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A novel DIRECT-type algorithm employing a parameterized Pareto approach
is proposed for box-constrained optimization problems. The method features
a two-stage Pareto selection process. The first stage focuses on global explo-
ration, using a parameter to identify the smallest significant hyperrectangle,
which helps avoid prolonged entrapment in local minima. The second stage
emphasizes local exploitation to improve convergence speed. Instead of select-
ing all non-dominated hyperrectangles during this stage, the algorithm reduces
then to three groups: smallest, medium, and largest. A key innovation is the
introduction of the medium hyperrectangle selection procedure in this stage
based on the Compromise Programming solution approach. In addition, the
algorithm incorporates diagonal sampling and bisection procedures for hyper-
rectangles, with hyperrectangle size measured using the infinity norm rather
than the Euclidean norm. The performance of the proposed algorithm is eval-
uated through numerical experiments on benchmark test problems and ten
GKLS test classes (1000 test functions in total). Numerical results show that
the proposed algorithm is competitive with, and generally outperforms, several
existing DIRECT-type algorithms. Moreover, the results obtained onthe ten
GKLS test classes further support the effectiveness of the proposed algorithm
across all considered problem dimensions.
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1. Introduction

Global optimization is a critical field within many
rapidly advancing disciplines and continues to
evolve significantly. Mathematical models of real-
world systems often give rise to global optimiza-
tion problems, which encompass many applica-
tions. These applications span diverse fields, in-
cluding finance, statistics, allocation and loca-
tion problems, operations research, network and
transportation issues, structural optimization, en-
gineering design, database management, nuclear
and mechanical design, chemical engineering, and
molecular biology.1

Among these applications, many involve com-
plex scenarios in which the objective function is

a black box, implying that the function lacks an
explicit form and that its evaluation can be com-
putationally expensive or time-consuming.2 Due
to these challenges, extensive global research ef-
forts are ongoing, with numerous scholarly refer-
ences dedicated to addressing these issues. The
derivative-free approach is employed to address
the black-box function issue.

There are several derivative-free approaches for
solving global optimization problems, including
stochastic, surrogate-assisted, and deterministic
methods. Stochastic approaches, such as Genetic
Algorithms,3 Simulated Annealing,4 and Particle
Swarm Optimization,5 have been widely investi-
gated for solving various optimization problems.
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These methods employ stochastic search mecha-
nisms to explore the search space, and their per-
formance can vary depending on the characteris-
tics of the optimization problem.6 In general, sto-
chastic approaches do not guarantee convergence
to the global optimum for every run.7

Surrogate-assisted optimization has also re-
ceived increasing attention for solving computa-
tionally expensive optimization problems.8 In
many practical engineering problems, evaluat-
ing the objective function can require substantial
computational resources, while traditional opti-
mization algorithms may require a large number
of function evaluations to obtain an optimal so-
lution. To address this issue, surrogate-assisted
evolutionary algorithms construct surrogate mod-
els to approximate the objective function and use
these models to guide the optimization process,
thereby reducing the number of expensive func-
tion evaluations.9 The effectiveness of these ap-
proaches depends on the construction of the sur-
rogate model and on the strategy used to man-
age and update the model during the optimization
process.

In contrast to stochastic and surrogate-assisted
approaches, deterministic approaches offer differ-
ent advantages and trade-offs. Under appropriate
assumptions and search procedures, determinis-
tic methods can provide theoretical guarantees of
convergence to the global optimum. One popu-
lar deterministic approach for solving black-box
function problems is the DIRECT method in-
troduced by Jones et al.10 The DIRECT (Di-
viding RECTangle) method combines space par-
titioning strategies with global selection crite-
ria to efficiently explore and exploit the search
space. In each iteration, multiple search points
are calculated simultaneously, employing a range
of weights between local and global searches. The
method relies on simple parameter settings, avoid-
ing the intricate tuning typically required to bal-
ance local and global search, thus producing a
reliable and user-friendly algorithm.

The DIRECT method has been successfully
applied across various fields, significantly improv-
ing decision-making, technology, and overall sys-
tem functionality.11 In financial optimization, the
DIRECT algorithm has been applied to optimal
portfolio selection,12 which aids in maximizing re-
turns while minimizing risk. The DIRECT algo-
rithm has been used in transportation to opti-
mize strategic parameters that minimize fuel con-
sumption,13,14 thereby contributing to the devel-
opment of safer and more efficient transportation
systems. In addition, the DIRECT method has
proven effective in other real-world problems, such

as healthcare,15 geophysics,16 weather routing for
ships,17 energy,18 thermohydrodynamic lubrica-
tion,19 image registration,20 and others.21–24

Despite its successful applications, the DIRECT
method has limitations. Several researchers25–27

have identified key weaknesses in the method.
One major issue is that in multimodal and high-
dimensional problems, the DIRECT method often
requires numerous function evaluations to explore
local minima, which can delay finding the global
minimum. Additionally, the method is relatively
slow in producing high-accuracy solutions because
it explores many medium-sized hyperrectangles
simultaneously, whereas local refinement is re-
quired.

Several researchers have proposed modifying
the original DIRECT algorithm to address these
shortcomings. First, different sampling methods
have been suggested. Instead of taking a single
sample at the center of each hyperrectangle, some
researchers propose sampling multiple points on
the diagonals,28 at the vertices,29,30 or at other
locations within each hyperrectangle.31

Another critical modification involves the proce-
dure for selecting potentially optimal hyperrect-
angles. Some researchers enhance the original DI-
RECT algorithm by integrating it with a local
optimizer,25,27,32 which has proven highly effec-
tive. Other researchers33–36 use a Pareto-based
approach for selecting potentially optimal hyper-
rectangles, moving away from the lower-right con-
vex hull approach in the DIRECT method.10 The
Pareto-based method tends to select more hyper-
rectangles than the lower-right convex-hull proce-
dure, which is advantageous as it allows for more
parallel exploration. In addition, the Pareto ap-
proach can reduce the need for parameter set-
tings used in the lower-right convex-hull proce-
dure, thereby simplifying the selection process.

In particular, according to,37 among
non-hybridized DIRECT-type algorithms, the
best performance is often demonstrated by
the DIRECT-GL35 and 1-DTC-GL38 algorithms,
which use a two-step Pareto approach (global-
local). The performance of these algorithms of-
ten even surpasses that of hybridized algorithms,
especially for multimodal and non-convex prob-
lems.
However, according to,39 although the DIRECT-
GL algorithm addresses many of the shortcom-
ings of the original DIRECT method, Pareto se-
lection is not without limitations. In particular,
the Pareto-based selection itself does not require
the parameter used in the original DIRECT selec-
tion criterion,10 but consequently lacks an explicit
mechanism to control excessive local exploitation.
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To address these issues, we propose a novel
DIRECT-type algorithm that maintains the ad-
vantages of the Pareto selection strategy while
overcoming its limitations. Our algorithm in-
corporates diagonal sampling and bisection pro-
cedures for hyperrectangles, with the hyperrect-
angle size measured by the infinity norm rather
than the Euclidean norm. In addition, a two-stage
Pareto selection strategy is performed at each it-
eration. The first stage focuses on global explo-
ration and introduces a parameterized criterion
only for the smallest Pareto hyperrectangle. This
criterion is used to determine whether the im-
provement achieved by the smallest hyperrectan-
gle is sufficiently significant to justify further sub-
division. By restricting the use of the parameter
to only one hyperrectangle, the additional compu-
tational cost remains low while reducing the risk
of excessive subdivision around local minima and
preserving the global exploration capability of the
Pareto approach.

The second stage focuses on local refinement to
improve convergence speed. Since this stage em-
phasizes local refinement rather than global ex-
ploration, selecting all non-dominated hyperrect-
angles may lead to unnecessary subdivisions and
increased computational cost without improving
the effectiveness of the local search. Therefore, in-
stead of using the entire set of non-dominated hy-
perrectangles, we retain only three representative
ones: the smallest, the medium, and the largest.
The smallest and largest hyperrectangles preserve
local exploitation and global exploration, respec-
tively, while the medium hyperrectangle provides
a compromise between these two search tenden-
cies. The introduction of the medium hyperrect-
angle selection procedure constitutes a key inno-
vation of the proposed algorithm. To identify this
hyperrectangle, we employ the Compromise Pro-
gramming approach,40–42 which simultaneously
considers the distance to the current best point
and the hyperrectangle size to obtain a compro-
mise solution.

This paper is organized as follows: Sec-
tion 2 provides preliminary information about
DIRECT-type algorithms. Subsection 2.3 dis-
cusses the Pareto-Lipschitzian approach in diag-
onal sampling and bisection partitioning. A de-
tailed explanation of our algorithm (referred to as
the PLOPBi-GL algorithm) is presented in Sec-
tion 3. Numerical experiments using the Hedar
test set are detailed in Section 4. Finally, conclu-
sions drawn from this study are outlined in Sec-
tion 6.

2. Preliminaries

In this paper, the global optimization problem be-
ing minimized is:

min
x1,...,xn

f(x1, . . . , xn), (1)

subject to : ap ≤ xp ≤ bp, p = 1, . . . , n. (2)
The function f(x) may exhibit nonlinearity,

nonconvexity, and nondifferentiability. The func-
tion f in Equation (1) can also be a black-box
function. The constraints in Equation (2) cor-
respond to a hyperrectangle-shaped search space,
H = [a,b] ⊆ Rn.

Problems (1) and (2) can be addressed using
DIRECT-type algorithms. The DIRECT-type al-
gorithm involves three main procedures: sam-
pling, partitioning, and selection. We will next re-
view the most relevant DIRECT-type algorithms,
starting with the original DIRECT algorithm, fol-
lowed by the algorithm with diagonal sampling
schemes (BIRECT), and finally, the algorithm
utilizing the Pareto approach.

2.1. Original DIRECT algorithm

Without loss of generality, at the initialization
stage, the search space H = [a,b] ⊆ Rn is normal-
ized to a unit hypercube, H̄ = [0,1] ⊆ Rn. Next,
the initial sample point is selected at the center
of the hypercube, c =

(
1
2 , . . . ,

1
2

)
, and the objec-

tive function is evaluated at this point. When
the objective function is evaluated at the center
of the hyperrectangle, c ∈ H̄, it corresponds to
the center of the original domain x ∈ H, i.e.,

f(c) ≡ f(x), (3)

where

xp = (bp − ap)cp + ap, p = 1, . . . , n. (4)

At this stage, trivially, the hypercube is se-
lected as the potentially optimal hyperrectangle.
Subsequently, selecting POHs in the BIRECT al-
gorithm follows Definition 1 as outlined below.

Definition 1. (Potentially optimal hyperrectan-
gle) Suppose that in the most recent iteration,
the search space H̄ = [0,1] ⊆ Rn has been par-
titioned into hyperrectangles H̄ i = [ai, bi] ⊆ H̄
where i ∈ Ik represents the index of the hyperrect-
angles formed after k iterations. Let ci represent
the center point and let δi denote the size of the
hyperrectangle H̄ i. Let ϵ > 0 and fmin denote the
best currently known function value. A hyperrect-
angle H̄j where j ∈ Ik is said to be potentially op-
timal if there exists some positive Lipschitz (rate-
of-change) constant L̃ > 0 such that

f(cj)− L̃δj ≤ f(ci)− L̃δi, ∀i ∈ Ik (5)
3
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f(cj)− L̃δj ≤ fmin − ϵ|fmin|, (6)
where the size of the hyperrectangle is denoted by

δi =
1

2
∥bi − ai∥. (7)

Suppose each hyperrectangle formed in an iter-
ation is represented in a two-dimensional plane,
where the horizontal axis denotes the size of
the hyperrectangle and the vertical axis repre-
sents the function values at the sampled point.
The selected hyperrectangle based on Definition
1 corresponds to the lower-right convex hull of
the points. Subsequently, new sample points are
taken from the selected hyperrectangle.

Let c0 denote the center point of a selected
hyperrectangle, and let Q = 1, 2, . . . , n represent
the set of coordinate indices or dimensions. The
first step in the sampling and partitioning process
is identifying the subset Q̃ ⊂ Q corresponding to
the dimensions with the largest side length. Let d
be one-third of this largest side length. In the sec-
ond step, new sample points are taken at c± deq
for all q ∈ Q̃, where eq is the unit vector in the

q-th dimension. In Figure 1a, this means sam-
pling points to the left, to the right, above, and
below the center point, c0. These newly sam-
pled points are depicted as red dots, with numbers
above them that indicate the function’s value.

Subsequently, the hyperrectangle containing c
is partitioned into three sections along the dimen-
sions in Q. Let wq represent the best function
value along the q-th dimension, defined as

wq = {f(c + deq), f(c − deq)} . (8)

In minimization cases, partitioning begins
with the dimension having the smallest wq

value and proceeds to dimensions with higher
wq values. Based on Figure 1, the values
w1 = min {60.65, 39.06} = 39.06, and w2 =
min {60.75, 37.75} = 37.75 are obtained. Because
w2 < w1, the first partition is performed along the
coordinate q = 2 (vertical axis), and three new
rectangles are obtained as in Figure 1b. Subse-
quently, the rectangle containing the center point
is partitioned into three parts along the coordi-
nate q = 1 (horizontal axis), as in Figure 1c.

Figure 1. Sampling and partitioning rectangles using the DIRECT algorithm on the 2D Griewank function

2.2. Bisection rectangle (BIRECT)
algorithm

Paulavičius et al.28 proposed an innovative ver-
sion of the DIRECT algorithm, referred to as
the BIRECT algorithm, which employs a bisec-
tion strategy for rectangles instead of trisection
and samples two points along the main diagonal
of each rectangle. In the initialization step, two
starting points located on the main diagonal are
chosen after the initial search space is normalized
to the unit hypercube.

Let these points be denoted by l = (l1, . . . , ln) =(
1
3 , . . . ,

1
3

)
and u = (u1, . . . , un) =

(
2
3 , . . . ,

2
3

)
. At

this stage, trivially, the hypercube is selected as
the potentially optimal hyperrectangle. Subseq-

uently, selecting POHs in the BIRECT algorithm
resembles Definition 1. Since each hyperrectan-
gle is represented by two sample points, ∀i ∈ Ik
Equations (5) and (6) are replaced with:

min
{
f(lj), f(uj)

}
− L̃δj ≤ min{f(li),

f(ui)} − L̃δi,
(9)

min
{
f(lj), f(uj)

}
− L̃δj ≤ fmin − ϵ|fmin|. (10)

The size of the hyper rectangle is

δi =
2

3
∥bi − ai∥. (11)

Let Īk denote the set of indices of the hyper-
rectangles formed at iteration k. Furthermore, let
ĪPk ⊂ Īk represent the set of indices of potentially
optimal hyperrectangles. Bisection partitions are
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applied to the hyperrectangles D̄j , j ∈ ĪPk , by di-
viding each along its longest side based on a sin-
gle coordinate. If multiple coordinates share the
longest side, the partition occurs along the coordi-
nate with the smallest index. In other words, the
hyperrectangle Dj , where the longest side mea-
sures δjbr, is bisected along the coordinate xbr,
where

br = min

{
arg max

p=1,...,n

(
djp = |bjp − ajp|

)}
. (12)

Each recently partitioned hyperrectangle will
contain one ‘old’ point from the previous itera-
tion and one ‘new’ point. The two new points
are:

li+2 =

(
li1, . . . , l

i
br ±

dibr
2

, . . . , lin

)
,

and

ui+1 =

(
ui1, . . . , u

i
br ±

dibr
2

, . . . , uin

)
.

Simultaneously, previous sampling points are
reused, i.e., li+1 = li and ui+2 = ui. The illustra-
tion of the sampling and bisection procedures in
the BIRECT algorithm is presented in Figure 2.

The red points in Figure 2 represent newly
sampled points, whereas the black ones indicate
where function values from earlier iterations are
reused. The triangle symbols on each hyperrect-
angle indicate the best function values. The gray
hyperrectangles correspond to the potentially op-
timal hyperrectangles selected at each iteration.
Initially, the unit hypercube is trivially selected
as the potentially optimal hyperrectangle (POH)
(Figure 2a). Since both axes have the longest
sides, partitioning is performed along the hori-
zontal axis (coordinate q = 1). Furthermore, the
POH in Figure 2b has its longest side along the
vertical axis (coordinate q = 2). Therefore, parti-
tioning is performed along the vertical axis, and
new hyperrectangles are generated as shown in
Figure 2c.

Figure 2. Sampling and partitioning rectangles using the BIRECT algorithm on the 2D Griewank function

2.3. Pareto-lipschitzian optimization in
bisection partition and diagonal
sampling (PLOBi algorithm)

Mockus et al.40 introduced the concept of hy-
perrectangle dominance and Pareto optimal hy-
perrectangles, where each hyperrectangle is sam-
pled at its center. Furthermore, Mustika et al.36

defined hyperrectangle dominance in which each
hyperrectangle is sampled at two points. In this
study, the diagonal sampling procedure is em-
ployed, and the definition of hyperrectangle dom-
inance from36 is applied.

Definition 2. Suppose that the search space H̄ =
[0,1] ⊆ Rn has been partitioned into hyperrectan-
gles H̄ i = [ai, bi] ⊆ H̄, where i ∈ Ik denotes the
index of the hyperrectangles formed after k itera-
tions. The points li and ui represent two different

sample points along the main diagonal of the hy-
perrectangle H̄ i. Let F i denote the best objective
function value at the sample point for hyperrect-
angle H̄ i, i.e., F i = min

{
f(li), f(ui)

}
. Let δi de-

note the size of the hyperrectangle H̄ i. Hyperrect-
angle H̄j dominates hyperrectangle H̄ i, i, j ∈ Ik
(denoted H̄j ≺ H̄ i) if

δj ≥ δi and F j < F i (13)

or
δj > δi and F j ≤ F i (14)

where

δj = max
p=1,...,n

djp = max
p=1,...,n

| bjp − ajp | . (15)

Definition 3. If there is no hyperrectangle H̄j

dominating H̄ i, i ∈ Ik, for all j ∈ Ik, then the
hyperrectangle H̄ i is said to be Pareto optimal.
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The size of hyperrectangle δj in Equation (15)
is based on the infinity norm. This measure al-
lows hyperrectangles that differ in characteristics
to be classified into the same group. This results
in fewer groups of hyperrectangles with identi-
cal sizes, even as the number of hyperrectangles
within each group grows. In this study, the size of
the hyperrectangle also corresponds to the infinity
norm.

3. Two-stage parameterized
pareto-lipschitzian optimization in
diagonal sampling and bisection
partition (PLOPBi-GL algorithm)

The concept of a non-dominated hyperrectangle,
as given in Definitions 2 and 3, corresponds to the
bi-objective optimization problem:

min
i∈Ik

{
F i,−δi

}
. (16)

The first objective is to minimize the best ob-
jective function value at the sample points, and
the second objective is to minimize the size of
the hyperrectangle multiplied by -1 (which corre-
sponds to maximizing the size of the hyperrect-
angle). The Pareto optimal hyperrectangles ob-
tained by Definitions 2 and 3 will also correspond
to the solutions of Equation (16).

Unlike the potential optimality condition in
the original DIRECT algorithm, these two crite-
ria are treated separately rather than combined
into a single scalar criterion. Thus, the objec-
tive function value and the hyperrectangle size
are not directly combined in the selection pro-
cess. Since the Pareto optimal hyperrectangles
are determined from the dominance relation in
Definition 2, we first examine whether this dom-
inance relation is affected by a transformation of
the objective function. The following proposition
establishes this property.

Proposition 1. Let Ik denote the set of indices
of hyperrectangles formed after k iterations. Con-
sider two hyperrectangles H̄ i, H̄j, where i, j ∈ Ik,
and a transformed objective function

f̃(x) = af(x) + b, a > 0. (17)

Let F̃ i and F̃ j denote the corresponding best
objective function values of H̄ i and H̄j, respec-
tively. If H̄j dominates H̄ i under f , then H̄j also
dominates H̄ i under f̃ , and vice versa.

Proof. From the definition of F i in Definition 2,
the transformed best objective function value of

hyperrectangle H̄ i is

F̃ i = min
{
f̃(li), f̃(ui)

}
= min

{
af(li) + b, af(ui) + b

}
= amin

{
f(li), f(ui)

}
+ b

= aF i + b.

Similarly,
F̃ j = aF j + b.

Since the transformation is applied only to the
objective function, the size of each hyperrectangle
remains unchanged, i.e.,

δ̃i = δi, δ̃j = δj . (18)

Since a > 0, the ordering of the objective func-
tion values is preserved, such that

F j < F i ⇐⇒ aF j + b < aF i + b

F j < F i ⇐⇒ F̃ j < F̃ i, (19)

and similarly,

F j ≤ F i ⇐⇒ F̃ j ≤ F̃ i. (20)

From Equations (18)–(20), both dominance
conditions in Definition 2 are preserved under the
transformation. □

The proposition shows that the dominance rela-
tion is invariant under a positive affine transfor-
mation of the objective function. We next con-
sider the dominance relation among hyperrectan-
gles of the same size. The following lemma shows
that, within a group of hyperrectangles of equal
size, a hyperrectangle with the smallest function
value dominates the other hyperrectangles in the
group.

Lemma 1. Among a group of hyperrectangles of
the same size u, the hyperrectangle with the small-
est function value always dominates the others in
the group.

Proof. Let Ik denote the set of indices of hyper-
rectangles formed after k iterations. Let A ⊆ Ik
denote a set of hyperrectangle indices with size u.
Let the hyperrectangle Ha, where a ∈ A, be the
one with the smallest function value among the
hyperrectangles of size u. In other words,

F a = min
i∈Ik,δi=u

F i. (21)

It will be shown that hyperrectangle Ha al-
ways dominates hyperrectangle H i for all i ∈ A
with F i ̸= F a. Let i ∈ A be chosen arbitrarily,
where F i ̸= F a. From Equation (13), we get
F i > F a. Furthermore, from Definition 2, it can
be said that hyperrectangle Ha dominates hyper-
rectangle H i. □

6
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Suppose the points in Figure 3 represent hy-
perrectangles formed in an iteration. The black
dots in Figure 3a correspond to the points out-
lined in Proposition 1. Not all of these points
are Pareto optimal hyperrectangles. For instance,
consider the point corresponding to hyperrectan-
gle D2, which is dominated by D3. Therefore,

hyperrectangle D2 is not Pareto optimal. Only
the points corresponding to hyperrectangles
D1, D3, and D4 are Pareto optimal, as indicated
in Figure 3b (marked with red dots).

The following is an additional Lemma related
to the Pareto optimal hyperrectangle.

(a) Identify the non-dominated hyperrectangle.

(b) Identify the Pareto optimal hyperrectangles.

Figure 3. Interpretation of the hyperrectangles formed in a two-dimensional plot

7
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Lemma 2. Let Ik denote the set of indices of
hyperrectangles formed after k iterations. If the
hyperrectangle H i has the best function value and
the largest size among the other hyperrectangles
with the same function value, i.e.,

F i = min
a∈Ik

F a = fmin, and

δi = max
a∈Ik, Fa=fmin

δa.
(22)

then the hyperrectangle H i is Pareto optimal.

Proof. Hyperrectangle H i is said to be Pareto
optimal if there is no hyperrectangle Hj , j ∈ Ik,
that dominates hyperrectangle H i. The proof
uses the contradiction. Suppose there is a hyper-
rectangle Hj , j ∈ Ik, that dominates hyperrectan-
gle H i.
(1) Case F j = F i, ∀j ∈ Ik. From Equation

(22), hyperrectangle H i has the largest size.
In other words, if F j = F i for all j ∈ Ik,
then δi > δj . From Equation (14) in Def-
inition 2, it follows that hyperrectangle H i

dominates hyperrectangle Hj , leading to a
contradiction.

(2) Case F j ̸= F i, ∀j ∈ Ik. From Equation (13)
in Definition 2, hyperrectangle Hj is said
to dominate hyperrectangle H i if F j < F i.
Since hyperrectangle H i has the best func-
tion value, and F j ̸= F i, ∀j ∈ Ik, it follows
that F i < F j , leading to a contradiction.

□

3.1. The role of the parameter in the
PLOBi algorithm

The PLOBi algorithm in36 is parameter-free,
which limits its ability to escape local minima
effectively. For instance, in problems with nu-
merous local minima, such as the Shubert-2D
function, the PLOBi algorithm requires excessive
evalutions, reaching 82,450 points for a tolerance
level of 10−4, which is 27 times that of the orig-
inal DIRECT algorithm. For the 5-dimensional
Michalewicz function, which has 5! or 120 lo-
cal optima, the PLOBi algorithm fails to achieve
convergence when the maximum number of eval-
uations is limited to 100,000. This may occur
because the algorithm remains trapped at a lo-
cal minimum. To address this critical limitation,
the introduction of a parameter becomes essen-
tial, motivating the development of a new, more
efficient algorithm. The role of this parameter is
specified in Definition 4.

Definition 4. Let IPk denote the set of indices
of hyperrectangles satisfying Pareto optimality af-
ter k iterations. Let the hyperrectangle with index
z ∈ IPk denote the smallest hyperrectangle with

size δz. Let fmin
k denote the best function value

obtained in iteration k, and let ϵ > 0 be a positive
constant. Let L̃ > 0 denote the smallest slope of
the line formed by (δz, F z) and (δpk , F pk) ,∀pk ∈
IPk , δpk > δz, where F z = min {f(lz), f(uz)}. In
other word,

L̃ = min

{
F pk − F z

∗

}
, ∀pk ∈ IPk , δpk > δz. (23)

If |IPk | > 1, hyperrectangle z is said to have a
significant solution improvement if

F z − L̃δz ≤ fmin
k − ϵ|fmin

k |. (24)

If |IPk | = 1, hyperrectangle z is said to have a
significant solution improvement.

The left-hand side of Equation (24) the lower
bound of the function f on hyperrectangle z for
some constant L̃ > 0. The equation ensures that
the lower bound of the smallest Pareto-optimal
hyperrectangle must be significantly better than
the current best solution, i.e., less than or equal to
fmin
k − ϵ|fmin

k |. This condition is necessary to pre-
vent the algorithm from getting stuck in a local
minimum when the improvement in the solution
is insignificant.

From Definition 4, if hyperrectangle z experi-
ences significant improvement, it will be included
in the subsequent search. Conversely, the small-
est Pareto optimal hyperrectangle z will be dis-
regarded in the subsequent search if Equation
(24) is not satisfied. In the PLOBi algorithm, all
hyperrectangles identified as Pareto optimal are
selected and subsequently partitioned for further
searching. However, since the PLOBi algorithm
does not utilize parameters, it may struggle to
escape from local minima effectively. Therefore,
integrating a parameter to filter the smallest rect-
angles is expected to help the algorithm avoid be-
coming trapped in local minima. Furthermore,
the workflow of the PLOBi algorithm, when in-
tegrated with the parameter, is illustrated in the
flow chart in Figure 4.

3.2. Two-stage procedure in the selection
of pareto optimal hyperrectangles

The number of Pareto optimal hyper rectangles
is greater than the number of potentially optimal
hyperrectangles defined by.10 On the one hand,
this is advantageous because more hyperrectan-
gles can be explored in parallel, allowing for more
efficient search performance. On the other hand,
a greater focus on global search can slow down
the refinement of solutions to a high degree of ac-
curacy, as more time is spent on medium-sized
hyperrectangles rather than improving the local

8
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minimum. To address this weakness,34,40 reduced
the set of Pareto optimal hyperrectangles by se-
lecting only the largest and smallest hyperrectan-
gles. The largest hyperrectangles are helpful for
global search, while the smallest hyper rectangles
are focused on local refinement. However, if the
global minimum is located in a medium-sized rec-
tangle (neither the smallest nor the largest), the
reduced extent of global exploration may cause

a delay in identifying the global minimum over
many iterations.39

We employ a two-stage strategy to leverage the
strengths of the Pareto approach while addressing
its weaknesses. The first stage, called the global
stage, focuses on global exploration by applying
the procedure shown in Figure 4. In the sec-
ond stage, called the local stage, the focus shifts
to local refinement while still utilizing the Pareto
approach.

Figure 4. Flow chart of the PLOBi algorithm with parameter

The global stage in the PLOPBi-GL algorithm
follows exactly the procedure of the PLOBi algo-
rithm with the parameter, as shown in Figure 4.
It begins by identifying the Pareto optimal hyper-
rectangles (POHs), according to Definitions 2 and
3. Next, the smallest POH is tested for its signif-
icance level based on Definition 4. If the smallest
POH shows a significant improvement according
to tolerance ϵ, then the hyperrectangle is selected.
All hyperrectangles selected through this proce-
dure are partitioned, and new sample points are
taken before proceeding to the local stage.

We next examine the invariance of the global-
stage selection under positive multiplicative scal-
ing of the objective function.

Proposition 2. Consider the positive multiplica-
tive scaling of the objective function

f̃(x) = af(x), a > 0. (25)

If a hyperrectangle satisfies the significance con-
dition in Definition 4 under f , then it also satis-
fies the same condition under f̃ , and vice versa.
Consequently, the hyperrectangles selected in the
global stage remain unchanged under positive mul-
tiplicative scaling of the objective function.

Proof. At iteration k, let IPk denote the set of
Pareto optimal hyperrectangles selected by the
Pareto criteria. From Proposition 1, the Pareto-
optimal set is unchanged under positive multi-
plicative scaling. Therefore, the smallest Pareto-
optimal hyperrectangle index, z, and the set IPk
remain unchanged. Since

F̃ i = min
{
f̃(li), f̃(ui)

}
= aF i,

we have
F̃ z = aF z.

Moreover, the size of each hyperrectangle is not
affected by the transformation. Thus,

δ̃z = δz.

Consequently, the slope defined in Definition 4
under the transformed objective function is

L̃ = min
pk∈IPk
δpk>δz

{
F̃ pk − F̃ z

δ̃pk − δ̃z

}

= min
pk∈IPk
δpk>δz

{
aF pk − aF z

δpk − δz

}
(26)

= aL̃.

9
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Furthermore, fk
min is the best objective function

value obtained in iteration k. Therefore, under
the transformed objective function,

f̃k
min = afk

min.

Therefore,

F̃ z − L̃δ̃z ≤ f̃k
min − ϵ

∣∣∣f̃k
min

∣∣∣
⇐⇒ aF z − aL̃δz ≤ afk

min − ϵ|afk
min|.

Because a > 0, we obtained:

⇐⇒ F z − L̃δz ≤ fk
min − ϵ|fk

min|. (27)

Thus, the significance condition is satisfied
under f̃ if and only if it is satisfied under f .
Hence, the same hyperrectangles are selected
in the global stage under both objective func-
tions. □

3.3. Second phase: Local refinement

In the first stage, the algorithm focuses on global
exploration to thoroughly explore the solution
space. Therefore, the significance parameter ϵ is
used to prevent the algorithm from getting stuck
in local minima for too long. This is particularly
important for problems with many local minima
(i.e., multimodal problems).

In the second stage, the focus shifts to local
refinement, while still employing the Pareto ap-
proach. Instead of using the bi-objective problem
described in Equation (16), this stage adopts a
more locally focused approach, as described in,35

for the PLOPBi-GL algorithm. This approach in-
corporates a distance function to the current min-
imum point, which aims to accelerate convergence
toward better local solutions.

Let si denote the sample point of hyperrectan-
gle i, and let xmin be the current minimum point,
i.e.,

xmin = arg(fmin) = argmin
x∈D

(f(x)). (28)

The Euclidean distance between si and xmin is
expressed as:

d
(
xmin, si

)
=

√√√√ n∑
p=1

(
xmin
p − spi

)2
. (29)

In this section, the selected point xmin point
refers to the best point obtained at the end of the
global phase. If, in an iteration, there is more
than one xmin, the chosen xmin is the one located
in the hyperrectangle with the largest index, de-
noted by x̂min.

We present Lemma 3, which states that the
minimum value of Equation (29) is attained at
the point x̂min itself.

Lemma 3. Suppose x̂min denotes the current
minimum point. The minimum value of Equa-
tion (29) corresponds to the hyperrectangle that
contains x̂min.

Proof. Let the points li and ui represent two
sample points of hyperrectangle H̄ i, ∀i ∈ Igk,
where Igk denotes the set of hyperrectangle indices
formed at the end of the global stage (first stage).
Since the point x̂min is the best point obtained at
the end of the global stage, there exists a hyper-
rectangle H̄j with j ∈ Igk such that x̂min = lj or
x̂min = uj . Therefore, there exists a hyperrectan-
gle D̄j such that

sj = min
{
d
(
x̂min, lj

)
, d

(
x̂min,uj

)}
= 0,

which is the hyperrectangle that contains x̂min.
Since the distance function is non-negative,

sj = 0 = min
i∈Igk

si.

□

Let Igk be the set of hyperrectangle indices
formed at the end of the global stage, and let
x̂min be the current minimum point obtained at
that stage. Let Pl

k ⊆ Igk represent the set of non-
dominated hyperrectangle indices corresponding
to the solution of a bi-objective function problem:

min
i∈Ik

{
Di,−δi

}
, (30)

where

Di = min
{
d
(
x̂min, li

)
, d

(
x̂min,ui

)}
, (31)

representing the shortest distance from the two
sample points of hyperrectangle H i to the cur-
rent minimum point. To improve local solu-
tion refinement, not all hyper rectangles in P̃k

are selected, but rather reduced to three com-
plementary categories: the smallest, largest, and
medium-sized hyperrectangles. This reduction
strategy is designed to maintain a balance be-
tween local exploitation and global exploration
while retaining a compromise search direction.
In particular, the smallest hyperrectangle repre-
sents an exploitation-oriented choice, whereas the
largest hyperrectangle represents an exploration-
oriented choice. The medium hyperrectangle, se-
lected using the Compromise Programming (CP)
approach, provides a compromise between these
two search tendencies.

The smallest hyperrectangle corresponds
to a solution of the single-objective problem
mini∈Igk

(Di), which promotes local exploitation by
favoring the hyperrectangle whose sample point
is closest to the current minimum point. Further-
more, the largest hyperrectangle corresponds to

10
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a solution of the single-objective problem
mini∈Igk

(−δi), which preserves a global explo-
ration tendency by favoring the largest hyperrect-
angle. The third choice is introduced to avoid re-
lying exclusively on either of these two search ten-
dencies. It is obtained through Compromise Pro-
gramming and seeks a hyperrectangle that helps
maintain a balance between local exploitation and
global exploration.

In the PLOR algorithm introduced by,40 the
Pareto optimal hyperrectangle is reduced by se-
lecting only the smallest and the largest ones.
However, if the global optimum lies within a
medium-sized hyperrectangle, this approach may
slow down the solution search process. To ad-
dress this issue, the present study introduces
the concept of a medium hyperrectangle, in-
spired by the Compromise Programming (CP) so-
lution.41,42 Before defining a medium hyperrect-
angle, we first present the definition of the ideal
and anti-ideal points, which are relevant in this
context.

Definition 5. The points z∗ = (z1, z2) and z∗ =
(z1∗ , z2∗) are referred to as the ideal point and
anti-ideal point, respectively, of the bi-objective
problem (30), where

z∗1 = min
i∈Ik

(Di) and z∗2 = min
i∈Ik

(−δi), (32)

and

z1∗ = max
i∈Ik

(Di) and z2∗ = max
i∈Ik

(−δi). (33)

In the Compromise Programming method,
solutions are selected based on their degree of
proximity to the ideal point, either as feasible
solutions or as Pareto optimal solutions. Further-
more, the definition of the degree of proximity
relevant to this study is provided in Definition 6.

Definition 6. Given the bi-objective problem
(30), with the ideal and anti-ideal points as de-
fined in Definition 5, the degree of closeness of
the p-th objective function to its normalized ideal
value (denoted as dkp) is defined as follows:

dki1 =
|Di − z∗1 |
|z1∗ − z∗1 |

and dki2 =
| − δi − z∗2 |
|z2∗ − z∗2 |

. (34)

Next, we provide the definition of the medium
hyperrectangle, which is related to the Compro-
mise Programming solution, the solution that has
the smallest degree of proximity (i.e., the closest
distance) between the ideal point and the Pareto
optimal solution in Pl

k.

Definition 7. Let Pl
k denote the set of Pareto-

optimal hyperrectangle indices corresponding to
the solution of Problem (30), with the ideal and

anti-ideal points defined in Definition 5. Let the
degree of closeness of each objective function to its
ideal value be given in Definition 6. A hyperrect-
angle j ∈ Pl

k is said to be a medium hyperrectangle
if it has the smallest degree of closeness, that is:

dkjmedium = min
i∈Pl

k

(dkiideal), (35)

where
dkiideal =

√
(dki1)

2 + (dki2)
2. (36)

In the Pareto solution concept, when the opti-
mized objective functions conflict with each other,
the ideal solution is generally difficult to achieve.
In the Compromise Programming (CP) method,
the solution is selected based on its proximity to
the ideal point, which represents the optimal val-
ues of all objective functions. Therefore, select-
ing the medium hyperrectangle using the Com-
promise Programming approach provides a com-
promise solution between the two objective func-
tions considered simultaneously. In the proposed
framework, the medium hyperrectangle selected
by Compromise Programming is used together
with the smallest and largest hyperrectangles.
Thus, the three-category reduction strategy con-
siders local exploitation, global exploration, and
a compromise between the two to help maintain
a balance between local and global search during
the local refinement phase.

3.4. Convergence of the PLOPBi-GL
algorithm

The main characteristic of the PLOPBi-GL al-
gorithm is that a Pareto optimal hyperrectangle
is identified twice in each iteration, namely dur-
ing the global and local phases. The following
Lemma guarantees the existence of at least one
Pareto-optimal hyperrectangle, namely the one
with the largest size.

Lemma 4. Suppose that, in a given iteration,
there are ng groups of hyperrectangles formed.
Among them, there always exists a hyperrectangle
that is Pareto-optimal, specifically the one with
the largest size.

Proof. Let each group have sizes denoted by
u1, u2, . . . , ung , where ung is the largest size. Since
each hyperrectangle is partitioned into two equal
parts, we have

ui =
1

2
ui+1, i = 1, . . . , ng − 1. (37)

Let Hui denote a hyperrectangle that satisfies
Lemma 1, for i = 1, . . . , ng. Since the hyperrect-
angle Hung has the largest size, by Definition 2,
there does not exist any hyperrectangle that dom-
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inates Hung . In other words, the hyperrectangle
Hung is Pareto optimal. □

Each iteration of the PLOPBi-GL algorithm
handles a group of hyperrectangles, where each
group contains a finite number of hyperrectan-
gles. Over successive iterations, the hyperrectan-
gles within a group are partitioned into smaller
groups. This procedure is repeated on the group
containing the largest hyperrectangles, and con-
tinues until the size of the largest hyperrectangle
falls below a predefined tolerance threshold. The
PLOPBi-GL algorithm stops upon satisfaction of
the stopping criterion. A formal statement is pro-
vided in the following theorem.

Theorem 1. Let H ⊆ Rn be the feasible region
for the objective function f . Suppose that H has
been partitioned by bisection into several hyper-
rectangles H i, i ∈ Ik, where Ik denotes the index
set of hyperrectangles formed at iteration k. For
each point x ∈ H and any ϵ > 0, there exists an
iteration number k(ϵ) ≥ 1 and a hyperrectangle
index ik(ϵ) ∈ Ik(ϵ) such that:

max
{∥∥lik(ϵ) − x

∥∥ , ∥∥uik(ϵ) − x
∥∥} ≤ ϵ. (38)

Proof. Based on Lemma 4, in both the global
and local phases, there is always a Pareto opti-
mal hyperrectangle selected, namely the one with
the largest size, denoted by δmax. One by one, the
hyperrectangles are partitioned such that the vol-
ume of each resulting hyperrectangle is half the
volume of its predecessor. Since each group of
hyperrectangles contains a finite number of ele-
ments, after a finite number of iterations, the size
of the largest hyperrectangle reduces to 1

2δ
max.

This process is then repeated on the new group
containing the current largest hyperrectangle. As
a consequence of this repeated partitioning, the
size of the largest hyperrectangle continues to de-
crease. That is, for any ϵ > 0, there exists a finite
iteration number, k(ϵ) ≥ 1, such that after k(ϵ)
iterations, the size of the largest hyperrectangle
becomes smaller than ϵ, i.e.

δmax
k(ϵ) ≤ ϵ. (39)

Therefore, any point x ∈ H lies within a hyper-
rectangle H ik(ϵ) such that

δik(ϵ) ≤ δmax
k(ϵ) . (40)

The hyperrectangle H ik(ϵ) also contains two
diagonal sample points, namely lik(ϵ) and uik(ϵ) .
Therefore,

max
{∥∥lik(ϵ) − x

∥∥ , ∥∥uik(ϵ) − x
∥∥} ≤ δik(ϵ) . (41)

From Equations (39)–(41), we obtain Equa-
tion (38). □

Based on Theorem 1, for every point x ∈ H =
[a,b] ⊆ Rn and any tolerance ϵ > 0, there exists
a finite iteration at which a hyperrectangle is cre-
ated whose diagonal sample points are within a
distance of at most ϵ from x. In particular, by
choosing x = x∗, where x∗ denotes a global mini-
mizer of f , there exists a sample point y satisfying

∥x∗ − y∥ < ϵ.

Therefore, if f is continuous in a neighborhood
of the global minimizer x∗, then the correspond-
ing function value f(y) can be made arbitrarily
close to the global optimum f(x∗). The observa-
tion leads directly to the following corollary.

Corollary 1. Suppose that the objective function
f is continuous in a neighborhood of a global min-
imizer x∗ ∈ H. Then, for every ξ > 0, the
PLOPBi-GL algorithm generates a sample point
y ∈ H such that

|f(y)− f(x∗)| < ξ.

The complete procedure of our algorithm is
provided in Algorithm 1, which we refer to as
the PLOPBi-GL algorithm. This algorithm repre-
sents a Pareto-Lipschitzian Optimization (PLO)
approach, a bi-partition and bi-sampling scheme,
and a global-local selection procedure. The al-
gorithm can be configured with two primary in-
put values: error tolerance (ϵtol) and maximum
function evaluation limit (Nfmax). Additionally,
a maximum number of iterations (tmax) can be
included as input if needed. Upon meeting any
of these termination criteria, the PLOPBi-GL al-
gorithm outputs the current best function value
(fmin) and solution point (xmin), along with per-
formance measures such as the number of function
evaluations (Nf ) and execution time (t).

4. Numerical experiments using
hedar’s test functions

This section presents the numerical evaluation of
PLOPBi-GL using the Hedar test set. The exper-
iments are conducted in two stages. First, a sen-
sitivity analysis is performed to investigate the ef-
fect of the parameter ϵ and to determine an appro-
priate value for the subsequent experiments. Sec-
ond, using the selected parameter value, the per-
formance of PLOPBi-GL is compared with several
existing DIRECT-type algorithms.

4.1. Hedar test set

In this section, we present a series of numerical
experiments to evaluate the performance of the
PLOPBi-GL algorithm. The numerical experi-
ments were conducted on unconstrained global
optimization problems as detailed in.43 There are
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54 global optimization problems with dimensions
from 2 to 10, derived from 27 test functions, en-
compassing convex, non-convex, unimodal, and
multimodal problems. Table 1 provides a de-
tailed description of the test function character-
istics. An asterisk (*) symbol next to some test
functions in the problem name column indicates
modified problems. Modifications were made to
the feasible region, as the initial sampling point
was the global minimum.

Most problems in the Hedar test set exhibit mul-
timodal characteristics. This characteristic makes
them suitable for evaluating how effectively the
proposed algorithm addresses one of the weak-
nesses of the DIRECT method: spending too
many function evaluations on exploring subopti-
mal local minima, thus delaying the identification
of the global minimum. Furthermore, the global
minimum value for all test problems in the Hedar
test set is known. Therefore, the algorithm stops
when a point x̃ is found, such that the percent
error (pe) is less than the error tolerance (ϵtol),
where

pe =

{
f(x̃)−f∗

|f∗| , f∗ ̸= 0

|f∗| , f∗ = 0
(42)

or when the number of function evaluations
reaches the specified maximum.

4.2. Sensitivity analysis and selection of ϵ

The parameter ϵ is introduced in the first stage
of PLOPBi-GL to control the selection of the
smallest Pareto-optimal hyperrectangles during
the global exploration process. This mechanism
is intended to prevent the search from becom-
ing overly concentrated in a particular region and
thereby reduce the risk of premature convergence
to a local optimum. Therefore, the choice of ϵ may
affect the balance between global exploration and
computational effort.

To investigate the sensitivity of PLOPBi-
GL to this parameter, six values of ϵ, namely
10−3, 10−4, 10−5, 10−6, 10−7, and 10−8, were
tested on the Hedar test set described in Table
1. The numerical experiments were conducted
using two stopping criteria: a prescribed percent
error pe = 10−6, as defined in Equation (42),
and a maximum number of function evaluations
of 25,000. The performance was evaluated based
on the number of function evaluations required
to satisfy the prescribed accuracy, subject to the
maximum evaluation limit.

The results in Table 2 show that ϵ = 10−3

achieves the lowest average number of function

evaluations, with an average of 7765 evaluations.
As ϵ decreases from 10−3 to 10−8, the average
number of function evaluations increases grad-
ually, from 7765 to 7835. The small variation
across the tested values indicates that the compu-
tational performance of PLOPBi-GL is relatively
insensitive to the choice of ϵ within the tested
range. This behavior is consistent with the role
of ϵ as a selection parameter in the global explo-
ration stage, which does not alter the objective
function, sampling scheme, or partitioning rule.
Based on these results, ϵ = 10−3 is selected for
the subsequent numerical experiments.

Algorithm 1. The PLOPBi-GL Algorithm
1: Input: ϵtol, Nfmax ;
2: Output: fmin,xmin, performance measure;
3: The initial search space H = [a,b] is normalized to the

unit hypercube H̄ = [0,1];
4: Initialization: k = 1, Ik = {1}, l1 =

(
1
3
, . . . , 1

3

)
,u1 =(

2
3
, . . . , 2

3

)
;

5: Set m = 2, fmin = min
{
f(x1), f(y1)

}
,xmin =

argminx∈(x1,y1) f(x);
6: while pe > ϵtol and m < Nfmax do
7: See Equation (??) for the formula of pe;
8: Identifying a set of Pareto optimal hyperrectangles

(POHs) indices Pk ⊆ Ik using Definitions 2 and 3;
9: Identify the significance of the smallest hyperrect-

angle using Definition 4;
10: Update Pk and set Ik = Ik \ {Pk};
11: for all i ∈ Pk do
12: Subdivide (bisect) all hyperrectangles in Pk and

update Ik;
13: Evaluate f at diagonal sampling of the new hy-

perrectangles;
14: Update pe, fmin,xmin;
15: end for
16: for all i ∈ Ik do
17: Calculate distance d

(
xmin, li

)
and d

(
xmin,ui

)
;

18: Calculate Di = min
{
d
(
xmin, li

)
, d

(
xmin,ui

)}
;

19: end for
20: Identify a set of indices, P̃k ⊆ Ik representing POHs

from Eq. (30);
21: Determine P1 ⊆ P̃k where P1 = argmini∈P̃k (D

i);
22: Determine P2 ⊆ P̃k where P2 = argmini∈P̃k (−δi);
23: Determine P3 ⊆ P̃k where P3 satisfies Equation

(35);
24: Set P̃k = P1 ∪ P2 ∪ P3;
25: for all i ∈ P̃k do
26: Subdivide (bisect) all hyperrectangles in P̃k and

update Ik;
27: Evaluate f at diagonal sampling of the new hy-

perrectangles;
28: Update pe, fmin,xmin;
29: end for
30: Increase k = k + 1;
31: end while
32: Return: fmin,xmin, pe and other performance mea-

sures;
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Table 1. Key characteristics of Hedar benchmark test functions

Problem Problem name Dimen- Feasible region Number of Optimum
no. sion nnn D = [a,b]D = [a,b]D = [a,b] local optima value, f∗f∗f∗

1,2,3 Ackley 2,5,10 [−15, 35]n Multimodal 0.0
4 Beale 2 [−4.5, 4.5]2 Multimodal 0.0
5 Bohachevsky 1 2 [−100, 110]2 Unimodal 0.0
6 Bohachevsky 2 2 [−100, 110]2 Multimodal 0.0
7 Bohachevsky 3 2 [−100, 110]2 Multimodal 0.0
8 Booth 2 [−10, 10]2 Unimodal 0.0
9 Branin 2 [−5, 10]× [10, 15] 3 0.39789
10 Colville 4 [−10, 10]4 Multimodal 0.0
11,12,13 Dixon & Price 2,5,10 [−10, 10]n Unimodal 0.0
14 Easom 2 [−100, 100]2 Multimodal −1.0
15 Goldstein &

Price
2 [−2, 2]2 4 3.0

16 Griewank 2 [−600, 700]2 Multimodal 0.0
17 Hartmann 3 [0, 1]3 4 −3.86278
18 Hartmann 6 [0, 1]6 4 −3.32237
19 Hump 2 [−5, 5]2 6 −1.03163
20,21,22 Levy 2,5,10 [−10, 10]n Multimodal 0.0
23 Matyas 2 [−10, 15]n Unimodal 0.0
24 Michalewics 2 [0, π]2 2! −1.80130
25 Michalewics 5 [0, π]5 5! −4.68765
26 Michalewics 10 [0, π]5 10! −9.66015
27 Perm 4 [−4, 4]4 Multimodal 0.0
28,29 Powell 4,8 [−4, 5]n Unimodal 0.0
30 Power Sum 4 [0, 4]4 Multimodal 0.0
31,32,33 Rastrigin 2,5,10 [−5.12, 6.12]n Multimodal 0.0
34,35,36 Rosenbrock 2,5,10 [−5, 10]n Unimodal 0.0
37,38,39 Schwefel 2,5,10 [−500, 500]n Multimodal 0.0
40 Shekel, m = 5 4 [0, 4]4 5 −10.15320
41 Shekel, m = 7 4 [0, 4]4 7 −10.40294
42 Shekel, m = 10 4 [0, 4]4 10 −10.53641
43 Shubert 2 [−10, 10]2 760 −186.73091
44,45,46 Sphere 2,5,10 [−5.12, 6.12]n Unimodal 0.0
47,48,49 Sum squares 2,5,10 [−10, 15]n Unimodal 0.0
50 Trid 6 [−36, 36]6 Unimodal −36.0
51 Trid 10 [−100, 100]10 Unimodal −210.0
52,53,54 Zakharov 2,5,10 [−5, 11]n Unimodal 0.0

Table 2. Sensitivity of PLOPBi-GL to ϵ

ϵϵϵ Average number of
function evaluations

10−3 7.765
10−4 7.770

10−5 7.789

10−6 7.802

10−7 7.817

10−8 7.835

4.3. Comparison with other
DIRECT-type algorithms

In this study, the performance of the PLOPBi-GL
algorithm was tested on four different ϵtol values:

10−4, 10−6, 10−8, and 10−10. This approach al-
lowed us to evaluate the effectiveness of the algo-
rithms in overcoming the weakness of the original
DIRECT method, which is slow in refining solu-
tions with a high level of accuracy.

The performance of the PLOPBi-GL algo-
rithm was compared with two other DIRECT-
type algorithms: the DIRECT-GL algorithm and
the original DIRECT algorithm. The selection
procedures for promising hyperrectangles differ
significantly between the PLOPBi-GL algorithm
and the DIRECT-GL or original DIRECT algo-
rithms. While PLOPBi-GL and DIRECT-GL uti-
lize a two-step Pareto method, the PLOPBi-GL
algorithm introduces a parameter. It reduces the
number of promising hyperrectangles in the sec-
ond step. Despite these differences, there is no
notable variation in overall performance between
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PLOPBi-GL and DIRECT-GL, nor in compari-
son with to the DIRECT algorithm. The time
required to identify potentially optimal hyperrect-
angles is comparable across all three algorithms.

Table 3 summarizes the results of the nu-
merical experiments comparing the PLOPBi-GL,
DIRECT-GL, and DIRECT algorithms on the
Hedar test set. The comparison is based on the
number of function evaluations, with the best
(i.e., smallest) value for each problem highlighted
in bold. A star (⋆) symbol indicates that all three
algorithms failed to converge, i.e., failed to reach
the prescribed error tolerance within the maxi-
mum allowed number of function evaluations, and
that the corresponding algorithm achieved the
best fmin among the three.

As shown in Table 3, the PLOPBi-GL algo-
rithm requires a lower average number of func-
tion evaluations than the DIRECT-GL and the
original DIRECT algorithms in terms of overall
performance, unimodal problems, and both low-
dimensional (4 ≤ n ≤ 6) and high-dimensional
(n > 6) problems, across all four prescribed
pe values (10−4, 10−6, 10−8, 10−10). In the mul-
timodal category, PLOPBi-GL exhibits superior
performance only for pe = 10−4 and in the low-
dimensional cases (n = 4, 5, 6). These results indi-
cate that the PLOPBi-GL algorithm can mitigate
the inefficiency of the original DIRECT method,
particularly on problems where DIRECT requires
a substantially larger number of function evalua-
tions to achieve high-accuracy solutions.

The Rosenbrock function, also known as the ba-
nana function, is an unimodal problem where the
global optimum lies in a long, narrow, parabolic-
shaped flat valley.44 In the Rosenbrock-10D prob-
lem (no. 36), the original DIRECT algorithm
fails to achieve convergence, and the DIRECT-
GL algorithm only succeeds when pe = 10−4.
In contrast, the PLOPBi-GL algorithm demon-
strates notable performance on the Rosenbrock-
10D problem. Not only does it achieve con-
vergence for all four different pe values, but at
pe = 10−4, the total number of function evalu-
ations required by the PLOPBi-GL algorithm is
approximately 26 times lower than that required
by the DIRECT-GL algorithm.

The PLOPBi-GL algorithm also demonstrates
notable performance in the Rastrigin function
problem. The Rastrigin function, which involves
cosine modulation, causes the minima to be reg-
ularly distributed, making it highly multimodal.
The DIRECT-GL and the original DIRECT algo-
rithms fail to converge for the Rastrigin problem
with dimensions n = 5 and n = 10. In contrast,

the PLOPBi-GL algorithm successfully achieves
convergence for all four different pe values, with a
relatively low number of function evaluations, not
exceeding 10,500.

The Friedman test was conducted to assess
whether the three algorithms exhibit statistically
significant differences in terms of their perfor-
mance. For each test problem, the algorithms
were ranked according to the number of function
evaluations (NFE), with a smaller NFE receiving
a better rank. When all three algorithms failed
to converge within the prescribed maximum num-
ber of function evaluations, they were considered
tied based on NFE. In this case, the ranking was
determined based on the best objective value ob-
tained, fmin, with a smaller value receiving a bet-
ter rank. As shown in Table 4, PLOPBi-GL con-
sistently achieves the lowest average rank across
all error tolerances, with ranks ranging from 1.444
to 1.519. The Friedman test yields p-values be-
low 0.05 for all error tolerances, indicating sta-
tistically significant differences among the three
algorithms.

A total of 216 optimization problems were
tested (54 Hedar test set problems, each with
four different pe values). Figure 5 presents
the performance dominance of each algorithm.
The PLOPBi-GL algorithm is the most domi-
nant among the DIRECT-GL and original DI-
RECT algorithms, excelling in 59% (127/216) of
the test problems. The second and third posi-
tions are held by the DIRECT-GL and the origi-
nal DIRECT algorithms, with dominance rates of
17% (36/216) and 12% (26/216), respectively. In
approximately 12% (27/216) of the problems, all
three algorithms failed to achieve convergence.

5. Numerical experiments on GKLS
benchmark problems

The Hedar test set used in the previous section
provides an initial assessment of the PLOPBi-
GL algorithm. To further evaluate its perfor-
mance on more challenging global optimization
problems, this section employs benchmark func-
tions generated by the GKLS generator. Devel-
oped by Gaviano, Kvasov, Lera, and Sergeyev,45

the GKLS generator provides three classes of test
functions: non-differentiable, continuously differ-
entiable, and twice continuously differentiable.
Each class consists of 100 multiextremal multidi-
mensional box-constrained optimization problems
with known local and global optima, making them
well suited for benchmarking global optimization
algorithms.

15



A two-stage pareto selection strategy with compromise programming for the DIRECT algorithm

Table 3. Number of function evalutions using the PLOPBi-GL, the DIRECT-GL and the DIRECT
algorithms

Problem PLOPBi-GL DIRECT-GL35 DIRECT10

pe pe pe

no. 10−410−410−4 10−610−610−6 10−810−810−8 10−1010−1010−10 10−410−410−4 10−610−610−6 10−810−810−8 10−1010−1010−10 10−410−410−4 10−610−610−6 10−810−810−8 10−1010−1010−10

1 472 792 1172 1644 1197 2123 3571 5415 225 443 644 909
2 1854 3174 4866 6914 19,403 35,175 55,843 84,979 8845 11,289 14,619 17,757
3 16,944 28,670 38,562 50,498 > 105 > 105 > 105 > 105 80,927 > 105 > 105 > 105

4 374 1050 1630 2284 183 395 591 833 655 1143 1823 2835
5 284 392 516 758 729 847 1115 1767 327 457 551 845
6 286 318 518 762 727 845 1113 1765 345 489 589 897
7 314 702 864 1356 685 1113 1665 2139 693 1073 1645 2099
8 102 194 318 392 345 509 831 1087 295 511 917 1295
9 210 430 > 105 > 105 333 579 859 1239 195 377 38.455 > 105

10 392 648 964 1144 1623 2809 3539 5371 6585 18,261 24,485 67,695
11 424 532 648 1040 235 393 823 1297 481 597 1143 1969
12 9600 10,748 11,480 20,238 13,109 16,501 22,951 31,213 18,237 19,407 23,065 32,229
13 > 105 > 105 > 105 > 105 > 105⋆ > 105 > 105 > 105 > 105 > 105 > 105 > 105

14 628 628 2648 2936 495 817 1086 1679 32,859 59,347 > 105 > 105

15 158 352 538 750 223 367 555 785 191 305 10,437 > 105

16 3062 3062 3272 3414 2067 2375 2375 2799 9215 9341 9341 9505
17 310 616 688 688 379 1049 1199 2431 199 4165 88,883 > 105

18 1362 5668 > 105 > 105 4793 8793 13.207 19.879 571 > 105 > 105 > 105

19 206 > 105 > 105 > 105 279 485 657 1143 293 997 54,487 > 105

20 108 176 292 400 189 263 459 581 127 155 267 401
21 436 748 964 1452 2349 4361 6329 10,149 705 1021 1921 2845
22 2908 3836 4434 6028 16,179 29,945 48,089 74.815 5589 10,431 18,475 28,461
23 76 154 206 334 101 211 357 557 107 209 391 935
24 182 302 328 328 129 235 235 235 67 109 109 109
25 35,692 36,120 36,948 36,986 2445 4619 5575 5575 14,077 > 105 > 105 > 105

26 > 105 > 105 > 105 > 105 > 105⋆ > 105 > 105 > 105 > 105 > 105 > 105 > 105

27 > 105 > 105 > 105 > 105 > 105⋆ > 105 > 105 > 105 > 105 > 105 > 105 > 105

28 1002 11,848 20,218 > 105 7045 24,591 85,235 > 105 13,675 67,515 > 105 > 105

29 8500 > 105 > 105 > 105 > 105 > 105 > 105 > 105 > 105 > 105 > 105 > 105

30 27,788 33,972 47,376 58,486 > 105 > 105 > 105 > 105 > 105 > 105 > 105 > 105

31 182 268 434 534 811 1109 1507 1803 987 1181 1565 1833
32 828 1076 1720 2054 > 105 > 105 > 105 > 105 > 105 > 105 > 105 > 105

33 4426 6014 9750 12,218 > 105 > 105 > 105 > 105 > 105 > 105 > 105 > 105

34 166 256 380 446 579 727 1143 1657 1621 1913 3005 4019
35 730 1096 1300 1772 25,395 38,633 72,735 86,043 19,693 24,681 35,575 41,687
36 3624 4732 6088 6822 95.405 > 105 > 105 > 105 > 105 > 105 > 105 > 105

37 244 > 105 > 105 > 105 659 971 1235 1709 255 447 597 1195
38 5006 > 105 > 105 > 105 > 105 > 105 > 105 > 105 27.543 30.307 31.199 39.487
39 > 105⋆ > 105 > 105 > 105 > 105 > 105 > 105 > 105 > 105 > 105 > 105 > 105

40 526 938 > 105 > 105 1227 2025 3433 5209 155 255 > 105 > 105

41 338 642 1148 1148 1141 2845 4741 6623 145 4875 > 105 > 105

42 338 640 > 105 > 105 1151 2871 4749 7137 145 4939 > 105 > 105

43 1600 1664 2082 > 105 425 735 951 1341 2967 3867 68.667 > 105

44 82 212 310 310 391 549 737 1103 209 417 633 1211
45 334 826 1174 1796 4357 8249 11,011 18,225 4653 10,583 20,123 44,099
46 2664 4888 6818 10,202 35,721 63,399 94,991 > 105 99,123 > 105 > 105 > 105

47 146 194 316 468 191 337 525 759 107 195 321 623
48 510 844 1050 1494 2919 4701 7523 11,031 833 1489 2463 3827
49 2810 3284 4412 5716 24,763 41,781 63,413 89,543 7795 14,691 22,651 34,735
50 1224 2620 3338 3338 7795 15,735 26,059 38,929 4897 > 105 > 105 > 105

51 > 105 > 105 > 105 > 105 36.525 > 105⋆ > 105 > 105 90,375 > 105 > 105 > 105

52 166 246 342 498 345 413 889 1123 237 303 653 949
53 19,268 19,492 19,872 20,228 6429 9967 17,665 23,891 > 105 > 105 > 105 > 105

54 > 105 > 105 > 105 > 105 > 105⋆ > 105 > 105 > 105 > 105 > 105 > 105 > 105

(Cont’d...)
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Table 3. (Continued)

Problem PLOPBi-GL DIRECT-GL35 DIRECT10

pe pe pe

no. 10−410−410−4 10−610−610−6 10−810−810−8 10−1010−1010−10 10−410−410−4 10−610−610−6 10−810−810−8 10−1010−1010−10 10−410−410−4 10−610−610−6 10−810−810−8 10−1010−1010−10

Average results
Overall 14,053 22,131 30,370 34,590 26,324 30,268 34,659 38,035 28,838 37,181 49,624 56,379
Unimodal 16,735 22,008 22,775 27,385 25,563 33,070 41,273 45,828 34,667 42,862 45,977 48,565
Multimodal 12,347 22,209 35,203 39,175 26,847 28,431 30,111 32,676 24,813 33,276 52,132 61,751
n ≤ 3 425 9241 13,804 18,232 509 759 1064 1533 2290 3828 16.745 27.462
4 ≤ n ≤ 6 10,907 17,426 34,338 39,845 26,378 30,625 38,981 44,961 27,380 47,086 65,972 71,033
n > 6 45,156 54,285 55,839 57,624 75,761 86,260 92„204 97,030 81,985 85,427 86,761 88,600
Failed 6 10 14 16 11 13 13 15 11 17 22 26

Table 4. Average Friedman ranks of the three algorithms across different error tolerances

Algorithm 10−410−410−4 10−610−610−6 10−810−810−8 10−1010−1010−10

PLOPBi-GL 1.4444 1.4537 1.5185 1.4722
DIRECT-GL 2.2963 2.1852 2.0370 2.0463
DIRECT 2.2592 2.3611 2.4444 2.4815
p-value 3.66× 10−6 3.71× 10−6 8.90× 10−6 9.78× 10−7

Figure 5. Performance of the PLOPBi-GL, DIRECT-GL, and DIRECT on the Hedar test functions with
four pe

The test functions are generated by modify-
ing a convex quadratic function in a systematic
manner so that multiple local minima are intro-
duced while preserving a known global optimum.
Each problem class is characterized by several pa-
rameters, including the problem dimension (n),
the number of local minima (m), the value of the

global minimum (f∗), the radius of the attrac-
tion region associated with the global minimizer
(r∗), and the distance between the global mini-
mizer and the vertex of the underlying quadratic
function (d). The remaining characteristics of the
test functions, such as the locations and objec-
tive values of the minima and the corresponding
attraction regions, are automatically determined
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by the generator. Consequently, the GKLS gen-
erator provides a diverse collection of benchmark
problems with controlled properties, enabling a
systematic evaluation of global optimization algo-
rithms. Furthermore, for a given set of parameter
values, the generator always produces the same
collection of 100 test functions, ensuring repro-
ducibility of numerical experiments.
Table 5. GKLS benchmark classes used in the
numerical experiments.

Class Difficulty NNN f∗f∗f∗ mmm ddd r∗r∗r∗

1 Simple 2 −1.0 10 0.90 0.20
2 Hard 2 −1.0 10 0.90 0.10
3 Simple 3 −1.0 10 0.66 0.20
4 Hard 3 −1.0 10 0.90 0.20
5 Simple 4 −1.0 10 0.66 0.20
6 Hard 4 −1.0 10 0.90 0.20
7 Simple 5 −1.0 10 0.90 0.40
8 Hard 5 −1.0 10 0.90 0.30
9 Simple 6 −1.0 10 0.90 0.40
10 Hard 6 −1.0 10 0.90 0.30

In the present study, the numerical experiments
are conducted using the non-differentiable class
of GKLS test functions. A total of 10 problem
classes are considered, covering dimensions n = 2
to n = 6. For each dimension, two categories
of problems, namely Simple and Hard, are gener-
ated, resulting in a total of 1000 test functions.
The distinction between these categories is deter-
mined by the parameters r∗ and d, which denote
the radius of the attraction region of the global
minimizer and the distance between the global
minimizer and the vertex of the underlying qua-
dratic function, respectively. In general, smaller
values of r∗ and larger values of d increase the
difficulty of locating the global optimum. Con-
sequently, the Hard classes are expected to be
more challenging than the corresponding Simple
classes.

The parameter settings used in this study are
adopted from.46 In particular, the number of local
minima is fixed at m = 10, and the value of the
global minimum is set to f∗ = −1 for all problem
classes. The parameter values defining the Simple
and Hard classes are summarized in Table 5.

The performance of the proposed PLOPBi-
GL algorithm is evaluated by comparing it with
PLOBi,36 DIRECT-GL,35 and HALRECT31 al-
gorithms on the GKLS benchmark problems de-
scribed above. HALRECT is included as a re-
cent DIRECT-type algorithm that uses a hyper-
rectangle partitioning strategy based on halving,
similar to PLOPBi-GL. Both algorithms there-
fore use bisection-based partitioning, while they
differ in their sampling and selection strategies.

A test problem is considered successfully solved
when the percent error (pe) defined in Equation
(42) satisfies pe ≤ 10−4. The maximum number
of function evaluations is set to n × 104, where
n denotes the problem dimension. A problem is
considered unsolved if the required accuracy is not
achieved within the specified function-evaluation
budget.

Figures 6 and 7 present the operational char-
acteristics of PLOPBi-GL, PLOBi, DIRECT-GL,
and HALRECT on the ten GKLS test classes.
The figures show the cumulative number of solved
problems as a function of the number of function
evaluations. Figure 6 presents the results for di-
mensions n = 2 to n = 4, while Figure 7 presents
the results for dimensions n = 5 and n = 6. A
problem is counted as solved when the stopping
criterion pe ≤ 10−4 is satisfied before reaching the
maximum number of function evaluations. Thus,
the operational characteristic curves provide a di-
rect comparison of the efficiency of the four al-
gorithms in solving the GKLS problems within
the given function-evaluation budget. A curve
that rises faster indicates that more problems are
solved with fewer function evaluations.

The detailed numerical results are summarized
in Table 6. The results show that PLOPBi-GL
generally requires fewer function evaluations than
PLOBi, DIRECT-GL, and HALRECT, especially
for the first four classes. In terms of the aver-
age Friedman rank based on the number of func-
tion evaluations, PLOPBi-GL obtains the lowest
rank in all ten GKLS classes. Its average rank
over the ten classes is 2.074, compared with 2.830
for PLOBI, 2.524 for DIRECT-GL, and 2.572 for
HALRECT. This indicates that PLOPBi-GL pro-
vides a more consistent performance in terms of
the number of function evaluations.

The PLOPBi-GL algorithm successfully sat-
isfies the stopping criterion for all problems in
Classes 1–4, with no failed runs. Its advantage
is also visible in these classes, where the aver-
age and median numbers of function evaluations
are generally lower than those of the other algo-
rithms. Overall, PLOPBi-GL successfully solves
86.3% of the 1000 test problems. This is slightly
lower than DIRECT-GL (87.5%), but higher than
HALRECT (84.8%) and PLOBI (60.6%). How-
ever, the number of failed runs increases for the
more difficult classes, particularly Classes 6, 8,
and 10. This shows that although PLOPBi-GL
has a good average rank in terms of function eval-
uations, satisfying the stopping criterion becomes
more challenging for the harder GKLS problems.
This may be related to the higher difficulty of lo-
cating the global optimum with the required ac-
curacy within the given evaluation budget.
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Table 6. Numerical results on eight GKLS test classes described in Table 5

Class PLOPBi-GL PLOBi DIRECT-GL HALRECT
Maximum number of function evaluations

1 532 1226 521 701
2 4148 > 20, 000 (11) 9531 7965
3 5754 > 30, 000 (5) 5227 8289
4 29,360 > 30, 000 (23) 29,247 20,347
5 > 40, 000 (4) > 40, 000 (46) > 40, 000 (8) > 40, 000 (12)
6 > 40, 000 (21) > 40, 000 (81) > 40, 000 (32) > 40, 000 (43)
7 > 50, 000 (1) > 50, 000 (37) > 50, 000 (3) > 50, 000 (1)
8 > 50, 000 (26) > 50, 000 (67) > 50, 000 (21) > 50, 000 (32)
9 > 60, 000 (17) > 60, 000 (40) > 60, 000 (11) > 60, 000 (13)
10 > 60, 000 (68) > 60, 000 (84) > 60, 000 (50) > 60, 000 (51)

Average number of function evaluations
1 227 276 289 304
2 830 3730 1574 1273
3 1166 2971 1335 1728
4 2116 > 8413 2439 3136
5 > 8601 > 20, 811 > 9574 > 13, 827
6 > 21, 246 > 33, 617 > 20, 366 > 25, 270
7 > 5610 > 21, 002 > 7172 > 5147
8 > 23, 319 > 35, 510 > 18, 349 > 23, 779
9 > 18, 492 > 28, 696 > 17, 078 > 16, 227
10 > 46, 486 > 52, 168 > 38, 942 > 39, 156

Median number of function evaluations
1 203 218 278 273
2 472 658 941 637
3 812 1055 959 1183
4 2116 8412 2438 3136
5 4706 10,680 4060 7000
6 21,548 40,000 15,120 30,842
7 2498 5320 3648 2883
8 15,857 50,000 9416 17,730
9 7268 14,215 8204 5780
10 60,000 60,000 58,488 60,000

Average Friedman ranks based on the number of function evaluations
1 1.73 2.40 2.86 3.01
2 1.69 2.87 2.90 2.55
3 1.96 2.45 2.65 2.94
4 2.05 2.87 2.49 2.59
5 1.98 2.90 2.41 2.7
6 2.07 3.23 2.09 2.61
7 2.11 2.78 2.80 2.33
8 2.27 3.03 2.21 2.50
9 2.30 2.89 2.59 2.23
10 2.66 3.03 2.16 2.17

Average CPU time (seconds) / Average Friedman rank based on CPU time
1 0.0268 /1.54 0.0307/1.82 0.0574/3.36 0.0588/3.28
2 0.1111/1.61 1.6768/2.96 0.2241/2.96 0.1527/2.47
3 0.1632/2.10 1.1945/2.98 0.1424/2.35 0.1715/2.57
4 0.5462/2.13 5.5757/3.03 0.2368/2.24 0.3717/2.6
5 2.0594/2.43 12.9883/2.83 0.8119/2.0 1.9542/2.74
6 9.6642/2.76 27.3253/3.64 1.6416/1.51 2.7487/2.09
7 1.3881/2.79 7.7171/2.72 0.5855/2.31 0.5680/2.18
8 8.8312/2.81 11.7751/3.81 1.4657/1.87 2.2970/2.14
9 7.6537/2.84 12.1719/2.73 1.8955/2.29 2.2701/2.14
10 25.7386/3.28 22.487/3.34 3.1162/1.48 4.3864/1.9

“>” indicates that the maximum number of function evaluations was reached; the number in parentheses indicates the
number of failed problems.
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(a) (b)

(c) (d)

(e) (f)

Figure 6. Number of successfully solved GKLS problems for dimensions n = 2, 3, 4

The CPU time results show a similar but not
identical trend. The PLOPBi-GL algorithm per-
forms well in terms of CPU time for the first sev-
eral classes, where it generally requires less com-
putational time than the other algorithms. How-
ever, its CPU-time Friedman rank is not always
the best, particularly for the more difficult classes.

This difference between the NFE and CPU-time
rankings indicates that a lower number of function
evaluations does not always lead to a lower CPU
time. The higher CPU time may be related to the
local search stage, particularly the use of Compro-
mise Programming for selecting promising hyper-
rectangles. This additional selection process may
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increase the computational time even when the
number of function evaluations is relatively low.

Overall, these results indicate that the PLOPBi-
GL algorithm is particularly suitable for problems

where function evaluation efficiency is an impor-
tant concern. For more difficult problems, the
algorithm remains competitive in terms of NFE,
but its higher number of failed runs and compu-
tational cost should be considered.

(a) (b)

(c) (d)

Figure 7. Number of successfully solved GKLS problems for n = 5 and n = 6

6. Conclusion

In this paper, a new strategy for selecting poten-
tially optimal hyperrectangles within the Pareto-
Lipschitzian framework has been proposed. The
proposed strategy employs a two-stage Pareto ap-
proach. In the first stage, a parameterized mecha-
nism is introduced to enhance global exploration,
while in the second stage, a reduction procedure
based on the Compromise Programming solution
is applied to strengthen local exploitation. The
resulting algorithm, called the PLOPBi-GL al-
gorithm, also incorporates the ‘divide-best’ ap-
proach to support the convergence of the search
process.

The effectiveness of the proposed algorithm was

evaluated through numerical experiments on the
Hedar and GKLS test functions. The results on
the Hedar test functions show that the PLOPBi-
GL algorithm is competitive with, and gener-
ally outperforms, the compared DIRECT-type
algorithms in terms of the number of function
evaluations over different categories of optimiza-
tion problems, including both unimodal and mul-
timodal functions. The results on the GKLS
test functions also show that PLOPBi-GL gen-
erally requires fewer function evaluations than
the PLOBi, DIRECT-GL, and HALRECT algo-
rithms, particularly for the easier and medium-
difficulty classes. The PLOPBi-GL algorithm also
achieves a lower average Friedman rank based
on the number of function evaluations across all
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ten GKLS classes. However, for the more diffi-
cult GKLS classes, the number of failed runs in-
creases, and the additional Pareto selection and
Compromise Programming introduce extra com-
putational cost in terms of CPU time. Overall,
the numerical results indicate that the proposed
global-local selection mechanism provides a good
balance between exploration and exploitation and
can reduce the number of function evaluations re-
quired to locate the global minimizer, while the
additional computational cost should be consid-
ered for more difficult problems.
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