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This paper presents a fractional-order mathematical model for describing the
dynamics of cancer biomarkers based on the Caputo fractional derivative. The
proposed model incorporates memory effects inherent in biological systems,
which provides a more realistic framework than the corresponding classical
integer-order model. The existence and uniqueness of solutions are established
using fixed-point theory, while the local stability of the equilibrium point is
investigated through suitable stability criteria. Numerical solutions are ob-
tained using the Generalized Fractional Taylor Expansion (GFTE), and the
effectiveness and accuracy of the proposed numerical scheme are demonstrated.
Furthermore, Particle Swarm Optimization (PSO) is employed for determining
the optimal model parameters and nanoparticle dosage to improve tumor size
estimation. The numerical results reveal the influence of the fractional-order
parameter on biomarker dynamics and show that the proposed fractional-order
model offers a flexible and robust framework for cancer biomarker analysis,
early tumor detection, and optimization-based parameter estimation.
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1. Introduction

Cancer is a complex and multifaceted disease, and
despite ongoing advances in detection and treat-
ment, it remains one of the leading causes of death
worldwide. One of the key challenges in oncol-
ogy lies in the accurate modeling and analysis of
cancer biomarkers, which play a critical role in
early diagnosis, monitoring treatment responses,
and predicting disease progression.

Classical models used to describe biomarker
behavior are typically based on classical integer-
order differential equations. However, such mod-
els are often inadequate when dealing with biolog-
ical systems that exhibit memory effects, hered-
itary properties, and anomalous diffusion. At

the same time, recent developments in compu-
tational mathematics have focused on construct-
ing numerically stable polynomial approximation
frameworks that improve the robustness of stabil-
ity analysis and nonlinear computations.1 These
limitations have led to growing interest in frac-
tional calculus, which extends the concept of dif-
ferentiation and integration to non-integer orders,
enabling more realistic and flexible modeling of
complex biological processes.

In addition to tumor-related mathematical
modeling, recent studies have extensively inves-
tigated the qualitative and dynamical behavior of
nonlinear fractional-order systems arising in var-
ious scientific fields including ecological models,
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chemical kinetics, chaotic systems, and stochas-
tic dynamical systems. For instance, fractional-
order ecological systems have been studied in
the context of synchronization and boundedness
analysis, highlighting complex dynamical behav-
iors such as combination synchronization and
ultimate boundedness. Similarly, synchroniza-
tion phenomena in coupled integer, fractional,
and delay chaotic systems have been examined
to understand the interaction between different
dynamical regimes.2 Moreover, fractional-order
models have been successfully applied in chemi-
cal kinetics, such as catalytic processes, demon-
strating the versatility of fractional calculus in
describing memory-dependent reaction dynam-
ics.3 In addition, stochastic and spatially de-
pendent predator–prey systems have been ana-
lyzed using both analytical and numerical tech-
niques to capture randomness and spatial ef-
fects in biological interactions.4 Furthermore, re-
cent studies on tumor–immune interaction mod-
els and delayed predator–prey systems have fo-
cused on the existence and uniqueness of so-
lutions, stability analysis, bifurcation phenom-
ena, and control strategies, including delay feed-
back and hybrid controllers.5–9 Despite these ad-
vances, most existing works address either eco-
logical, chaotic, or tumor–immune systems inde-
pendently, while limited attention has been given
to fractional-order cancer biomarker models inte-
grated with nanoparticle-based detection and op-
timization techniques for tumor size estimation.

The authors in10 developed a mathematical
model of cancer biomarkers. The effectiveness of
cancer treatment largely depends on the ability
to detect the disease at an early stage. How-
ever, existing biomarker technologies lack suf-
ficient predictive capability to identify cancer
early enough to significantly improve patient out-
comes. Current imaging techniques and blood-
based biomarkers are generally limited to detect-
ing tumors only after they reach a minimum di-
ameter of 1 cm, a process that may take up to ten
years. Furthermore, most existing biosensor mod-
els do not provide a mechanism for estimating or
tracking tumor size. In,11 the authors developed
an ultra-sensitive tumor-penetrating nanosensor
capable of detecting tumors smaller than 5 mm;
however, the model presented in10 does not in-
clude a method for quantifying tumor size. In,12

the authors aim to enhance the mathematical
model of the activity-based nanosensor by incor-
porating a measurable indicator of tumor size,
based on the hypothesis that the concentration
of cleavable reporters in urine increases as tumor
size grows. This paper focuses on the existence

and uniqueness theory for a fractional-order can-
cer model.

Despite the significant progress achieved
in cancer biomarker modeling and nanoparticle-
based sensing technologies, existing mathemati-
cal models are primarily formulated using clas-
sical integer-order differential equations, which
are unable to adequately represent the memory-
dependent and hereditary characteristics of bi-
ological processes. Moreover, most available
studies focus on biomarker detection or tumor–
immune interactions without providing a com-
prehensive mathematical framework that com-
bines rigorous theoretical analysis, efficient nu-
merical approximation, and optimization for can-
cer biomarker dynamics. Therefore, there re-
mains a need for a reliable fractional-order math-
ematical model capable of accurately describing
biomarker evolution while supporting optimal tu-
mor size estimation.

The main motivation of this study is to de-
velop a mathematically reliable fractional-order
framework to describe the dynamics of can-
cer biomarkers and nanoparticle-based detection
systems. Since biological processes inherently
exhibit memory and hereditary characteristics,
fractional-order models provide a more realistic
representation than classical integer-order mod-
els. In this context, investigating the stability of
the proposed model is essential because it ensures
that biomarker concentrations remain bounded
and converge toward biologically meaningful equi-
librium states under small perturbations. Estab-
lishing the stability of the proposed model ensures
that the predicted biomarker dynamics remain
biologically meaningful and mathematically reli-
able, thereby providing a solid theoretical foun-
dation for tumor size estimation, numerical sim-
ulation, and optimization.

Recent advances have demonstrated the
growing importance of fractional-order modeling
in complex engineering and biomedical applica-
tions. For instance, fractional fuzzy Roesser
and Fornasini–Marchesini models have been de-
veloped to investigate granular fuzzy continuous-
time systems with fractional dynamics. Further-
more, fuzzy fractional epidemic models based on
the Caputo derivative have been successfully em-
ployed to describe the transmission dynamics of
Middle East Respiratory Syndrome Coronavirus
(MERS-CoV) over complex heterogeneous net-
works. In addition, fuzzy fractional formulations
of the generalized Bagley–Torvik equation have
been proposed to address uncertainty in engineer-
ing systems using Caputo generalized Hukuhara
differentiability. These studies demonstrate the
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versatility and effectiveness of fractional calcu-
lus in modeling complex systems with memory
effects. However, to the best of our knowledge,
similar concepts have not yet been employed for
optimizing a fractional-order cancer biomarker
model integrated with Particle Swarm Optimiza-
tion (PSO) and solved using the Generalized Frac-
tional Taylor Expansion (GFTE), which consti-
tutes the main novelty of the present work.13–15

Motivated by the limitations of existing cancer
biomarker models, this work proposes a compre-
hensive fractional-order mathematical framework
for analyzing cancer biomarker dynamics using
the Caputo fractional derivative. Unlike previous
studies, which mainly focus on either theoretical
analysis or numerical simulations, the proposed
approach integrates rigorous mathematical anal-
ysis, efficient numerical approximation, and pa-
rameter optimization within a unified framework.
Specifically, the existence and uniqueness of solu-
tions are established using fixed-point theory, the
local stability of the equilibrium point is investi-
gated, the Generalized Fractional Taylor Expan-
sion (GFTE) is employed to obtain accurate nu-
merical approximations, and Particle Swarm Op-
timization (PSO) is utilized to determine the opti-
mal nanoparticle dosage for improved tumor size
estimation. Therefore, the proposed framework
provides both theoretical guarantees and practical
computational tools for cancer biomarker model-
ing, contributing to more reliable strategies for
early cancer detection.

2. Preliminaries

This section introduces the essential mathemati-
cal principles, theorems, and methodologies that
form the foundation of this study. A rigorous
understanding of these foundational concepts is
critical for deriving and validating the results pre-
sented in subsequent sections. In particular, this
section covers key topics such as Banach spaces,
fixed-point theorems, fractional calculus opera-
tors, and stability analysis.

Definition 1. 16 Let (X, d) be a metric space.
We say that (X, d) is complete if every Cauchy
sequence in X converges to an element of X.

Definition 2. 17 A norm ∥ · ∥ : X → R on a
vector space X must satisfy the following:
(1) ∥x∥ ≥ 0 and ∥x∥ = 0 ⇐⇒ x = 0.
(2) ∥αx∥ = |α| · ∥x∥, ∀α ∈ R (or C). where

x, y ∈ X and α is a scaler.
(3) ∥x+ y∥ ≤ ∥x∥+ ∥y∥.

In this work, we utilize the supremum Norm
(L∞-norm). Let B(X,R) denote the space of

all real valued bounded functions of on X. The
supremum norm is defined as

∥f∥∞ = sup
x∈X

|f(x)|.

Theorem 1. 16 [Cauchy–Schwarz Inequality] For
any two vectors u,v ∈ Rn, we have∣∣∣∣∣

n∑
i=1

uivi

∣∣∣∣∣ ≤
(

n∑
i=1

|ui|2
)1/2( n∑

i=1

|vi|2
)1/2

, (1)

or equivalently,

|u · v| ≤ ∥u∥2 · ∥v∥2, (2)

where u = (u1, u2, . . . , un) and v =
(v1, v2, . . . , vn) ∈ Rn.

Remark 1. At each point t ∈ [a, b] we have

∥X(t)∥2 ≤ sup
τ∈[a,b]

∥X(τ)∥2 = ∥X∥c,2, (3)

where ∥X∥c,2 is the supremum norm of Euclidean
norm.

Definition 3. 18 The system is said to satisfy the
Lipschitz condition if there exists L > 0 such that

∥P (t,x)−P (t,y)∥ ≤ L∥x−y∥, ∀x,y ∈ Ω, ∀t ≥ t0

where Ω ⊂ Rn is the admissible state space, L is
the Lipschitz constant.

Definition 4. 17 An operator T : X → X
is called a contraction if there exists a constant
l ∈ (0, 1) such that for all x, y ∈ X:

∥T (x)− T (y)∥ ≤ l∥x− y∥.

Theorem 2. 17 (Banach Fixed Point Theorem)
Let (X, d) be a complete metric space and let
T : X → X be a contraction operator. Then
there exists a unique fixed point x ∈ X such that
T (x) = x.

Definition 5. 19 Let α be a real non-negative
number. Then Jα

a defined on L1[a, b], (the set of
all functions such that their absolute values are
integrable on [a, b]), by

Jα
a f(t) =

1

Γ(α)

∫ t

a
(t− τ)α−1f(τ)dτ,

a ≤ t ≤ b,

(4)

is called the Riemann-Liouville fractional-order
integral operator of order α.

Definition 6. Let α ∈ R and m = ⌈α⌉. The
Caputo operator Dα

a is defined by
cDα

a f = Jm−α
a Dmf. (5)
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Definition 7. 19 Let α ∈ R+ and m = ⌈α⌉ such
that m−1 < α ≤ m. Then the Caputo fractional-
order derivative operator of order α is given by

cDα
a f(t) =

1

Γ(m− α)

∫ t

a
(t− τ)m−α−1f (m)(τ)dτ,

(6)
t > a.

The Caputo fractional derivative is adopted in
this study because it is particularly suitable for
modeling real-world biological systems. One of
its main advantages is that it allows the use of
classical initial conditions expressed in terms of
integer-order derivatives, which have clear physi-
cal and biological interpretations. Moreover, the
Caputo derivative effectively captures the mem-
ory and hereditary characteristics inherent in can-
cer biomarker dynamics while maintaining consis-
tency with traditional differential equations when
the fractional order approaches one. These prop-
erties make it an appropriate choice for the pro-
posed fractional-order cancer biomarker model.
It should be noted that if a = 0 in (6), one ob-
tains the most commonly used version of the Ca-
puto fractional-order derivative operator. That
we have

cDα
∗ f(t) =

1

Γ(m− α)

∫ t

0
(t− τ)m−α−1f (m)(τ)dτ,

(7)
t > 0.

Definition 8. 20 A dynamical system is called
autonomous if its governing equations do not ex-
plicitly depend on time t.

Definition 9. 20 An equilibrium point x∗ is a so-
lution of the equation

f(x∗) = 0.

Definition 10. 21 The Jacobian matrix of a sys-
tem of equations is the square matrix of first-order
partial derivatives:

J(x) =
∂f

∂x
=



∂f1
∂x1

∂f1
∂x2

· · · ∂f1
∂xn

∂f2
∂x1

∂f2
∂x2

· · · ∂f2
∂xn

...
...

. . .
...

∂fn
∂x1

∂fn
∂x2

· · · ∂fn
∂xn


.

Theorem 3. 19 The equilibrium solutions x∗ of
the autonomous Caputo system

Dα
t x(t) = f(x(t)),

are locally asymptotically stable if all the eigen-
values λi of the Jacobian matrix J , evaluated at

the equilibrium points, satisfy

| arg(λi)| >
απ

2
, (8)

where α ∈ (0, 1).

Theorem 4. (Generalized Fractional Taylor For-
mula).22 Suppose that Dkρf(x) ∈ C(0, a] for
k = 0, 1, . . . , n+ 1, where 0 < ρ ≤ 1. Then

f(x) =
n∑

i=0

xiρ

Γ(iρ+ 1)

(
Diρf

)
(0+)

+

(
D(n+1)ρf

)
(ξ)

Γ((n+ 1)ρ+ 1)
x(n+1)ρ. (9)

with 0 ≤ ξ ≤ x, ∀x ∈ (0, a].

2.1. Short description about PSO

A particle is a single candidate in the swarm. For
a D-dimensional problem, each particle has a po-
sition and a velocity. To illustrate the main as-
pects of the PSO algorithm, we list them below
with a brief description:

(1) Position (x): The coordinates of the particle
in the search space.

(2) Velocity (v): The speed and direction in
which the particle will move.

(3) Personal Best (pbest): The best position that
yields the best fitness value that an individual
particle has found so far.

(4) Global Best (gbest): The best position dis-
covered by any particle in the entire swarm
so far.

(5) Fitness Function: a function that takes the
position of a particle and returns a single
numerical value (fitness value), representing
how good the solution is. The goal is to max-
imize or minimize this value .

(6) Inertia weight (w): a hyperparameter that
controls the momentum of each particle. It
determines how much of the previous veloc-
ity is retained at each iteration. It has two
main effects:
(a) A high value of w that helps in searching

new areas (exploration).
(b) A low value of w that helps in refining

existing areas (exploitation).
The goal is to balance exploration and ex-
ploitation to achieve faster and more stable
convergence.

(7) Cognitive Coefficient (C1) and Social Coeffi-
cient (C2): these two hyper parameters con-
trol the attraction of the particle towards its
own pbest and the swarm’s gbest, respectively.

(8) Random Numbers r1 and r2: two random
numbers between 0 and 1 (r1, r2 ∼ U [0, 1])
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injected to maintain the stochastic nature of
the algorithm.

The following content explains how PSO is im-
plemented and how it can obtain the minimum or
maximum value of the objective function:

2.1.1. Step 1: Initialization

(1) Define the fitness function, the number of di-
mensions D (variables), and the boundaries
of the search space for each dimension.

(2) Set the swarm size (number of particles N),
inertia weight w, cognitive coefficient C1, so-
cial coefficient C2, and the maximum number
of iterations, typically C1, C2 ∈ [1, 2.5], and
w ∈ [0.4, 0.9].

(3) Initialize the swarm so that for each particle
i in the swarm (from 1 to N):
(a) Initialize position (xi) randomly.
(b) Initialize velocity (vi), usually set to 0.
(c) Initialize personal best (pbest) by setting

pbesti = xi.
(4) Evaluate the fitness function:

(a) For each particle i, evaluate the fitness
function f(xi).

(b) Identify the initial Global Best (gbest) by
finding the particle with the best fitness
value among all pbest and set gbest to its
position.

2.1.2. Step 2: iteration loop

Repeat the process until a stopping criterion is
met (e.g., a maximum number of iterations is
reached or the desired fitness value is achieved).
For each particle i in the swarm

(1) Evaluate the fitness value f(xi) for the cur-
rent position of the particle.

(2) Update personal best (pbesti):
(a) Compute f(pbesti).
(b) If f(xi) < f(pbesti), then the current po-

sition is better, so set pbesti = xi.
(3) Update global best (gbest):

(a) Compare f(pbesti) with f(gbest).
(b) If f(pbesti) < f(gbest), then set gbest to

the particles pbesti position.
(4) Update velocity (vi): For each dimension d,

apply
vi(d) = w vi(d) + c1r1

(
pbesti(d)− xi(d)

)
+ c2r2

(
gbest(d)− xi(d)

)
.

(10)

(5) Update position (xi): For each dimension d,
apply

xi(d) = xi(d) + vi(d).

2.1.3. Step 3: output results

Once the loop ends, the algorithm outputs gbest
as the best-found solution and f(gbest) as the
best-found fitness value.

3. Model formulation

Building on the foundations of fractional calcu-
lus established in the previous chapter, this chap-
ter develops an advanced fractional-order math-
ematical model for analyzing cancer biomark-
ers. It provides biological justifications for each
term, presents the estimated parameter values,
and highlights the advantages of the fractional-
order model. In this section, we present the
full set of modified model equations that describe
the dynamics of nanoparticle (NP) transport, en-
zymatic cleavage, and reporter accumulation for
cancer detection applications. Unlike classical
integer-order models, these equations incorporate
memory effects and anomalous diffusion, which
is critical for capturing the complex behavior of
NPs in a heterogeneous tumor microenvironment.
In,12 the authors aimed to enhance the mathemat-
ical model of the activity-based nanosensor by in-
corporating a measurable indicator of tumor size,
based on the hypothesis that the concentration of
cleavable reporters in urine increases as tumor size
grows. In particular, they proposed the following
ordinary system:
dNp

dt
= −αNp + β(Nt −Np)−

γmEmNp

km
− γbEbNp

kp
dNt

dt
= β(Np −Nt)−

γmEtNt

km
dRt

dt
=

γmEtNt

km
− δRt (11)

dRp

dt
= δRt +

γmEmNp

km
+

γbEbNp

kp
− (µ+ v + w)Rp

dRu

dt
= µRp

with initial conditions
Nt(0) = Rt(0) = Rp(0) = Ru(0) = 0,

Np(0) = 2.5× 10−6,
(12)

where the variables and parameters of model (11)-
(12) are defined in Table 1.
where p is defined in Table 1 and r is the radius
of the tumor.
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Table 1. Model Parameters for Nanoparticle Pharmacokinetics

Variable Description Unit Value
Np Nanoparticle in plasma M 2.5× 10−6

Nt Nanoparticle in tumor M 0
Rt Reporter in tumor M 0
Rp Reporter in plasma M 0
Ru Reporter in urine M 0
α Rate constant for NP clearance

in plasma
min−1 0.0462

P Tumor permeability constant m−1 2.3× 10−4

γm MMP9 catalytic efficiency min−1 3.99
γb Catalytic efficiency in plasma min−1 0.0659
kr Reporter tumor diffusion rate min−1 0.09
µ Rate of reporter filtration into

urine
min−1 0.032

v MPS clearance rate min−1 0.0064
w Rate of NP and reporter reab-

sorption
min−1 2.89

km MMP9 Michaelis constant M 2.13× 10−6

kp Plasma protease Michaelis con-
stant

M 1.0063× 10−5

β Tumor surface-to-volume
transfer coefficient

min−1 Computed via β =
3P

r

Em Concentration of shed pro-
teases in blood

M 7.1623× 10−8

Ep Concentration in blood M 4× 10−6

Et Concentration of proteases in
tumor

M 7.1624× 10−7

Using the Caputo derivative, system (11)-(12)
can be reformulated as follows:

DρNp(t) = −αNp + β(Nt −Np)−
γmEmNp

km

− γbEbNp

kp
,

DρNt(t) = β(Np −Nt)−
γmEtNt

km
,

DρRt(t) =
γmEtNt

km
− δRt,

DρRp(t) = δRt +
γmEmNp

km
+

γbEbNp

kp

− (µ+ v + w)Rp,

DρRu(t) = µRp

(13)

Compared with the original integer-order model
(11), the proposed fractional-order model (13)
provides a more flexible mathematical framework
by incorporating memory and hereditary effects
through the Caputo fractional derivative. In bio-
logical systems, the current state is often influ-
enced not only by present conditions but also

by the past evolution of the process. Conse-
quently, the fractional-order formulation offers a
more realistic description of nanoparticle trans-
port, biomarker dynamics, and reporter accu-
mulation in heterogeneous tumor environments.
Moreover, the proposed model preserves the bio-
logical interpretation of the original system while
extending its capability to capture complex tem-
poral dynamics that cannot be adequately repre-
sented by classical integer-order differential equa-
tions.
with initial conditions

Nt(0) = Rt(0) = Rp(0) = Ru(0) = 0,

Np(0) = 2.5× 10−6,
(14)

where 0 < ρ ≤ 1. All other parameters remain as
defined in the original model (11)-(12).

4. Existence and uniqueness

In this section, we study the existence and unique-
ness of the proposed fractional-order model (13)-
(14). This analysis verifies whether the model is
well-posed.
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Theorem 5. System (13)-(14) satisfies Lipschitz
condition.

Proof. To prove this result, we first assume that

DαX(t) = F(t,X), (15)

where
X = (Np, Nt, Rt, Rp, Ru)

T ,

and F is the vector representing the right-hand
side functions from the five equations in system
(13)-(14), such that

F =



−αNp + β(Nt −Np)− γmEmNp

km

−γbEbNp

kp
,

β(Np −Nt)− γmEtNt

km
,

γmEtNt

km
− δRt,

δRt +
γmEmNp

km
+

γbEbNp

kp

−(µ+ v)Rp − wRp,
µRp



T

(16)

with initial condition X(0) = X0, where

X0 = (Np(0), Nt(0), Rt(0), Rp(0), Ru(0)). (17)

Secondly, we need to show that

∥Fi(t,X)− Fi(t,Y)∥ ≤ Li∥X − Y∥,
for all X, Y in the domain and

Li > 0, ∀i = 1, 2, 3, 4, 5.

For this purpose we let

X = (Np, Nt, Rt, Rp, Ru),

and
Y = (N∗

p , N
∗
t , R

∗
t , R

∗
p, R

∗
u).

We consider the following states:

(1) For f1, we have

|F1(X)− F1(Y)| =

∣∣∣∣∣− αNp + β(Nt −Np)

−γmEm

km
Np −

γbEb

kp
Np

+αN∗
p − β(N∗

t −N∗
p )

+
γmEm

km
N∗

p +
γbEb

kp
N∗

p

∣∣∣∣∣.
(18)

By the triangle inequality, we obtain
|F1(X)− F1(Y)| ≤

(α+ γmEm

km
+ γbEb

kp
)
∣∣Np −N∗

p

∣∣
+β
∣∣(Nt −Np)− (N∗

t −N∗
p )
∣∣ . (19)

This implies that
|F1(X)− F1(Y)| ≤(

α+ β +
γmEm

km
+

γbEb

kp

)
|Np −N∗

p |

+β|Nt −N∗
t |.

(20)

Let

L1 = max

(
α+ β +

γmEm

km
+

γbEb

kp
, β

)
,

then

|F1(X)− F1(Y)| ≤ L1|Np −N∗
p |

+L1|Nt −N∗
t |,

or
|F1(X)− F1(Y)| ≤ L1(|Np −N∗

p |
+ |Nt −N∗

t |).
(21)

Set V = (v1, v2) =
(
|Np −N∗

p |, |Nt −N∗
t |
)
.

Applying |
∑n

i=1 vi| ≤
(√∑n

i=1 1
2
)
∥v∥2, we

get∣∣∣∣∣
2∑

i=1

vi

∣∣∣∣∣ = |v1 + v2|

=
∣∣|Np −N∗

p |+ |Nt −N∗
t |
∣∣ ≤ √

2 · ∥V∥2

=
√
2 ·

√
v21 + v22

=
√
2 ·

√
(Np −N∗

p )2 + (Nt −N∗
t )

2

≤
√
2 ·

√
(Np −N∗

p )2 + (Nt −N∗
t )

2√
+(Rt −R∗

t )
2 + (Rp −R∗

p) + (Ru −R∗
u)

=
√
2 · ∥X − Y∥2.

(22)

Thus,∣∣Np −N∗
p

∣∣+ |Nt −N∗
t | ≤

√
2 · ∥X − Y∥2. (23)

Combining (21) and (23) we get
|F1(X)− F1(Y)| ≤ L1(|Np −N∗

p |
+ |Nt −N∗

t |)

≤
√
2L1 ∥X−Y∥2.

(24)

or

|F1(X)− F1(Y)| ≤ L∗
1∥X − Y∥2, (25)

where L∗
1 =

√
2L1.

(2) For f2, we have

|F2(X)− F2(Y)| =
∣∣∣β(Np −Nt)−

γmEt

km
Nt

− β(N∗
p −N∗

t ) +
γmEt

km
N∗

t

∣∣∣
=
∣∣β(Np −N∗

p )

−
(
β +

γmEt

km

)
(Nt −N∗

t )

∣∣∣∣
≤ β|Np −N∗

p |

+

(
β +

γmEt

km

)
|Nt −N∗

t |.

(26)

Let

L2 = max
(
β, β +

γmEt

km

)
,

then

|F2(X)− F2(Y)| ≤ L2(|Np −N∗
p |

7
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+|Nt −N∗
t |).

By Cauchy–Schwarz inequality, we obtain

|F2 (X)− F2 (Y)| ⩽
√
2L2∥X − Y∥2 ,

or equivalently,

|F2 (X)− F2 (Y)| ⩽ L∗
2∥X − Y∥2 , (27)

where L∗
2 =

√
2 L2.

(3) For f3, we have

|F3(X)− F3(Y)| =
∣∣∣∣γmEtNt

km
− δRt

−γmEtN
∗
t

km
− δR∗

t

∣∣∣∣
≤ γmEt

km
|Nt −N∗

t |

+ δ|Rt −R∗
t |.

(28)

Let
L3 = max

(γmEt

km
, δ
)
,

then

|F3(X)− F3(Y)| ≤ L3

(
|Nt −N∗

t |+ |Rt −R∗
t |
)
.

By the same argument as before,

|F3(X)− F3(Y)| ≤
√
2L3∥X − Y∥2,

or equivalently,
|F3(X)− F3(Y)| ≤ L∗

3∥X − Y∥2,

L∗
3 =

√
2L3.

(29)

(4) For f4 , we have

|F4(X)− F4(Y)| =
∣∣∣δ(Rt −R∗

t )

+
γmEm

km
(Np −N∗

p )

+
γbEb

kp
(Np −N∗

p )

− (µ+ v + w)

(Rp −R∗
p)
∣∣∣

≤ δ|Rt −R∗
t |

+
(γmEm

km
+

γbEb

kp

)
|Np −N∗

p |
+ (µ+ v + w)

|Rp −R∗
p|.

(30)

Let

L4 = max
(
δ,
γmEm

km
+

γbEb

kp
, µ+ v + w

)
,

then

|F4(X)− F4(Y)| ≤ L4(|Rt −R∗
t |

+|Np −N∗
p |+ |Rp −R∗

p|).

By the same argument,

|F4(X)− F4(Y)| ≤
√
3L4∥X − Y∥2, (31)

or

|F4(X)− F4(Y)| ≤ L∗
4∥X − Y∥2, (32)

where L∗
4 =

√
3L4.

(5) For F5, we obtain

|F5(X)− F5(Y)| =
∣∣µRp − µR∗

p

∣∣
= µ|Rp −R∗

p|
≤ L∗

5∥X − Y ∥2,
(33)

or

|F5(X)− F5(Y)| ≤ L∗
5∥X − Y∥2, (34)

where
L∗
5 = µ.

Now, to complete the proof, observe that

∥F(X)−F(Y)∥2 =

√√√√ 5∑
i=1

|Fi(X)− Fi(Y)|2. (35)

By (25),(27),(29),(32), and (34), we obtain

∥F(X)− F(Y)∥2 =

√√√√ 5∑
i=1

|Fi(X)− Fi(Y)|2

≤

√√√√ 5∑
i=1

(L∗
i )

2∥X − Y∥22

=


√√√√ 5∑

i=1

(L∗
i )

2

 ∥X − Y∥2.

(36)

Let

L =

√√√√ 5∑
i=1

(L∗
i )

2,

then

∥F(X)− F(Y)∥2 ≤ L∥X − Y∥2.
This proves that system (13)-(14) satisfies the

Lipschitz condition.
□

We now introduce a theoretical result establish-
ing the existence and uniqueness of system (15)-
(17), which is equivalent to system (13)-(14).

Theorem 6. Let ρ ∈ (0, 1), I = [0, h∗] ⊆ R and

J =
{
X ∈ R5 : ∥X−X0∥ ≤ r

}
.

Suppose F : I × J → R5 satisfies
(1) Boundedness, i.e. ∃M > 0 such that

∥F(t,X)∥ ≤ M, ∀(t,X) ∈ I × J.

(2) The Lipschitz condition established above.

If Lr
M < 1 and h∗ = min

{
h,
(
r Γ(ρ+1)

M

) 1
ρ

}
, then

system (15)-(17) has a unique solution
8



B. M. AL-Smadi et al. / IJOCTA, Vol.x, No.x, pp.xx-xx (2026)

X ∈ Cρ[0, h∗].

Proof. Applying the Riemann–Liouville integral
operator to both sides of (15), we obtain

JρDρX(t) = JρF(t,X),

or
X(t) = X0 + JρF(t,X),

that is,

X(t) = X0 +
1

Γ(ρ)

∫ t

0
(t− s)ρ−1F(s,X(s)) ds.

Define the operator T on Cρ[0, h∗] as

TX(t) = X0 +
1

Γ(ρ)

∫ t

0
(t− s)ρ−1F(s,X(s)) ds.

To prove the desired result using the Banach
fixed-point theorem (Theorem 2), we show that
T maps J to itself and T is a contraction. For
X ∈ J , we have∥∥TX(t)− X0

∥∥ =
∥∥∥X0

+
1

Γ(ρ)

∫ t

0
(t− s)ρ−1

F(s,X(s)) ds

− X0

∥∥∥,
=
∥∥ 1

Γ(ρ)

∫ t

0
(t− s)ρ−1

F(s,X(s)) ds
∥∥

≤ 1

Γ(ρ)

∫ t

0
(t− s)ρ−1∥∥F(s,X(s)) ds
∥∥,

(37)

i.e.,∥∥TX(t)− X0

∥∥ ≤ 1

Γ(ρ)

∫ t

0

(t− s)ρ−1
∥∥F(s,X(s))

∥∥ ds.
Since F is bounded,

∥TX(t)− X0∥ ≤ M

Γ(ρ)

∫ t

0
(t− s)ρ−1ds.

Evaluating the above integral gives

∥TX(t)− X0∥ ≤ Mtρ

ρΓ(ρ)
=

Mtρ

Γ(ρ+ 1)
.

As t ∈ [0, h∗], we have tρ ≤ (h∗)ρ, so

∥TX(t)− X0∥ ≤ Mtρ

Γ(ρ+ 1)
≤ M(h∗)ρ

Γ(ρ+ 1)
,

or
∥TX(t)− X0∥ ≤ M(h∗)ρ

Γ(ρ+ 1)
. (38)

Since

h∗ = min

{
h,
(rΓ(ρ+ 1)

M

) 1
ρ

}
.

We consider two cases.

Case (1): If h∗ = h, we choose h∗ such that
M(h∗)ρ

Γ(ρ+ 1)
=

M(h)ρ

Γ(ρ+ 1)
≤ r,

so (38) gives

∥TX(t)− X0∥ ≤ M(h∗)ρ

Γ(ρ+ 1)
≤ r,

i.e.,
∥TX(t)− X0∥ ≤ r.

Case (2): If h∗ =
( rΓ(ρ+1)

M

) 1
ρ , then

(h∗)ρ =
(rΓ(ρ+ 1)

M

)
,

and hence
M(h∗)ρ

Γ(ρ+ 1)
= r.

Thus, (38) gives

∥TX(t)− X0∥ ≤ M(h∗)ρ

Γ(ρ+ 1)
= r,

or
∥TX(t)− X0∥ ≤ r.

Hence, in both cases, we obtain

∥TX(t)− X0∥ ≤ r,

which shows that TX ∈ J or T : X → X. This
proves the first condition of the Banach fixed-
point theorem (Theorem 2). It remains to show
that T is a contraction. For X,Y ∈ T .

TX(t)− TY(t) =
1

Γ(ρ)

∫ t

0
(t− s)ρ−1(

F (s,X(s))− F(s,Y(s))
)
ds.

(39)

Thus,

∥TX(t)− TY(t)∥ ⩽
1

Γ(ρ)

∫ t

0
(t− s)ρ−1

× ∥F(s,X(s))− F(s,Y(s))∥ ds.
By the Lipschitz condition,

∥TX(t)− TY(t)∥ ⩽
L

Γ(ρ)

∫ t

0
(t− s)ρ−1

∥X(s)−Y(s)∥ ds.
Using inequality (3),

∥TX(t)−TY(t)∥ ⩽
L∥X − Y∥c,2

Γ(ρ)

∫ t

0
(t−s)ρ−1ds.

As a consequence, by evaluating the above in-
tegral, we get

∥TX(t)− TY(t)∥ ⩽
L∥X − Y∥c,2
Γ(ρ+ 1)

tρ.

Since t ∈ [0, h∗],

∥TX(t)− TY(t)∥ ≤ L(h∗)ρ

Γ(ρ+ 1)
∥X − Y∥c,2.

9
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Taking the supremum over t ∈ [0, h∗],
∥TX− TY∥c,2 = sup

t∈[0,h∗]
∥TX(t)− TY(t)∥

≤ L(h∗)ρ

Γ(ρ+ 1)
∥X−Y∥c,2.

(40)

or

∥TX − TY∥c,2 ≤
L(h∗)ρ

Γ(ρ+ 1)
∥X − Y∥c,2. (41)

To show that T is a contraction, we need
l = L(h∗)ρ

Γ(ρ+1) < 1. Consider two cases.

Case 1: If h∗ =
(
rΓ(ρ+1)

M

) 1
ρ , then

l =
L(h∗)ρ

Γ(ρ+ 1)

=

L

((
rΓ(ρ+1)

M

) 1
ρ

)ρ

Γ(ρ+ 1)

=
L(rΓ(ρ+ 1)/M)

Γ(ρ+ 1)

=
Lr

M
.

(42)

Consequently, by the given assumption in the
theorem under construction, we get

l =
Lr

M
< 1.

Case 2: If h∗ = h, then

h∗ = h ≤
(
rΓ(ρ+ 1)

M

) 1
ρ

.

Thus,

l =
L(h∗)ρ

Γ(ρ+ 1)
=

Lhρ

Γ(ρ+ 1)

≤ L

Γ(ρ+ 1)

((
r(Γ(ρ+ 1)

M

) 1
ρ

)ρ

,

(43)

or equivalently

l ≤ L

Γ(ρ+ 1)
· r(Γ(ρ+ 1))

M
=

Lr

M
< 1, (44)

i.e.,

l ≤ Lr

M
< 1.

which implies that T is a contraction operator.
Hence, by the Banach fixed-point theorem (The-
orem 2), system (16)-(17) has a unique solu-
tion. □

5. Invariant region

In this section, we discuss the invariant region for
the fractional system (13)-(14). The benefits of
investigating this aspect lie in ensuring that the

solution X = (Np, Nt, Rt, Rp, Ru) remains non-
negative and bounded, which reflects a biologi-
cally realistic scenario. Furthermore, investigat-
ing the invariant region confirms the validity of
the proposed mathematical model and guaran-
tees valid predictions. In light of this discussion,
we introduce a further result concering the invari-
ant region for the fractional-order system given in
(15)-(17), which is equivalent to system (13)-(14).

Theorem 7. 23 Consider the fractional-order
system

Dρxi = fi(t,X),

with ρ ∈ (0, 1) and initial condition X(0) ≥ 0. If
for each i,
fi(t,X) ≥ 0 whenever xi = 0 and xj ≥
0 for all j ̸= i, then

X(t) ∈ Rn
+ for all t > 0.

The following theorem ensures that the concen-
trations never become negative, which is essential
for the validity of the proposed model (15)-(17).

Theorem 8. (Non-negativity of solutions) If the
initial conditions

Nt(0), Np(0), Rt(0), Rb(0), Ru(0) ≥ 0,

then the solutions remain non-negative for all
t ≥ 0.

Proof. The verification follows from Theorem 7,
which should be checked for each state variable.
(1) For Np: When Np = 0 in the first equation of

system (16), we obtain

DρNp

∣∣
Np=0

= −α(0) + β(Nt − 0)

− γmEm

km
(0)− γbEb

kp
(0)

= βNt ≥ 0, (since β > 0 and Nt ≥ 0).

(2) For Nt: In the second equation,

DρNt

∣∣
Nt=0

= β(Np − 0)− γmEt

km
(0) = βNp ≥ 0,

since β > 0 and Np ≥ 0.
(3) For Rt: When Rt = 0 in the third equation,

DρRt

∣∣
Rt=0

=
γmEt

km
Nt − δ(0) =

γmEt

km
Nt ≥ 0,

since γm, Et, km > 0 and Nt ≥ 0.
(4) For Rp: When Rp = 0 in the fourth equation,

DρRp

∣∣
Rp=0

= δRt +
γmEm

km
Np +

γbEb

kp
Np

− (µ+ v)(0)− ω(0)

= δRt +

(
γmEm

km
+

γbEb

kp

)
Np ≥ 0,

since all parameters are positive and Rt, Np ≥
0.

10
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(5) For Ru: When Ru = 0 in the fifth equation,

DρRu

∣∣
Ru=0

= µRp ≥ 0,

(since µ > 0 and Rp ≥ 0).

Thus, from the above cases, Theorem (7) allows
us to conclude that the solutions of system (13)
remain non-negative for all t > 0. □

Theorem 9. If the quantity

Q = Np +Nt +Rt +Rp +Ru, (45)

satisfies DρQ ≤ 0, then

Q(t) ≤ Q(0), ∀t > 0.

Proof. Suppose the assumption (45) is given. By
taking Dρ of both sides of (45), we get

DρQ = DρNp +DρNt +DρRt +DρRp +DρRu.

Consequently, we have

DρQ =
[
−αNp + β(Nt −Np)

]
− γmEm

km
Np

− γbEb

kp
Np +

[
β(Np −Nt)

− γmEt

km
Nt

]
+

γmEt

km
Nt

− δRt + δRt +
γmEm

km
Np +

γbEb

kp
Np

− (µ+ ν)Rp − ωRp + µRp,

which implies

DρQ = −
(
αNp + (ν + ω)Rp

)
. (46)

Since α, ν, ω > 0 and Np, Rp ≥ 0, it follows that
DρQ ≤ 0.

Finally, to show Q(t) ≤ Q(0), we use the Caputo
fractional derivative property:

JρDρQ(t) = Q(t)−Q(0),

or equivalently,

Q(t)−Q(0) =
1

Γ(ρ)

∫ t

0
(t− s)ρ−1DρQ(s) ds.

Since Γ(ρ) > 0, (t − s)ρ−1 > 0 for s < t, and
DρQ(s) ≤ 0, we have

Q(t)−Q(0) ≤ 0, i.e., Q(t) ≤ Q(0).

□

Remark 2. From the previous two theorems, we
can deduce that the set

Ω = {(Np, Nt, Rt, Rp, Ru) ∈ R5
+ : Q(t) ≤ Q(0)},

is positively (non-negatively) invariant, where Q
is defined in equation (45).

6. Equilibrium of the fractional-order
model

In this part, we aim to find the equilibrium of our
proposed model (13)-(14) to determine whether

the NPs or reporters will be eliminated (i.e. Q →
0) over time, reflecting whether the concentra-
tions of these NPs or reporters will accumulate
in the tumor. This helps to understand the long-
term behavior of the drug.

Lemma 1. System (13)–(14) has a unique equi-
librium point E∗ = (0, 0, 0, 0, c), where c ≥ 0.

Proof. To determine the equilibrium points of
system (13)–(14), we set the right-hand sides of
the system equal to zero, yielding

DρNp = −αNp + β(Nt −Np) (47)

− γmEm

km
Np −

γbEb

kp
Np = 0, (48)

DρNt = β(Np −Nt)−
γmEt

km
Nt = 0, (49)

DρRt =
γmEt

km
Nt − δRt = 0, (50)

DρRp = δRt +
γmEm

km
Np (51)

+
γbEb

kp
Np − (µ+ ν + ω)Rp = 0, (52)

DρRu = µRp = 0. (53)

From equation (53), we obtain R∗
p = 0. Substi-

tuting this into equation (52), we obtain

δRt +

(
γmEm

km
+

γbEb

kp

)
Np = 0. (54)

Since all parameters are nonnegative, it follows
that R∗

t = 0 and N∗
p = 0. Substituting N∗

p = 0
into equation (49) yields N∗

t = 0. Moreover, equa-
tion (50) is satisfied automatically.

Finally, from equation (53), we conclude that
R∗

u can take any nonnegative constant value, i.e.,
R∗

u = c with c ≥ 0. Hence, the system has the
unique equilibrium point E∗ = (0, 0, 0, 0, c).24 □

7. Local stability

In this part, we present some theoretical results,
particularly the local stability theorem. This the-
orem serves as a theoretical validation for the
nanoparticle-reporter system (13)–(14). It shows
that in the absence of external perturbations, the
system remains inherently stable and does not be-
come unstable. However, before proceeding with
the analysis, we first recall a well-known theorem,
which is reported below for completeness.

Theorem 10. For a block lower triangular ma-
trix 25

M =

(
A 0
B C

)
.

the eigenvalues of M are the union of the eigen-
values of A and C.

11
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Theorem 11. The Jacobian matrix for system
(15)–(17) is given by

J =


−α−β− γmEm

km
− γbEb

kp
β 0 0 0

β −β− γmEt
km

0 0 0

0
γmEt
km

−δ 0 0

γmEm
km

+
γbEb
kp

0 δ −(µ+ν+ω) 0

0 0 0 µ 0


(55)

Proof. This result follows directly by computing
the Jacobian matrix of system (13):

J =



∂f1(X)
∂Np

∂f1(X)
∂Nt

∂f1(X)
∂Rt

∂f1(X)
∂Rp

∂f1(X)
∂Ru

∂f2(X)
∂Np

∂f2(X)
∂Nt

∂f2(X)
∂Rt

∂f2(X)
∂Rp

∂f2(X)
∂Ru

∂f3(X)
∂Np

∂f3(X)
∂Nt

∂f3(X)
∂Rt

∂f3(X)
∂Rp

∂f3(X)
∂Ru

∂f4(X)
∂Np

∂f4(X)
∂Nt

∂f4(X)
∂Rt

∂f4(X)
∂Rp

∂f4(X)
∂Ru

∂f5(X)
∂Np

∂f5(X)
∂Nt

∂f5(X)
∂Rt

∂f5(X)
∂Rp

∂f5(X)
∂Ru


,

where, fi denotes the i-th component of system
(13), with X = (Np, Nt, Rt, Rp, Ru). □

Lemma 2. Consider the quadratic equation

λ2 + aλ+ b = 0,

where a > 0 and b > 0. Then all roots of this
equation have negative real parts.

Theorem 12. The equilibrium E∗ =
(0, 0, 0, 0, c), for c ≥ 0 of the fractional-order
system (15)–(17) is locally asymptotically stable
for all ρ ∈ (0, 1).

Proof. To analyze the local stability, we compute
the eigenvalues of the Jacobian matrix J at E∗ i.e.

J∗ = JE∗ = J.

Now, to find the eigenvalues J∗, we solve

|J − λI| = 0. (56)

The matrix J∗ can be written in block lower
triangular form:

J∗ =

(
A 0
B C

)
,

where

A =

(
−α− β − γmEm

km
− γbEb

kp
β

β −β − γmEt

km

)
,

B =

 0 γmEt

km
γmEm

km
+ γbEb

kp
0

0 0

 ,

C =

−δ 0 0
δ −(µ+ ν + ω) 0
0 µ 0

 .

For further simplification, we define

k1 = −α− β − γmEm

km
− γbEb

kp
,

k2 = −β − γmEt

km
,

k3 = µ+ ν + ω.

(57)

Thus,

A =

(
k1 β
β k2

)
, C =

−δ 0 0
δ −k3 0
0 µ 0


The characteristic equation of A is

λ2 − (k1 + k2)λ+ (k1k2 − β2) = 0.

Since

k1 = −
(
α+ β +

γmEm

km
+

γbEb

kp

)
< 0,

k2 = −
(
β +

γmEt

km

)
< 0,

it follows that

−(k1 + k2) > 0.

Moreover, writing

k1 = −(β + a), k2 = −(β + b), a, b > 0,

we obtain

k1k2 = (β + a)(β + b) > β2,

and hence
k1k2 − β2 > 0.

Therefore, both coefficients of the characteristic
polynomial are positive. By Lemma 2, all eigen-
values of A have negative real parts so λ1 < 0 and
λ2 < 0.
We now find the eigenvalues of C:

|C − λI| = 0,

or ∣∣∣∣∣∣
−δ − λ 0 0

δ −k3 − λ 0
0 µ −λ

∣∣∣∣∣∣ = 0,

which simplifies to

−λ(−δ − λ)(−k3 − λ) = 0.

Thus, the eigenvalues are

λ3 = 0, λ4 = −δ, λ5 = −k3.

The eigenvalue λ3 = 0 corresponds to a
marginally stable mode. For the remaining eigen-
values, since λi < 0 for i = 1, 2, 4, 5, we have

| arg(λi)| = π ≥ ρπ

2
, ∀ρ ∈ (0, 1).

Therefore, by Theorem 3, the fractional-order
system (15)–(17) is locally asymptotically stable
at E∗.

□

12



B. M. AL-Smadi et al. / IJOCTA, Vol.x, No.x, pp.xx-xx (2026)

8. Tuning parameters using PSO
algorithm

In this section, Particle Swarm Optimiza-
tion (PSO) is employed to determine the
optimal values of the model parameters
(ρ, α, β, γm, γb, δ, µ, v, w, km, kp, Em, Eb, Et) for
the proposed fractional-order cancer biomarker
model (13)–(14). The optimization process aims
to improve the agreement between the mathe-
matical model and the experimental data while
enhancing the predictive capability of the pro-
posed framework. The PSO algorithm is initial-
ized using the parameter settings listed in Table
2.

Table 2. Parameters of PSO Algorithm

Parameter Value
Population size N 30
Maximum number of iterations 50
Cognitive learning rate C1 2
Social learning rate C2 2
Function tolerance 1×10−6

Weight factor [wmin, wmax] [0.6, 0.9]

Using the PSO settings listed in Table 2, the
optimization algorithm was run to estimate the
optimal values of the model parameters. The re-
sulting optimized parameter values are summa-
rized in Table 3.

Table 3. Initial and Optimized Parameter Values with Percentage Change

Parameter Initial Optimized Change (%)
ρ (fractional-order) 1 0.15 −85.0

α (plasma decay) 0.0462 0.08 +73.2

β (tumor permeability) 2.3× 10−4 5× 10−4 +117.4

γm (MMP-9 effect) 2.0 0.5 −75.0

γb (blood effect) 0.0659 0.09 +36.6

δ (reporter diffusion) 0.09 0.05 −44.4

µ (renal filtration) 0.032 0.08 +150.0

v (clearance rate) 0.0064 0.0411 +542.9

w (reabsorption rate) 2.89 0.8 −72.3

km (MMP-9) 150 290.22 +93.5

kp (blood proteases) 500 300 −40.0

Em (MMP-9 in blood) 7.1623× 10−8 5.6682× 10−7 +691.4

Eb (proteases in blood) 4.0× 10−6 3.9691× 10−5 +892.3

Et (MMP-9 in tumor) 7.1624× 10−7 2.5919× 10−6 +261.9

Table 3 summarizes the optimized parame-
ter values obtained using the PSO algorithm to-
gether with their percentage changes relative to
the initial estimates. The optimization process
significantly adjusted several model parameters,
indicating that the original parameter set was not
sufficient to achieve satisfactory agreement with
the experimental observations. In particular, the
optimized parameters enhance the description of
nanoparticle transport, enzymatic activation, re-
porter generation, and clearance dynamics, lead-
ing to a more reliable representation of the bio-
logical system.

The fractional-order ρ, representing the memory
effect in the system, was optimized to 0.15, indi-
cating strong fractional behavior and highlight-
ing the increased influence of system memory on
nanoparticle kinetics. The plasma decay rate α
and tumor permeability rate β were increased to
0.08 and 5 × 10−4, respectively, reflecting faster

elimination of nanoparticles from plasma and en-
hanced transfer into the tumor compartment after
optimization.

Conversely, several parameters associated with
enzymatic activity and reporter kinetics under-
went notable adjustments. The tumor-related
MMP9 parameter γm decreased to 0.5, while
blood-related parameters γb, δ, and µ were ad-
justed to 0.09, 0.05, and 0.08, respectively, re-
flecting refined enzymatic efficiency and reporter
kinetics. Clearance (v) and reabsorption (w) rates
were optimized to 0.0411 and 0.8, indicating more
efficient systemic processing of the reporter.

Additionally, the Michaelis-Menten constants
km and kp for MMP9 and blood proteases were
adjusted to 290.22 and 300, while the correspond-
ing enzymatic concentrations Em, Eb, and Et

increased to 5.6682 × 10−7, 3.9691 × 10−5, and
2.5919 × 10−6, respectively. These changes col-
lectively suggest that the optimized parameters

13
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enhance the model’s sensitivity to enzymatic ac-
tivity and reporter dynamics, improving the ac-
curacy of nanoparticle distribution and tumor-
targeting predictions. The optimization process
effectively balances transport, reaction, and clear-
ance processes, resulting in a more physiologically
realistic and predictive model.

Overall, the optimization process demonstrates
the effectiveness of PSO as a parameter estima-
tion tool for fractional-order biological models,
allowing simultaneous calibration of multiple pa-
rameters while preserving the biological interpre-
tation of the system.

These optimized parameter values indicate a
more accurate representation of enzymatic activ-
ity and reporter kinetics and also improve the
model’s predictive capabilities. Specifically, the
adjustments led to more efficient systemic pro-
cessing of nanoparticles and reporters, resulting
in an earlier detection time and higher maximal
reporter concentration in urine. Overall, the op-
timized parameters enhance the reliability and
physiological realism of the model in simulating
nanoparticle distribution and tumor-targeting dy-
namics.

Additionally, to determine the suitable dose of
nanoparticles needed to reveal tumor size, we dis-
play Table 4, which shows the optimization of
several testing doses.

Table 4. Dose Optimization Analysis Based on
Maximum Urinary Reporter Concentration

Dose
(µµµg/mL)

Max RuRuRu

(ng/mL)
Detection
time (h)

15 2.43 43.6

20 3.23 37.8

25 4.03 33.9

30 4.82 31.5

35 5.61 29.6

40 6.40 28.1

45 7.18 26.7

50 7.96 25.7

60 9.51 23.8

70 11.04 22.8

80 12.55 21.8

90 14.05 20.8

100 15.52 19.9

Table 4 shows that increasing the nanopar-
ticle dose leads to higher urinary reporter con-
centrations. However, doses above 80 µg/mL re-
sult in only marginal increases in reporter levels
while potentially raising toxicity and cost. Conse-
quently, the model identifies 80 µg/mL as the op-
timal dose, producing a maximal urinary reporter
concentration of 12.55 ng/mL, which is sufficient
for early tumor detection and assessment.

This observation demonstrates the practi-
cal utility of the optimization procedure, since it
identifies a dose that balances detection sensitiv-
ity with the potential risks associated with unnec-
essarily high nanoparticle concentrations. .

To illustrate the nanoparticle dynamics of model
(13)-(14) with a fractional-order of ρ = 0.975 and
the optimal dose of 80 µg/mL, Figures 1–5 illus-
trate the distribution and clearance of nanoparti-
cles and the resulting reporter kinetics over time.

To further validate the optimized parameter
set, the numerical simulations obtained using the
optimized parameters are compared with the cor-
responding experimental data.
Figure 1 shows the temporal profile of nanopar-

ticles in plasma (Np) following administration of
the optimal dose of 80µg/mL using the fractional-
order model with ρ = 0.975. The plot shows a
rapid decline in plasma nanoparticle concentra-
tion immediately after administration, indicati-
ing of fast distribution and clearance processes.
The numerical solution closely matches the ex-
perimental data, validating the accuracy of the
model in capturing the pharmacokinetic behav-
ior of nanoparticles in plasma. This decline high-
lights the transient nature of nanoparticles in the
systemic circulation before being taken up by tu-
mor or other tissues.

Figure 2 shows the concentration profile of
nanoparticles in the tumor compartment, denoted
by Nt(t), for the optimal dose of 80 µg/mL with
ρ = 0.975. Unlike the plasma profile, the tumor
concentration shows a clear accumulation phase,
where Nt(t) increases over time and reaches a
peak value before gradually decreasing. This be-
havior reflects the effective transport and reten-
tion of nanoparticles within tumor tissue. The
numerical simulation shows good agreement with
the experimental data, indicating that the model
successfully describes nanoparticle uptake, accu-
mulation, and subsequent clearance in the tu-
mor. These results confirm the reliability of
the optimized fractional-order model in predict-
ing nanoparticle dynamics within tumor tissues.
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Figure 3 shows the temporal profile of the re-
porter concentration in the tumor Rt(t). The data
show a gradual increase in reporter concentration
over time, reflecting the enzymatic activation of
the nanosensors within the tumor microenviron-
ment. The initial phase is characterized by a slow
accumulation, which eventually peaks, indicating
effective nanoparticle retention and reporter gen-
eration in the tumor. This pattern demonstrates
that the model successfully captures the dynamic
behavior of the reporter within the tumor environ-
ment, although the initial low levels may suggest
delayed activation or limited immediate release.

Figure 4 shows the temporal behavior of the

reporter concentration in plasma, represented by
Rp(t), for the optimized dose of 80 µg/mL and
fractional-order ρ = 0.975. The plasma reporter
concentration initially increases as the reporter
is released from the tumor into the bloodstream,
followed by a gradual decline due to systemic
clearance mechanisms. The numerical simula-
tion shows good agreement with the experimental
data, indicating that the model effectively cap-
tures the transport of the reporter from the tumor
to the plasma as well as its subsequent elimina-
tion. This behavior highlights the role of plasma
as a transient compartment in the overall reporter
kinetics.
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Figure 4. Comparison between the numerical simulation and experimental data of the reporter concentration
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Figure 5 shows the temporal profile of the re-
porter concentration in urine. The data indicate
that reporter levels in urine remain low during the
initial time points, suggesting a delay in the ex-
cretion process. Over time, we observe a gradual
increase in the urinary concentration, reflecting
the eventual clearance of the reporter from the
body. This pattern highlights the model’s abil-
ity to capture the kinetics of reporter elimination

and its subsequent appearance in urine, providing
insights into the overall pharmacokinetic profile.

Additionally, we plot Figure 6, which dis-
plays a chart comparing percentage changes in
the parameters of model (13)-(14) between two
optimization runs.

Figure 6 shows that the two runs (Run1 and
Run2) exhibit clearly different changes in many
parameters, indicating variability in the optimiza-
tion results.
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Figure 6. Comparison of percentage changes in model parameters between two optimization runs (Run1 vs
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9. Numerical simulation

The Generalized Fractional Taylor Expansion
(GFTE) is used in this study because it offers an
efficient and reliable numerical approach for solv-
ing fractional-order differential equations. Com-
pared with conventional numerical techniques,
the GFTE naturally incorporates the fractional-
order derivative while preserving the memory
characteristics of the system. Furthermore,
the method is computationally efficient, easy to
implement, and provides accurate approxima-
tions for nonlinear fractional dynamical systems.
These features make it particularly suitable for
simulating the proposed fractional-order cancer
biomarker model.

In this section, we derive the numerical solu-
tion for the proposed fractional model using the
Generalized Fractional Taylor Formula. As pre-
sented in,22 for a function f(t) satisfying certain
regularity conditions, the approximate solution at
tk+1 = tk + h can be expanded as:

f(tk+1) ≈ f(tk) +
hρ

Γ(ρ+ 1)
Dρf(tk)

+
h2ρ

Γ(2ρ+ 1)
D2ρf(tk).

(58)

where 0 < ρ ≤ 1 is the fractional order and h is
the time step size.

To streamline the numerical scheme for system
(13), we first define the following auxiliary con-
stants to simplify the notation:

am =
γmEm

km
, ab =

γbEb

kp
, at =

γmEt

km
,

S = α+ β + am + ab,

Sp = µ+ v + w.

(59)

By applying the expansion (58) to each state
variable in system (13) and substituting the cor-
responding fractional derivatives, we obtain the
following explicit recursive formulas:

9.1. Nanoparticles in plasma (Np)

Np(tk+1) = ApNp(tk) +BpNt(tk), (60)
where:

Ap = 1− Shρ

Γ(ρ+ 1)
+

(β2 + S2)h2ρ

Γ(2ρ+ 1)
,

Bp =
βhρ

Γ(ρ+ 1)
− (β2 + βat + Sβ)h2ρ

Γ(2ρ+ 1)
.
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9.2. Nanoparticles in tumor (Nt)

Nt(tk+1) = AtNt(tk) +BtNp(tk), (61)
where:

At = 1− (β + at)h
ρ

Γ(ρ+ 1)
+

(β2 + (β + at)
2)h2ρ

Γ(2ρ+ 1)
,

Bt =
βhρ

Γ(ρ+ 1)
− β(S + β + at)h

2ρ

Γ(2ρ+ 1)
.

9.3. Reporters in tumor (Rt)

Rt(tk+1) = ArRt(tk)+BrNt(tk)+CrNp(tk), (62)

where:

Ar = 1− δhρ

Γ(ρ+ 1)
+

δ2h2ρ

Γ(2ρ+ 1)
,

Br =
ath

ρ

Γ(ρ+ 1)
− at(β + at + δ)h2ρ

Γ(2ρ+ 1)
,

Cr =
atβh

2ρ

Γ(2ρ+ 1)
.

9.4. Reporters in plasma (Rp)

Rp(tk+1) = ARpRp(tk) +BRpRt(tk)

+ CRpNp(tk) +DRpNt(tk),
(63)

where:

ARp = 1− Sph
ρ

Γ(ρ+ 1)
+

S2
ph

2ρ

Γ(2ρ+ 1)
,

BRp =
δhρ

Γ(ρ+ 1)
− (δ2 + δSp)h

2ρ

Γ(2ρ+ 1)
,

CRp =
(am + ab)h

ρ

Γ(ρ+ 1)

− ((am + ab)S + Sp(am + ab))h
2ρ

Γ(2ρ+ 1)
,

DRp =
(δat + (am + ab)β)h

2ρ

Γ(2ρ+ 1)
.

(64)

9.5. Reporters in urine (Ru)

Ru(tk+1) = Ru(tk) +BRuRp(tk)

+ CRuRt(tk) +DRuNp(tk),
(65)

where:

BRu =
µhρ

Γ(ρ+ 1)
− µSph

2ρ

Γ(2ρ+ 1)
,

CRu =
µδh2ρ

Γ(2ρ+ 1)
,

DRu =
µ(am + ab)h

2ρ

Γ(2ρ+ 1)
.

The above recursive formulas constitute the
generalized Taylor-based numerical scheme used

to simulate the system dynamics.

10. Numerical results and discussion

In this section, numerical simulations of the pro-
posed fractional-order cancer biomarker model
are presented using the Generalized Fractional
Taylor Expansion (GFTE). The primary ob-
jective is to investigate the influence of the
fractional-order parameter ρ on the biomarker dy-
namics and to demonstrate the effectiveness of
the proposed numerical method in solving the
fractional-order system.

The numerical simulations confirm the accuracy
and stability of the Generalized Fractional Tay-
lor Expansion in solving the proposed fractional-
order cancer biomarker model. Consequently, the
proposed approach provides an efficient computa-
tional framework for analyzing complex biological
systems governed by fractional differential equa-
tions.

Figures 7–11 present the time evolution of
the state variables (Np, Nt, Rt, Rp, Ru) for ρ ∈
{0.7, 0.8, 0.9, 1}. The results show that the frac-
tional parameter ρ effectively modulates the de-
cay rates and accumulation peaks due to the
memory effects of the fractional derivative.

Specifically, Figures 7 and 8 show that de-
creasing ρ leads to a slower decay of nanoparti-
cles in both plasma (Np) and tumor (Nt) com-
pared to the classical integer-order case (ρ = 1).
This prolonged retention can be biologically at-
tributed to the non-local transport properties in
the tumor microenvironment. Consequently, the
reporter accumulation in the tumor and plasma
shows higher peak concentrations and delayed
clearance for lower values of ρ, as shown in Fig-
ures 9 and 10. Finally, Figure 11 shows that
the accumulative reporter excretion in urine (Ru)
is slower for the fractional model, reflecting the
system’s overall memory retention.

Overall, the numerical results demonstrate that
the proposed fractional-order model offers greater
flexibility than its classical integer-order counter-
part. By adjusting the fractional-order param-
eter, the model can reproduce different dynamic
behaviors while preserving the biological interpre-
tation of the underlying processes. These find-
ings confirm the suitability of fractional calculus
for describing complex cancer biomarker dynam-
ics involving memory and hereditary effects.

The excellent agreement between the proposed
numerical method and the reference solutions con-
firms the accuracy and stability of the Generalized
Fractional Taylor Expansion. Consequently, the
proposed approach provides an efficient compu-
tational framework for analyzing fractional-order
cancer biomarker models.18
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Figure 7. Simulation of nanoparticle concentration in plasma Np(t) for different fractional-orders ρ
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Figure 8. Simulation of nanoparticle concentration in tumor Nt(t) for different fractional-orders ρ
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Figure 9. Simulation of reporter concentration in tumor Rt(t) for different fractional-orders ρ
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Figure 10. Simulation of reporter concentration in plasma Rp(t) for different fractional-orders ρ
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Figure 11. Simulation of reporter accumulation in urine Ru(t) for different fractional-orders ρ

11. Conclusion

This paper presented a fractional-order mathe-
matical model for cancer biomarker dynamics us-
ing the Caputo fractional derivative, which in-
corporates memory effects and hereditary char-
acteristics that cannot be captured by classical
integer-order models. The proposed framework
was theoretically validated by establishing the ex-
istence and uniqueness of solutions and investi-
gating the local stability of the equilibrium point.
Numerical solutions were successfully obtained
using the Generalized Fractional Taylor Expan-
sion (GFTE), demonstrating that the proposed
numerical method provides accurate and stable
approximations for the fractional-order system.

The numerical simulations revealed that
the fractional-order parameter significantly af-
fects nanoparticle transport, reporter dynamics,
and urinary biomarker accumulation, confirming
the important role of memory effects in describ-
ing the underlying biological processes. Further-
more, the Particle Swarm Optimization (PSO) al-
gorithm was employed to optimize the model pa-
rameters and determine the optimal nanoparticle
dose, leading to improved model performance and
enhanced tumor size estimation.

Overall, the proposed framework combines
rigorous theoretical analysis, efficient numerical
simulation, and artificial intelligence-based opti-
mization within a unified mathematical model.
These findings demonstrate the potential of
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fractional-order modeling as a reliable computa-
tional tool for improving nanoparticle-based can-
cer biomarker analysis and supporting future de-
velopments in early cancer detection and quanti-
tative tumor assessment.
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