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We propose and analyze a deterministic SEIR-type epidemic model coupled
with two dynamic capacity variables representing socio-economic support and
healthcare resources. The resource variables reduce transmission and enhance
recovery, whereas infection depletes both capacities, and healthcare operations
impose an additional socio-economic cost. We establish positivity, bounded-
ness, and global existence of solutions. The disease-free equilibrium is derived
from the coupled resource subsystem, and the associated basic reproduction
number R0 is obtained via the next-generation matrix method. The disease-
free equilibrium is locally asymptotically stable when R0 < 1 and unstable
when R0 > 1. For R0 > 1, the endemic-equilibrium problem is reduced to a
scalar equation, yielding the existence of at least one positive endemic equi-
librium; a verifiable monotonicity condition that ensures uniqueness is also
provided. We formulate an optimal control problem incorporating prevention,
treatment, and healthcare-reinforcement controls, prove the existence of an
optimal control, and derive the Pontryagin necessary conditions. For the illus-
trative baseline parameter set, the full endemic Jacobian has eigenvalues with
negative real parts, and the numerical experiments illustrate lower exposed
and infectious trajectories under the computed three-control solution of the
optimality system.
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1. Introduction

Mathematical epidemiology has long provided a
rigorous framework for understanding the spread,
persistence, and control of infectious diseases.1
Classical compartmental models, especially of
SIR- and SEIR-type, have played a central role in
clarifying threshold behavior, long-term dynam-
ics, and the impact of intervention strategies.2
Their analytical tractability and interpretability
have made them fundamental tools in both the-
oretical epidemiology and public-health decision
making.3 However, despite their success, many

standard epidemic models describe disease trans-
mission in a biologically closed manner, without
explicitly incorporating the socio-economic and
institutional environment within which epidemics
evolve.4,5

Such a simplification is often restrictive. In
practice, epidemic dynamics are strongly influ-
enced by the level of social support, the resilience
of healthcare systems, and the broader institu-
tional capacity to absorb and respond to rising
disease burden.6 Weak socio-economic conditions
may amplify transmission through increased ex-
posure, reduced prevention, and delayed access
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to care, while strong healthcare capacity can mit-
igate spread, improve recovery, and reduce the
persistence of infection.7 At the same time,
epidemics themselves exert substantial pressure
on these same support structures by exhausting
resources, overloading healthcare facilities, and
weakening the surrounding social environment.8
This reciprocal interaction is essential for under-
standing not only whether an outbreak occurs,
but also why certain epidemics become prolonged,
why some systems collapse under sustained pres-
sure, and why control efforts may succeed in one
setting but fail in another.9,10

These observations motivate epidemic models
in which transmission is dynamically coupled with
socio-economic and healthcare resources.11 Rela-
tive to biologically closed compartmental systems,
this formulation contains two explicit mecha-
nisms:12 the current resource levels modify trans-
mission and removal,13 and the epidemic bur-
den modifies the resource levels required for re-
sponse.14 The resulting bidirectional coupling in-
troduces an endogenous feedback mechanism for
sustained transmission and institutional degrada-
tion.15

In this paper, we propose and ana-
lyze a deterministic six-dimensional SEIR-type
model16 in which the epidemiological compart-
ments S,E, I,R are coupled with two additional
variables: a socio-economic support variable Y
and a healthcare-resource variable H. The force
of infection is reduced through the resource-
dependent incidence denominator

(1 + aY )(1 + bH)(1 + cI),

which accounts simultaneously for the mitigating
effects of socio-economic support, healthcare ca-
pacity, and saturation in the infectious class. In
addition, the removal of infectious individuals de-
pends on the nonlinear recovery function

Γ(Y,H) = γ0 +
γ1Y

m+ Y
+

γ2H

n+H
,

so that improvements in support and health-
care resources enhance effective recovery. Con-
versely, infection pressure depletes both capaci-
ties, while maintaining healthcare capacity im-
poses the socio-economic operating cost repre-
sented by q2HY . These mechanisms create a
closed feedback loop between disease prevalence
and institutional fragility.

The model leads to four analytical questions:
biological well-posedness; identification of the
disease-free equilibrium and the invasion thresh-
old; existence and possible uniqueness of positive
endemic equilibria; and optimal allocation of pre-
vention, treatment, and healthcare reinforcement

when epidemiological and implementation costs
are considered.17

Recent deterministic epidemic studies em-
phasize threshold quantities, equilibrium analy-
sis, and intervention assessment in COVID-19
and SVIR models.18,19 Fractional epidemic for-
mulations and data-based optimal-control studies
broaden this perspective by incorporating non-
local operators or calibrated intervention scenar-
ios.20,21 Extended SEIR and tuberculosis models
further illustrate threshold and stability analysis
in structured epidemic systems.22,23 In the wider
theory of differential control systems, existence,
continuous dependence, and optimal-control re-
sults have also been established for stochastic
Hilfer systems with delay, Caputo fractional de-
lay inclusions, and Sobolev-type mixed Volterra-
Fredholm equations.24–26 Stochastic reaction-
diffusion epidemic models further account for
spatial heterogeneity, population diffusion, and
environmental perturbations.27,28 These con-
tributions provide important analytical frame-
works, but they address fractional, stochastic, de-
layed, spatial, or externally controlled dynam-
ics. The present work instead studies a finite-
dimensional deterministic ODE system in which
socio-economic support and healthcare capacity
are endogenous states that simultaneously reduce
incidence, enhance recovery, and deteriorate un-
der system pressure.

Compared with the cited epidemic models, the
specific contribution is the closed Y -H feedback
architecture: Y and H are not fixed coefficients
or prescribed control profiles; they evolve jointly
with the SEIR compartments, enter both trans-
mission and recovery, and are depleted through
infection and healthcare-operation terms. The
control problem then acts on this endogenous
resource-coupled system rather than on a biolog-
ically isolated SEIR model.

The contributions are fourfold. First, we prove
positivity, boundedness, and global existence for
the resource-coupled epidemic system. Second,
we derive the disease-free equilibrium from the
coupled (Y,H) algebraic subsystem, obtain R0,
and prove local stability for R0 < 1 and instabil-
ity for R0 > 1. Third, we reduce the endemic-
equilibrium equations to a scalar equation, prove
existence for R0 > 1, and state a sufficient mono-
tonicity condition for uniqueness. The full en-
demic Jacobian is provided and evaluated for the
baseline parameter set. Fourth, we formulate the
three-control problem, establish existence of an
optimal control, derive the Pontryagin system,
and compare the controlled and uncontrolled tra-
jectories numerically.
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The novelty is the structural coupling through
which socio-economic and healthcare capacities
simultaneously enter the incidence and recovery
functions while evolving under infection pressure
and healthcare-operation costs. Thus, persistent
infection can reduce institutional capacity, and re-
duced capacity can increase effective transmission
and weaken recovery. Unlike SEIR-type formu-
lations in which resource effects are fixed coeffi-
cients or external inputs, the variables Y and H
are endogenous components of the state system.

The numerical study illustrates the threshold
dynamics, computes the endemic state, evaluates
the full endemic Jacobian, and compares the com-
puted controlled and uncontrolled trajectories. It
also reports normalized forward sensitivity indices
for the epidemiological and resource parameters.
Because the baseline values are synthetic and are
not calibrated to a specific outbreak, the numer-
ical results are interpreted as structural demon-
strations of the model rather than quantitative
forecasts.

The remainder of the paper is organized as fol-
lows. In Section 2, we formulate the model and
state the standing assumptions on the parame-
ters. Section 3 is devoted to the deterministic
analysis, including well-posedness, the disease-

free equilibrium, the reproduction number, and
endemic equilibria. In Section 4, we formulate
the optimal control problem, prove the existence
of an optimal control, and derive the Pontryagin
maximum principle. Section 5 provides the sen-
sitivity analysis. Section 6 presents numerical ex-
periments illustrating the threshold behavior, en-
demic dynamics, controlled trajectories, and pa-
rameter sensitivity. The paper concludes with a
discussion of the main implications and possible
extensions of the model.

2. Epidemic-economic model
formulation

We formulate a coupled epidemic-economic sys-
tem in which disease propagation interacts dy-
namically with two time-dependent support vari-
ables: socio-economic support and healthcare ca-
pacity. The epidemiological core follows an SEIR-
type structure, while the auxiliary variables Y
and H encode the available societal and medical
resources that influence transmission and recov-
ery. In turn, the epidemic exerts pressure on these
same resources, creating a bidirectional feedback
loop. The full interaction structure is illustrated
in Figure 1.

S
Susceptible

E
Exposed

I
Infectious

R
Recovered

Y
Socio-economic support

H
Healthcare capacity

Λ

βSI

(1 + aY )(1 + bH)(1 + cI) κE Γ(Y,H)I

µS µE (µ+ d)I µR

Π ΠH

ξY ξHH

θY

q1IY ωIH

q2HY

main flow beneficial effects

harmful feedbacks resource reinforcement

Figure 1. A layered schematic of system (1). The upper layer represents the epidemic progression S→ E→
I→ R, while the lower layer contains the socio-economic support variable Y and the healthcare-capacity
variable H. Dashed blue arrows represent beneficial resource effects; red arrows represent infection-induced
depletion q1IY , ωIH, and the healthcare operating cost q2HY ; and the green arrow represents reinforcement
from socio-economic support to healthcare capacity.

For t ≥ 0, we consider the six state variables(
S(t), E(t), I(t), R(t), Y (t), H(t)

)
∈ R6

+, where
S(t), E(t), I(t), and R(t) denote susceptible,

exposed, infectious, and recovered populations.
The variables Y (t) and H(t) are scaled nonneg-
ative effective-capacity indices, not population
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compartments and not proportions restricted to
[0, 1]. Their numerical scales are determined by
the replenishment, decay, coupling, and depletion
parameters. The index Y (t) aggregates socio-
economic resilience, including income stability,
access to basic services, compliance capacity, and
social support. The index H(t) aggregates effec-
tive healthcare capacity, including hospital avail-
ability, personnel, diagnostic access, treatment
resources, and institutional response strength.
The term q1IY represents infection-induced socio-
economic degradation, whereas q2HY represents
the socio-economic operating cost associated with
maintaining healthcare capacity; consequently,
this term remains active when I = 0 and H > 0.
The term ωIH represents infection-induced deple-
tion of healthcare capacity, while θY represents
reinforcement of healthcare capacity by socio-
economic support.

The model is governed by the system



dS

dt
= Λ− βSI

(1 + aY )(1 + bH)(1 + cI)
− µS,

dE

dt
=

βSI

(1 + aY )(1 + bH)(1 + cI)
− (µ+ κ)E,

dI

dt
= κE −

(
µ+ d+ γ0 +

γ1Y

m+ Y
+

γ2H

n+H

)
I,

dR

dt
=

(
γ0 +

γ1Y

m+ Y
+

γ2H

n+H

)
I − µR,

dY

dt
= Π− ξY − q1IY − q2HY,

dH

dt
= ΠH − ξHH + θY − ωIH.

(1)

The incidence term is defined by
βSI

(1+aY )(1+bH)(1+cI) . This expression combines
three distinct effects. The bilinear factor SI mod-
els the usual contact-driven generation of new
exposed individuals. The factors (1 + aY )−1 and
(1 + bH)−1 quantify the mitigating influence of
socio-economic support and healthcare capacity
on effective transmission. The factor (1 + cI)−1

introduces a nonlinear saturation mechanism,
thereby preventing the incidence from growing
proportionally to I when prevalence becomes
large.

The recovery process is described through the
effective treatment-recovery function γ0+ γ1Y

m+Y +
γ2H
n+H , which is increasing and bounded in both Y
and H. Thus, stronger socio-economic support
and stronger healthcare capacity improve recov-
ery, but with diminishing marginal returns, as re-
flected by the half-saturation constants m and n.

The resource equations encode the feedback
from the epidemic onto the surrounding support
systems. The socio-economic variable Y is re-
plenished at rate Π, decays naturally at rate ξ,
and is additionally depleted by infection preva-
lence through q1IY and by the socio-economic
operating cost of healthcare capacity, q2HY . The
healthcare variable H receives exogenous replen-
ishment at rate ΠH , deteriorates naturally at
rate ξH , is reinforced by socio-economic support
through the transfer term θY , and is weakened by
infection pressure through the term ωIH. Con-
sequently, system (1) captures a two-way inter-
action: resources act on epidemic transmission
and recovery, while the epidemic simultaneously
erodes the resources required for its own control.

For convenience, the model parameters are sum-
marized in Table 1.

Throughout the paper we impose the following
standing assumptions.

Assumption 1. All parameters in system (1) are
nonnegative. In addition, we assume Λ > 0, µ >
0, β > 0, κ > 0, Π > 0, ξ > 0, ΠH > 0, ξH >
0, m > 0, n > 0, and at least one of γ0, γ1, γ2 is
strictly positive.

Assumption 1 guarantees that all nonlinear
terms appearing in (1) are well defined on R6

+.
In particular, the denominators m + Y , n + H,
and (1+aY )(1+bH)(1+cI) remain strictly posi-
tive for every nonnegative state. Hence the vector
field associated with system (1) is of class C1 on
R6
+. It follows from the classical Cauchy-Lipschitz

theorem that, for every nonnegative initial condi-
tion, there exists a unique local classical solution.

Allowing γ1 = 0 includes the limiting case in
which socio-economic support produces no addi-
tional saturating recovery contribution. Likewise,
γ2 = 0 represents a setting in which healthcare
capacity does not add a separate saturating re-
covery term. Requiring at least one of γ0, γ1, γ2
to be strictly positive excludes the degenerate case
with no recovery mechanism.

From the modeling viewpoint, the central fea-
ture of (1) lies in the mutual dependence between
epidemic severity and societal resilience. A de-
terioration in socio-economic or medical capac-
ity may amplify transmission and weaken recov-
ery, whereas sustained infection simultaneously
exhausts the very resources needed to contain the
outbreak. This endogenous feedback is mathe-
matically responsible for the nontrivial threshold
structure and stability behavior established in the
subsequent sections.
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Table 1. Description of the parameters in system (1)

Parameter Interpretation

Λ recruitment rate into the susceptible class,
µ natural removal rate,
β baseline transmission coefficient,
a intensity of the mitigating effect of socio-economic support on transmission,
b intensity of the mitigating effect of healthcare capacity on transmission,
c saturation coefficient in the incidence function,
κ progression rate from exposed to infectious individuals,
d disease-induced removal rate,
γ0 baseline recovery rate,
γ1 maximal additional recovery induced by socio-economic support,
γ2 maximal additional recovery induced by healthcare capacity,
m half-saturation constant for the economic contribution to recovery,
n half-saturation constant for the healthcare contribution to recovery,
Π replenishment rate of socio-economic support,
ξ natural decay rate of socio-economic support,
q1 depletion rate of socio-economic support caused by infection pressure,
q2 socio-economic operating-cost coefficient associated with healthcare capacity,
ΠH exogenous replenishment rate of healthcare capacity,
ξH natural decay rate of healthcare capacity,
θ reinforcement rate from socio-economic support to healthcare capacity,
ω depletion rate of healthcare capacity caused by infection pressure.

3. Deterministic analysis

In this section, we study the qualitative dynam-
ics of system (1). We first establish positivity,
boundedness, and global existence of solutions.
We then derive the disease-free equilibrium and
its threshold stability condition, and finally an-
alyze endemic equilibria through a scalar reduc-
tion.

For convenience, define

Φ(S, I, Y,H) : =
βSI

(1 + aY )(1 + bH)(1 + cI)
,

Γ(Y,H) : = γ0 +
γ1Y

m+ Y
+

γ2H

n+H
.

(2)

Then system (1) can be written as

Ṡ = Λ− Φ(S, I, Y,H)− µS,

Ė = Φ(S, I, Y,H)− (µ+ κ)E,

İ = κE −
(
µ+ d+ Γ(Y,H)

)
I,

Ṙ = Γ(Y,H)I − µR,

Ẏ = Π− ξY − q1IY − q2HY,

Ḣ = ΠH − ξHH + θY − ωIH.

(3)

Under Assumption 1, the vector field is of class
C1 on R6

+. Hence, for every nonnegative initial
condition, there exists a unique maximal classical
solution.

3.1. Positivity, boundedness, and global
existence

We begin by showing that the nonnegative or-
thant is forward invariant and that every trajec-
tory remains bounded for all future times.

Theorem 1. Assume Assumption 1. Then for
every initial condition (S(0), E(0), I(0), R(0), Y (0),
H(0)) ∈ R6

+, system (1) admits a unique global
solution (S(t), E(t), I(t), R(t), Y (t), H(t)) ∈
R6
+, t ≥ 0. Moreover, if N(t) := S(t) + E(t) +

I(t) +R(t), then

0 ≤ N(t) ≤ N(0)e−µt +
Λ

µ

(
1− e−µt

)
, t ≥ 0. (4)

In addition,

0 ≤ Y (t) ≤ Y (0)e−ξt +
Π

ξ

(
1− e−ξt

)
≤ max

{
Y (0),

Π

ξ

}
,

(5)

and, with

MY := max

{
Y (0),

Π

ξ

}
,

one has
0 ≤ H(t) ≤ H(0)e−ξH t+

ΠH + θMY

ξH

(
1− e−ξH t

)
.

(6)
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Consequently, every component remains
bounded on [0,∞).

Proof. Since the vector field is locally Lipschitz
on R6

+, there exists a unique maximal solution on
some interval [0, Tmax). We first prove positivity.

Suppose that at some time t0 ∈ [0, Tmax), one
component reaches zero while all components re-
main nonnegative up to time t0. Then:

Ṡ(t0) = Λ > 0 whenever S(t0) = 0,

Ė(t0) = Φ(S(t0), I(t0), Y (t0), H(t0)) ≥ 0

whenever E(t0) = 0,

İ(t0) = κE(t0) ≥ 0 whenever I(t0) = 0,

Ṙ(t0) = Γ(Y (t0), H(t0))I(t0) ≥ 0

whenever R(t0) = 0,

Ẏ (t0) = Π > 0 whenever Y (t0) = 0,

and

Ḣ(t0) = ΠH + θY (t0) ≥ 0 whenever H(t0) = 0.

Thus, on each boundary hyperplane of R6
+, the

vector field is inward pointing or tangent. By the
uniqueness of solutions, no trajectory can cross
from R6

+ to its complement. Therefore R6
+ is pos-

itively invariant.
We now derive the bounds. Summing the first

four equations of (3) gives Ṅ ≤ Λ−µN . Compar-
ison with the scalar equation z′ = Λ−µz, z(0) =
N(0), yields (4). In particular,

0 ≤ S(t), E(t), I(t), R(t) ≤ N(t) ≤MN ,

MN := max

{
N(0),

Λ

µ

}
.

Next,

Ẏ = Π− ξY − q1IY − q2HY ≤ Π− ξY.

Comparison with

z′ = Π− ξz, z(0) = Y (0),

gives (5). Hence

0 ≤ Y (t) ≤MY := max

{
Y (0),

Π

ξ

}
for all t ≥ 0.

Using this estimate in the H-equation,

Ḣ = ΠH−ξHH+θY −ωIH ≤ ΠH+θMY −ξHH.
Comparison with

z′ = ΠH + θMY − ξHz, z(0) = H(0),

yields (6). Therefore H(t) is also bounded on
[0,∞).

We have shown that all six components remain
bounded on every bounded time interval. Since
the vector field is locally Lipschitz, boundedness
excludes finite-time blow-up. Hence Tmax = ∞,
and the solution is global. □

As an immediate consequence, every trajectory
remains in the positively invariant set

ΩX0 := {(S,E, I,R, Y,H) ∈ R6
+ : S + E + I +R

≤MN , 0 ≤ Y ≤MY , 0 ≤ H ≤MH},
where

MN = max

{
N(0),

Λ

µ

}
, MY = max

{
Y (0),

Π

ξ

}
,

MH = max

{
H(0),

ΠH + θMY

ξH

}
.

3.2. Disease-free equilibrium and
threshold stability

We next derive the disease-free equilibrium and
establish its local stability in terms of the basic
reproduction number.

Proposition 1. System (1) admits the disease-
free equilibrium

E0 = (S0, 0, 0, 0, Y0, H0), S0 =
Λ

µ
, (7)

where (Y0, H0) ∈ (0,∞)2 is the unique solution of

Π−ξY0−q2H0Y0 = 0,ΠH−ξHH0+θY0 = 0. (8)

Let B0 := ξξH + q2ΠH . If q2θ > 0, then

Y0 =

√
B2

0 + 4q2θΠξH −B0

2q2θ
,H0 =

ΠH + θY0
ξH

. (9)

If q2θ = 0, then

Y0 =
ΠξH

ξξH + q2ΠH
, H0 =

ΠH + θY0
ξH

. (10)

In particular, Y0 = Π/ξ is recovered when
q2 = 0.

Proof. At the disease-free equilibrium, E = I =
R = 0. The first equation gives S0 = Λ/µ, while
the resource equations are exactly (8). From the
second resource equation,

H0 =
ΠH + θY0

ξH
.

Substitution into the first resource equation
yields

q2θY
2
0 + (ξξH + q2ΠH)Y0 −ΠξH = 0.

When q2θ > 0, the constant term is negative
and the quadratic has exactly one positive root,
given by (9). When q2θ = 0, the equation is linear
and gives (10). The corresponding H0 is strictly
positive and unique. □

For later use, define

S0 :=
Λ

µ
, (Y0, H0) by (8), (11)

6
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and

Γ̂0 := Γ(Y0, H0) = γ0 +
γ1Y0
m+ Y0

+
γ2H0

n+H0
,

Γ0 := µ+ d+ Γ̂0.

(12)

Proposition 2. The basic reproduction number
of system (1), evaluated at the corrected disease-
free resource levels (Y0, H0), is

R0 =
βS0κ

(1 + aY0)(1 + bH0)(µ+ κ)Γ0
. (13)

Proof. We use the infected variables (E, I). At
the disease-free equilibrium, the new-infection
terms and transition terms are

F(E, I) =

 βSI

(1 + aY )(1 + bH)(1 + cI)
0

 ,

V(E, I) =
(

(µ+ κ)E

−κE + Γ0I

)
.

Therefore,

F =

0
βS0

(1 + aY0)(1 + bH0)
0 0

 ,

V =

(
µ+ κ 0
−κ Γ0

)
.

A direct computation gives

V −1 =
1

(µ+ κ)Γ0

(
Γ0 0
κ µ+ κ

)
.

Hence
FV −1 =

1

(µ+ κ)Γ0 βS0κ

(1 + aY0)(1 + bH0)

βS0(µ+ κ)

(1 + aY0)(1 + bH0)
0 0

 .

Since FV −1 is upper triangular, its eigenvalues
are its diagonal entries. Therefore

ρ(FV −1) =
βS0κ

(1 + aY0)(1 + bH0)(µ+ κ)Γ0
,

which proves (13). □

We now analyze the local stability of the disease-
free equilibrium. Since Φ(S, 0, Y,H) = 0, we have

∂Φ

∂S

∣∣∣∣
E0

=
∂Φ

∂Y

∣∣∣∣
E0

=
∂Φ

∂H

∣∣∣∣
E0

= 0,

whereas
∂Φ

∂I

∣∣∣∣
E0

=
βS0

(1 + aY0)(1 + bH0)
.

Therefore the linearized infected block in the
variables (E, I) is

Jinf(E0) =

−(µ+ κ)
βS0

(1 + aY0)(1 + bH0)

κ −Γ0

 . (14)

Its characteristic polynomial is
pinf(λ) = det

(
λI2 − Jinf(E0)

)
= λ2 + (µ+ κ+ Γ0)λ

+ (µ+ κ)Γ0(1−R0).

(15)

The remaining four eigenvalues of the full Ja-
cobian at E0 arise from the decoupled directions
S, R, and the resource block (Y,H). Indeed,
at E0, the S-equation contributes the eigenvalue
−µ, and the R-equation contributes the eigen-
value −µ. Moreover, the (Y,H)-subsystem is lin-
earized by

D =

(
−(ξ + q2H0) −q2Y0

θ −ξH

)
. (16)

Its trace and determinant are tr(D) = −(ξ +
q2H0) − ξH < 0, and det(D) = ξH(ξ + q2H0) +
q2Y0θ > 0. Hence, by the Routh–Hurwitz crite-
rion for 2×2 matrices, both eigenvalues of D have
negative real parts.

All entries below are evaluated at the resource
equilibrium (Y0, H0) defined by (8). We can now
state and prove the threshold stability result.

Theorem 2 (Local stability of the disease-free
equilibrium). Let E0 be the disease-free equilib-
rium given by (7), and let R0 be defined by (13).
Then:
(1) if R0 < 1, then E0 is locally asymptotically

stable;
(2) if R0 > 1, then E0 is unstable.

Moreover, in the critical case R0 = 1, the Jaco-
bian at E0 has a zero eigenvalue, so the lineariza-
tion is inconclusive.

Proof. We analyze the Jacobian matrix of sys-
tem (3) at the disease-free equilibrium E0 =
(S0, 0, 0, 0, Y0, H0). In the variable order
(S,E, I,R, Y,H), the full Jacobian at E0 is

J(E0) =

−µ 0 − βS0
(1 + aY0)(1 + bH0)

0 −(µ+ κ)
βS0

(1 + aY0)(1 + bH0)
0 κ −Γ0

0 0 Γ(Y0, H0)
0 0 −q1Y0
0 0 −ωH0

0 0 0
0 0 0
0 0 0
−µ 0 0
0 −(ξ + q2H0) −q2Y0
0 θ −ξH

 .

This matrix is not block triangular in the
present ordering. To reveal its spectral structure,

7
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we permute the coordinates and consider the or-
der (E, I, S, Y,H,R). Let P be the associated per-
mutation matrix. Then J̃(E0) := P J(E0)P

−1

has the same eigenvalues as J(E0), since permu-
tation similarity preserves the spectrum. In the
reordered variables (E, I, S, Y,H,R), the matrix
becomes

J̃(E0) =



−(µ+ κ)
βS0

(1 + aY0)(1 + bH0)
0

κ −Γ0 0

0 − βS0
(1 + aY0)(1 + bH0)

−µ

0 −q1Y0 0
0 −ωH0 0
0 Γ(Y0, H0) 0

0 0 0
0 0 0
0 0 0

−(ξ + q2H0) −q2Y0 0
θ −ξH 0
0 0 −µ

 .

This matrix is block lower triangular with di-
agonal blocks

Jinf(E0) =

−(µ+ κ)
βS0

(1 + aY0)(1 + bH0)

κ −Γ0

 ,

[−µ], D =

(
−(ξ + q2H0) −q2Y0

θ −ξH

)
, [−µ].

Hence

σ(J(E0)) = σ(J̃(E0)) =

σ
(
Jinf(E0)

)
∪ {−µ} ∪ σ(D) ∪ {−µ}.

We first examine the scalar blocks. Clearly,
−µ < 0. Next, for the resource block D, we have
tr(D) = −(ξ + q2H0) − ξH < 0, and det(D) =
ξH(ξ + q2H0) + q2Y0θ > 0. Therefore, by the
Routh–Hurwitz criterion for 2× 2 matrices, both
eigenvalues of D have negative real parts.

It remains to study the infected block Jinf(E0).
Its characteristic polynomial is
pinf(λ) = det

(
λI2 − Jinf(E0)

)
= λ2

+ (µ+ κ+ Γ0)λ+ (µ+ κ)Γ0(1−R0).
(17)

We now distinguish three cases.

Case 1: R0 < 1. Then (µ + κ)Γ0(1 − R0) > 0.
Since also µ+ κ+Γ0 > 0, both coefficients of the
quadratic polynomial (17) are strictly positive.
Hence, by the Routh–Hurwitz criterion for qua-
dratic polynomials, both roots of pinf have neg-
ative real parts. Since the other four eigenval-
ues of J(E0) also have negative real parts, every

eigenvalue of J(E0) lies in the open left half-plane.
Therefore E0 is locally asymptotically stable.

Case 2: R0 > 1. Then (µ + κ)Γ0(1 − R0) < 0.
Thus the constant term of pinf is negative. Since
the leading coefficient is positive, the product of
the two roots is negative. Therefore one root is
positive and the other is negative. In particu-
lar, Jinf(E0) has a positive eigenvalue, and con-
sequently J(E0) has a positive eigenvalue. Hence
E0 is unstable.

Case 3: R0 = 1. In this case, pinf(λ) =
λ
(
λ+µ+κ+Γ0

)
, so 0 is an eigenvalue of Jinf(E0),

and therefore of J(E0). Thus the Jacobian is non-
hyperbolic, and the linearization does not deter-
mine the local dynamics.

This completes the proof. □

Remark 1. The threshold quantity R0 depends
explicitly on the baseline resource levels Y0 and
H0. An increase in Y0 or H0 enlarges the damp-
ing factor (1 + aY0)(1 + bH0), which decreases
the effective transmission contribution. Moreover,
Γ(Y,H) is nondecreasing in both Y and H, so
larger resource levels also increase the effective
removal rate Γ0. Both mechanisms reduce R0,
thereby favoring local stability of the disease-free
equilibrium.

3.3. Endemic equilibria: reduction and
existence

We now investigate steady states corresponding
to persistent infection.

An endemic equilibrium is a point E∗ =
(S∗, E∗, I∗, R∗, Y ∗, H∗) ∈ R6

+ such that I∗ > 0.
At such an equilibrium, the system satisfies

0 = Λ− βS∗I∗

(1 + aY ∗)(1 + bH∗)(1 + cI∗)
− µS∗,

0 =
βS∗I∗

(1 + aY ∗)(1 + bH∗)(1 + cI∗)
− (µ+ κ)E∗,

0 = κE∗ −
(
µ+ d+ Γ(Y ∗, H∗)

)
I∗,

0 = Γ(Y ∗, H∗)I∗ − µR∗,

0 = Π− ξY ∗ − q1I
∗Y ∗ − q2H

∗Y ∗,

0 = ΠH − ξHH∗ + θY ∗ − ωI∗H∗.

(18)

From the third and fourth equations one imme-
diately obtains

R∗ =
Γ(Y ∗, H∗)

µ
I∗,

E∗ =
µ+ d+ Γ(Y ∗, H∗)

κ
I∗.

(19)

Combining the second and third equations
yields

8
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S∗ =
(1 + aY ∗)(1 + bH∗)(1 + cI∗)(µ+ κ)

(
µ+ d+ Γ(Y ∗, H∗)

)
βκ

. (20)

The last two equations give

Y ∗ =
Π

ξ + q1I∗ + q2H∗ , H
∗ =

ΠH + θY ∗

ξH + ωI∗
. (21)

The key point is that, for each fixed infectious
level I ≥ 0, the subsystem for (Y,H) admits a
unique positive solution.

Lemma 1. For each fixed I ≥ 0, the algebraic
system 

Y =
Π

ξ + q1I + q2H
,

H =
ΠH + θY

ξH + ωI

(22)

admits a unique solution (Y (I),H(I)) ∈ (0,∞)2.
Moreover, Y (·) and H(·) are continuous on
[0,∞).

Proof. Fix I ≥ 0. Since ξH +ωI > 0, the second
equation implies H = ΠH+θY

ξH+ωI . Substituting this
into the first equation, gives

Y =
Π

ξ + q1I + q2
ΠH + θY

ξH + ωI

.

After simplification, this becomes

A(I)Y 2 +B(I)Y −Π = 0, (23)

where
A(I) :=

q2θ

ξH + ωI
≥ 0,

B(I) := ξ + q1I +
q2ΠH

ξH + ωI
> 0.

If A(I) = 0, then (23) reduces to B(I)Y −Π = 0,
which has the unique positive solution Y (I) =
Π

B(I) > 0. If A(I) > 0, then (23) is a quadratic
polynomial with positive leading coefficient and
negative constant term. Hence its two roots have
opposite signs, so it has exactly one positive root,
namely

Y (I) =
−B(I) +

√
B(I)2 + 4A(I)Π

2A(I)
> 0.

Once Y (I) is obtained, the second equation
gives

H(I) =
ΠH + θY (I)

ξH + ωI
> 0.

Thus, for each I ≥ 0, there is a unique positive
pair (Y (I),H(I)).

The continuity of Y (I) follows from the conti-
nuity of A(I) and B(I) together with the explicit
formulas above. The continuity of H(I) then fol-
lows from its defining formula. □

Lemma 1 reduces the endemic-equilibrium prob-
lem to a scalar equation. Define

Ψ(I) :=
µ+ κ

κ

(
µ+ d+ Γ(Y (I), H(I))

)
[
I +

µ(1 + aY (I))(1 + bH(I))(1 + cI)

β

]
− Λ, I ≥ 0.

(24)

Proposition 3. A number I∗ > 0 generates an
endemic equilibrium of system (1) if and only if

Ψ(I∗) = 0. (25)

In that case, Y ∗ = Y (I∗), H∗ = H(I∗), and
S∗, E∗, R∗ are determined uniquely by (19) and
(20).

Proof. Suppose first that E∗ is an endemic equi-
librium. Then (Y ∗, H∗) satisfies (22) with I = I∗.
By Lemma 1, Y ∗ = Y (I∗), H∗ = H(I∗). Substi-
tution of (20) into the first equation of (18)gives
exactly Ψ(I∗) = 0. Conversely, suppose I∗ > 0
satisfies Ψ(I∗) = 0. Set Y ∗ = Y (I∗), H∗ =
H(I∗), and define S∗, E∗, R∗ by (19) and (20).
By construction, all equations in (18) are satis-
fied, so the resulting sextuple is an endemic equi-
librium. □

We can now prove existence when R0 > 1.

Theorem 3. If R0 > 1, then system (1) admits
at least one endemic equilibrium with strictly pos-
itive components.

Proof. By Lemma 1, the map I 7→ Ψ(I) is con-
tinuous on [0,∞). At I = 0, Lemma 1 gives
the unique pair (Y (0), H(0)) = (Y0, H0) satisfy-
ing (8). Hence

Ψ(0) =
µ+ κ

κ

(
µ+ d+ Γ(Y0, H0)

)
µ(1 + aY0)(1 + bH0)

β
− Λ.

Using Γ(Y0, H0) = Γ̂0, Γ0 = µ+ d+Γ̂0, and the
expression for R0, we obtain Ψ(0) = Λ

(
1
R0

− 1
)
.

Therefore, R0 > 1 =⇒ Ψ(0) < 0. On the
other hand, for every I ≥ 0, Y (I) > 0, H(I) > 0,
and therefore Γ(Y (I),H(I)) ≥ γ0, (1+aY (I))(1+
bH(I))(1+cI) ≥ 1. Using these estimates in (24),
we obtain

Ψ(I) ≥ µ+ κ

κ
(µ+ d+ γ0)

(
I +

µ

β

)
− Λ.

The right-hand side tends to +∞ as I → +∞.
Hence

Ψ(I) → +∞ as I → +∞.
9
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Since Ψ is continuous, Ψ(0) < 0, and Ψ(I) →
+∞, the intermediate value theorem guarantees
the existence of at least one I∗ > 0 such that
Ψ(I∗) = 0. Proposition 3 then yields an en-
demic equilibrium with strictly positive compo-
nents. □

Remark 2. Theorem 3 establishes existence, but
not unconditional uniqueness, when R0 > 1. The
nonlinear dependence of Y (I) and H(I) on the in-
fectious level can prevent a general monotonicity
conclusion for Ψ. A sufficient uniqueness condi-
tion is stated below, and the local stability of the
baseline endemic equilibrium is assessed from the
full Jacobian in Section 6.

For I ≥ 0, define

A(I) := µ+ d+ Γ(Y (I), H(I)),

B(I) := (1 + aY (I))(1 + bH(I))(1 + cI).

Implicit differentiation of (22) gives

Y ′(I) =
Y (I) [q2ωH(I)− q1(ξH + ωI)]

∆(I)
,

H ′(I) = −ωH(I)(ξ + q1I + q2H(I)) + θq1Y (I)

∆(I)
,

(26)

where

∆(I) := (ξ+q1I+q2H(I))(ξH+ωI)+q2θY (I) > 0.

Consequently,

Ψ′(I) =
µ+ κ

κ

{
A′(I)

[
I +

µ

β
B(I)

]
+A(I)

[
1 +

µ

β
B′(I)

]}
.

(27)

Proposition 4 (Sufficient condition for unique-
ness). Assume R0 > 1. If, for every I ≥ 0,

A(I)

[
1 +

µ

β
B′(I)

]
> −A′(I)

[
I +

µ

β
B(I)

]
, (28)

then Ψ′(I) > 0 on [0,∞). Hence Ψ(I) = 0 has ex-
actly one positive root and system (1) has a unique
endemic equilibrium.

Proof. Condition (28) and (27) imply Ψ′(I) > 0.
Since Ψ(0) < 0 for R0 > 1 and Ψ(I) → +∞
as I → ∞, strict monotonicity yields exactly one
positive zero. □

Jacobian at an endemic equilibrium. Let

ΦS =
βI

(1 + aY )(1 + bH)(1 + cI)
,

ΦI =
βS

(1 + aY )(1 + bH)(1 + cI)2
,

ΦY = − aβSI

(1 + aY )2(1 + bH)(1 + cI)
,

ΦH = − bβSI

(1 + aY )(1 + bH)2(1 + cI)
,

and

ΓY =
γ1m

(m+ Y )2
, ΓH =

γ2n

(n+H)2
.

The Jacobian at a general state is

J =


−µ− ΦS 0 −ΦI

ΦS −(µ+ κ) ΦI

0 κ −(µ+ d+ Γ)
0 0 Γ
0 0 −q1Y
0 0 −ωH

(29)

0 −ΦY −ΦH

0 ΦY ΦH

0 −ΓY I −ΓHI
−µ ΓY I ΓHI
0 −(ξ + q1I + q2H) −q2Y
0 θ −(ξH + ωI)

 .

Local asymptotic stability of a computed en-
demic equilibrium follows when all eigenvalues of
J(E∗) have negative real parts.

4. Optimal control problem

We now introduce time-dependent intervention
policies into system (1). The aim is to reduce the
exposed and infectious populations while balanc-
ing the implementation costs of prevention, treat-
ment, and healthcare reinforcement.

4.1. Controlled system and admissible
controls

Fix a final time T > 0. Let u1, u2, u3 : [0, T ] →
[0, 1] be measurable control functions, interpreted
respectively as: u1(t): prevention effort reduc-
ing effective transmission, u2(t): treatment effort
increasing the removal rate of infective individu-
als; and u3(t): healthcare reinforcement increas-
ing the healthcare-resource level. The controlled
model is



Ṡ = Λ− (1− u1)
βSI

(1 + aY )(1 + bH)(1 + cI)
− µS,

Ė = (1− u1)
βSI

(1 + aY )(1 + bH)(1 + cI)
− (µ+ κ)E,

İ = κE −
(
µ+ d+ γ0 +

γ1Y

m+ Y
+

γ2H

n+H
+ ϱu2

)
I,

Ṙ =

(
γ0 +

γ1Y

m+ Y
+

γ2H

n+H
+ ϱu2

)
I − µR,

Ẏ = Π− ξY − q1IY − q2HY,

Ḣ = ΠH − ξHH + θY − ωIH + σHu3,

(30)
10
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subject to the nonnegative initial condition. For
convenience, define D(Y,H, I) := (1 + aY )(1 +
bH)(1+cI). Then (30) may be written compactly
as

Ṡ = Λ− (1− u1)
βSI

D(Y,H, I)
− µS,

Ė = (1− u1)
βSI

D(Y,H, I)
− (µ+ κ)E,

İ = κE − (µ+ d+ Γ(Y,H) + ϱu2)I,

Ṙ = (Γ(Y,H) + ϱu2)I − µR,

Ẏ = Π− ξY − q1IY − q2HY,

Ḣ = ΠH − ξHH + θY − ωIH + σHu3.

(31)

The admissible control set is
Uad := {u = (u1, u2, u3) ∈ (L2(0, T ))3 :

0 ≤ ui(t) ≤ 1 a.e. on [0, T ], i = 1, 2, 3}.
(32)

The set Uad is nonempty, closed, bounded, and
convex in the reflexive Hilbert space (L2(0, T ))3;
hence it is weakly sequentially compact. The
pointwise bounds also imply ui ∈ L∞(0, T )
with ∥ui∥∞ ≤ 1, which is sufficient for the
Carathéodory well-posedness argument.

We minimize the cost functional

J(u1, u2, u3) =

∫ T

0
[AEE(t) +AII(t)

+
B1

2
u1(t)

2 +
B2

2
u2(t)

2 +
B3

2
u3(t)

2

]
dt.

(33)

Throughout this section we assume
AE , AI , B1, B2, B3, ϱ, σH > 0, in addition to As-
sumption 1. The optimal control problem is to
find u∗ = (u∗1, u

∗
2, u

∗
3) ∈ Uad such that

J(u∗) = min
u∈Uad

J(u).

4.2. Well-posedness of the controlled
dynamics

Theorem 4. For every u = (u1, u2, u3) ∈ Uad

and every nonnegative initial condition, system
(30) admits a unique global nonnegative solution

(S,E, I,R, Y,H) ∈ C([0, T ];R6
+),

and all components remain bounded on [0, T ].

Proof. For u ∈ Uad, the pointwise constraints
imply u ∈ (L∞(0, T ))3. The right-hand side of
(30) is therefore measurable in t, continuous in
the state, and locally Lipschitz in the state uni-
formly on bounded subsets of R6

+. Hence, by the
Carathéodory existence theorem, there exists a
unique maximal absolutely continuous solution on
some interval [0, Tmax) ⊂ [0, T ].

To prove positivity, assume that one component
reaches zero at some time while all components

remain nonnegative beforehand. Then

Ṡ
∣∣
S=0

= Λ ≥ 0, Ė
∣∣
E=0

= (1−u1)
βSI

D(Y,H, I)
≥ 0,

İ
∣∣
I=0

= κE ≥ 0, Ṙ
∣∣
R=0

= (Γ(Y,H) + ϱu2)I ≥ 0,

Ẏ
∣∣
Y=0

= Π ≥ 0, Ḣ
∣∣
H=0

= ΠH + θY + σHu3 ≥ 0.

Thus the nonnegative orthant is positively in-
variant. Also, we have

0 ≤ N(t) ≤ N(0)e−µt +
Λ

µ
(1− e−µt)

≤ max

{
N(0),

Λ

µ

}
,

(34)

and

0 ≤ Y (t) ≤ Y (0)e−ξt +
Π

ξ
(1− e−ξt)

≤MY := max

{
Y (0),

Π

ξ

}
.

(35)

Finally, since 0 ≤ u3 ≤ 1 a.e. and Y (t) ≤ MY ,
we have

0 ≤ H(t) ≤ H(0)e−ξH t

+
ΠH + θMY + σH

ξH
(1− e−ξH t).

(36)

Thus all state variables remain bounded on
[0, Tmax). Since the vector field is locally Lipschitz
in the state and the solution stays bounded, finite-
time blow-up cannot occur. Therefore Tmax = T ,
and the solution exists uniquely on [0, T ]. □

4.3. Existence of an optimal control

Theorem 5. There exists at least one optimal
control u∗ = (u∗1, u

∗
2, u

∗
3) ∈ Uad such that J(u∗) =

minu∈Uad
J(u).

Proof. Define J∗ := infu∈Uad
J(u). Since the

integrand in (33) is nonnegative, J∗ ≥ 0. Let
(u(n))n≥1 ⊂ Uad be a minimizing sequence such
that

J(u(n)) −→ J∗.

For each n, let x(n) = (S(n), E(n), I(n), R(n), Y (n),
H(n)) be the unique state trajectory associated
with u(n). By Theorem 4, all trajectories x(n)

remain in a common bounded subset of R6
+, inde-

pendent of n. Moreover, from the state equations
(31) and these uniform bounds, there exists a
constant CT > 0, independent of n, such that
∥ẋ(n)∥L∞(0,T ;R6) ≤ CT . Hence the sequence (x(n))
is uniformly bounded and equi-Lipschitz on [0, T ].
By the Arzelà–Ascoli theorem, there exist a sub-
sequence, still denoted (x(n)), and a function

x∗ = (S∗, E∗, I∗, R∗, Y ∗, H∗) ∈ C([0, T ];R6
+)

such that

x(n) → x∗ uniformly on [0, T ].
11



Impact of socio-economic and healthcare structure on epidemic dynamics: Mathematical modeling and...

We next consider the controls. Since 0 ≤
u
(n)
i (t) ≤ 1 a.e. on [0, T ], the sequence (u(n)) is

bounded in (L2(0, T ))3. Because (L2(0, T ))3 is re-
flexive, there exist a subsequence, not relabeled,
and a function

u∗ = (u∗1, u
∗
2, u

∗
3) ∈ (L2(0, T ))3

such that

u(n) ⇀ u∗ weakly in (L2(0, T ))3.

Since Uad is convex and closed in (L2(0, T ))3, it
is weakly closed. Therefore u∗ ∈ Uad.

We now prove that x∗ is the state trajectory
corresponding to the control u∗. Write the state
system in integral form:

x(n)(t) = x0+

∫ t

0
f(x(n)(s), u(n)(s)) ds, t ∈ [0, T ].

We pass to the limit component by component.
Set

ϕn(t) :=
βS(n)(t)I(n)(t)

D(Y (n)(t), H(n)(t), I(n)(t))
,

ϕ∗(t) :=
βS∗(t)I∗(t)

D(Y ∗(t), H∗(t), I∗(t))
.

Since x(n) → x∗ uniformly and the denominator
D(Y,H, I) ≥ 1, we have

ϕn → ϕ∗ uniformly on [0, T ].

Let ψ ∈ L2(0, T ). Then∫ T

0

(
(1− u

(n)
1 )ϕn − (1− u∗1)ϕ

∗
)
ψ dt

=

∫ T

0
(1− u

(n)
1 )(ϕn − ϕ∗)ψ dt

+

∫ T

0
(u∗1 − u

(n)
1 )ϕ∗ψ dt.

Because 0 ≤ 1 − u
(n)
1 ≤ 1 and ϕn → ϕ∗ uni-

formly, ∣∣∣∣∫ T

0
(1− u

(n)
1 )(ϕn − ϕ∗)ψ dt

∣∣∣∣
≤ ∥ϕn − ϕ∗∥L∞∥ψ∥L1 −→ 0.

Since ϕ∗ψ ∈ L2(0, T ) and u
(n)
1 ⇀ u∗1 weakly in

L2(0, T ), ∫ T

0
(u∗1 − u

(n)
1 )ϕ∗ψ dt −→ 0.

Thus

(1− u
(n)
1 )ϕn ⇀ (1− u∗1)ϕ

∗ weakly in L2(0, T ).

Similarly, since I(n) → I∗ uniformly and
u
(n)
2 ⇀ u∗2 weakly in L2(0, T ), we obtain

u
(n)
2 I(n) ⇀ u∗2I

∗ weakly in L2(0, T ).

Likewise,

u
(n)
3 ⇀ u∗3 weakly in L2(0, T ).

All remaining terms in the state equations de-
pend only on the state variables, and therefore
converge uniformly on [0, T ]. Passing to the limit
in each integral equation, we conclude that x∗ sat-
isfies (31) with control u∗ and the prescribed ini-
tial data. By uniqueness of solutions to the con-
trolled system, x∗ is exactly the state trajectory
associated with u∗.

It remains to prove optimality. Since x(n) → x∗

uniformly on [0, T ],∫ T

0

(
AEE

(n)(t) +AII
(n)(t)

)
dt −→∫ T

0

(
AEE

∗(t) +AII
∗(t)

)
dt.

On the other hand, the map

u 7→
∫ T

0

(
B1

2
u21 +

B2

2
u22 +

B3

2
u23

)
dt

is convex and weakly lower semicontinuous on
(L2(0, T ))3. Therefore∫ T

0

Bi

2

(
u∗i (t)

)2
dt ≤ lim inf

n→∞

∫ T

0

Bi

2

(
u
(n)
i (t)

)2
dt,

i = 1, 2, 3.

Combining these facts yields

J(u∗) ≤ lim inf
n→∞

J(u(n)) = J∗.

Since J∗ ≤ J(u∗) by definition of the infimum,
we conclude that J(u∗) = J∗. Hence u∗ is an
optimal control. □

4.4. Pontryagin maximum principle

Let x = (S,E, I,R, Y,H), and λ =
(λ1, λ2, λ3, λ4, λ5, λ6) denote the state and ad-
joint variables. The Hamiltonian associated with
(30)–(33) is

H = AEE +AII +
B1

2
u21 +

B2

2
u22 +

B3

2
u23

+ λ1

(
Λ− (1− u1)

βSI

D(Y,H, I)
− µS

)
+ λ2

(
(1− u1)

βSI

D(Y,H, I)
− (µ+ κ)E

)
+ λ3 (κE − (µ+ d+ Γ(Y,H) + ϱu2)I) (37)
+ λ4 ((Γ(Y,H) + ϱu2)I − µR)

+ λ5 (Π− ξY − q1IY − q2HY )

+ λ6 (ΠH − ξHH + θY − ωIH + σHu3) .

For convenience, define

F (S, I, Y,H;u1) := (1− u1)
βSI

D(Y,H, I)
. (38)

12
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Its partial derivatives are

FS = (1− u1)
βI

D(Y,H, I)
, (39)

FI = (1− u1)
βS

(1 + aY )(1 + bH)(1 + cI)2
, (40)

FY = −(1− u1)
aβSI

(1 + aY )2(1 + bH)(1 + cI)
, (41)

FH = −(1− u1)
bβSI

(1 + aY )(1 + bH)2(1 + cI)
, (42)

and

ΓY (Y,H) =
γ1m

(m+ Y )2
,ΓH(Y,H) =

γ2n

(n+H)2
. (43)

Theorem 6. Let u∗ = (u∗1, u
∗
2, u

∗
3) ∈ Uad be an

optimal control and let

x∗ = (S∗, E∗, I∗, R∗, Y ∗, H∗)

be the corresponding state trajectory. Then there
exist absolutely continuous adjoint functions

λi : [0, T ] → R, i = 1, . . . , 6,

such that

λ̇i(t) = −∂H
∂xi

(
x∗(t), u∗(t), λ(t)

)
, i = 1, . . . , 6,

with transversality conditions
λ1(T ) = λ2(T ) = λ3(T ) = λ4(T )

= λ5(T ) = λ6(T ) = 0.
(44)

Equivalently, the adjoint system is

λ̇1 = µλ1 + (λ1 − λ2)FS ,

λ̇2 = −AE + (µ+ κ)λ2 − κλ3,

λ̇3 = −AI + (λ1 − λ2)FI

+ (µ+ d+ Γ(Y,H) + ϱu2)λ3

− (Γ(Y,H) + ϱu2)λ4 + q1Y λ5 + ωHλ6,

λ̇4 = µλ4,

λ̇5 = (λ1 − λ2)FY + (λ3 − λ4)ΓY (Y,H) I

+ (ξ + q1I + q2H)λ5 − θλ6,

λ̇6 = (λ1 − λ2)FH + (λ3 − λ4)ΓH(Y,H) I

+ q2Y λ5 + (ξH + ωI)λ6.

(45)

Moreover, the optimal controls satisfy, for a.e.
t ∈ [0, T ],

u∗1(t) = Π[0,1]

(
(λ2 − λ1)βS

∗I∗

B1D(Y ∗, H∗, I∗)

)
, (46)

u∗2(t) = Π[0,1]

(
ϱI∗(λ3 − λ4)

B2

)
, (47)

u∗3(t) = Π[0,1]

(
−σHλ6

B3

)
, (48)

where Π[0,1](z) := min{1,max{0, z}}.

Proof. Since the terminal state is free and
the cost functional contains no terminal pay-
off, the Pontryagin maximum principle yields the
transversality condition (44) and the adjoint sys-
tem

λ̇ = −∇xH(x∗, u∗, λ).

The extremal is normal. Indeed, if the cost
multiplier were zero, then the adjoint equation
would be a homogeneous linear system with ter-
minal condition λ(T ) = 0, and therefore λ ≡ 0.
This would violate the nontriviality condition of
the maximum principle. Hence the cost multiplier
is normalized to one in the Hamiltonian above.

We compute the state derivatives of the Hamil-
tonian.

For the variable S,
∂H
∂S

= λ1(−FS − µ) + λ2FS ,

and therefore

λ̇1 = −∂H
∂S

= µλ1 + (λ1 − λ2)FS .

For E,
∂H
∂E

= AE − λ2(µ+ κ) + κλ3,

hence

λ̇2 = −∂H
∂E

= −AE + (µ+ κ)λ2 − κλ3.

For I,
∂H
∂I

= AI − λ1FI + λ2FI − λ3(µ+ d+ Γ + ϱu2)

+ λ4(Γ + ϱu2)− λ5q1Y − λ6ωH,

so

λ̇3 = −∂H
∂I

= −AI+(λ1−λ2)FI+(µ+d+Γ+ϱu2)λ3

−(Γ + ϱu2)λ4 + q1Y λ5 + ωHλ6.

For R,
∂H
∂R

= −µλ4, λ̇4 = µλ4.

For Y ,
∂H
∂Y

= −λ1FY + λ2FY − λ3ΓY I + λ4ΓY I

−λ5(ξ + q1I + q2H) + θλ6,

hence

λ̇5 = (λ1 − λ2)FY + (λ3 − λ4)ΓY I

+(ξ + q1I + q2H)λ5 − θλ6.

For H,
∂H
∂H

= −λ1FH + λ2FH − λ3ΓHI + λ4ΓHI

−λ5q2Y − λ6(ξH + ωI),

thus

λ̇6 = (λ1 − λ2)FH + (λ3 − λ4)ΓHI

13
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+q2Y λ5 + (ξH + ωI)λ6.

We next characterize the optimal controls.
The Hamiltonian is strictly convex with respect
to u = (u1, u2, u3), since

∂2H
∂u21

= B1 > 0,
∂2H
∂u22

= B2 > 0,
∂2H
∂u23

= B3 > 0.

Hence the pointwise minimizer is uniquely deter-
mined by the first-order stationarity conditions:

∂H
∂u1

= B1u1 +
βSI

D(Y,H, I)
(λ1 − λ2) = 0,

∂H
∂u2

= B2u2 + ϱI(λ4 − λ3) = 0,

∂H
∂u3

= B3u3 + σHλ6 = 0.

Therefore the unconstrained minimizers are

u1 =
(λ2 − λ1)βSI

B1D(Y,H, I)
, u2 =

ϱI(λ3 − λ4)

B2
,

u3 = −σHλ6
B3

.

Projecting onto the admissible interval [0, 1]
yields (46)–(48). □

4.5. Optimality system and local
uniqueness

The optimality system consists of the state equa-
tions (30), the adjoint equations (45), the ini-
tial conditions for the state variables, the termi-
nal conditions (44) for the adjoint variables, and
the feedback laws (46)−(48). The state system is
solved forward in time, whereas the adjoint sys-
tem is solved backward.

Theorem 7. There exists T0 > 0 such that, for
every T ∈ (0, T0), the optimality system admits at
most one bounded solution.

Proof. Let (x, λ, u) and (x̄, λ̄, ū) be two bounded
solutions of the optimality system on [0, T ]. Fix
an arbitrary T > 0 and restrict T ≤ T . The
comparison bounds in Theorem 4 place every ad-
missible state trajectory in a compact set that is
independent of the particular control. Moreover,
the adjoint system has the form λ̇ = A(t)λ + b,
where A(t) is uniformly bounded on this state set
and b = (0,−AE ,−AI , 0, 0, 0)

T . An application
of the backward Gronwall inequality gives

∥λ∥L∞(0,T ) ≤ ∥b∥TeCAT ≤ ∥b∥TeCAT ,

and the same estimate holds for λ̄. Thus the state
and adjoint bounds used below are uniform over
all solutions with T ≤ T . Because

D(Y,H, I) ≥ 1, m+ Y ≥ m > 0, n+H ≥ n > 0,

all coefficients in the state and adjoint systems are
uniformly Lipschitz on this fixed bounded set.

Since the projection operator Π[0,1] is 1-
Lipschitz, the feedback laws (46)–(48) imply the
existence of a constant C1 > 0 such that

|u(t)−ū(t)| ≤ C1

(
|x(t)−x̄(t)|+|λ(t)−λ̄(t)|

)
(49)

for almost every t ∈ [0, T ].
Let f denote the right-hand side of the state sys-

tem. Since f is Lipschitz in (x, u) on the relevant
bounded set, there exists C2 > 0 such that

|ẋ(t)− ˙̄x(t)| ≤ C2

(
|x(t)− x̄(t)|+ |u(t)− ū(t)|

)
.

Using (49), we obtain

|ẋ(t)− ˙̄x(t)| ≤ C3

(
|x(t)− x̄(t)|+ |λ(t)− λ̄(t)|

)
for some C3 > 0. Since x(0) = x̄(0), integration
gives

|x(t)− x̄(t)| ≤ C3

∫ t

0

(
|x(s)− x̄(s)|

+ |λ(s)− λ̄(s)|
)
ds.

(50)

Similarly, let g denote the right-hand side of the
adjoint system. Since g is Lipschitz in (x, λ, u) on
bounded sets, there exists C4 > 0 such that

|λ̇(t)− ˙̄λ(t)| ≤ C4

(
|x(t)− x̄(t)|+

|λ(t)− λ̄(t)|+ |u(t)− ū(t)|
)
.

Again using (49), we infer

|λ̇(t)− ˙̄λ(t)| ≤ C5

(
|x(t)− x̄(t)|+ |λ(t)− λ̄(t)|

)
for some C5 > 0. Since λ(T ) = λ̄(T ) = 0, back-
ward integration yields

|λ(t)− λ̄(t)| ≤ C5

∫ T

t

(
|x(s)− x̄(s)|

+ |λ(s)− λ̄(s)|
)
ds.

(51)

Define

M := sup
0≤t≤T

|x(t)− x̄(t)|+ sup
0≤t≤T

|λ(t)− λ̄(t)|.

Taking the supremum in (50) and (51), we ob-
tain

sup
0≤t≤T

|x(t)− x̄(t)| ≤ C3TM,

sup
0≤t≤T

|λ(t)− λ̄(t)| ≤ C5TM.

Hence
M ≤ (C3 + C5)TM.

Choose T0 > 0 such that

(C3 + C5)T0 < 1.

Then, for every T ∈ (0, T0), the above inequality
implies M = 0. Therefore

x = x̄, λ = λ̄,

and then (49) yields u = ū almost everywhere on
[0, T ]. This proves uniqueness. □

14
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Remark 3. The short-time uniqueness obtained
in Theorem 7 is standard for nonlinear forward-
backward optimality systems. Global uniqueness
on arbitrary horizons generally requires additional
monotonicity or smallness conditions.

5. Sensitivity analysis of the basic
reproduction number

For a parameter p, the normalized forward sensi-
tivity index is

ΥR0
p :=

∂R0

∂p

p

R0
. (52)

A positive value indicates that a relative in-
crease in p increases R0, whereas a negative value
indicates a decrease.

The direct contributions are

ΥR0
β = 1,ΥR0

Λ = 1,ΥR0
κ =

µ

µ+ κ
,ΥR0

c = 0, (53)

ΥR0
µ = −1− µ

µ+ κ
− µ

Γ0
,ΥR0

d = − d

Γ0
,

ΥR0
γ0 = − γ0

Γ0
, (54)

ΥR0
γ1 = − γ1Y0

Γ0(m+ Y0)
,

ΥR0
γ2 = − γ2H0

Γ0(n+H0)
, (55)

ΥR0
m =

mγ1Y0
Γ0(m+ Y0)2

,ΥR0
n =

nγ2H0

Γ0(n+H0)2
, (56)

ΥR0
a = − aY0

1 + aY0
,ΥR0

b = − bH0

1 + bH0
. (57)

The zero index for c follows because the thresh-
old is evaluated at I = 0.

The parameters Π, ξ, q2,ΠH , ξH , θ act through
the coupled resource equilibrium. Define

M0 :=

(
ξ + q2H0 q2Y0

−θ ξH

)
,

which is nonsingular because

detM0 = ξH(ξ + q2H0) + q2θY0 > 0.

For p ∈ {Π, ξ, q2,ΠH , ξH , θ}, the derivatives of
the resource equilibrium satisfy

M0

(
∂pY0

∂pH0

)
= rp, (58)

where

rΠ =

(
1

0

)
, rξ =

(
−Y0
0

)
, rq2 =

(
−H0Y0

0

)
,

rΠH
=

(
0

1

)
, rξH =

(
0

−H0

)
, rθ =

(
0

Y0

)
.

Let

CY :=
a

1 + aY0
+

γ1m

Γ0(m+ Y0)2
,

CH :=
b

1 + bH0
+

γ2n

Γ0(n+H0)2
.

Then
ΥR0

p = −p (CY ∂pY0 + CH∂pH0) ,

p ∈ {Π, ξ, q2,ΠH , ξH , θ}.
(59)

Moreover, ΥR0
q1 = ΥR0

ω = 0, because the cor-
responding terms contain I and vanish at the
disease-free equilibrium.

For the baseline parameter set in Table 2,the
corrected resource equilibrium is

Y0 = 19.92022364,H0 = 114.00079872,

R0 = 7.12443853.

The numerical indices are reported in Table 3.
The largest positive indices correspond to β and
Λ, both equal to one. The most negative index
is associated with µ, followed by b, Π, and γ2.
For this parameter set, increasing q2, ξ, or ξH
increases R0, whereas increasing Π, ΠH , or θ de-
creases R0. These signs are consequences specific
to the baseline coupled disease-free resource equa-
tions and are not asserted as universal parameter
monotonicities. To better illustrate the numeri-
cal behavior of the different indices, we present
the results in Figure 2.

6. Numerical investigations and
model-based interpretation

This section illustrates the threshold dynamics,
computes and verifies a positive endemic equi-
librium, evaluates the Jacobian spectra at the
disease-free and endemic equilibria, and compares
uncontrolled and controlled trajectories. The pa-
rameter set is a synthetic benchmark and was not
fitted to a specific epidemic data set. Accord-
ingly, the numerical results illustrate the internal
behavior of the proposed model and should not be
interpreted as epidemiological forecasts or direct
policy estimates.

All computations and figures were produced
in MATLAB. The uncontrolled trajectories and
the one-parameter simulations were integrated
with ode45, with relative and absolute tolerances
10−9 and 10−10, respectively. For the optimal-
ity system, the interval [0, 120] was divided into
N = 1200 subintervals, giving the fixed step size
h = 0.1. The state and adjoint equations were
integrated by the classical fourth-order Runge-
Kutta method within a forward-backward sweep
algorithm. The controls were initialized as

u
(0)
1 (t) = u

(0)
2 (t) = u

(0)
3 (t) = 0,

and updated according to

u(k+1) = 0.98u(k) + 0.02û(k),
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where û(k) denotes the projected controls ob-
tained from (46)–(48). The stopping criterion was

max
1≤j≤3

∥∥∥u(k+1)
j − u

(k)
j

∥∥∥
∞
< 10−8,

with a maximum number of 12000 iterations. The
algorithm converged after 6252 iterations. The
discrete objective functional was evaluated with
the composite trapezoidal rule using MATLAB’s
trapz function.

6.1. Numerical simulations

The initial state is

(S(0), E(0), I(0), R(0), Y (0), H(0))

= (3500, 40, 25, 10, 35, 20).

Table 3 lists the baseline parameter values used
throughout the simulations.

For this parameter set, MATLAB gives the cor-
rected disease-free quantities

S0 = 4000, Y0 = 19.920223641423,

H0 = 114.000798719370,

Γ0 = 0.399909720116,R0 = 7.124438530772.

Hence,

E0 = (4000, 0, 0, 0, 19.920223641423,

114.000798719370).

Here, Γ0 is the total infectious removal coef-
ficient evaluated at the disease-free resource lev-
els. Since R0 > 1, the infected subsystem is ex-
pected to contain an unstable direction. This is
confirmed by the eigenvalues

−0.0200, −0.0200, −1.2144, 0.5445,

−0.1337, −0.1873.

The positive eigenvalue 0.5445 establishes the
local instability of E0, in agreement with Theo-
rem 2. The remaining eigenvalues have negative
real parts and therefore correspond to decaying
demographic and resource modes.

Table 2. Normalized forward sensitivity indices of R0 for the illustrative baseline parameter set

Parameter Index Parameter Index Parameter Index

β 1.0000 Λ 1.0000 µ −1.1241
κ 0.0741 d −0.0750 γ0 −0.2000
γ1 −0.2495 γ2 −0.4255 m 0.1499
n 0.0635 a −0.1661 b −0.6310
c 0.0000 Π −0.5259 ΠH −0.1264
ξ 0.1676 q1 0.0000 q2 0.3583
ξH 0.3362 θ −0.2098 ω 0.0000

β 1.000

Λ 1.000
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γ
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γ
1
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n 0.064

a -0.166

b -0.631

c 0.000
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Figure 2. Sensitivity analysis of R0 at Y0 = 19.9202, H0 = 114.0008, and R0 = 7.1244. Positive bars increase
the threshold under a relative parameter increase; negative bars decrease it.
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Table 3. Illustrative baseline parameter values used in the numerical experiments

Parameter Value Interpretation Source/status

Λ 80 recruitment into the susceptible population synthetic benchmark
µ 0.02 natural removal rate synthetic benchmark
β 0.0025 baseline transmission coefficient synthetic benchmark
κ 0.25 progression rate from exposed to infectious synthetic benchmark
d 0.03 disease-induced removal rate synthetic benchmark
γ0 0.08 baseline recovery contribution synthetic benchmark
γ1, γ2 0.25, 0.20 resource-enhanced recovery effects synthetic benchmark
m,n 30, 20 half-saturation constants in Γ(Y,H) synthetic benchmark
a, b, c 0.01, 0.015, 0.01 incidence damping and saturation coefficients synthetic benchmark
Π 5 socio-economic replenishment synthetic benchmark
ξ 0.08 natural decay rate of Y synthetic benchmark
q1, q2 0.002, 0.0015 infection-induced depletion and healthcare operating

cost in Y
synthetic benchmark

ΠH 3 healthcare replenishment synthetic benchmark
ξH 0.07 natural decay rate of H synthetic benchmark
θ 0.25 reinforcement of healthcare capacity by socio-

economic support
synthetic benchmark

ω 0.0015 infection-induced healthcare depletion synthetic benchmark
ϱ 0.35 treatment-control efficiency synthetic benchmark
σH 4 healthcare-reinforcement efficiency synthetic benchmark
AE , AI 20, 40 state weights in the objective functional modeling choice
B1, B2, B3 80, 60, 50 quadratic control-cost weights modeling choice

The scalar equilibrium equation Ψ(I) = 0 yields

E∗ = (495.0035405633, 259.6293673657,

253.3934715387, 2611.8834132242,

8.2824569200, 11.2657732776).

Direct substitution into the six equilibrium
equations gives the maximum absolute residual

max
1≤j≤6

|fj(E∗)| = 1.776× 10−14,

which confirms the numerical consistency of the
computed equilibrium to machine precision. The
eigenvalues of the full Jacobian at E∗ are

−0.0200, −0.6123,

−0.0693± 0.0827 i, −0.4953± 0.0972 i.

All real parts are strictly negative. There-
fore, the computed endemic equilibrium is locally
asymptotically stable for the baseline parameter
set. The two complex-conjugate pairs indicate
damped oscillatory modes, whereas the two neg-
ative real eigenvalues describe nonoscillatory de-
cay. This conclusion applies only to the displayed
parameter set and is not asserted as a parameter-
independent stability theorem.

Figure 3 displays the uncontrolled trajectories,
the infectious trajectory relative to the disease-
free and endemic reference levels, and the phase
portrait in the (E, I)-plane.

The endemic resource levels are substantially

below their disease-free values. In particular,
Y0 − Y ∗

Y0
× 100% = 58.42%,

H0 −H∗

H0
× 100% = 90.12%.

Thus, persistent infection is accompanied by
marked degradation of both support variables in
the baseline regime. The reduction in Y is gener-
ated by the infection-pressure term q1IY and the
healthcare operating-cost term q2HY , whereas
the reduction in H is driven by the depletion term
ωIH.

Figures 4 and 5 present the converged control
profiles and the controlled-versus-uncontrolled
state trajectories.

The converged MATLAB solution gives

Jh = 10036.7976299844.

This value is the discretized weighted sum of
epidemic burden and intervention effort for the
specific weights in Table 3; it has no indepen-
dent epidemiological unit and should only be com-
pared with objective values obtained under the
same weights, horizon, and discretization.

The controlled terminal state is

(S,E, I,R, Y,H)(120) = (3953.408738,

0.808589, 0.222440, 6.735835,

19.717276, 115.128841).
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Figure 3. Threshold and endemic diagnostics for the baseline parameter set. The value R0 = 7.1244 > 1 is
consistent with instability of the disease-free equilibrium, while the spectrum of J(E∗) establishes local
stability of the computed endemic equilibrium.

Converged control profiles, Jh = 10036.7976
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Figure 4. Computed controls and principal epidemiological effects on [0, 120]. Solid curves denote the
uncontrolled solution and dashed curves denote the trajectory generated by the converged control profiles.
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Susceptible trajectory S(t)
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Figure 5. Additional controlled and uncontrolled state comparisons on [0, 120]. Solid curves denote the
uncontrolled solution and dashed curves denote the controlled solution.

The uncontrolled peaks are

maxE(t) = 945.195697,

max I(t) = 1005.562958,

whereas the controlled maxima are

maxE(t) = 40, max I(t) = 25.

Thus, relative to the uncontrolled simulation,
the computed controls reduce the exposed and
infectious peaks by approximately 95.77% and
97.51%, respectively. Since the controlled max-
ima coincide with the initial values, the converged
controls prevent any post-initial amplification of
the exposed and infectious classes over the simu-
lated horizon. At t = 120, both infected classes
are close to zero, Y (t) is close to its disease-free
level, and H(t) is slightly above H0 because of the
healthcare-reinforcement control. These state-
ments characterize the computed solution of the
Pontryagin necessary conditions and do not es-
tablish global numerical optimality.

6.2. Impact of economic and resource
parameters

The resource-parameter sweeps use

Π ∈ {2.5, 5, 7.5, 10}, ΠH ∈ {1.5, 3, 4.5, 6},
θ ∈ {0.13, 0.25, 0.38, 0.50},

and simultaneous scaling factors 0.5, 1, 1.5, 2 for
the pair (a, b), with all remaining parameters fixed
at their baseline values.

Increasing Π raises the socio-economic support
level, which both enlarges the incidence denom-
inator (1 + aY ) and increases the recovery con-
tribution γ1Y/(m + Y ). Over the tested range,
the infectious peak decreases from approximately
1091.93 to 845.33, which corresponds to a reduc-
tion of 22.58%. Increasing ΠH acts analogously
through (1 + bH) and γ2H/(n + H); the infec-
tious peak decreases from approximately 1061.01
to 909.77, a reduction of 14.26%.

Increasing θ strengthens the transfer from
socio-economic support to healthcare capacity.
Under the baseline regime, this increases H(t)
and decreases the infectious peak from approxi-
mately 1035.52 to 952.24, an 8.04% reduction over
the tested range. Simultaneously scaling (a, b)
strengthens the direct resource-dependent damp-
ing of the force of infection; increasing the scaling
factor from 0.5 to 2 reduces the infectious peak
from approximately 1046.11 to 930.91, an 11.01%
reduction.

6.3. Impact of intervention and efficiency
parameters

The constant-control sweeps use

uj ∈ {0, 0.25, 0.50, 0.75}, j = 1, 2, 3.
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The prevention control u1 acts directly on the
force of infection through the factor (1 − u1),
whereas the treatment control u2 increases in-
fectious removal through the additive term ϱu2.
Increasing u1 from 0 to 0.75 reduces the infec-
tious peak from approximately 1005.56 to 263.66,
a reduction of 73.78%. Increasing u2 over the
same range reduces the infectious peak to approx-
imately 386.17, a reduction of 61.60%.

The reinforcement control u3 enters only
the healthcare equation through σHu3; its ef-
fect on infection is therefore indirect, operating
through the transmission-damping and recovery-
enhancement roles of H. Increasing u3 from 0
to 0.75 reduces the infectious peak from approxi-
mately 1005.56 to 909.77, while increasing the ter-
minal healthcare level from approximately 11.25
to 20.77.

The treatment-efficiency sweep uses

ϱ ∈ {0.17, 0.35, 0.52, 0.70}, u2 = 0.5.

Increasing ϱ strengthens the conversion of treat-
ment effort into infectious removal and reduces
the infectious peak from approximately 692.92 to
305.03, a reduction of 55.98%. The healthcare-
reinforcement sweep uses

σH ∈ {2, 4, 6, 8}, u3 = 0.5.

Increasing σH raises the healthcare trajectory
and reduces the infectious peak from approxi-

mately 971.52 to 881.76, a reduction of 9.24%.
These simulations distinguish control intensity
from control efficiency: u2 and u3 represent im-
plementation levels, whereas ϱ and σH determine
the corresponding conversion gains.

6.4. General synthesis

The MATLAB simulations support four model-
specific conclusions. First, R0 > 1 and the pos-
itive eigenvalue of J(E0) are consistent with in-
vasion from the disease-free state. Second, the
computed endemic equilibrium satisfies the equi-
librium equations to machine precision and is lo-
cally asymptotically stable for the baseline set,
with damped oscillatory components in the local
dynamics. Third, the converged control profiles
suppress post-initial growth of the exposed and
infectious classes and return the resource vari-
ables close to their disease-free levels. Fourth,
socio-economic replenishment, healthcare replen-
ishment, resource transfer, intervention intensity,
and intervention efficiency act through mathe-
matically distinct pathways and therefore produce
quantitatively different effects on the epidemic
trajectories. All interpretations are conditional
on the synthetic parameter set, the selected time
horizon, and the objective weights. (Figures 6–
9)
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Figure 6. Resource-inflow and transfer sweeps with all unvaried quantities fixed at their baseline values
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Simultaneous scaling of incidence-damping coefficients a and b
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Figure 7. Infectious trajectories obtained by multiplying the incidence-damping pair (a, b) simultaneously by
0.5, 1, 1.5, 2, with all remaining parameters fixed at their baseline values

Effect of constant prevention intensity u1
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Effect of constant healthcare reinforcement u3 on H(t)
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Figure 8. Constant-control sweeps showing the direct effects of prevention and treatment and the indirect
epidemiological effect of healthcare reinforcement

Treatment-efficiency sweep with u2 = 0.5
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7. Conclusion

We analyzed a deterministic SEIR model cou-
pled with scaled socio-economic and healthcare-
capacity indices. The coupling is bidirectional:
Y and H reduce incidence and enhance recovery,
while infection and healthcare operation reduce
the available capacities.

The nonnegative orthant is forward invariant,
and comparison estimates yield bounded global
solutions. The disease-free resource levels are de-
termined by the coupled equations Π − ξY0 −
q2H0Y0 = 0 and ΠH − ξHH0 + θY0 = 0. Using
these corrected levels, we derived R0 and proved
local asymptotic stability of the disease-free equi-
librium for R0 < 1 and instability for R0 > 1. For
R0 > 1, the endemic-equilibrium equations re-
duce to a scalar equation that guarantees at least
one positive root; Proposition 4 gives a sufficient
monotonicity condition for uniqueness.

For the illustrative baseline set, R0 = 7.1244,
the disease-free equilibrium has a positive eigen-
value, and the computed endemic equilibrium sat-
isfies the steady-state equations with a residual
below 1.776×10−14. The six eigenvalues of the full
endemic Jacobian have negative real parts, estab-
lishing local asymptotic stability of this specific
equilibrium. No general endemic-stability claim
is made outside this parameter set.

The optimal-control problem includes preven-
tion, treatment, and healthcare reinforcement.
The admissible set is treated as a closed, bounded,
convex subset of (L2(0, T ))3; existence of an op-
timal control follows by weak compactness and
lower semicontinuity, and the Pontryagin prin-
ciple yields the adjoint equations and projected
control formulas. Under the selected weights,
the converged solution of the necessary optimal-
ity system produces lower exposed and infec-
tious trajectories than the uncontrolled simula-
tion and preserves higher resource trajectories af-
ter the initial transient. The forward-backward
sweep converged under the stated stopping cri-
terion and produced the discrete objective value
Jh = 10036.7976.

The normalized forward sensitivity analysis
was recomputed from the coupled disease-free re-
source system. In the baseline set, β and Λ have
unit positive indices, whereas µ, b, Π, and γ2
provide the largest negative effects in magnitude.
The signs of resource-mediated sensitivities are
parameter-dependent and were therefore reported
numerically rather than asserted universally.

The parameters are synthetic and are not cal-
ibrated to a particular epidemic. The results
should therefore be interpreted as qualitative con-

sequences of the model architecture, not as fore-
casts or direct policy estimates. Future work may
incorporate data calibration, stochastic perturba-
tions, reaction-diffusion effects, time delays, and
spatial heterogeneity, following related stochastic
and spatial epidemic frameworks.27,28
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