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We propose and analyze a deterministic SEIR-type epidemic model coupled
with two dynamic capacity variables representing socio-economic support and
healthcare resources. The resource variables reduce transmission and enhance
recovery, whereas infection depletes both capacities, and healthcare operations
impose an additional socio-economic cost. We establish positivity, bounded-
ness, and global existence of solutions. The disease-free equilibrium is derived
from the coupled resource subsystem, and the associated basic reproduction
number Ro is obtained via the next-generation matrix method. The disease-

Healthcare capacity

Basic reproduction number
Sensitivity analysis
Optimal control

free equilibrium is locally asymptotically stable when R¢ < 1 and unstable
when Ro > 1. For Ro > 1, the endemic-equilibrium problem is reduced to a
scalar equation, yielding the existence of at least one positive endemic equi-
librium; a verifiable monotonicity condition that ensures uniqueness is also
provided. We formulate an optimal control problem incorporating prevention,
treatment, and healthcare-reinforcement controls, prove the existence of an
optimal control, and derive the Pontryagin necessary conditions. For the illus-
trative baseline parameter set, the full endemic Jacobian has eigenvalues with
negative real parts, and the numerical experiments illustrate lower exposed
and infectious trajectories under the computed three-control solution of the
optimality system.

(o)

1. Introduction standard epidemic models describe disease trans-

Mathematical epidemiology has long provided a mission in a biologically closed manner, without

. . explicitly incorporating the socio-economic and
rigorous framework for understanding the spread, . pucty P § the & . . .

. . . . 1 institutional environment within which epidemics
persistence, and control of infectious diseases.

4,5
Classical compartmental models, especially of evolve. . . . __
SIR- and SEIR-type, have played a central role in Such a simplification is often restrictive. In
clarifying threshold behavior, long-term dynam- practice, epidemic dyna‘umcs are strongly'l'nﬂu—
ics, and the impact of intervention strategies.? enced by the level of social support, the resilience
Their analytical tractability and interpretability O.f healthcar(? systems, and the broader 1ns.t 1'tu—
have made them fundamental tools in both the- tional capacity to absorb and respond to rising

. . . . .. disease burden.® Weak socio-economic conditions
oretical epidemiology and public-health decision . . .

. 3 . . may amplify transmission through increased ex-
making.® However, despite their success, many

posure, reduced prevention, and delayed access
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to care, while strong healthcare capacity can mit-
igate spread, improve recovery, and reduce the
persistence of infection.” At the same time,
epidemics themselves exert substantial pressure
on these same support structures by exhausting
resources, overloading healthcare facilities, and
weakening the surrounding social environment.®
This reciprocal interaction is essential for under-
standing not only whether an outbreak occurs,
but also why certain epidemics become prolonged,
why some systems collapse under sustained pres-
sure, and why control efforts may succeed in one
setting but fail in another.% 10

These observations motivate epidemic models
in which transmission is dynamically coupled with
socio-economic and healthcare resources.!! Rela-
tive to biologically closed compartmental systems,
this formulation contains two explicit mecha-
nisms:'? the current resource levels modify trans-
mission and removal,’® and the epidemic bur-
den modifies the resource levels required for re-
sponse.'® The resulting bidirectional coupling in-
troduces an endogenous feedback mechanism for
sustained transmission and institutional degrada-
tion.1®

In this paper, we propose and ana-

lyze a deterministic six-dimensional SEIR-type
model'® in which the epidemiological compart-
ments S, F, I, R are coupled with two additional
variables: a socio-economic support variable Y
and a healthcare-resource variable H. The force
of infection is reduced through the resource-
dependent incidence denominator

(1+aY)(1+bH)(1+cl),

which accounts simultaneously for the mitigating
effects of socio-economic support, healthcare ca-
pacity, and saturation in the infectious class. In
addition, the removal of infectious individuals de-
pends on the nonlinear recovery function

nY n 2 H

m+Y n+H’

so that improvements in support and health-
care resources enhance effective recovery. Con-
versely, infection pressure depletes both capaci-
ties, while maintaining healthcare capacity im-
poses the socio-economic operating cost repre-
sented by ¢goHY. These mechanisms create a
closed feedback loop between disease prevalence
and institutional fragility.

The model leads to four analytical questions:
biological well-posedness; identification of the
disease-free equilibrium and the invasion thresh-
old; existence and possible uniqueness of positive
endemic equilibria; and optimal allocation of pre-
vention, treatment, and healthcare reinforcement

F(Y7H) = +

when epidemiological and implementation costs
are considered.!”

Recent deterministic epidemic studies em-
phasize threshold quantities, equilibrium analy-
sis, and intervention assessment in COVID-19
and SVIR models.'® ! Fractional epidemic for-
mulations and data-based optimal-control studies
broaden this perspective by incorporating non-
local operators or calibrated intervention scenar-
i0s.2%:2! Extended SEIR and tuberculosis models
further illustrate threshold and stability analysis
in structured epidemic systems.?%23 In the wider
theory of differential control systems, existence,
continuous dependence, and optimal-control re-
sults have also been established for stochastic
Hilfer systems with delay, Caputo fractional de-
lay inclusions, and Sobolev-type mixed Volterra-
Fredholm equations.?426  Stochastic reaction-
diffusion epidemic models further account for
spatial heterogeneity, population diffusion, and
environmental perturbations.?”>?®  These con-
tributions provide important analytical frame-
works, but they address fractional, stochastic, de-
layed, spatial, or externally controlled dynam-
ics. The present work instead studies a finite-
dimensional deterministic ODE system in which
socio-economic support and healthcare capacity
are endogenous states that simultaneously reduce
incidence, enhance recovery, and deteriorate un-
der system pressure.

Compared with the cited epidemic models, the
specific contribution is the closed Y-H feedback
architecture: Y and H are not fixed coefficients
or prescribed control profiles; they evolve jointly
with the SEIR compartments, enter both trans-
mission and recovery, and are depleted through
infection and healthcare-operation terms. The
control problem then acts on this endogenous
resource-coupled system rather than on a biolog-
ically isolated SEIR model.

The contributions are fourfold. First, we prove
positivity, boundedness, and global existence for
the resource-coupled epidemic system. Second,
we derive the disease-free equilibrium from the
coupled (Y, H) algebraic subsystem, obtain Ry,
and prove local stability for Ry < 1 and instabil-
ity for Rg > 1. Third, we reduce the endemic-
equilibrium equations to a scalar equation, prove
existence for Ry > 1, and state a sufficient mono-
tonicity condition for uniqueness. The full en-
demic Jacobian is provided and evaluated for the
baseline parameter set. Fourth, we formulate the
three-control problem, establish existence of an
optimal control, derive the Pontryagin system,
and compare the controlled and uncontrolled tra-
jectories numerically.
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The novelty is the structural coupling through
which socio-economic and healthcare capacities
simultaneously enter the incidence and recovery
functions while evolving under infection pressure
and healthcare-operation costs. Thus, persistent
infection can reduce institutional capacity, and re-
duced capacity can increase effective transmission
and weaken recovery. Unlike SEIR-type formu-
lations in which resource effects are fixed coeffi-
cients or external inputs, the variables Y and H
are endogenous components of the state system.

The numerical study illustrates the threshold
dynamics, computes the endemic state, evaluates
the full endemic Jacobian, and compares the com-
puted controlled and uncontrolled trajectories. It
also reports normalized forward sensitivity indices
for the epidemiological and resource parameters.
Because the baseline values are synthetic and are
not calibrated to a specific outbreak, the numer-
ical results are interpreted as structural demon-
strations of the model rather than quantitative
forecasts.

The remainder of the paper is organized as fol-
lows. In Section 2, we formulate the model and
state the standing assumptions on the parame-
ters. Section 3 is devoted to the deterministic
analysis, including well-posedness, the disease-

( Socio-economic support )

l

(12H Y
—>»  main flow -
—»  harmful feedbacks EEm—

free equilibrium, the reproduction number, and
endemic equilibria. In Section 4, we formulate
the optimal control problem, prove the existence
of an optimal control, and derive the Pontryagin
maximum principle. Section 5 provides the sen-
sitivity analysis. Section 6 presents numerical ex-
periments illustrating the threshold behavior, en-
demic dynamics, controlled trajectories, and pa-
rameter sensitivity. The paper concludes with a
discussion of the main implications and possible
extensions of the model.

2. Epidemic-economic model
formulation

We formulate a coupled epidemic-economic sys-
tem in which disease propagation interacts dy-
namically with two time-dependent support vari-
ables: socio-economic support and healthcare ca-
pacity. The epidemiological core follows an SEIR-
type structure, while the auxiliary variables Y
and H encode the available societal and medical
resources that influence transmission and recov-
ery. In turn, the epidemic exerts pressure on these
same resources, creating a bidirectional feedback
loop. The full interaction structure is illustrated
in Figure 1.

nE nR
BST
1 Y)1+bH)(1+cl .
(v )0+ b+ el B .
Exposed Recovered

Healthcare capacity

H

beneficial effects

resource reinforcement

Figure 1. A layered schematic of system (1). The upper layer represents the epidemic progression S— E—
I— R, while the lower layer contains the socio-economic support variable Y and the healthcare-capacity
variable H. Dashed blue arrows represent beneficial resource effects; red arrows represent infection-induced
depletion ¢1 1Y, wlH, and the healthcare operating cost g HY; and the green arrow represents reinforcement

from socio-economic support to healthcare capacity.

we consider the six state variables
R(t),Y(t),H(t)) € RY, where
and R(t) denote susceptible,

FortZO
(S(t), E(t), I(t),
E(t), (1),

S(t).

exposed, infectious, and recovered populations.
The variables Y (¢) and H(t) are scaled nonneg-
ative effective-capacity indices, not population
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compartments and not proportions restricted to
[0,1]. Their numerical scales are determined by
the replenishment, decay, coupling, and depletion
parameters. The index Y (t) aggregates socio-
economic resilience, including income stability,
access to basic services, compliance capacity, and
social support. The index H(t) aggregates effec-
tive healthcare capacity, including hospital avail-
ability, personnel, diagnostic access, treatment
resources, and institutional response strength.
The term ¢ 'Y represents infection-induced socio-
economic degradation, whereas goHY represents
the socio-economic operating cost associated with
maintaining healthcare capacity; consequently,
this term remains active when I = 0 and H > 0.
The term wl H represents infection-induced deple-
tion of healthcare capacity, while 8Y represents
reinforcement of healthcare capacity by socio-
economic support.
The model is governed by the system

a5 A= . — S

at A+ a)A+bH)(A+el) M7

dFE BST

== _ _ E

@ (U rara+el(iten  HHOE

dI o ’le ")/QH

dR MY Yo H

E_<7°+m+Y n+H>I KR,

% =T — €Y — 1Y — g2 HY,

% E Y —fHH—I—QY—w[H.

The incidence term is defined by

a +ay)(1’8 beH)(l oDy This expression combines

three distinct effects. The bilinear factor ST mod-
els the usual contact-driven generation of new
exposed individuals. The factors (1 +aY)™! and
(1 + bH)™! quantify the mitigating influence of
socio-economic support and healthcare capacity
on effective transmission. The factor (1 + cI)~*
introduces a nonlinear saturation mechanism,
thereby preventing the incidence from growing
proportionally to I when prevalence becomes
large.

The recovery process is described through the

effective treatment-recovery function ~yy + nzlg/ +

gfl‘;, which is increasing and bounded in both Y

and H. Thus, stronger socio-economic support
and stronger healthcare capacity improve recov-
ery, but with diminishing marginal returns, as re-
flected by the half-saturation constants m and n.

The resource equations encode the feedback
from the epidemic onto the surrounding support
systems. The socio-economic variable Y is re-
plenished at rate II, decays naturally at rate &,
and is additionally depleted by infection preva-
lence through ¢;1Y and by the socio-economic
operating cost of healthcare capacity, g0 HY . The
healthcare variable H receives exogenous replen-
ishment at rate Ily, deteriorates naturally at
rate &g, is reinforced by socio-economic support
through the transfer term Y, and is weakened by
infection pressure through the term wlH. Con-
sequently, system (1) captures a two-way inter-
action: resources act on epidemic transmission
and recovery, while the epidemic simultaneously
erodes the resources required for its own control.

For convenience, the model parameters are sum-
marized in Table 1.

Throughout the paper we impose the following
standing assumptions.

Assumption 1. All parameters in system (1) are
nonnegative. In addition, we assume A > 0, p >
0, 6>0, k>0, II>0,£>0, IlIg >0, &g >
0, m >0, n >0, and at least one of Yo, V1, Y2 48
strictly positive.

Assumption 1 guarantees that all nonlinear
terms appearing in (1) are well defined on Rg_.
In particular, the denominators m + Y, n + H,
and (1+aY)(14bH)(1+¢l) remain strictly posi-
tive for every nonnegative state. Hence the vector
field associated with system (1) is of class C* on
Rﬁ. It follows from the classical Cauchy-Lipschitz
theorem that, for every nonnegative initial condi-
tion, there exists a unique local classical solution.

Allowing v1 = 0 includes the limiting case in
which socio-economic support produces no addi-
tional saturating recovery contribution. Likewise,
v2 = 0 represents a setting in which healthcare
capacity does not add a separate saturating re-
covery term. Requiring at least one of ~y, 1,72
to be strictly positive excludes the degenerate case
with no recovery mechanism.

From the modeling viewpoint, the central fea-
ture of (1) lies in the mutual dependence between
epidemic severity and societal resilience. A de-
terioration in socio-economic or medical capac-
ity may amplify transmission and weaken recov-
ery, whereas sustained infection simultaneously
exhausts the very resources needed to contain the
outbreak. This endogenous feedback is mathe-
matically responsible for the nontrivial threshold
structure and stability behavior established in the
subsequent sections.
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Table 1. Description of the parameters in system (1)

Parameter Interpretation

A recruitment rate into the susceptible class,

1 natural removal rate,

53 baseline transmission coefficient,

a intensity of the mitigating effect of socio-economic support on transmission,
b intensity of the mitigating effect of healthcare capacity on transmission,

c saturation coefficient in the incidence function,

K progression rate from exposed to infectious individuals,

d disease-induced removal rate,

Yo baseline recovery rate,

Y1 maximal additional recovery induced by socio-economic support,

Y2 maximal additional recovery induced by healthcare capacity,

m half-saturation constant for the economic contribution to recovery,

n half-saturation constant for the healthcare contribution to recovery,

11 replenishment rate of socio-economic support,

& natural decay rate of socio-economic support,

Q depletion rate of socio-economic support caused by infection pressure,

Q2 socio-economic operating-cost coefficient associated with healthcare capacity,
Iy exogenous replenishment rate of healthcare capacity,

1354 natural decay rate of healthcare capacity,

0 reinforcement rate from socio-economic support to healthcare capacity,

w depletion rate of healthcare capacity caused by infection pressure.

3. Deterministic analysis 3.1. Positivity, boundedness, and global

In this section, we study the qualitative dynam- existence

ics of system (1). We first establish positivity, ~We begin by showing that the nonnegative or-
boundedness, and global existence of solutions. thant is forward invariant and that every trajec-
We then derive the disease-free equilibrium and tory remains bounded for all future times.
its threshold stability condition, and finally an-
alyze endemic equilibria through a scalar reduc-
tion.

For convenience, define

Theorem 1. Assume Assumption 1. Then for
every initial condition (S(0), E(0),1(0), R(0),Y(0),
H(0)) € RS, system (1) admits a unique global
solution  (S(t), E(t),I1(t),R(t),Y(t),H(t)) €

O(S,1,Y,H): = pST : RS, ¢t > 0. Moreover, if N(t) := S(t) + E(t) +
(1+aY)(1+bH)(1+cl) (2) 1) +R(t), then
o nY Yo H _ A _
PV, H) s =0+ <+ " 0< N(t) < N(0)e “t—i—;(l—e MY > 0. (4)
Then system (1) can be written as In addition

S=A—-®(S,1,Y,H)— uS,
E=®(S,1,Y,H)— (n+r)E,
I=kE— (u+d+T(Y,H))I,
R=T(Y,H)I — iR,

Y =I1—¢Y — 1IY — 2 HY,
H =Ty — éyH +0Y —wIH.

Under Assumption 1, the vector field is of class ~ one has eyt
C! on Rg_. Hence, for every nonnegative initial 0< H(t) < HO0)e™""+
condition, there exists a unique maximal classical Uy +0My (1 _ e—th) (6)
solution. §u '

0<Y(t) <Y(0)e ™ + 1;(1 — et

< max {Y(O), H} , o

(3) §

and, with

My = max{Y(O),lg},
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Consequently,
bounded on [0, c0).

every component Temains

Proof. Since the vector field is locally Lipschitz
on Rﬁ, there exists a unique maximal solution on
some interval [0, Tinax). We first prove positivity.
Suppose that at some time ¢y € [0, Tyyax), One
component reaches zero while all components re-
main nonnegative up to time tg. Then:
S(tg) = A > 0 whenever S(ty) = 0,

E(to) = ®(S(to), I(to),Y (to), H(to)) >0
whenever E(tg) =0,

I(to) = kE(to) > 0 whenever I(tg) = 0,

R(to) = T(Y (to), H(t0))I(to) > 0
whenever R(ty) = 0,
Y (tg) = I1 > 0 whenever Y (ty) = 0,
and
H(to) = Iy + 0Y (to) > 0 whenever H(ty) = 0.

Thus, on each boundary hyperplane of Ri, the
vector field is inward pointing or tangent. By the
uniqueness of solutions, no trajectory can cross
from Rﬁ_ to its complement. Therefore ]Rﬁ_ is pos-
itively invariant.

We now derive the bounds. Summing the first
four equations of (3) gives N < A—uN. Compar-
ison with the scalar equation 2’ = A — uz, z(0) =
N(0), yields (4). In particular,

0<S(t),E®t),I(t),R(t) < N(t) < My,

Mpy = max {N(O), A} .
I
Next,

Y =M —¢&Y —qIY — guHY <TI - ¢Y.
Comparison with
7 =T-¢&z 2(0) =Y(0),
gives (5). Hence

11
0<Y(t) < My := max {Y(O), {} for all t > 0.

Using this estimate in the H-equation,
H=Ty—EgH+0Y —wIH < Iy +0My —£gH.

Comparison with

2 =Tlg +0My — &gz, 2(0) = H(0),

yields (6). Therefore H(t) is also bounded on
[0, 00).

We have shown that all six components remain
bounded on every bounded time interval. Since
the vector field is locally Lipschitz, boundedness

excludes finite-time blow-up. Hence Ty.x = oo,
and the solution is global. O

As an immediate consequence, every trajectory
remains in the positively invariant set

Qx, = {(S,E,I,R,Y,H)eR, : S+ E+I+R
<My, 0<Y <My, 0<H< Mg},

where

My = maX{N(O), 2} , My = maX{Y(O), 12} ;
My = max {H(O), HH“LHMY} .
971

3.2. Disease-free equilibrium and
threshold stability

We next derive the disease-free equilibrium and
establish its local stability in terms of the basic
reproduction number.

Proposition 1. System (1) admits the disease-
free equilibrium

EO = (SO7 07 07 07 Y07 H0)7
where (Yo, Hy) € (0,00)? is the unique solution of

I—&Yo—qoHoYy = 0,11y —EpHo+0Yy = 0. (8)
Let By := &g + qolly. If g20 > 0, then

B2 + 4¢,011éy — B 11 Y.
YO:\/ o+ 4q2011E g 0 go_ u+0 0

, 9
2g20 ° 974 ©)
If 20 = 0, then
HEr g + 0Yp
Yo=——">— Hy=——. 10
S TP 10)
In particular, Yy = I1/€ is recovered when

qQZO.

Proof. At the disease-free equilibrium, £ = I =
R = 0. The first equation gives Sy = A/u, while
the resource equations are exactly (8). From the
second resource equation,

g +0Yy
En

Substitution into the first resource equation
yields

@OYE + (€1 + qoXl)Yy — TEy = 0.

When ¢26 > 0, the constant term is negative
and the quadratic has exactly one positive root,
given by (9). When ¢20 = 0, the equation is linear
and gives (10). The corresponding Hj is strictly
positive and unique. Il

Hy

For later use, define

(Yo, Ho) by (8), (11)
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and
. H
Lo :=T'(Yo,Ho) =0 + J20

n+Hy' (12)

71Y0
m+ Yy

F() ::M—i-d-f—fo.

Proposition 2. The basic reproduction number
of system (1), evaluated at the corrected disease-
free resource levels (Yy, Hp), is

550/43
(1+aYp)(1+ bHo)(u + K)To

Proof. We use the infected variables (E,I). At
the disease-free equilibrium, the new-infection
terms and transition terms are

Ro =

(13)

BSI
FEID=|1T+aY)QA+bH)(1+c) |,
0
(b+K)E
EI)= .
V(E, 1) (—/-@E Tl
Therefore,
BSo
F = (14 aYy)(1 4 bHy) |,
0 0

_(p+rK 0O
v=("1rn).

A direct computation gives

st (2 0
(u+rK)Tog \ K p+K)’

Hence

1
FVvl=_ -
(,U, + H)FQ
BSokK ﬁSQ(,u + Ii)

(14 aYp)(1+bHy) (1+aYy)(1+ bHy)
0 0

Since FV ™! is upper triangular, its eigenvalues
are its diagonal entries. Therefore

BSok
(1+aYy)(1+bHo)(p + x)To’
which proves (13). O

p(FV™H) =

We now analyze the local stability of the disease-
free equilibrium. Since ®(5,0,Y, H) = 0, we have

ov| _ov| ool _
0S|g, OY|g OH|g, ’
whereas
od| B8So
O |y (1+aYo)(1+bHo)

Therefore the linearized infected block in the
variables (E, I) is

BSo
Jint (Eo) = (_(AH_K) (1+GYU)(1+bHO)) - (14)
K —FO

Its characteristic polynomial is
pint(A) = det(Al2 — Jine(Eo))
=N+ (u+ K+ To)A
+ (u+ k)To(1 — Ro).-

The remaining four eigenvalues of the full Ja-
cobian at Ej arise from the decoupled directions
S, R, and the resource block (Y,H). Indeed,
at Ey, the S-equation contributes the eigenvalue
—u, and the R-equation contributes the eigen-
value —p. Moreover, the (Y, H)-subsystem is lin-
earized by

(= +qHy) —¢Yo
D_< ; %H)

Its trace and determinant are tr(D) = —(§ +
q2Hy) — &g < 0, and det(D) = £x(€ + q2Hp) +
q2Yof > 0. Hence, by the Routh-Hurwitz crite-
rion for 2 X 2 matrices, both eigenvalues of D have
negative real parts.

All entries below are evaluated at the resource
equilibrium (Yp, Hp) defined by (8). We can now
state and prove the threshold stability result.

(15)

(16)

Theorem 2 (Local stability of the disease-free
equilibrium). Let Ey be the disease-free equilib-
rium given by (7), and let Ry be defined by (13).
Then:
(1) if Ro < 1, then Ey is locally asymptotically
stable;

(2) if Ro > 1, then Ey is unstable.

Moreover, in the critical case Rg = 1, the Jaco-
bian at Ey has a zero eigenvalue, so the lineariza-
tion is inconclusive.

Proof. We analyze the Jacobian matrix of sys-
tem (3) at the disease-free equilibrium FEp =
(S0,0,0,0, Yy, Hp). In the wvariable order
(S,E,I,R,Y, H), the full Jacobian at Ej is

J(Ey) =

BSo
(14 aYp)(1+ bHy)
BSo
(1 + aYg)(l + bH())
_FO
I'(Yo, Ho)
—q1Y0
—wHO
0
0
0
0

0 _

—(p+ k)

oo oo O
S OO =X

o OO
o O OO

—H

0 —(§+qHo) —¢Yo

0 ¢ —&u
This matrix is not block triangular in the
present ordering. To reveal its spectral structure,
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we permute the coordinates and consider the or-
der (E,1,S,Y, H, R). Let P be the associated per-

mutation matrix. Then J(Ep) := P J(Eg) P~!
has the same eigenvalues as J(Ejy), since permu-
tation similarity preserves the spectrum. In the
reordered variables (F,1,S,Y, H, R), the matrix
becomes

J(Eo) =
BSo
WHr) T aYo) (L + bHo)
K —T
BSo
0 - —p
(1 + aYO)(l + bHo)
0 —Q1YO 0
0 —LUH(] 0
0 I'(Yo, Ho) 0
0 0 0
0 0 0
0 0 0
—(§+qHo) —qYo 0
0 w0
0 0 — 1

This matrix is block lower triangular with di-
agonal blocks

i+ ) o5
Jinf(EO) = (1 + CLYb)(l + bHO) )
K _FO

il = (TEH R )

o(J(Eo)) = o(J(Eo)) =

o(Jint(Eo)) U {—p} Uo(D)U{—pu}.

We first examine the scalar blocks. Clearly,
—p < 0. Next, for the resource block D, we have
tr(D) = — (£ + @2Hp) — &g < 0, and det(D) =
Er(€ 4+ q2Hpy) + @Yo > 0. Therefore, by the
Routh—Hurwitz criterion for 2 x 2 matrices, both
eigenvalues of D have negative real parts.

It remains to study the infected block Jins(Ep).
Its characteristic polynomial is

Pint(\) = det(Mz — Jing(Ep)) = A2
+ (p+E+To)A+ (n+ £)To(1 — Ro).
We now distinguish three cases.

Case 1: Ry < 1. Then (u+ x)T'o(1 — Rp) > 0.
Since also @+ x4+ T'g > 0, both coefficients of the
quadratic polynomial (17) are strictly positive.
Hence, by the Routh—Hurwitz criterion for qua-
dratic polynomials, both roots of pi,s have neg-
ative real parts. Since the other four eigenval-
ues of J(Ep) also have negative real parts, every

(17)

eigenvalue of J(E)p) lies in the open left half-plane.
Therefore Ej is locally asymptotically stable.

Case 2: Ry > 1. Then (u+ k)[p(1 — Rg) < 0.
Thus the constant term of pi,¢ is negative. Since
the leading coefficient is positive, the product of
the two roots is negative. Therefore one root is
positive and the other is negative. In particu-
lar, Jin¢(Fo) has a positive eigenvalue, and con-
sequently J(Ey) has a positive eigenvalue. Hence
Ej is unstable.

Case 3: Ry = 1. In this case, pi(A) =
)\()\+,u+/{+1’0), so 0 is an eigenvalue of Jin¢(Ey),
and therefore of J(Ep). Thus the Jacobian is non-
hyperbolic, and the linearization does not deter-
mine the local dynamics.

This completes the proof. O

Remark 1. The threshold quantity Ry depends
explicitly on the baseline resource levels Yy and
Hy. An increase in Yy or Hy enlarges the damp-
ing factor (1 + aYp)(1 + bHy), which decreases
the effective transmission contribution. Moreover,
(Y, H) is nondecreasing in both Y and H, so
larger resource levels also increase the effective
removal rate I'g. Both mechanisms reduce Ry,
thereby favoring local stability of the disease-free
equilibrium.

3.3. Endemic equilibria: reduction and
existence

We now investigate steady states corresponding
to persistent infection.

An endemic equilibrium is a point E* =
(S*,E*, I*, R*,Y* H*) € RS such that I* > 0.
At such an equilibrium, the system satisfies

BgS*Ir*
(1+aY*) (L + bH*)(1 + cI*)
BS*I*

(1+aY*)(1 + bH*)(1 + cI*)
0=krE" — (u+d+T(Y* H)I",
0=T(Y",H)I" — uR",

0=A-

_l’(‘S*a

0=

- (,LL+ R)E*a

(18)

0=T1—¢Y* — I'Y* — uH'Y",

0=Tg—égH" +0Y" —wI"H".

From the third and fourth equations one imme-
diately obtains

ry* H*
R*: ( ) )I*,
d I’Y""MH* (19)
K

Combining the second and third equations
yields
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S* =

The last two equations give
. II . g +0Y~*
g twlt

E+ql* + H*

The key point is that, for each fixed infectious

level I > 0, the subsystem for (Y, H) admits a
unique positive solution.

Lemma 1. For each fized I > 0, the algebraic
system

B I
CE+ql +qH’
E+al+aq (22)
g+ oY
&g twl
admits a unique solution (Y (I), H(I)) € (0, 00)2.

Moreover, Y (-) and H(-) are continuous on

[0, 00).

Proof. Fix I > 0. Since &g +wl > 0, the second
equation implies H = Uy 6% Substituting this

5 Hwl *
into the first equation, gives
II
Y = .
Iy 4+ 0Y
+al+@p——r
E+al+aq Y

After simplification, this becomes
A(IY? + B(I)Y =11 =0, (23)

where

q20
A(l) = ——— >0,
<) g +wl —
211 g
B(I) =&+l + —— > 0.
(I)=¢+aq i

If A(I) = 0, then (23) reduces to B(I)Y —II = 0,
which has the unique positive solution Y (I) =
% > 0. If A(I) > 0, then (23) is a quadratic
polynomial with positive leading coefficient and
negative constant term. Hence its two roots have

opposite signs, so it has exactly one positive root,

namely
)+ +/B(I)
2A(1 )

Once Y (I) is obtained, the second equation
gives

4A(1
S+ 4A( > 0.

Y(I) =

Iy +0Y (1)

Eu +wl

Thus, for each I > 0, there is a unique positive
pair (Y/(I),H(I)).

The continuity of Y'(I) follows from the conti-
nuity of A(I) and B(I) together with the explicit
formulas above. The continuity of H(I) then fol-
lows from its defining formula. O

H(I) =

(1+aY*)(L+bH*)(1+ cI*) (i + k) (n+ d + T(Y*, H*))

B (20)

Lemma 1 reduces the endemic-equilibrium prob-
lem to a scalar equation. Define

U(I) = &ﬂ”(m d+T(Y(I),H(I)))

;4 At aY (D) ; bH (I))(1 + cI)

(24)

A T>0.

Proposition 3. A number I* > 0 generates an

endemic equilibrium of system (1) if and only if

U(I*) = 0. (25)

In that case, Y* = Y (I*), H* = H(I*), and

S*, E*, R* are determined uniquely by (19) and
(20).

Proof. Suppose first that E* is an endemic equi-
librium. Then (Y™, H*) satisfies (22) with I = I*.
By Lemma 1, Y* =Y (I*), H* = H(I*). Substi-
tution of (20) into the first equation of (18)gives
exactly U([*) = 0. Conversely, suppose I* > 0
satisfies W(I*) = 0. Set Y* = Y (I*), H* =
H(I*), and define S*, E*, R* by (19) and (20).
By construction, all equations in (18) are satis-
fied, so the resulting sextuple is an endemic equi-
librium. ]

We can now prove existence when Ry > 1.

Theorem 3. If Ry > 1, then system (1) admits
at least one endemic equilibrium with strictly pos-
itive components.

Proof. By Lemma 1, the map I — ¥(I) is con-
tinuous on [0,00). At I = 0, Lemma 1 gives
the unique pair (Y (0), H(0)) = (Yo, Hp) satisfy-
ing (8). Hence

U (0) p+d+T(Yy, Ho))

o
n(l+ ;(1+bH0) .

Using T'(Yo, Hy) = Lo, To = pu+d+ T, and the
expression for Ro, we obtain U(0) = A (R%) — 1).
Therefore, Rp > 1 == ¥(0) < 0. On the
other hand, for every I >0, Y(I) >0, H(I) > 0,
and therefore I'(Y (1), H(I)) > 7o, (14+aY (I))(1+
bH(I))(1+4cI) > 1. Using these estimates in (24),
we obtain

+
U(I) > L(u+d+vo) <I+g> — A

The right-hand side tends to +o0c0 as I — +oc.

Hence
V() = 400 as [ — 4o0.
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Since ¥ is continuous, ¥(0) < 0, and ¥(I) —
400, the intermediate value theorem guarantees
the existence of at least one I* > 0 such that
V(%) 0. Proposition 3 then yields an en-
demic equilibrium with strictly positive compo-
nents. O

Remark 2. Theorem 3 establishes existence, but
not unconditional uniqueness, when Ry > 1. The
nonlinear dependence of Y (I) and H(I) on the in-
fectious level can prevent a general monotonicity
conclusion for W. A sufficient uniqueness condi-
tion is stated below, and the local stability of the
baseline endemic equilibrium is assessed from the
full Jacobian in Section 6.

For I > 0, define
Al) :=p+d+T(Y (), H(I)),
B(I):=(1+aY(I))(1+bH(I))(1+cl).
Implicit differentiation of (22) gives

Y (1) [qewH(I) — q1(§n + wI)]
A ’
WHI)(E+ql + qH(I)) + 01 Y (I)
A(I) '

Y'(I) =
(26)
H'(1)

where
A(I) := (§+ql+q2H(I))(§n+wl)+q20Y (1) > 0.
Consequently,

W(I) = L:Z“ {A’(I) [I + “B(I)]

B
+A(I) [1 +Lp

)

Proposition 4 (Sufficient condition for unique-
ness). Assume Rg > 1. If, for every I >0,

(27)

A(I) {1 + ZB’(I)] > —A(D) {I + gB(I)} . (28)

then W'(I) > 0 on [0,00). Hence U(I) =0 has ex-
actly one positive root and system (1) has a unique
endemic equilibrium.

Proof. Condition (28) and (27) imply ¥/(I) > 0.
Since ¥(0) < 0 for Rp > 1 and ¥(I) — +o0
as I — oo, strict monotonicity yields exactly one
positive zero. O

Jacobian at an endemic equilibrium. Let

(OIS pI

ST A+ aY)(1+bH)1+cl)
o = B3

T @+ aY)(1+bH) (L + cl)?’
o — aBSIT

YT 0+ a2+ bH)(1 + D)

bBSI

by =—

(1+aY) (1 + bH)2(1 + cI)’

10

and
mm Y2n
'y =———= 'y=-———"—"=.
F ey T (ny HY?
The Jacobian at a general state is
J =
—p—Ps 0 —®r
Dg —(p+ k) )
0 K —(p+d+T
0 0 —qY
0 0 —wH
0 —dy —by
0 Oy Dy
0 Iyl -yl
—u Iyl Lyl
0 —(E+al+qH) —@Y
0 0 — (&g +wI)

Local asymptotic stability of a computed en-
demic equilibrium follows when all eigenvalues of
J(E*) have negative real parts.

4. Optimal control problem

We now introduce time-dependent intervention
policies into system (1). The aim is to reduce the
exposed and infectious populations while balanc-
ing the implementation costs of prevention, treat-
ment, and healthcare reinforcement.

4.1. Controlled system and admissible
controls

Fix a final time 7' > 0. Let uj,ug,us : [0,7] —
[0, 1] be measurable control functions, interpreted
respectively as: wq(t): prevention effort reduc-
ing effective transmission, ug(t): treatment effort
increasing the removal rate of infective individu-
als; and wg(t): healthcare reinforcement increas-
ing the healthcare-resource level. The controlled
model is

. BSI
S=A-(1- — uS
v rmaremaren
. BSI
B=(1- - E
v aremagey ~ HHHE
: 1Y voH
[=kE - d I
K <u+ +%+m+Y+n+H+Qu2> )
: 7MY voH
= I_
R <Vo+m+y+n+H+Qu2) uR,
Y =I-¢Y —qIY — @uHY,
H=Ty —&yH+0Y —wIH + ogus,
(30)
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subject to the nonnegative initial condition. For
convenience, define D(Y,H,I) := (1 4+ aY)(1 +
bH)(1+cI). Then (30) may be written compactly
as

=A—(1- _—
S W= gy "
. BSIT
EF=(1- _ — E
I=kE—(u+d+T(Y,H)+ ouz)I, (31)
Y =1 - &Y —qlY — guHY,
\H =11y — &g H +0Y — wlH + opus.
The admissible control set is
Ung = {u = (u1,us,u3) € (L*(0,7))3 :
a = {u = (u1,uz,u3) € (L°(0,7)) (32)

0 <wi(t) <1lae. onl0,7], i=1,23}.

The set U,q is nonempty, closed, bounded, and
convex in the reflexive Hilbert space (L2(0,7))3;
hence it is weakly sequentially compact. The
pointwise bounds also imply w; € L*(0,7)
with ||uil|lec < 1, which is sufficient for the
Carathéodory well-posedness argument.

We minimize the cost functional

T
(s, s, uz) = /O ARE(t) + A/ I(1)

(33)
B B B
+—tuy (1) + up(t)? + —ug(t)? ] dt.
2 2 2
Throughout this section we assume

Ap, A7, By, By, B3, 0,0 > 0, in addition to As-
sumption 1. The optimal control problem is to
find w* = (uf, u3, u3) € Uaq such that

J(u*) = min J(u).

UEULq

4.2. Well-posedness of the controlled
dynamics

Theorem 4. For every u (u1,u2,u3) € Uaqg
and every nonnegative initial condition, system
(30) admits a unique global nonnegative solution

(S,E,I,R,Y,H) € C([0,T];RS),

and all components remain bounded on [0,T].

Proof. For u € U,q, the pointwise constraints
imply u € (L>(0,7))3. The right-hand side of
(30) is therefore measurable in ¢, continuous in
the state, and locally Lipschitz in the state uni-
formly on bounded subsets of Ri. Hence, by the
Carathéodory existence theorem, there exists a
unique maximal absolutely continuous solution on
some interval [0, Tmax) C [0, 7.

To prove positivity, assume that one component
reaches zero at some time while all components

11

remain nonnegative beforehand. Then

BST
D(Y,H,I)
I|,_,=kE >0, R|,_, = (T(Y,H) + ou2)I > 0,
Y}Y:O =110, H‘H:o =1y +0Y +opus > 0.

Thus the nonnegative orthant is positively in-
variant. Also, we have

Slesg=A>0, B|,_ = (1-u) >0,

<N £ N+ Ao

(34)
A
< max —
< {Nm), M} ,
and
_ II _
0<Y(t)<Y(0)e S+ =(1—-e%h
¢ (35)

)
£(
Finally, since 0 < uz < 1 a.e. and Y (t) < My,
we have
0 < H(t) < H(0)e ¢!
g+ O0My +op
+
§H
Thus all state variables remain bounded on
[0, Tinax)- Since the vector field is locally Lipschitz
in the state and the solution stays bounded, finite-
time blow-up cannot occur. Therefore T, = T,
and the solution exists uniquely on [0, 7. O

< My = max {Y(O),

(36)

(1 — e Sut),

4.3. Existence of an optimal control

Theorem 5. There exists at least one optimal
control u* = (u},u3,us) € Uyq such that J(u*)
minyey,, J(u).

Proof. Define J, := inf,gy,, J(u). Since the
integrand in (33) is nonnegative, J, > 0. Let
(u(”))nzl C U,q be a minimizing sequence such
that

Ju™) — J,.

For each n, let (™ = (S g 1) RM) y®)
H (")) be the unique state trajectory associated
with (™. By Theorem 4, all trajectories z(™
remain in a common bounded subset of Ri, inde-
pendent of n. Moreover, from the state equations
(31) and these uniform bounds, there exists a
constant Cp > 0, independent of n, such that
HQ‘T(R)HLOO(QT;RfS) < Cr. Hence the sequence (z(™)
is uniformly bounded and equi-Lipschitz on [0, 7.
By the Arzela—Ascoli theorem, there exist a sub-
sequence, still denoted (z(™), and a function

ot = (S*, E*, I*, R*,Y*,H*) € C([0, T; R%)
such that

2™ — 2* uniformly on [0, T].
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We next consider the controls. Since 0 <
ugn)(t) < 1 a.e. on [0,T], the sequence (u(™) is
bounded in (L%(0,T))3. Because (L?(0,T))? is re-
flexive, there exist a subsequence, not relabeled,
and a function

ut = (uf,uj,u3) € (L2(0,7))°

such that
u™ — u* weakly in (L*(0,T))>.

Since U,q is convex and closed in (L2(0,T))3, it
is weakly closed. Therefore u* € Uyq.

We now prove that z* is the state trajectory
corresponding to the control w*. Write the state
system in integral form:

We pass to the limit component by component.
Set

™) (s))ds, t € [0,T].

BS ()1 (t)

onll) = Do), B0 (8), 100 (7))
o BSOI
OO = D), 70, D)

Since 2™ — 2* uniformly and the denominator
D(Y,H,I) > 1, we have

¢n — ¢* uniformly on [0, 7.
Let ¢ € L?(0,T). Then

/0 (10— (- e Yt
B /0T<1 — ") (@ —

T
—l—/o (u *—ul )¢¢dt

Because 0 < 1 — ugn) <1 and ¢, — ¢* uni-
formly,

¢ ) dt

T
/0 (1= u{) (¢ — ") dt‘

< || — ¢*[|L=|¥)][ 2 — 0.
Since ¢* € L2(0,T) and u{"™ — u} weakly in
L?(0,T),
T
/ (uf—ul )gf) Ydt — 0.
0
Thus

(1 —u™)g, — (1 — u?)¢* weakly in L2(0,T).

Similarly, since I™ — I* uniformly and
ugn) — u} weakly in L?(0,T), we obtain

uSV 1M s 431 weakly in L2(0, T).

Likewise,
uén) — u} weakly in L*(0,T).

All remaining terms in the state equations de-
pend only on the state variables, and therefore
converge uniformly on [0,7]. Passing to the limit
in each integral equation, we conclude that x* sat-
isfies (31) with control u* and the prescribed ini-
tial data. By uniqueness of solutions to the con-
trolled system, x* is exactly the state trajectory
associated with u*.

It remains to prove optimality. Since z(™) — z*
uniformly on [0, 77,

/T(AEE(”> (t) + AT () dt —
0

/T (AEE*(t) + ArI*(t))dt.
0

On the other hand, the map

B B Bs
u»—)/ ( ! %+—2§+— >dt

is convex and weakly lower semicontinuous on
(L?(0,T))3. Therefore

T ) T A
/ % (u;k(t))Z dt < lim 1nf/ %(uin) (t))2 dt,
0o 2 .2

n—oo
i=1,2,3.
Combining these facts yields
J(u*) < lim io%fj(um)) =J..

Since J, < J(u*) by definition of the infimum,
we conclude that J(u*) = J,. Hence u* is an
optimal control. O

4.4. Pontryagin maximum principle

Let = = (S,E,I,R,)Y,H), and X =
(A1, A2, A3, Aq, A5, Ag) denote the state and ad-
joint variables. The Hamiltonian associated with

(30)-(33) is
H=ApE+ AL+ 2l ¢ B2z 4 Do
2 2 2
BSI
‘l‘)\l <A—(1—U1)D >

+A2(<1—u>D(5f§D ()

+ A3 (kE — (u+d+T(Y, H) + ouz)I) (37)

+ X\ (DY, H) + pu2)I — uR)

+ A5 (II =&Y —qi1Y — uHY)

+ X g — &g H + 0Y —wIH + opgus) .
For convenience, define

(1 — ul) 6SI

F(S,I,Y,H7u1) = m

(38)
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Its partial derivatives are

Fs = (1= u) 5y (39)
Fr=0-wa0ma fiH)(Hcr)?’ (40)
By ==(-uw)qs aY)Q(OlliSlfH)(l e L)
Fu = —(1l—u) = aY)(lbfiII‘I)Q(l o )
and
Py (Y H) = s DY H) = =2 (43)

Theorem 6. Let u* = (uj,us,ul) € Uag be an
optimal control and let

x* — (S*,E*,I*,R*,Y*,H*)
be the corresponding state trajectory. Then there
exist absolutely continuous adjoint functions

X [0,T] =R, i=1,...,6,

such that

Ai(t) = —gz (z*(t),uw* (1), A(t)), i =1,...,6,

with transversality conditions
A(T) = Xa(T) = A3(T) = Ma(T)

44
=X(T) = X(T) = 0. (44)
Equivalently, the adjoint system is
}\1 = ,U/\l + ()\1 — )\2)FS7
}\2 = —Ap + (M + H)/\Q — KAz,
A3 = —Ar 4+ (A — \o)Fy
+ (u+d+T(Y, H) + ouz)A3
— (LY, H) 4 ou2)\a + 1Y A5 + wH X, (15)
45

Ay = pA4,

}\5 = (/\1 - )\Z)FY + (/\3 — )\4)Fy(Y7 H) I
+ (f + ChI + QQH))\5 — 9)\6,

}‘6 = (>‘1 - )\2)FH + ()\3 — )\4)FH(Y, H) I
+ @Y A5 + (g +wl)Xg.

Moreover, the optimal controls satisfy, for a.e.

tel0,T],

Ao — Ap)BS*I*
i) =on) (g )+ (40)
I*(A3 — A
uy(t) = Ty g <Q(§24)> ; (47)
A
uz(t) = o1 <—Ug36> ) (48)

where Tl 1)(2) := min{1, max{0, 2} }.

Proof. Since the terminal state is free and
the cost functional contains no terminal pay-
off, the Pontryagin maximum principle yields the
transversality condition (44) and the adjoint sys-
tem )

A==V, H(z* u" ).

The extremal is normal. Indeed, if the cost
multiplier were zero, then the adjoint equation
would be a homogeneous linear system with ter-
minal condition A(7") = 0, and therefore A = 0.
This would violate the nontriviality condition of
the maximum principle. Hence the cost multiplier
is normalized to one in the Hamiltonian above.

We compute the state derivatives of the Hamil-
tonian.
For the variable S,

or
oS

and therefore

- >\1(_FS _:U’) + AQFSa

: OH
)\1 = —— = [L)\l + ()\1 - )\Q)Fs.

oS
For F,

OH
—_ = A J—
o5 E— N(u+ k) + KAg,

hence

. OH
A =——=—-Ap + (,u + H)Az — KA3.

oF
For 1,

oH
T3 =Ar — MFr+ XFr — A3(p+d+T + ous)
+ M (T + ouz) — Asq1Y — AewH,
SO

. OH
A3 = _W = —A[—i—()\l—)\2)F1+(M+d+F+QUQ))\3
—(T' + ou2)A\g + 1Y X5 + wH Ag.
For R,
OH :
OR HAL, A4 HA4
For Y,
OH
oy = —MFy + XoFy — A3y I+ My I
=As5(§+ @1l + q2H) + O,
hence

A5 = ()\1 — )\Q)Fy + (/\3 — /\4)FyI
+(E + ql + geH)A5 — 0.
For H,
OH

= -\ F Mo Fg — X'yl + MTyI
oH 1Fg + Al g slgl + XMl

—As5q2Y — A6(m +w),
thus

/'\6 = ()\1 — /\Q)FH -+ (/\3 - /\4)FHI
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+QQY/\5 + (fH + WI))\G.
We next characterize the optimal controls.
The Hamiltonian is strictly convex with respect
to u = (uq,ug,us), since

O*H O*H 0*H
Tu%:B1>O’ TU%:BQ>O, Tug:Bg>0

Hence the pointwise minimizer is uniquely deter-
mined by the first-order stationarity conditions:

OH BS1
— =B ———— (A1 = X9) =
o "M D E, 1)( 1= A2) =0,
OH
— =2B T4 — A3) =
Dy 2us + ol (A — A3) =0,
0
IH_ Bsuz + opAe = 0.
Ous
Therefore the unconstrained minimizers are
w = ()\2 — /\1)551 U — QI(/\3 — )\4)
""" BDY,H, 1) By
B _UH)\G
uz = Bg .

Projecting onto the admissible interval [0, 1]
vields (46)—(48). O

4.5. Optimality system and local
uniqueness

The optimality system consists of the state equa-
tions (30), the adjoint equations (45), the ini-
tial conditions for the state variables, the termi-
nal conditions (44) for the adjoint variables, and
the feedback laws (46)—(48). The state system is
solved forward in time, whereas the adjoint sys-
tem is solved backward.

Theorem 7. There exists Ty > 0 such that, for
every T € (0,Ty), the optimality system admits at
most one bounded solution.

Proof. Let (x,\,u) and (Z, \, %) be two bounded
solutions of the optimality system on [0,7]. Fix
an arbitrary T > 0 and restrict T < T. The
comparison bounds in Theorem 4 place every ad-
missible state trajectory in a compact set that is
independent of the particular control. Moreover,
the adjoint system has the form A\ = A(t)\ + b,
where A(t) is uniformly bounded on this state set
and b = (0,—Ap,—A7,0,0,0)7. An application
of the backward Gronwall inequality gives

Mooy < I TeAT < |b]|TeT,

and the same estimate holds for A\. Thus the state
and adjoint bounds used below are uniform over
all solutions with 7" < T'. Because

DY,HI)>1, m+Y>m>0,n+H >n>0,

14

all coefficients in the state and adjoint systems are
uniformly Lipschitz on this fixed bounded set.
Since the projection operator Iljg;) is 1-
Lipschitz, the feedback laws (46)—(48) imply the
existence of a constant C7 > 0 such that

u(t)—a(t)] < C1(|a(t)=2(B)|+A(E)=A)]) (49)
for almost every t € [0,T].
Let f denote the right-hand side of the state sys-

tem. Since f is Lipschitz in (z,u) on the relevant
bounded set, there exists C'y > 0 such that

|2 (t) — 2(t)] < Ca(la(t) — T(t)] + |u(t) — a(t)]).
Using (49), we obtain
£ (t) — 2(t)] < C3(Ja(t) — Z(t)] + M) — A(B)])

for some C3 > 0. Since z(0) = z(0), integration
gives

o) = (0] < Cs [ (o) = ()

+ |A(s) = A(s)])ds.

Similarly, let g denote the right-hand side of the
adjoint system. Since g is Lipschitz in (z, A\, u) on
bounded sets, there exists Cy > 0 such that

A() = AB)| < Ca(ja(t) — ()| +

IA(E) = A()] + [u(t) — a(t)]).

Again using (49), we infer
A = (0] < Cs(|z(t) — z(t)

for some C5 > 0. Since \(T) =
ward integration yields

T
() — A()] < Cs / (I(s) — 2(s)|

(50)

+IA() = A®)])

(51)
+ [A(s) = A(s)])ds.
Define
M := sup |z(t) —z(t)| + sup |\(t) — A(t)].
0<t<T 0<i<T

Taking the supremum in (50) and (51), we ob-
tain
sup [z(t) — z(t)| < C3TM,
0<t<T
sup |A(t) — A(t)| < C5T M.
0<t<T
Hence
M < (C3+ C5)TM.

Choose Ty > 0 such that
(03 + C5)T0 < 1.
Then, for every T' € (0,Tp), the above inequality
implies M = 0. Therefore
=T, A=\,
and then (49) yields u = u almost everywhere on
[0, T]. This proves uniqueness. O
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Remark 3. The short-time uniqueness obtained
in Theorem 7 is standard for nonlinear forward-
backward optimality systems. Global uniqueness
on arbitrary horizons generally requires additional
monotonicity or smallness conditions.

5. Sensitivity analysis of the basic
reproduction number

For a parameter p, the normalized forward sensi-
tivity index is

TRo . %ﬂ

p ap Ro

A positive value indicates that a relative in-

crease in p increases R, whereas a negative value

indicates a decrease.

The direct contributions are

(52)

TR =1, YR =1, 7R = —E_ YRo =, (53
g 9 A 9 K M‘i‘l‘i’ c 9 ( )
TRU — 1 _ o _ ﬁ Ro _ _i
a p+r  Io @ Iy’
Ro _ 0
T’yoo - _F07 (54)
TRo — _ 71 Y0
n Lo(m + Yp)
Y2 Ho
TR0 = — 55
2 To(n+ Hop) (55)
m~y1Yo R ny2Ho
TR = TR = 56
CLYO R, bHO
TR — _ 0= ——— 57
a 14+aYy P 1+ bHy (57)

The zero index for ¢ follows because the thresh-
old is evaluated at I = 0.

The parameters I1, &, g2, I, £, 0 act through
the coupled resource equilibrium. Define

+ g2 H Y(
My = <§ g2Ho q§Ho>’

—6
which is nonsingular because
det My = fH(f + QQH()) + q20Yy > 0.
For p € {IL, &, g2, 11y, &, 0}, the derivatives of
the resource equilibrium satisfy
Yo

My <8pHo> =Tp,

I = 1 Tre = _}/0 Tgy = _HOYO

11 0 ) I3 0 ) q2 0 )
0 0

g = 1) Teg = —Hy) T = Y)

L a n yim
T 1+aYy To(m+Yp)?

(58)
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b Yom
Cy = .
H 1+bH0 + Fo(n—l-H())Q
Then

Yo = —p(Cy8,Yo + CudyHy),
pE {H7€7q2aHH7§H,0}.

Moreover, TZI_‘;O = TEO = 0, because the cor-
responding terms contain I and vanish at the
disease-free equilibrium.

For the baseline parameter set in Table 2,the
corrected resource equilibrium is

Yy = 19.92022364, Hy = 114.00079872,
Ry = 7.12443853.

The numerical indices are reported in Table 3.
The largest positive indices correspond to 8 and
A, both equal to one. The most negative index
is associated with u, followed by b, II, and ~s.
For this parameter set, increasing qo, &, or &g
increases R, whereas increasing II, Ilz, or 6 de-
creases Rg. These signs are consequences specific
to the baseline coupled disease-free resource equa-
tions and are not asserted as universal parameter
monotonicities. To better illustrate the numeri-
cal behavior of the different indices, we present
the results in Figure 2.

(59)

6. Numerical investigations and
model-based interpretation

This section illustrates the threshold dynamics,
computes and verifies a positive endemic equi-
librium, evaluates the Jacobian spectra at the
disease-free and endemic equilibria, and compares
uncontrolled and controlled trajectories. The pa-
rameter set is a synthetic benchmark and was not
fitted to a specific epidemic data set. Accord-
ingly, the numerical results illustrate the internal
behavior of the proposed model and should not be
interpreted as epidemiological forecasts or direct
policy estimates.

All computations and figures were produced
in MATLAB. The uncontrolled trajectories and
the one-parameter simulations were integrated
with ode45, with relative and absolute tolerances
102 and 1079, respectively. For the optimal-
ity system, the interval [0,120] was divided into
N = 1200 subintervals, giving the fixed step size
h = 0.1. The state and adjoint equations were
integrated by the classical fourth-order Runge-
Kutta method within a forward-backward sweep
algorithm. The controls were initialized as

0 0 0
() = u” (1) = ug” (1) = 0,
and updated according to

w1 = 0.98u® + 0.020),
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where @(®) denotes the projected controls ob-
tained from (46)—(48). The stopping criterion was

max

Hu(-kﬂ)—u(-k)H <10_8,
1<;<3 1l J I oo

with a maximum number of 12000 iterations. The
algorithm converged after 6252 iterations. The
discrete objective functional was evaluated with
the composite trapezoidal rule using MATLAB’s
trapz function.

6.1. Numerical simulations

The initial state is
(5(0), £(0),1(0), R(0),Y(0), H(0))
= (3500, 40, 25, 10, 35, 20).
Table 3 lists the baseline parameter values used
throughout the simulations.

For this parameter set, MATLAB gives the cor-
rected disease-free quantities

So = 4000, Yy = 19.920223641423,

Hy = 114.000798719370,
I'g = 0.399909720116, Ry = 7.124438530772.
Hence,

Eqy = (4000, 0,0,0,19.920223641423,

114.000798719370).

Here, T'y is the total infectious removal coef-
ficient evaluated at the disease-free resource lev-
els. Since Rg > 1, the infected subsystem is ex-
pected to contain an unstable direction. This is
confirmed by the eigenvalues

—0.0200, —0.0200, —1.2144,

—0.1337, —0.1873.

The positive eigenvalue 0.5445 establishes the
local instability of Ej, in agreement with Theo-
rem 2. The remaining eigenvalues have negative
real parts and therefore correspond to decaying
demographic and resource modes.

0.5445,

Table 2. Normalized forward sensitivity indices of R for the illustrative baseline parameter set

Parameter Index Parameter Index Parameter Index
153 1.0000 A 1.0000 I —1.1241
K 0.0741 d —0.0750 Yo —0.2000
Y1 —0.2495 Y2 —0.4255 m 0.1499
n 0.0635 a —0.1661 b —0.6310
c 0.0000 1I —0.5259 Iy —0.1264
& 0.1676 q1 0.0000 q2 0.3583
&y 0.3362 0 —0.2098 w 0.0000

Signed normalized forward sensitivity indices of Ro

T T T ; T
8 1.000
A = 1000
po -2 I
K W 0074
d -0.075 -
7o -0.200 IR
LA <0249 [N
517 0425 _
2|m i 0.150
Eln W 0064
i a -0.166 -
=|b 0631 I
Ble 1 0.000
=l -0.520 EEG—
1 -0.126
13 - 0.168
q, 1 0.000
q, I 0358
ISH _ 0336
0 -0.210 I
w, : ‘ 0.000

L
-1.5 -1 -0.5 0 0.5

Normalized sensitivity index of R0

Signed indices from Table 2.

Figure 2. Sensitivity analysis of Ry at Yy = 19.9202, Hy = 114.0008, and Ry = 7.1244. Positive bars increase

Model parameter

g ®m

Sensitivity ranking of Ro by absolute influence

=
S

T T
112+ I

T
I | 000
IR 100
0631 I
0.526 _
-0.425 |
I o355
0336
-0.249 -
-0.210 -
-0.200 IR
. .16
-0.166 IR
:- 0.150
-0.126 [
-0.075 I
M oon

il 0.064
 0.000
x 0.000
| 0000

C|E e 3o e

n

. . .
-1 -0.5 0 0.5 1
Normalized sensitivity index of R0

Parameters ordered by decreasing absolute

sensitivity.

the threshold under a relative parameter increase; negative bars decrease it.
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Table 3. Illustrative baseline parameter values used in the numerical experiments

Parameter Value

Interpretation

Source/status

socio-

synthetic benchmark
synthetic benchmark
synthetic benchmark
synthetic benchmark
synthetic benchmark
synthetic benchmark
synthetic benchmark
synthetic benchmark
synthetic benchmark
synthetic benchmark
synthetic benchmark
synthetic benchmark

synthetic benchmark
synthetic benchmark
synthetic benchmark

synthetic benchmark
synthetic benchmark
synthetic benchmark
modeling choice

A 80 recruitment into the susceptible population

I 0.02 natural removal rate

B8 0.0025 baseline transmission coefficient

K 0.25 progression rate from exposed to infectious

d 0.03 disease-induced removal rate

Yo 0.08 baseline recovery contribution

Y1, Y2 0.25,0.20 resource-enhanced recovery effects

m,mn 30,20 half-saturation constants in T'(Y, H)

a,b, c 0.01,0.015,0.01 incidence damping and saturation coefficients

IT ) socio-economic replenishment

13 0.08 natural decay rate of Y

q1, 92 0.002,0.0015 infection-induced depletion and healthcare operating
cost in Y

Il 3 healthcare replenishment

¢y 0.07 natural decay rate of H

0 0.25 reinforcement of healthcare capacity by
economic support

w 0.0015 infection-induced healthcare depletion

0 0.35 treatment-control efficiency

oH 4 healthcare-reinforcement efficiency

Agp, A 20, 40 state weights in the objective functional

B4, B3, B; 80, 60, 50 quadratic control-cost weights

modeling choice

The scalar equilibrium equation ¥(I) = 0 yields
E* = (495.0035405633, 259.6293673657,

253.3934715387, 2611.8834132242,
8.2824569200, 11.2657732776).

Direct substitution into the six equilibrium
equations gives the maximum absolute residual
ax |fi(E*)| = 1.776 x 1014,
max |f5(E7)
which confirms the numerical consistency of the
computed equilibrium to machine precision. The
eigenvalues of the full Jacobian at E* are

—0.0200, —0.6123,

—0.0693 £ 0.08271, —0.4953 £ 0.09721.

All real parts are strictly negative. There-
fore, the computed endemic equilibrium is locally
asymptotically stable for the baseline parameter
set. The two complex-conjugate pairs indicate
damped oscillatory modes, whereas the two neg-
ative real eigenvalues describe nonoscillatory de-
cay. This conclusion applies only to the displayed
parameter set and is not asserted as a parameter-
independent stability theorem.

Figure 3 displays the uncontrolled trajectories,
the infectious trajectory relative to the disease-
free and endemic reference levels, and the phase
portrait in the (E, I)-plane.

The endemic resource levels are substantially
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below their disease-free values. In particular,
Yo—Y*
0
»
Ho = 17 100% = 90.12%,
Hy
Thus, persistent infection is accompanied by
marked degradation of both support variables in
the baseline regime. The reduction in Y is gener-
ated by the infection-pressure term ¢;/Y and the
healthcare operating-cost term ¢ HY, whereas
the reduction in H is driven by the depletion term
wlH.

Figures 4 and 5 present the converged control
profiles and the controlled-versus-uncontrolled
state trajectories.

The converged MATLAB solution gives

Jp, = 10036.7976299844.

This value is the discretized weighted sum of
epidemic burden and intervention effort for the
specific weights in Table 3; it has no indepen-
dent epidemiological unit and should only be com-
pared with objective values obtained under the
same weights, horizon, and discretization.

The controlled terminal state is

(S,E,I,R,Y, H)(120) = (3953.408738,
0.808589, 0.222440, 6.735835,
19.717276, 115.128841).

x 100% = 58.42%,
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Figure 3. Threshold and endemic diagnostics for the baseline parameter set. The value Ry = 7.1244 > 1 is

consistent with instability of the disease-free equilibrium, while the spectrum of J(E*) establishes local
stability of the computed endemic equilibrium.
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Figure 4. Computed controls and principal epidemiological effects on [0, 120]. Solid curves denote the
uncontrolled solution and dashed curves denote the trajectory generated by the converged control profiles.
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Figure 5. Additional controlled and uncontrolled state comparisons on [0, 120]. Solid curves denote the
uncontrolled solution and dashed curves denote the controlled solution.

The uncontrolled peaks are
max E(t) = 945.195697,

max I(t) = 1005.562958,
whereas the controlled maxima are

max E(t) = 40, max I(t) = 25.

Thus, relative to the uncontrolled simulation,
the computed controls reduce the exposed and
infectious peaks by approximately 95.77% and
97.51%, respectively. Since the controlled max-
ima coincide with the initial values, the converged
controls prevent any post-initial amplification of
the exposed and infectious classes over the simu-
lated horizon. At ¢ = 120, both infected classes
are close to zero, Y (t) is close to its disease-free
level, and H (t) is slightly above Hy because of the
healthcare-reinforcement control. These state-
ments characterize the computed solution of the
Pontryagin necessary conditions and do not es-
tablish global numerical optimality.

6.2. Impact of economic and resource
parameters

The resource-parameter sweeps use
IT € {2.5,5,7.5,10}, Iy € {1.5,3,4.5,6},
6 € {0.13,0.25,0.38,0.50},
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and simultaneous scaling factors 0.5,1,1.5,2 for
the pair (a, b), with all remaining parameters fixed
at their baseline values.

Increasing II raises the socio-economic support
level, which both enlarges the incidence denom-
inator (1 + aY') and increases the recovery con-
tribution 71Y/(m + Y). Over the tested range,
the infectious peak decreases from approximately
1091.93 to 845.33, which corresponds to a reduc-
tion of 22.58%. Increasing Ily acts analogously
through (1 + bH) and v2H/(n + H); the infec-
tious peak decreases from approximately 1061.01
t0 909.77, a reduction of 14.26%.

Increasing 0 strengthens the transfer from
socio-economic support to healthcare capacity.
Under the baseline regime, this increases H(t)
and decreases the infectious peak from approxi-
mately 1035.52 to 952.24, an 8.04% reduction over
the tested range. Simultaneously scaling (a,b)
strengthens the direct resource-dependent damp-
ing of the force of infection; increasing the scaling
factor from 0.5 to 2 reduces the infectious peak
from approximately 1046.11 to 930.91, an 11.01%
reduction.

6.3. Impact of intervention and efficiency
parameters

The constant-control sweeps use

u; € {0,0.25,0.50,0.75},  j=1,2,3.
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The prevention control u; acts directly on the
force of infection through the factor (1 — uy),
whereas the treatment control us increases in-
fectious removal through the additive term ous.
Increasing u; from 0 to 0.75 reduces the infec-
tious peak from approximately 1005.56 to 263.66,
a reduction of 73.78%. Increasing us over the
same range reduces the infectious peak to approx-
imately 386.17, a reduction of 61.60%.

The reinforcement control us enters only
the healthcare equation through opus; its ef-
fect on infection is therefore indirect, operating
through the transmission-damping and recovery-
enhancement roles of H. Increasing uz from 0
to 0.75 reduces the infectious peak from approxi-
mately 1005.56 to 909.77, while increasing the ter-
minal healthcare level from approximately 11.25
to 20.77.

The treatment-efficiency sweep uses

0 € {0.17,0.35,0.52,0.70}, ug = 0.5.

Increasing o strengthens the conversion of treat-
ment effort into infectious removal and reduces
the infectious peak from approximately 692.92 to
305.03, a reduction of 55.98%. The healthcare-

reinforcement sweep uses
o €{2,4,6,8}, ug = 0.5.

Increasing oy raises the healthcare trajectory
and reduces the infectious peak from approxi-
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mately 971.52 to 881.76, a reduction of 9.24%.
These simulations distinguish control intensity
from control efficiency: wug and wus represent im-
plementation levels, whereas p and o determine
the corresponding conversion gains.

6.4. General synthesis

The MATLAB simulations support four model-
specific conclusions. First, Ry > 1 and the pos-
itive eigenvalue of J(Ey) are consistent with in-
vasion from the disease-free state. Second, the
computed endemic equilibrium satisfies the equi-
librium equations to machine precision and is lo-
cally asymptotically stable for the baseline set,
with damped oscillatory components in the local
dynamics. Third, the converged control profiles
suppress post-initial growth of the exposed and
infectious classes and return the resource vari-
ables close to their disease-free levels. Fourth,
socio-economic replenishment, healthcare replen-
ishment, resource transfer, intervention intensity,
and intervention efficiency act through mathe-
matically distinct pathways and therefore produce
quantitatively different effects on the epidemic
trajectories. All interpretations are conditional
on the synthetic parameter set, the selected time
horizon, and the objective weights. (Figures 6—
9)
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Figure 6. Resource-inflow and transfer sweeps with all unvaried quantities fixed at their baseline values
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7. Conclusion

We analyzed a deterministic SEIR model cou-
pled with scaled socio-economic and healthcare-
capacity indices. The coupling is bidirectional:
Y and H reduce incidence and enhance recovery,
while infection and healthcare operation reduce
the available capacities.

The nonnegative orthant is forward invariant,
and comparison estimates yield bounded global
solutions. The disease-free resource levels are de-
termined by the coupled equations II — £Yy —
q2HoYy = 0 and Iy — g Hp + 0Yy = 0. Using
these corrected levels, we derived Ry and proved
local asymptotic stability of the disease-free equi-
librium for Ry < 1 and instability for Ry > 1. For
Ro > 1, the endemic-equilibrium equations re-
duce to a scalar equation that guarantees at least
one positive root; Proposition 4 gives a sufficient
monotonicity condition for uniqueness.

For the illustrative baseline set, Rg = 7.1244,
the disease-free equilibrium has a positive eigen-
value, and the computed endemic equilibrium sat-
isfies the steady-state equations with a residual
below 1.776 x10~14. The six eigenvalues of the full
endemic Jacobian have negative real parts, estab-
lishing local asymptotic stability of this specific
equilibrium. No general endemic-stability claim
is made outside this parameter set.

The optimal-control problem includes preven-
tion, treatment, and healthcare reinforcement.
The admissible set is treated as a closed, bounded,
convex subset of (L?(0,T))3; existence of an op-
timal control follows by weak compactness and
lower semicontinuity, and the Pontryagin prin-
ciple yields the adjoint equations and projected
control formulas. Under the selected weights,
the converged solution of the necessary optimal-
ity system produces lower exposed and infec-
tious trajectories than the uncontrolled simula-
tion and preserves higher resource trajectories af-
ter the initial transient. The forward-backward
sweep converged under the stated stopping cri-
terion and produced the discrete objective value
Jp, = 10036.7976.

The normalized forward sensitivity analysis
was recomputed from the coupled disease-free re-
source system. In the baseline set,  and A have
unit positive indices, whereas pu, b, II, and
provide the largest negative effects in magnitude.
The signs of resource-mediated sensitivities are
parameter-dependent and were therefore reported
numerically rather than asserted universally.

The parameters are synthetic and are not cal-
ibrated to a particular epidemic. The results
should therefore be interpreted as qualitative con-
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sequences of the model architecture, not as fore-
casts or direct policy estimates. Future work may
incorporate data calibration, stochastic perturba-
tions, reaction-diffusion effects, time delays, and
spatial heterogeneity, following related stochastic
and spatial epidemic frameworks.2?>28
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