment, access to technology,
and governmental policy initiatives in the model.
Furthermore, a more accurate description of un-
certainty in entrepreneurial ecosystems can be ob-
tained by adding several stochastic disturbances
and time delays. To test successful interventions
for increasing the growth of sustainable women’s
entrepreneurship, one can combine optimal control
procedures with policy optimization methodolo-
gies.
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