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ABSTRACT

Selecting a third-party logistics provider is a multicriteria decision problem involving 
delivery reliability, service quality, environmental performance, cost control, 
and transport risk. In such problems, expert assessments are often uncertain and 
hesitant, and different possible membership values may carry different confidence 
levels. To better represent this type of evaluation information, this study develops a 
probabilistic hesitant fuzzy BWM-TODIM framework for logistics provider selection. 
In the weighting stage, probabilistic hesitant fuzzy information is incorporated 
into the best–worst method (BWM) to derive criterion weights, and a coordinated 
inconsistency adjustment mechanism is introduced to reduce the loss of probability-
weighted preference information and the resulting weight disturbance during 
consistency improvement. In the ranking stage, a probability-sensitive dissimilarity 
measure is constructed by adding a probability–membership interaction term, so 
that probabilistic hesitant fuzzy elements with similar membership structures but 
different probability distributions can be more clearly distinguished. The obtained 
dissimilarity information is then embedded into the TODIM procedure to support 
pairwise gain–loss dominance analysis under the decision maker’s risk preferences. 
A published logistics-provider selection case is used to illustrate the proposed 
framework. Since the source case does not provide direct BWM pairwise comparisons, 
the required comparison vectors are transparently reconstructed from the reported 
criterion-importance probabilistic hesitant fuzzy elements, and the decision matrix is 
normalized before calculation. The empirical analysis and supplementary tests show 
that the proposed methodological modifications can improve the interpretability of 
weighting and ranking under probabilistic hesitant fuzzy information. Sensitivity 
analyses, including dissimilarity-measure ablation, inconsistency stress testing, 
criterion-weight perturbation, probability perturbation, and comparison with 
alternative methods, further indicate that the framework is useful for identifying close 
competing alternatives and for examining the stability of the final ranking.
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1. Introduction

Decision-making involves selecting a preferred 
alternative from several candidates according to 
the decision maker’s judgments and preferences. 

As research on decision-making has advanced, 
the limitations of precise numerical values for 
representing complexity and uncertainty have 
become increasingly apparent.1-3 To address 
this limitation, Zadeh4 introduced fuzzy sets 
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to represent imprecise information. Torra5 
subsequently proposed hesitant fuzzy sets, which 
allow several possible membership values to be 
assigned to an element. However, conventional 
hesitant fuzzy sets do not explicitly distinguish 
unequal occurrence probabilities among these 
possible values. In the actual decision-making 
process, different decision makers have different 
tendencies; consequently, conventional hesitant 
fuzzy sets may not adequately represent differences 
in decision makers’ preferences. On this basis, Xu 
et al.6 proposed probabilistic hesitant fuzzy (PHF) 
sets. The concept endows each member of the 
set with a different probability and describes the 
preference information with probability, which 
can comprehensively describe the preference and 
hesitation of decision-makers. 

Multicriteria decision-making (MCDM) is 
an important part of modern decision science. 
It refers to the decision problem of selecting 
the optimal alternative or ranking alternatives 
under multiple criteria, and it is widely used in 
management and engineering.7-9 At present, PHF 
sets have been applied to solve MCDM problems 
to a certain extent. For example, Ding et al.10 
proposed an emergency logistics supplier selection 
model considering the psychological behavior of 
decision makers in a complex decision-making 
environment based on a PHF interactive and 
multicriteria decision-making (Tomada de Decisão 
Interativa Multicritério [TODIM]) method. Liu et 
al.11 proposed a TODIM multi-attribute decision-
making method based on a PHF comprehensive 
distance measure. Liao et al.12 combined the 
TODIM method with cumulative prospect 
theory for group decision making under a PHF 
environment. Zhou et al.13 proposed a probabilistic 
q-rung hesitant fuzzy TODIM method based on 
a new distance measure. These studies show that 
TODIM has been widely extended in fuzzy and 
PHF environments because it can incorporate the 
psychological preferences of decision makers.14-16

The determination of criteria weights is an 
essential step in solving MCDM problems to 
reflect the importance of each criterion to the 
final decision.17-19 At present, the method of 
determining weights in a PHF environment 
has been studied. For example, Yang et al.20 
combined social trust and opinion similarity to 
carry out linear weighting to complete the initial 
grouping and weight distribution of decision 
makers, and based on prospect theory, compared 
the gap between individual and group consensus 
to adjust the weight of non-cooperative decision 
makers, and used the TODIM–MAIRCA method 

to implicitly determine the attribute weight in 
the scheme ranking. But in this method, the 
balance between trust and similarity needs to 
be set as parameters subjectively. The weight 
results are highly sensitive to the values of the 
parameters, and the calculation complexity of 
the whole method is high. The classification of 
non-cooperative behavior is relatively rough, 
which cannot effectively distinguish the influence 
of general and serious behavior on the weight. 
Yang et al.21 proposed a method to determine 
the criterion weight value by exponential PHF 
entropy integration. They also proposed a new 
method for calculating PHF entropy, which 
addresses the difficulty of comparing probabilistic 
hesitant fuzzy elements (PHFEs) with different 
cardinalities. However, the criterion weight value 
is obtained by averaging the PHF entropy of each 
alternative under this criterion. The evaluation 
information of each alternative is uneven, and 
the entropy difference between alternatives 
under individual criteria is too large. If the 
average value is adopted, the evaluation value 
of very few alternatives will be too low, and the 
average value will be pulled down, so that the 
final weight value is lower than the evaluation 
value of each alternative, and the accurate 
criterion weight cannot be obtained. Saha et al.22 
calculated the weight of supplier selection criteria 
by using the optimization model of cross-entropy 
and discrete measurement. This method assigns 
higher weights to criteria that more effectively 
distinguish among alternatives and exhibit greater 
variation, thereby maximizing dispersion in the 
determination of criterion weights and making 
fuller use of the discriminatory information 
contained in the evaluation data. Although this 
method can derive criterion weights from the 
discriminatory information in the evaluation data, 
its computational procedure is relatively complex, 
and large between-alternative differences may 
disproportionately affect the resulting weights 
even when the corresponding criterion is not 
considered highly important. Wang et al.23 used 
the entropy weight method to calculate the index 
weight. This method equates the data dispersion 
degree of indicators with the actual importance, 
resulting in the weight of indicators with small 
differences but high criticality being seriously 
underestimated, and indicators dominated by 
extreme values may obtain artificially high 
weights.

Numerous methods are available for 
determining criterion weights, and the best worst 
multi-attribute decision-making method (best–
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worst method [BWM]) is one of them. Among the 
subjective weighting methods, the entropy weight 
method, and many other weight determination 
methods mainly used in the existing research, 
the BWM method has the advantages of more 
accurate and more convenient calculation. 
Rezaei24 improved the analytic hierarchy process 
(AHP) in 2015 and proposed the BWM method, 
which is based on pairwise comparison to obtain 
the weights of different criteria. Compared 
with AHP, BWM requires fewer pairwise 
comparisons and provides a consistency measure. 
Taking this as the theoretical background, 
Guo et al.25 extended the traditional BWM to 
a triangular fuzzy environment. Ali26 combined 
BWM with hesitant fuzzy numbers. Xu et al.27 

proposed interval hesitant fuzzy BWM from the 
perspective of interval hesitant fuzzy numbers. 
In addition, various types of fuzzy sets have been 
successfully incorporated into BWM, including 
the trapezoidal interval type-2 fuzzy BWM 
proposed by Wan et al.,28 the generalized interval-
valued trapezoidal fuzzy BWM proposed by Ali 
et al.,29 the intuitionistic fuzzy BWM proposed 
by Mou et al.,30 and the interval rough number-
based BWM proposed by Deveci.31 

However, BWM in a fuzzy environment 
still has some limitations. Although the above 
scholars introduced a variety of fuzzy sets into 
the BWM method, they did not consider the 
different membership probabilities of fuzzy sets 
and could not accurately show the preference 
information of decision makers. In the hesitant 
fuzzy BWM proposed by Ali,26 the hesitant fuzzy 
value used in the comparison standard between 
the criteria is greater than 1, which is inconsistent 
with the definition of a hesitant fuzzy number. 
Li32 proposed PHF-BWM, but the calculation 
is relatively complex, and the consistency of 
attribute weights needs to be further improved, 
so there is room for improvement. On this 
basis, this paper proposes a new BWM based 
on PHF numbers. The PHFE and BWM are 
combined to calculate the criterion weights, and 
a coordinated adjustment is proposed for cases 
with unacceptably high inconsistency.

The choice of BWM and TODIM in this paper 
is based on their complementary roles rather 
than on the assumption that they are universally 
superior to all alternatives. For weighting, 
AHP-related pairwise comparison methods 
require more comparison information when the 
number of criteria increases, while BWM uses 
the best and worst criteria as reference points 
and provides a consistency-check mechanism.24 

Entropy-based and dispersion-oriented methods 
can reflect objective data variation, but they may 
weaken the subjective importance information 
expressed by experts.21-23,33 For ranking, technique 
for order preference by similarity to ideal 
solution (TOPSIS), measurement of alternatives 
and ranking according to compromise solution 
(MARCOS), VIKOR (multicriteria optimization 
and compromise solution), and evaluation based 
on distance from average solution (EDAS) 
rank alternatives using ideal-solution, utility/
reference-solution, or average-solution principles, 
respectively.23,31,34,35 TODIM, by contrast, 
evaluates alternatives through pairwise gains and 
losses and can account for loss aversion.10,12-16,36,37 
Therefore, PHF-BWM is used to derive criterion 
weights, and TODIM is used to transform 
pairwise PHFE dissimilarities into dominance 
values.

The comparison in Table 1 further clarifies 
that the framework does not treat BWM and 
TODIM as universally optimal choices. BWM 
is selected for the weighting stage because the 
study requires expert-oriented criterion weights 
and an explicit consistency check under PHF 
information. TODIM is selected for the ranking 
stage because the proposed PHFE dissimilarity 
measure naturally produces pairwise differences, 
which can be transformed into gain–loss 
dominance values. Thus, EDAS, TOPSIS-type, 
and objective weighting methods are retained as 
comparison references, while BWM and TODIM 
form the main computational route of the present 
framework.

In the TODIM method, after determining the 
weight of each criterion, it is necessary to measure 
the distance of the fuzzy evaluation information of 
each alternative, that is, to calculate the difference 
between alternatives to determine the preferred 
one. Dissimilarity measurement is an important 
tool for PHFEs because it can show the degree 
of difference between PHF information.33,36,38 
Liu et al.38 studied a PHF recognition method 
based on a comprehensive characteristic distance 
measure. Su et al.39 discussed related uncertainty 
and information measures for PHF information. 
Fang et al.40 proposed a PHF multi-attribute 
group decision-making method based on a new 
distance measure. Ding et al.36 further proposed 
a PHF hybrid weighted distance measure that 
can consider position weight and possible value. 
Considering that the membership values of two 
PHFEs may be similar while their probability 
allocations differ, this paper adds the product 
of probability differences and membership levels, 
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so that the obtained dissimilarity becomes more 
responsive to differences in probability allocation.

Recent fuzzy-TODIM applications further 
show that the method is still being extended in 
different uncertain environments. Bhowmik et 
al.,36 for instance, proposed an extended fuzzy-
TODIM approach based on Schweizer-Sklar and 
power averaging operators to evaluate green 
energy sources in an interval-valued intuitionistic 
environment. Their study also used sensitivity 
analysis to examine the robustness of the ranking 
results. Compared with these operator-oriented 
fuzzy-TODIM studies, the present paper focuses 
on two narrower issues in PHF decision making: 

coordinated consistency adjustment in PHF-
BWM and probability-sensitive dissimilarity in 
the TODIM ranking process.

The empirical case is based on a published 
assessment of five logistics service providers 
for a food and beverage company in Chennai, 
India.35 The source study reports seven economic, 
environmental, and service criteria, three 
expert-importance matrices, expert weights, 
and an aggregate PHFE alternative matrix. 
It does not report BWM comparison vectors. 
For that reason, this paper uses the source 
criterion-importance PHFEs only as input for a 
transparent reconstruction of the Best-to-Others 

Table 1. Comparison of candidate MCDM methods and rationale for selecting BWM and TODIM

Stage
Alternative 
methods and 
references

Main feature Role in this study

Subjective 
weighting

AHP, fuzzy BWM, 
hesitant fuzzy BWM, 
PHF-BWM24-26,28,30,32

Derive criterion weights 
from expert preference 
information.

BWM is adopted because it requires 
fewer pairwise comparisons than 
AHP and provides a consistency-
check mechanism.

Objective 
weighting

Entropy, cross-
entropy, dispersion, 
and MEREC 
methods21-23,33

Determine weights from 
data dispersion, contrast, or 
information variation.

These methods are retained as 
references or comparisons because 
they may weaken subjective 
importance judgments.

Ideal-solution 
ranking

TOPSIS, MARCOS, 
VIKOR23,31,34

Rank alternatives according 
to ideal, compromise, or 
utility-based reference 
solutions.

They are not used as the main 
ranking method because the present 
study focuses on pairwise gain–loss 
dominance.

Average-
solution 
ranking

EDAS35

Evaluate alternatives by 
positive and negative 
distances from the average 
solution.

EDAS is used as an external 
comparison because the source case 
adopts a PHF-EDAS framework.

Dominance-
based ranking

TODIM, fuzzy 
TODIM, PHF-
TODIM10,12-16,36,37

Model pairwise dominance 
under gain–loss and loss-
aversion behavior.

TODIM is selected because it 
can directly incorporate PHFE 
dissimilarities and behavioral risk 
preference.

Proposed 
combination

PHF-BWM + 
probability-sensitive 
TODIM10,32,35-37

Links subjective PHF 
weighting with pairwise 
dominance ranking.

BWM determines criterion weights, 
while TODIM transforms weighted 
PHFE dissimilarities into final 
dominance values.

Abbreviations: AHP: Analytic hierarchy process; BWM: Best–worst method; EDAS: Evaluation based on distance 
from average solution; MARCOS: Measurement of alternatives and ranking according to compromise solution; MCDM: 
Multicriteria decision-making; MEREC: Method based on the removal effects of criteria; PHF: Probabilistic hesitant 
fuzzy; PHF-BWM: Probabilistic hesitant fuzzy best–worst method; PHF-EDAS: Probabilistic hesitant fuzzy evaluation 
based on distance from average solution; PHF-TODIM: Probabilistic hesitant fuzzy TODIM; PHFE: Probabilistic 
hesitant fuzzy element; TODIM: Tomada de Decisão Interativa Multicritério (interactive and multicriteria decision-
making); TOPSIS: Technique for order preference by similarity to ideal solution; VIKOR: VIseKriterijumska Optimizacija 
I Kompromisno Resenje (multicriteria optimization and compromise solution).
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and Others-to-Worst vectors. This secondary-
data adaptation is stated explicitly and checked 
against the source entropy weights.

Based on the above discussion, this study 
makes two methodological contributions and 
one application-oriented contribution. First, 
to reduce the possible loss of probabilistic 
preference information during PHF-BWM 
inconsistency adjustment, a coordinated 
adjustment mechanism is introduced by 
considering membership information, probability 
information, and weight drift together. Second, 
to distinguish PHFEs with similar membership 
supports but different probability allocations, 

a probability-sensitive PHFE dissimilarity 
measure is proposed by adding a probability–
membership interaction term. Third, to improve 
traceability and reproducibility, the framework 
is applied to a published logistics-provider case 
and is examined through dissimilarity-measure 
ablation, inconsistency stress testing, weighting 
comparison, behavioral-parameter sensitivity, 
probability perturbation, and rank-reversal 
diagnostics.

The remainder of this paper is organized as 
follows. Section 2 introduces the basic PHFS 
concepts and the data-preparation rules. Section 3 
presents the PHF-BWM weighting procedure and 

Table 2. Summary of related studies and links to the present work

Research 
stream

Representative 
studies

Main 
contribution Remaining limitation Link to this study

PHF-TODIM 
and behavioral 
MCDM

Ding et al.;10 Liao 
et al.;12 Zhou et 
al.13

Introduce 
prospect-theory 
or TODIM-based 
ranking in PHF 
settings.

The weighting stage and 
consistency adjustment 
are usually not discussed 
as the main problem.

This paper combines 
TODIM ranking 
with a PHF-BWM 
weighting and 
adjustment process.

Fuzzy-TODIM 
applications Bhowmik et al.37

Extend TODIM 
with fuzzy 
information, 
Schweizer-Sklar 
and power 
averaging 
operators.

The focus is on fuzzy 
operator aggregation 
rather than PHFE 
probability allocation.

This paper studies 
probability-sensitive 
PHFE dissimilarity 
in the TODIM 
procedure.

PHF distance/
dissimilarity 
measures

Ding et al.;36 Liu 
et al;38 Su et al.;39 
Fang et al.40

Measure 
differences 
between PHFEs.

The interaction between 
probability allocation 
and membership level 
still needs further 
attention.

This paper adds 
a probability–
membership 
interaction term and 
tests it by ablation.

Fuzzy and 
hesitant BWM

Guo and Zhao;25 
Ali and Rashid;26 
Wan et al.28

Extend BWM to 
different fuzzy 
environments.

Some models do 
not explicitly model 
probability information 
in hesitant judgments.

This paper uses 
PHFE comparison 
information in 
BWM weight 
calculation.

PHF-BWM 
weighting Li et al.32

Introduces BWM 
under PHF 
information.

Consistency adjustment 
may still change the 
implied preference and 
weight structure.

This paper uses 
a coordinated 
adjustment idea and 
verifies it through 
stress testing.

Logistics/supplier 
selection

Ortiz-Barrios et 
al.;9 Saha et al.;22 
Krishankumar et 
al.35

Apply fuzzy 
MCDM methods 
to supplier 
and logistics 
decisions.

Many applications focus 
on a single final ranking 
and provide limited 
module-level validation.

This paper 
separates weighting, 
dissimilarity, 
behavioral 
parameters, and 
perturbation effects.

Abbreviations: BWM: Best–worst method; MCDM: Multicriteria decision-making; PHF: Probabilistic hesitant fuzzy; 
PHF-BWM: Probabilistic hesitant fuzzy best–worst method; PHF-TODIM: Probabilistic hesitant fuzzy Tomada de 
Decisão Interativa Multicritério; PHFE: Probabilistic hesitant fuzzy element; TODIM: Tomada de Decisão Interativa 
Multicritério (interactive and multicriteria decision-making).
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coordinated inconsistency adjustment. Section 
4 gives the probability-sensitive dissimilarity 
measure and the TODIM calculation. Section 
5 describes the logistics-provider case and the 
reconstruction of BWM comparison vectors. 
Section 6 reports the main weighting and ranking 
results. Section 7 provides validation, sensitivity 
analysis, and discussion. Section 8 concludes 
the paper. Figure 1 illustrates the overall 
methodological framework and analysis workflow 
of this study.

2. Preliminaries

Xu et al.6 used the term hesitant probabilistic fuzzy 
set in the original definition. In recent MCDM 
studies, the term PHF set is also commonly used 
for the same type of information representation. 
To keep consistency with the PHF-MCDM 
terminology used in the present paper, this study 
uses PHF set and PHFE throughout. Unless 
otherwise specified, the two terms are treated as 
referring to the same representation.

This section introduces the basic concepts 
and operations used in the PHF-BWM-TODIM 
framework. The PHFS definition describes 
the coexistence of hesitation and probability 
in expert assessments. The score and variance 
functions provide a simple comparison rule for 
PHFEs, while probability normalization, cost-
criterion conversion, and element ordering ensure 
that the empirical data have a consistent form for 
later calculations.

2.1. Probabilistic hesitant fuzzy set
A PHFE contains two types of information. The 
membership values express the possible degrees 
to which an object satisfies a criterion, and the 

corresponding probabilities describe the relative 
support or likelihood assigned to these possible 
values. Compared with a single membership 
value, this representation retains the hesitation 
of experts; compared with an ordinary hesitant 
fuzzy element, it further records that different 
possible membership values may not have the 
same importance. In this paper, PHFEs appear 
in two places: the PHF-BWM comparison 
information used to obtain criterion weights, and 
the alternative evaluation matrix used in the 
TODIM ranking process.

Let X be a non-empty set. A PHF set  PH  on 
X is written as:

{ }, ( )P PH x h x x X= ∈∣ 	 (1)
where:

{ }( ) ; 1, 2, ,l l
Ph x p l Lγ= = …∣ 	 (2)

is a PHFE, 0 1lγ≤ ≤ , 0 1lp≤ ≤ , and:

1
1

L
l

l
p

=

=∑ 	 (3)

The published case permits 
1

1
L

l

l
p

=

≤∑  to 

represent partial ignorance.39 Before the data are 
used in the present model, the probabilities are 
normalized as:

1

l
l

L
r

r

pp
p

=

=

∑
	 (4)

This preprocessing retains the relative 
proportions of the reported probabilities while 
removing the unallocated probability mass. It is 
used only to make the secondary data compatible 
with the complete-probability form adopted in 
this study and does not introduce an additional 

Figure 1. Research framework of the proposed PHF-BWM-TODIM method
Abbreviations: PHF-BWM: Probabilistic hesitant fuzzy best–worst method; PHFE: Probabilistic hesitant fuzzy 
element; TODIM: Tomada de Decisão Interativa Multicritério (interactive and multicriteria decision-making).
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decision rule.
For a PHFE { }l lh pγ= ∣ , the score and 

variance are:

1
( )

L
l l

l
S h pγ

=

=∑ 	 (5)

( )2

1
( ) ( )

L
l l

l
V h p S hγ

=

= −∑ 	 (6)

For two PHFEs 1h  and 2h , 1 2h h>  when 
( ) ( )1 2S h S h> . If the scores are equal, the PHFE 

with the smaller variance is preferred.
The score function is used as the primary 

comparison basis because it summarizes the 
probability-weighted membership level of a 
PHFE. The variance is used only when two 
PHFEs have the same score, in which case a 
smaller variance indicates a more concentrated 
and less dispersed assessment. This comparison 
rule is also used later to determine whether one 
alternative performs better, worse, or equally 
under a given criterion before the TODIM 
dominance value is calculated.

2.2. Cost-criterion conversion and element 
ordering
Before applying TODIM, all criteria must have 
the same preference direction. Benefit criteria 
are kept unchanged because larger membership 
values indicate better performance. Cost criteria 
are converted by complementing the membership 
values, so that a lower original cost or risk is 
transformed into a higher benefit-form evaluation.

The TODIM calculation is carried out after all 
criteria have been converted to benefit form. A 
cost PHFE is transformed by:

{ }1c l lh pγ= − ∣ 	 (7)

Within each PHFE, membership values are 
ordered from small to large, and each probability 
remains attached to its original membership. The 
logistics-provider matrix has two components 
in every entry, so no cardinality extension is 
required.

Ordering is required because the dissimilarity 
measure compares the components of two 
PHFEs position by position. When the order 
of membership values changes, the attached 
probabilities must move together with their 
original membership values; otherwise, the 
probability information would be separated 
from the assessment to which it belongs. Since 
every entry in the logistics-provider decision 

matrix contains two components, no artificial 
element extension is performed in the empirical 
calculation.

3. Probabilistic hesitant fuzzy best–worst 
method

This section describes how the criterion weights 
are obtained under PHF information. The PHF-
BWM procedure includes comparison-vector 
construction, membership and probability 
optimization, consistency checking, and 
coordinated adjustment when the consistency 
ratio exceeds the accepted threshold.

3.1. Comparison information and weight 
calculation
Let 1 2{ , , , }nC C C C= …  be the criterion set. The 
best criterion is denoted by BC  and the worst 
criterion by WC . The probabilistic Best-to-Others 
and Others-to-Worst vectors are:

( )1 2, , ,OB B B nBA n n n= … 	 (8)

( )1 2, , ,WO W W WnA n n n= … 	 (9)

Each comparison is a PHFE:

{ }; 1, ,a a
jB jB jBn n p a m= = …∣ 	 (10)

{ }; 1, ,a a
Wj Wj Wjn n p a m= = …∣ 	 (11)

When judgments are collected directly, the 
linguistic scale in Table 3 may be used. If 
only published criterion-importance PHFEs are 
available, the BWM comparison vectors are 
reconstructed from relative importance scores 
as explained in Section 5.2. This reconstruction 
is a data-processing step and should not be 
interpreted as direct BWM elicitation.

Algorithm 1. PHF-BWM weighting and 
coordinated consistency adjustment

Step 1: identify the criteria, the best criterion, and 
the worst criterion.
Step 2: obtain or reconstruct the Best-to-Others 
and Others-to-Worst PHFE comparison vectors.
Step 3: solve the membership optimization model 
and the probability optimization model.
Step 4: calculate the crisp criterion weights using 
the PHFE score function.
Step 5: calculate the consistency ratio.
Step 6: if the consistency ratio is acceptable, retain 
the weights; otherwise, apply the coordinated 
adjustment and recalculate the weights and 
consistency ratio.



	 8�

A probabilistic hesitant fuzzy BWM-TODIM framework with coordinated consistency adjustment and a...

Table 3. Linguistic scale for direct PHF-BWM 
judgments

Linguistic judgment PHFE

Equally important { }11/ 3,11/ 3,11/ 3

Relatively unimportant { }0.7 0.2,0.8 0.4,0.9 0.4

Quite unimportant { }0.5 0.2,0.6 0.3,0.7 0.5

Very unimportant { }0.3 0.1,0.4 0.6,0.5 0.3

Absolutely unimportant { }0.1 0.2,0.2 0.5,0.3 0.3

Abbreviations: PHF-BWM: Probabilistic hesitant fuzzy 
best–worst method; PHFE: Probabilistic hesitant fuzzy 
element.

Let the PHF weight of jC  be:

{ }; 1, , .a a
j j jw h p a m= = …∣ 	 (12)
For the membership components, the following 

minimax model is solved:
minξ

subject to

,
a a
j a aW

jB Wja a
B j

h hn n
h h

ξ ξ− ≤ − ≤ 	 (13)

1 1
1, 0 1

/ 2

a
n m j a

jj a

h
h

n= =
= ≤ ≤∑ ∑ 	 (14)

The probability components satisfy:

,
a a
j a aW

jB p Wj pa a
B j

p pp p
p p

ξ ξ− ≤ − ≤ 	 (15)

1
1, 0 1m a a

j ja
p p

=
= ≤ ≤∑ 	 (16)

The score of the fuzzy weight and its normalized 
crisp value are:

( ) 1

m a a
j j ja

S w h p
=

=∑ 	 (17)

( )
( )1

j
j n

rr

S w
w

S w
=

=
∑

	 (18)

3.2. Consistency ratio
For component a , complete consistency requires:

.a a a
Wj jB WBn n n= 	 (19)
Let:

{ }a
WB a WBmax nα = 	 (20)

The continuous consistency index is:

( ) 1 2 1 8
2

WB WB
WBCI

α α
α

+ + +
= 	 (21)

The consistency ratio is:

( )
*

WB

CR
CI

ξ
α

= 	 (22)

A comparison system is accepted when 0.20CR ≤
.

3.3. Coordinated inconsistency 
adjustment
When 0.20CR > , changing only the membership 
comparison may reduce inconsistency but can also 
alter the probabilistic meaning of the judgment 
and the final weights. The repair is therefore 
written as a constrained adjustment problem:

( )0
1 2, 1

min na a a a
r r r r j jr a j

J n p n p w wξ λ λ′ ′
′=

= + − + −∑ ∑
	
(23)

subject to:

( ) 0.20CR A′ ≤ 	 (24)

0 1, 0 1, 1a a a
r r ra

n p p′ ′ ′≤ ≤ ≤ ≤ =∑ 	 (25)

Here, A′  is the repaired comparison system 
and (0)

jw  is the preliminary weight before 
repair. The first penalty limits the change in 
probability-weighted preference information. The 
second limits the change in the criterion-weight 
vector. In the empirical stress test, 1 2 1λ λ= =  is 
used as the baseline, followed by a parameter 
check. This formulation does not force the 
weights to remain unchanged. Its purpose is to 
reduce unnecessary disturbance while restoring 
acceptable consistency.

4. Probability-sensitive dissimilarity 
measure and TODIM

This section presents the ranking part of the 
framework. A probability-sensitive dissimilarity 
measure is first defined for PHFEs, and then the 
measure is embedded into TODIM to support 
pairwise gain-and-loss comparison among 
logistics providers.

4.1. Proposed probabilistic hesitant fuzzy 
element dissimilarity measure
Let 1 1 1{ }l lh pγ= ∣  and 2 2 2{ }l lh pγ= ∣  be two ordered 
PHFEs with the same cardinality L . The 
proposed dissimilarity is:
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( )1 2 1 1 2 21

1 2 1 2 1 2 1 2

1, [
3

                 ]

L l l l l
P l

l l l l l l l l

d h h p p

p p p p

γ γ

γ γ γ γ

=
= −

+ − + −

∑ 	
(26)

The first term measures the difference in 
probability-weighted membership. The second 
records the membership difference with the two 
occurrence probabilities. The third is the added 
interaction term. It increases the response when 
two PHFEs have similar membership support 
but allocate probability differently, particularly 
at larger membership levels. The measure is non-
negative, symmetric, and satisfies ( , ) 0Pd h h = . 
Because the triangle inequality is not established, 
the expression is used as a dissimilarity measure 
in the TODIM calculation rather than as a 
distance metric.

Proposition 1. The proposed expression 
is non-negative, symmetric, and equals zero 
when the two PHFEs are identical. In addition, 
after normalization by the three terms in the 
expression, its value is bounded within [0,1]. Since 
the triangle inequality is not established here, this 
paper uses the term dissimilarity measure rather 
than distance metric. This wording is consistent 
with the role of the expression in TODIM, where 
it describes the magnitude of pairwise difference 
rather than constructing a metric space.

4.2. TODIM calculation
Let maxr j jw w=  be the reference weight and:

j
jr

r

w
w

w
= 	 (27)

For alternatives kA  and tA , the dominance 
contribution under criterion jC  is:

( )

( )

( ) ( )

1

1

,
, ,

, 0, ,

,1 ,

jr p kj tj
kj tjn

srs

j k t kj tj

n
sr p kj tjs

kj tj
jr

w d h h
h h

w

A A h h

w d h h
h h

w

φ

θ

=

=


 >

= =


− <


∑

∑

	
	 (28)

The pairwise dominance and total dominance 
are:

( ) ( )1
, ,n

k t j k tj
A A A Aϑ φ

=
=∑ 	 (29)

( )1
,m

k k tt
T A Aϑ

=
=∑ 	 (30)

The normalized value is:

( ) min .
max min

k i i
k

i i i i

T TA
T T
−

Φ =
−

	 (31)

Alternatives are ranked in descending order of 
( )kAΦ .

Algorithm 2. Probability-sensitive TODIM ranking

Step 1: input the normalized PHFE decision 
matrix and the PHF-BWM criterion weights. 
Step 2: convert all cost criteria into benefit criteria 
and order PHFE elements. 
Step 3: calculate the score of each PHFE to judge 
the gain or loss relation between two alternatives.
Step 4: calculate the proposed PHFE dissimilarity 
under each criterion. 
Step 5: calculate the local dominance contribution 
and aggregate it into the pairwise dominance 
value. 
Step 6: obtain the total and normalized dominance 
values and rank the alternatives.

5. Case study and data preparation

This section explains how the published logistics-
provider data are used in the empirical analysis. 
The criterion-importance PHFEs provide 
the basis for reconstructing the PHF-BWM 
comparison vectors, whereas the published 
aggregate alternative matrix is used for TODIM 
ranking after probability normalization and cost-
criterion conversion.

5.1. Case background
The data come from the logistics-provider study 
reported by Krishankumar et al.35 The focal 
company is an anonymized food and beverage 
enterprise in Chennai. It selected five third-
party logistics providers from an initial list of 10. 
Three experts—a finance and audit employee, a 
logistics manager, and a senior human resources 
employee—evaluated the providers under seven 
criteria. The criteria are on-time delivery (C1), 
service quality (C2), adoption of green practices 
(C3), customer relationship and harmony (C4), 
pollution-control strategy (C5), total cost (C6), 
and damage to raw materials during shipment 
(C7). The first five criteria are benefits, while the 
last two are costs.

The case is suitable for illustrating the 
framework for three reasons. First, it is based 
on traceable published data and provides PHFE-
based criterion-importance information and 
an aggregate PHFE decision matrix. Second, 



	 10�

A probabilistic hesitant fuzzy BWM-TODIM framework with coordinated consistency adjustment and a...

it includes both benefit and cost criteria, 
which allows the cost-conversion rule to be 
demonstrated. Third, the criteria cover delivery, 
service, environmental performance, customer 
relationship, pollution control, total cost, and 
shipment damage, so the evaluation contains 
economic, operational, environmental, and risk-
related dimensions. The three experts come from 
finance and audit, logistics management, and 
human resources. Although this expert group 
is not large, it provides different functional 
perspectives for an illustrative case.

The source study uses an attitude-based 
entropy procedure and PHF-EDAS. The present 
paper reuses the published criterion-importance 
PHFEs and the published aggregate alternative 
matrix but recalculates all weights, dissimilarities, 
dominance values, and rankings. The data source 
and the transformation rules are kept separate 
from the proposed method (Figure 2).

5.2. Reconstruction of PHF-BWM 
comparisons
The source article does not contain direct BWM 
comparisons. For expert e  and criterion j , the 
normalized importance score is:

l l
ej ej ejl

s pγ=∑ 	 (32)

The aggregated importance is:
3

1j e eje
G sλ

=
=∑ 	 (33)

where the published expert-weight vector is:

( )0.3274,0.3013,0.3713=λ 	 (34)
The best and worst criteria are obtained 

from the largest and smallest jG . To keep every 
reconstructed comparison within [0,1], a bounded 
ratio is used:

( ) ( )
( )

min ,

max ,
ej eBe

jB
ej eB

s s
r

s s
= 	 (35)

( ) ( )
( )

min ,

max ,
eW eje

Wj
eW ej

s s
r

s s
= 	 (36)

The three expert-specific ratios form the 
membership support, and the expert weights 
form the associated probabilities:

( ) ( ) ( ){ }1 2 3
1 2 3, ,jB jB jB jBn r r rλ λ λ= ∣ ∣ ∣ 	 (37)

( ) ( ) ( ){ }1 2 3
1 2 3, ,Wj Wj Wj Wjn r r rλ λ λ= ∣ ∣ ∣ 	 (38)

This reconstruction converts absolute 
importance assessments into relative comparisons. 
It is not equivalent to asking the original experts 
to complete a BWM questionnaire; therefore, 
the resulting weights should be interpreted as 
reconstructed PHF-BWM weights based on the 
published criterion-importance information.

The reconstructed comparisons and resulting 
weights should therefore be interpreted carefully. 
The reconstructed comparison vectors are 
derived from the published criterion-importance 
PHFEs and thus preserve the relative importance 
information reported in the source study. 
However, the procedure compresses each expert-
specific PHFE into a score before constructing 
relative ratios, and it cannot fully reproduce 
the cognitive process of direct BWM pairwise 
comparison. For this reason, the obtained weights 
are described as PHF-BWM weights reconstructed 
from secondary criterion-importance data. The 
reconstruction rule is reported explicitly, and the 
resulting weights are compared with the source 
entropy-based weighting logic in the validation 

Figure 2. Data-processing procedure of the empirical case
Abbreviations: PHF-BWM: Probabilistic hesitant fuzzy best–worst method; PHFE: Probabilistic hesitant fuzzy 
element; TODIM: Tomada de Decisão Interativa Multicritério (interactive and multicriteria decision-making).
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section.

Algorithm 3. Reconstruction of PHF-BWM 
comparisons from secondary PHFE data

Step 1: normalize the probabilities of each 
published criterion-importance PHFE. 
Step 2: compute the expert-specific criterion score.
Step 3: aggregate the criterion scores using the 
published expert weights.
Step 4: determine the best and worst criteria from 
the largest and smallest aggregate scores. 
Step 5: calculate bounded ratios between each 
criterion and the best and worst criteria.
Step 6: form the reconstructed PHFE comparison 
vectors by treating the three expert-specific ratios 
as membership supports and the expert weights as 
their associated probabilities. 

The expert-specific criterion scores, 
aggregated scores, and resulting best and worst 
criterion designations used in the PHF-BWM 
reconstruction are presented in Table 4.

Based on the aggregated scores, C7 was 
identified as the best criterion and C5 as the 
worst criterion.

5.3. Alternative matrix preparation
The published aggregate matrix allows the sum 
of probabilities to be less than one. Each cell is 
first normalized by /l l r

r
p p p= ∑ . Cost criteria C6 

and C7 are then transformed by complementing 
their membership values. 

6. Main results

6.1. Criterion weights
The reconstructed comparisons were entered into 

the PHF-BWM model. The optimal deviation was 
* 0.104410ξ = , the continuous consistency index 

was 2.841301CI = , and 0.036747 0.20.CR = <
No inconsistency repair was required in the 

baseline case (Table 5).
C7 receives the largest weight, followed by total 

cost. The differences among C1–C4 are small, 
suggesting that modest changes in these weights 
could affect the relative positions of the leading 
providers (Figure 3).

6.2. TODIM ranking
The baseline TODIM calculation uses 0.5θ = . This 
value represents a relatively loss-averse behavioral 
setting, which is reasonable in logistics-provider 
selection because cost overruns, delivery failures, 
and shipment damage are usually viewed more 
seriously than equivalent gains. Nevertheless, 
theta is a behavioral parameter rather than a 
universal constant. For this reason, Section 7.3 
reports a sensitivity analysis over several theta 
values.

With 0.5θ = , the total and normalized 
dominance values are shown below (Table 6).

The resulting order is 
5 2 1 4 3TLP TLP TLP TLP TLP> > > > . TLP5 

and TLP2 are separated by only 0.0079 in the 
normalized score. This small difference indicates 
that TLP5 and TLP2 are closely ranked, rather 
than clearly separated. TLP3 is clearly separated 
from the other providers.

7. Validation, sensitivity analysis, and 
discussion

7.1. Independent inconsistency stress test
The main case and the stress test have different 

Table 4. Criterion-importance scores used in the best–worst method reconstruction

Criterion Expert 1 Expert 2 Expert 3 Aggregated score Role

C1 0.4625 0.5471 0.6719 0.5657

C2 0.5800 0.5000 0.5618 0.5491

C3 0.4794 0.6529 0.5676 0.5645

C4 0.5526 0.6176 0.4735 0.5429

C5 0.5250 0.4971 0.5700 0.5333 Worst

C6 0.5265 0.5750 0.6265 0.5782

C7 0.6526 0.5944 0.6294 0.6265 Best
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functions. The main case is used to obtain the 
baseline weights and final ranking, whereas the 
stress test is designed only to examine whether 
the adjustment mechanism behaves as expected 
when inconsistent PHF-BWM information occurs 
(Table 7).

Table 5. Criterion weights obtained by the 
reconstructed PHF-BWM

Criterion Description Weight Rank
C1 On-time delivery 0.1371 6

C2 Service quality 0.1410 3

C3
Adoption of green 
practices 0.1396 4

C4

Customer 
relationship/
harmony

0.1392 5

C5
Pollution control 
strategy 0.1304 7

C6 Total cost 0.1489 2

C7
Damage during 
shipment 0.1639 1

Abbreviation: PHF-BWM: Probabilistic hesitant fuzzy 
best–worst method.

The baseline comparison system is already 
consistent, so the coordinated adjustment is 
not activated in the main weighting result. 
To examine its behavior under unacceptable 
inconsistency, an independent stress test was 
conducted. The three components of the worst-

to-best comparison were replaced by c = 0.20, 
0.10, and 0.05. The corresponding pre-repair 
consistency ratios are 0.2342, 0.3170, and 
0.3747. Under the coordinated repair model with 

1 2 1λ λ= = , the common repaired membership 
was *x =0.25494 and the consistency ratio was 
reduced to the acceptance boundary of 0.20.

Table 6. TODIM dominance values and rankings

Alternative Total 
dominance

Normalized 
value Rank

TLP1 −20.0188 0.9009 3

TLP2 −19.4602 0.9921 2

TLP3 −25.5387 0.0000 5

TLP4 −22.7417 0.4565 4

TLP5 −19.4117 1.0000 1

Compared with a fixed adjustment to the 
nearest linguistic anchor 0.30, the coordinated 
model reduces the L1 weight drift by 44.25%, 
21.40%, and 16.83% in the three stress scenarios. 
It also retains the complete-probability condition. 
These results indicate that the adjustment can 
reduce unnecessary disturbance in the comparison 
information and the derived criterion weights, 
although it does not eliminate weight changes 
completely (Figure 4).

A parameter check shows that balanced 
or stronger preservation penalties select the 

Figure 3. Criterion weights obtained by the reconstructed PHF-BWM
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minimum feasible repair. Very weak penalties place 
too much emphasis on reducing the optimization 
deviation and produce an unnecessarily large 
change. 

7.2. Dissimilarity-measure ablation
The third term of Pd  was removed to form an 
ablated dissimilarity. Weighted Hamming and 
weighted Euclidean distances were also tested 
while the weights and TODIM parameters were 
held fixed (Table 8; Figure 5).

Table 8. Rankings under different dissimilarity 
settings

Distance 
setting Ranking Gap

Proposed 
interaction 
dissimilarity

TLP5 > TLP2 > TLP1 
> TLP4 > TLP3 0.0079

Ablated 
dissimilarity

TLP5 > TLP1 > TLP2 
> TLP4 > TLP3 0.0337

Weighted 
Hamming

TLP1 > TLP2 > TLP5 
> TLP4 > TLP3 0.0371

Weighted 
Euclidean

TLP1 > TLP5 > TLP2 
> TLP4 > TLP3 0.0669

The proposed interaction term affects the 
ordering of the top three alternatives. With the 
full dissimilarity measure, TLP5 ranks narrowly 
ahead of TLP2. Removing the interaction term 
keeps TLP5 first but moves TLP1 to second. 
Hamming and Euclidean settings place TLP1 
first. The experiment therefore shows that 
probability allocation contributes materially to 
the result. 

7.3. Sensitivity to the TODIM loss 
parameter 
This section examines how changes in the TODIM 
loss parameter affect the normalized dominance 
values and ranking of the alternatives (Table 9; 
Figure 6).

For θ from 0.10 to 0.50, TLP5 ranks first. 
TLP2 becomes first under larger theta values, 
whereas TLP3 remains last throughout. This 
result indicates that the behavioral parameter 
matters when the leading alternatives are close. 
The baseline value is therefore interpreted as one 
reasonable behavioral setting, not as the only 
possible risk-attitude assumption.

7.4. Criterion-weight perturbation
Each criterion weight was varied by ±5%, 

Table 7. Role of the inconsistency-adjustment experiment

Item Main case Stress test

Purpose Baseline weighting and ranking Validation of repair behavior

Consistency ratio before repair 0.036747 0.2342, 0.3170, and 0.3747

Repair activated? No Yes

Used for final ranking? Yes No

Used for method validation? Partly Yes

Figure 4. Visual summary of the independent inconsistency stress test. (A) Consistency recovery. (B) 
Disturbance reduction.
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Figure 5. Alternative scores under four dissimilarity settings
Notes: TLP3 had a normalized dominance value of 0.0000 under all four settings; consequently, its bars have 
zero height and are not visible.

Figure 6. Sensitivity of normalized dominance values to the TODIM loss parameter
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±10%, and ±20%, one at a time, followed by 
renormalization. This produced 42 scenarios 
(Table 10).

Table 10. Summary of one-at-a-time weight 
perturbation results

Indicator Result
Number of one-at-a-time scenarios 42

TLP5 ranked first 26 scenarios

TLP2 ranked first 16 scenarios

Unchanged complete ranking 26 scenarios

Mean Spearman rank correlation 0.9571

Minimum Spearman rank 
correlation 0.7000

The mean Spearman correlation is high, but 
the first position switches between TLP5 and 
TLP2. Most changes are confined to the leading 
alternatives; TLP3 remains last. This pattern is 
consistent with the small baseline score gap.

7.5. Probability perturbation
The probability of the first element in each two-
element PHFE was perturbed independently, 
and the second probability was set to one minus 
the first. Five hundred simulations were run for 
each perturbation range with a fixed random 
seed (Table 11).

TLP5 remains the most frequent winner, but 
its selection frequency falls from 59.8% under 
±5% perturbation to 55.2% under ±10%. The 

mean rank correlation also declines. The proposed 
dissimilarity measure is responsive to probability 
changes, as intended, but that responsiveness 
also means that uncertain probability estimates 
should be subjected to sensitivity analysis.

7.6. Weighting and ranking-method 
comparison
Using the source article’s entropy weights with 
the same dissimilarity measure and TODIM 
procedure gives TLP2 > TLP5 > TLP1 > TLP3 
> TLP4. The published PHF-EDAS result is 
TLP1 > TLP4 > TLP2 > TLP5 > TLP3.

The different orders are expected because the 
weighting logic and the ranking logic differ. The 
proposed model uses reconstructed subjective 
importance relations and pairwise gain–loss 
dominance, while the source model uses entropy-
style weights and distance from an average 
solution. Without a verified true ranking, the 
comparison is evidence of method sensitivity, not 
proof that one ranking is objectively correct.

7.7. Rank-reversal check
A deletion test was used as an additional 
diagnostic. When TLP3, the baseline last-ranked 
provider, was removed, the remaining order 
became TLP1 > TLP5 > TLP2 > TLP4.

The first position therefore changed from 
TLP5 to TLP1. This result indicates that the 
ranking may be sensitive to the alternative set in 
the present TODIM implementation.

7.8. Scenario-based numerical 
experiments
Because a single empirical case may be influenced 

Table 9. Sensitivity of normalized dominance to TODIM loss parameter θ

θ TLP1 TLP2 TLP3 TLP4 TLP5

0.1 0.8929 0.9665 0.0000 0.4177 1.0000

0.25 0.8959 0.9761 0.0000 0.4322 1.0000

0.5 0.9009 0.9921 0.0000 0.4565 1.0000

1 0.8894 1.0000 0.0000 0.4934 0.9763

2 0.8549 1.0000 0.0000 0.5546 0.9179

5 0.7700 1.0000 0.0000 0.7055 0.7742

10 0.6699 1.0000 0.0000 0.8833 0.6048
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by its own data structure, a supplementary 
scenario-based numerical experiment was 
conducted. This experiment was used as a 
computational stability check and was not treated 
as a substitute for independent real applications. 
It examined whether the procedure remains stable 
when the number of alternatives, the number of 
criteria, and the probability structure of PHFEs 
were changed.

In each setting, two-component PHFEs with 
complete probabilities were generated under a 
fixed random seed. The membership values were 
generated around the latent performance order 
with random noise, while the probabilities were 
assigned according to balanced, concentrated, 
dispersed, or mixed patterns. A known latent 
order, A1 > A2 > ... > Am, was used only 
as a benchmark for evaluating the ranking 
output. The PHF-TODIM calculation and the 
probability-sensitive dissimilarity measure are 
applied consistently across all settings. Each 
setting is repeated 100 times (Table 12; Figure 
7).

The results show that the procedure remains 
computationally usable under the tested scales. 
When the number of alternatives increases, 
the full-order retention rate decreases because 
adjacent alternatives become closer, but the 
mean Spearman correlation remains above 
0.995 in all settings. The probability-structure 
tests also show that concentrated and dispersed 
probabilities do not invalidate the procedure, 
although dispersed and mixed settings make 
the complete ranking more sensitive. These 
findings provide supplementary evidence for the 
computational stability of the framework, while 
also showing that additional real-world cases are 
still needed for broader generalization.

7.9. Theoretical and managerial 
implications
From a theoretical perspective, the study shows 

that probability information in PHFEs should not 
be treated only as an auxiliary description. It can 
affect both the reconstructed weight information 
and the final TODIM dominance values. The 
coordinated adjustment also changes the focus 
of consistency repair from merely reducing the 
consistency ratio to reducing unnecessary changes 
in probabilistic preference information and 
criterion weights. The ablation and perturbation 
experiments further help separate the effects of 
weighting, dissimilarity, behavioral parameters, 
and probability uncertainty.

From a managerial perspective, the results 
suggest that logistics-provider selection should 
not rely mechanically on a single ranking value. 
In the baseline calculation, TLP5 is slightly ahead 
of TLP2, but the difference is narrow. Managers 
should therefore treat these two providers as 
close competitors and may conduct additional 
negotiation, site investigation, or risk checks 
before making the final contract decision. The 
θ-sensitivity analysis also shows that different 
assumptions about risk attitudes may produce 
different leading alternatives, especially when 
alternatives have similar overall performance.

7.10. Limitations
Several limitations should be acknowledged. First, 
the empirical analysis is based on a single logistics-
provider case involving only three experts; 
therefore, the generalizability of the findings 
remains limited. Second, the source case does 
not provide direct BWM pairwise judgments; the 
BWM vectors are reconstructed from secondary 
criterion-importance PHFEs, which may not fully 
reproduce direct expert comparisons. Third, the 
baseline comparison system is already consistent, 
so the inconsistency adjustment is examined 
through a stress test rather than activated in 
the main case. Fourth, the TODIM parameter 
θ and the probability assignments may influence 
the leading alternatives. Fifth, the numerical 

Table 11. Probability perturbation results

Probability 
perturbation

TLP1 
first

TLP2 
first

TLP3 
first

TLP4 
first

TLP5 
first

Mean 
Spearman 

rank 
correlation

Baseline order 
frequency

±5% 0.188 0.212 0.000 0.002 0.598 0.8188 0.236

±10% 0.232 0.180 0.000 0.036 0.552 0.6932 0.142
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Table 12. Results of the scenario-based numerical experiments

Scenario Scale Prob. 
structure A1 first Top-three 

retained
Full order 
retained

Mean 
Spearman

Mean 
gap

S1 5 × 7 Balanced 100.00% 100.00% 100.00% 1.0000 0.2186

S2 8 × 7 Balanced 98.00% 95.00% 90.00% 0.9976 0.1056

S3 10 × 7 Balanced 95.00% 88.00% 77.00% 0.9971 0.0740

S4 5 × 10 Balanced 100.00% 100.00% 100.00% 1.0000 0.2054

S5 5 × 12 Balanced 100.00% 100.00% 100.00% 1.0000 0.2079

S6 8 × 10 Balanced 100.00% 98.00% 98.00% 0.9995 0.1061

S7 10 × 12 Balanced 98.00% 98.00% 91.00% 0.9989 0.0741

S8 5 × 7 Concentrated 100.00% 100.00% 100.00% 1.0000 0.1967

S9 5 × 7 Dispersed 100.00% 100.00% 100.00% 1.0000 0.2598

S10 8 × 10 Mixed 99.00% 94.00% 82.00% 0.9957 0.1365

S11 10 × 12 Concentrated 99.00% 99.00% 97.00% 0.9996 0.0686

S12 10 × 12 Dispersed 99.00% 94.00% 71.00% 0.9955 0.1071

Figure 7. Visual summary of the scenario-based numerical experiments. (A) Ranking stability across data 
scales. (B) Spearman rank correlation across scenarios. (C) Average separation of the leading alternatives across 
scenarios.
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experiments are synthetic checks rather than 
independent real cases, so they should be 
understood as supplementary evidence of 
computational behavior, not as direct empirical 
validation in another industry. 

8. Conclusion

This study develops a PHF-BWM-TODIM 
framework for logistics-provider selection. In 
the weighting stage, a coordinated inconsistency 
adjustment is used to reduce the loss of 
probability-weighted preference information and 
the associated weight drift. In the ranking stage, 
a probability–membership interaction term is 
added to the PHFE dissimilarity measure and 
embedded into TODIM. The published case 
involving five alternatives and seven criteria 
produces the baseline order TLP5 > TLP2 
> TLP1 > TLP4 > TLP3, but the first two 
providers are very close.

The validation results provide cautious 
support for the two methodological adjustments. 
The inconsistency stress test shows that the 
coordinated adjustment can reduce weight drift 
compared with a fixed linguistic-anchor repair. 
The dissimilarity-measure ablation shows that the 
interaction term changes the top-three ordering, 
indicating that probability allocation has a 
material influence on the result. The sensitivity 
analyses also reveal important qualifications: 
the first position can switch between TLP5 and 
TLP2 under different theta or weight settings, 
probability perturbation affects the top order, 
and deletion of an alternative may produce 
rank reversal. The scenario-based numerical 
experiments further indicate that the procedure 
remains stable under several synthetic settings 
with different numbers of alternatives, criteria, 
and probability distributions, although exact 
full-order retention becomes weaker when the 
scale and probability dispersion increase.

Future work should collect direct PHF-BWM 
judgments, test more real cases, compare the 
adjustment with additional consistency-repair 
algorithms, and further study ranking procedures 
with greater robustness to rank reversal.
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