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The robotic fish with high propulsion efficiency and good maneuverability
achieves underwater fishlike propulsion by commonly adopting a motor to drive
the fishtail, causing significant fluctuations within motor power due to the
uneven swing speed of the fishtail in one swing cycle. Hence, we propose a
wire-driven robotic fish with a controlled flexible unit that is a spring-steel-
based fishlike tail. This unit can produce elastic deformation to store energy
under the action of the wire driving and motor to respond to fluctuations
in motor power. Furthermore, we analyze the effects of the energy-storing
of the controlled flexible unit on the smoothness of motor power. Based on
the developed Lagrangian dynamic model and the cantilever beam model,
the power-variance-based nonlinear optimization model for the stiffness of the
controlled flexible unit is established to respond to sharp fluctuations in motor
power during each fishtail swing cycle. The results validate that the energy-
storing of the controlled flexible unit plays a vital role in improving the power
fluctuations and maximum frequency of the motor by adjusting its stiffness
reasonably, which is beneficial for achieving high propulsion and high speed for
robotic fish. Compared with the rigid counterpart that is incapable of storing
energy, the energy-storing of the controlled flexible unit is beneficial to increase
the maximum frequency of the motor and the average thrust of the fishtail by
0.41 Hz and 0.06 N, respectively.
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1. Introduction

As human needs grow and robotics technology ad-
vances, robots are increasingly being integrated
into everyday life and work, bringing us trans-
formative benefits such as enhanced productivity,
improved safety in hazardous environments, and
personalized assistance in healthcare and educa-
tion.1–3 An increasing number of advanced tech-
nologies, such as reinforcement learning,4,5 multi-
modal perception,6,7 and intelligent planning and
control,8,9 are being integrated into these robots

to cope with the complex demands of real-world
environments.

In the field of marine development, the ocean
contains abundant resources that humans can ex-
ploit. With the development of robotics, vari-
ous robots have been applied to replace humans
in underwater work. Compared with the tradi-
tional propeller-based underwater robot, the bionic
robotic fish features high propulsion efficiency and
good maneuverability by imitating fish swimming,
and holds promising potential for underwater ap-
plications.10,11
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Recently, various robotic fishes, which are usu-
ally based on discrete joints,12,13 fluid-driven
modes,14–17 smart materials,18–21 magnetic actu-
ators,22,23 and tensegrity joints,24,25 have been
developed successfully. Clapham et al. proposed
the robotic fish named iSplash-I, which reached a
frequency of 6.6 Hz and a maximum speed of 2.8
BL/s. Based on the iSplash-I, the iSplash-II was
further developed, which achieved a frequency of
20 Hz and a speed of 11.6 BL/s.13 Using fluidic
elastomer actuators, Marchese et al. developed a
soft robotic fish capable of escape maneuvers.16

A self-powered soft robot driven by the dielectric
elastomer actuator was used to explore the Mari-
ana Trench.20 In addition, the wire-driven robotic
fish has also attracted extensive attention.26–30 Li
et al. developed a wire-driven robotic fish, whose
fishtail could swing in any direction.26 The fishtail
consisted of seven vertebrae that were connected
by ball hinges, and two pairs of wires were mounted
perpendicularly to drive the fishtail. A wire-driven
robotic fish with an active body and compliant
tail was proposed by Zhong et al., and it was ca-
pable of achieving an average turning speed of
63 ◦/s and a maximum swimming speed of 2.15
BL/s.27 Shintake et al. presented a wire-driven
robotic fish with tensegrity systems, which could
tune body stiffness by adjusting the cross-section
and prestretch ratio of the cables.29

To improve the swimming performance of
robotic fish, such as swimming speed and propul-
sion efficiency, many efforts have focused on explor-
ing the passive flexible unit (PFU).31–34 Through
the interaction between the fishtail and the fluid,
the PFU can periodically store and release energy
through elastic deformation, which is beneficial
for improving propulsion performance. Hence, the
stiffness of the PFU can be tuned to improve the
propulsion performance of robotic fish. Park et al.
explored the influences of the PFU on thrust and
verified that an optimal stiffness maximizes thrust
at a given frequency.31 Inspired by the caudal fin
of fish, Reddy N et al. studied the influence of the
stiffness distribution of the passive caudal fin on
thrust and determined the optimal stiffness distri-
bution of the caudal fin based on the developed
optimization model.32 Chen et al. adopted double
torsion springs to design the PFU and verified
that the PFU was beneficial for obtaining high
swimming speed, high thrust, and low COT.33 The
robotic fish with pectoral fins driven by a passive
flexible rowing joint was proposed by Behbahani
et al.34 Based on the developed dynamic model
and experiments, the locomotion performance and
propulsion efficiency were improved by adjusting
the length and stiffness of the passive flexible joint.

The PFU, whose deformation is passively gener-
ated by the action of hydrodynamic forces, has a
counterpart known as the controlled flexible unit
(CFU). Unlike the PFU, the elastic deformation
of the CFU arises from the active action of the
drive mechanism, and its magnitude is controllable.
Driving mechanisms such as wire driving and bar
driving are usually powered by a motor. To imi-
tate the continuum fishtail, the CFU has also been
widely used in robotic fish.35–40 For example, Li
et al. designed a wire-driven robotic fish with a
continuum fish tail, whose fishlike spine was an
elastic-plate-based controlled flexible unit.35 The
robotic fish was driven by a wire pair to obtain
the C-shape swing, and was capable of achieving a
speed of 0.254 BL/s. A robotic shark that adopted
an elastic beam and plate to simulate the fish
spine was developed by Lau et al., and the elastic
beam serving as the CFU was driven by two pairs
of wires.36 Due to the double-wire driving, the
robotic shark, whose fishtail could swing asymmet-
rically, was capable of achieving forward motion as
well as ascending motion. To imitate carangiform
swimming, a robotic fish, whose continuum fishtail
contained a section of the polystyrene-chloride-
sheet-based controlled flexible unit and was driven
by the L-shaped metal bar and wire, was designed
by Fujiwara et al.37 Similar studies can be found
in the literature.38–40 Although the CFU has been
widely applied to achieve a continuum fishtail in
robotic fish, studies involving detailed analysis of
the new advantages brought by the CFU and the
optimization of the CFU are worthy of further
exploration.

For robotic fish, the motor power exhibits a
periodic sinusoid-like pattern due to the charac-
teristics of the biomimetic undulation movement.
Hence, the motor power undulates sharply un-
der external disturbances, and the instantaneous
maximum power can easily exceed the allowable
power value of the motor, causing damage to the
motor. Moreover, motor performance is also lim-
ited, which hinders improvements in the maximum
swing frequency and swimming speed of robotic
fish.

The main purpose of this paper is to address mo-
tor power fluctuations by optimizing the stiffness
of the CFU to reduce power variance. The CFU
equipped by the robotic fish can lower the peak
and fill the valley of motor power through energy
storage and release within one swing cycle, thereby
effectively responding to motor power fluctuations
and protecting the motor from damage. However,
maximizing the advantages of the CFU’s energy
storage is challenging. In this paper, we focus on a
wire-driven elastic robotic fish, whose fishlike tail
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is based on dual spring steel and includes a CFU
and a PFU. We analyze the effects of the CFU’s
energy storage on the smoothness of motor power.
Based on the Lagrangian dynamic model and the
cantilever beam model, a power-variance-based
nonlinear optimization model of the CFU’s stiff-
ness is established to achieve stable motor power,
where the swing frequency and the PFU’s stiffness
are taken into account. Extensive simulations are
conducted and validate that the CFU’s energy stor-
age and stiffness do not contribute to the average
power of the motor but affect the smoothness of
motor power. Compared with a rigid counterpart
incapable of storing energy, the CFU’s stiffness
can be tuned to make motor power more stable
through periodic energy storage, which is benefi-
cial for improving the maximum frequency of the
motor and the swimming performance of robotic
fish.

The rest of this paper is organized as follows.
The mechanism design and dynamic modeling of
robotic fish are provided in Section 2. Section 3
presents the analysis of energy storage and the
nonlinear stiffness optimization for the CFU. The
results are presented in Section 4. Finally, Section
5 summarizes the conclusions and future work.

2. Mechanism design and dynamic
modeling

This section introduces the mechanism design and
dynamic model of the wire-driven elastic robotic
fish, which lays the foundation for the following
optimization.

2.1. Design of robotic fish

To emulate fish swimming, a wire-driven robotic
fish is developed, which includes a rigid fish head,
an efficient transmission mechanism, a CFU, a
PFU, and a rigid caudal fin, as shown in Figure
1. The transmission mechanism plays a significant
role in transforming the circumferential rotation
of the motor into the fishlike back-and-forth swing.
Specifically, the L-shaped eccenter, one end of
which is inserted into the slide way and the other
end of which is connected to the output shaft of
the motor, is driven by the motor. The eccenter
further drives the pendulum bar through the slide
way to obtain the fishlike swing, and the reel also
rotates together with the pendulum bar because
of the fixed connection.

The CFU and PFU together form the elastic
fishtail of the robotic fish. The CFU is based on
trapezoidal spring steel and driven by a wire. The
PFU is a rectangular spring steel. When the reel
rotates back and forth, the length of the wire on

both sides of the fishtail changes periodically, re-
sulting in the fishlike swing of the elastic fishtail.
When the fishtail swings, the PFU periodically
produces elastic deformation to store energy due
to hydrodynamic forces, which is beneficial for
improving swimming performance, such as swim-
ming speed and propulsion efficiency. Hence, the
PFU’s stiffness can be tuned to affect its elastic
deformation and the swimming performance of
robotic fish.33

Figure 1. Overview design of the wire-driven elastic
robotic fish

Unlike the PFU, the CFU can generate elastic
deformation to achieve periodic energy storage
under the action of the wire. Assuming that the
output torque of the motor and the tension of the
wire are large enough, the magnitude of elastic
deformation of the CFU does not depend on its
stiffness. That is because the deformation of the
CFU depends on the change in wire length. As
long as the length of the wire on both sides of the
fishtail is given, the deformation of the CFU can
be uniquely determined, regardless of its stiffness.
It means that the swing law of the fishtail is also
independent of the CFU’s stiffness. In other words,
the CFU’s stiffness does not affect the swimming
speed of the robotic fish. Given that the elastic
potential energy of the CFU is provided by the mo-
tor, this paper focuses on exploring the advantages
of the CFU’s energy storage for the motor power
of robotic fish and realizes the optimal design of
the CFU’s stiffness.

2.2. Dynamic model

In our previous study,41 we developed a dynamic
model for the robotic fish in free-swimming condi-
tions, which was validated by aquatic experimental
data. Given the bioinspired swing of the robotic
fish, the fish head always exhibits periodic oscilla-
tory motion at the same frequency and amplitude,
which can act as a buffer and, to some extent,
reduce the motor output torque and power. To
fully ensure the reliability and stability of the
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robotic fish, it is necessary to ignore the periodic
oscillatory motion of the fish head and consider
the maximum possible load on the motor. There-
fore, based on the free-swimming dynamic model
presented in our previous study,41 we establish a
dynamic model with the fish head fixed and the
fishtail swinging in order to optimize the CFU’s
stiffness. Although the model has been simpli-
fied to some extent(specifically, the fish head is
fixed and greater emphasis is placed on the fish-
tail swing), the fishtail shape and swing pattern
remain unchanged, and all previously calibrated
hydrodynamic and physical parameters have been
retained.

2.2.1. Coordinate frames

For the continuum fishtail, we make the following
two assumptions. First, the shape of the CFU is
an arc after bending, which can be replaced by
the corresponding chord in the dynamic model.
Second, the PFU is modeled as a torsion spring
since its length is much less than the body length.

The inertial reference frame Cw = {O−XY Z}
and link-fixed reference frame Ci = {Oi−XiYiZi}
(i = 1,2), which are attached to the links Li, are
defined in Figure 2. Note that the CFU is de-
noted as L̂1, and L1 and L2 denote the chord of
the CFU and the caudal fin, respectively. li, wi,
hi and mi represent the length, width, height and
mass of the link Li, respectively. lT,i, wT,i, and
dT,i denote the length, width, and thickness of the
i -th spring steel (i = 1: CFU, i = 2: PFU), re-
spectively. Ei, and IZi denote the elastic modulus
and the area moment of inertia of the i -th spring
steel, respectively. The angle between the axis X
and Xi is denoted as θi. φ1 is the angle of the
axis X and X1, and φ2 is the angle of the axis X2

and X1. β denotes the central angle of L̂1 and is
positive when the CFU bends to the right.

Figure 2. Definition of coordinate frames. The green
dotted line denotes the CFU. The two orange solid
lines represent the chord of the CFU and the caudal
fin, respectively. The PFU is simplified as the torsion
spring.

2.2.2. Kinematics model

According to the transmission mechanism, the
angle of the reel is calculated as

φD = arcsin (d1 sin(φm)/d2) , (1)

where d1 and d2 represent the offset of the eccenter
and the distance between the revolving shaft and
the slide way, respectively; φm denotes the angle
of the motor and is given by φm = ωt; ω is the
angular velocity of the motor. Based on Figure
2, the wire can also be divided into two sections,
and the length of the wire is obtained as:

∆lw = RDφD = RLβ − 4(RL − rw) sin (β/4), (2)

l1 = 2RL sin (β/2) = 2lT,1 sin (β/2) /β, (3)

where RD and rw denote the radius of the reel and
the distance between the body axis and the wire
pair, respectively; RL is the arc radius of the CFU.
The angles θ1 and θ2 are given by θ1 = φ1 = β/2,
and θ2 = θ1 + φ2, respectively.

Furthermore, the generalized vector q =
[q1 q2]

T = [φ1 φ2]
T is defined, and the linear and

angular velocities of the center of mass of the link
Li are formulated as follows:

wv1 = Jv1q̇,
wv2 = Jv2q̇, (4)

wω1 = Jω1q̇,
wω2 = Jω2q̇, (5)

Jv1 =

 −lc,1 sin q1 0
lc,1 cos q1 0

0 0

, (6)

Jv2 = −l1 sin q1 − lc,2 sin(q1 + q2) −lc,2 sin(q1 + q2)
l1 cos q1 + lc,2 cos(q1 + q2) lc,2 cos(q1 + q2)

0 0

, (7)

Jω1 =

 0 0
0 0
1 0

, Jω2 =

 0 0
0 0
1 1

, (8)

where Jvi and Jωi are the Jacobian matrices of
the link Li; lc,i denotes the distance between the
center of mass of the link Li and Oi.

2.2.3. Lagrangian dynamic modeling

The Lagrangian function Υ is defined as the dif-
ference between the kinetic energy Ek and the
potential energy Ep, which is calculated as

Υ = Ek − Ep, (9)

Ek =
1

2

2∑
i=1

(
wvT

i Mi
wvi +

wωT
i Ii

wωi

)
, (10)

Ep = Epfu =
1

2
κ2θ

2
s , (11)

where Mi and Ii denote the mass matrix and
the inertia tensor of Li, respectively; Epfu repre-
sents the elastic potential energy of the PFU; θs
represents the PFU’s bend angle and is equal to
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φ2−β/2; κ2 denotes the torsional spring constant
or the PFU’s stiffness, and is calculated as

κ2 =
E2IZ2

lT,2
=

E2wT,2d
3
T,2

12lT,2
. (12)

As analyzed in Section 2.1, the CFU’s stiffness does
not affect the swimming speed of the robotic fish,
which is why the Lagrangian function excludes the
CFU’s elastic potential.

Finally, the dynamic model is given by

d

dt

∂Υ

∂q̇
− ∂Υ

∂q
= [τJ1 + τHd,1, τHd,2]

T , (13)

where τJ1 denotes the equivalent joint torque used
to drive the link L1, and τHd,i represents the gen-
eralized torque of the hydrodynamic force with
respect to Oi.

2.2.4. Hydrodynamic force analysis

According to the drag force theory, the added mass
force wFa,i and the drag forces wFd,i of the link
Li are calculated as

wFa,i = −ma,i
wv̇i, (14)

wFd,i =
wRi


−1

2ρcf,iSx,i
ivx,i|ivx,i|

−1
2ρcd,iSy,i

ivy,i|ivy,i|

0

, (15)

respectively, where the added mass ma,i is equal to
the product of mi and the added mass coefficient
cm,i;

wv̇i and
ivi = [ivx,i

ivy,i 0]
T are the accel-

eration and velocity of the center of mass of Li,
respectively, and the left superscript w and i de-
note the reference frame Cw and Ci, respectively;
Sx,i and Sy,i denote the characteristic areas of Li

on the Xi and Yi axes, respectively; cd,i and cf,i de-
note the drag coefficient and friction coefficient of
Li, respectively; ρ denotes the fluid density; wRi

denotes the rotation matrix of Ci with respect to
Cw, and can be expressed as

wRi =

 cos θi − sin θi 0
sin θi cos θi 0
0 0 1

. (16)

Hence, the hydrodynamic force of the link Li is
given by

wFad,i =
wFa,i +

wFd,i. (17)

Furthermore, the τHd,1 and τHd,2 can be ex-
pressed as follows:

τHd,1 =

kT (wrcm1 × wFad,1 +
wrcm2 × wFad,2),

(18)

τHd,2 = kT [(wrcm2 − wrO2)× wFad,2] , (19)

where wrcmi denotes the position of the center
of mass of the link Li in Cw;

wrO2 represents the

position of O2 in Cw; k is equal to [0 0 1]T .
Based on Equations (13), (18) and (19), we

can obtain the real-time states of the robotic fish,
e.g., θs, τJ1, which are affected by the frequency
f , and the PFU’s stiffness κ2. Based on the above
dynamic model, the output torque and power of
the motor can be further obtained by incorporat-
ing the force models of the CFU and transmission
mechanism, and the power-variance-based non-
linear optimization model can be established to
optimize the CFU’s stiffness.

3. Energy storage analysis and stiffness
optimization model of CFU

This section focuses on the functions of the CFU’s
energy storage, and further derives the nonlinear
optimization model of the CFU’s stiffness by com-
bining the developed dynamic model with the force
models of the CFU and the transmission mecha-
nism. Note that the CFU’s stiffness is calculated
as

κ1 =
E1IZ1

lT,1
=

E1wT,1d
3
T,1

12lT,1
, (20)

and we adjust the CFU’s stiffness by changing its
thickness dT,1 in this paper.

3.1. Analysis of the CFU’s energy storage

More attractively, the CFU can store and release
energy periodically due to elastic deformation.
Based on the cantilever beam model, the bending
moment and the elastic potential energy of the
CFU are given by

Te,1 = κ1β =
βE1wT,1d

3
T,1

12lT,1
, (21)

Ecfu =
1

2
κ1β

2 =
β2E1wT,1d

3
T,1

24lT,1
, (22)

respectively.
To explore the effects of the CFU’s energy stor-

age on motor power, the swing process of the
fishtail in one cycle is analyzed, as shown in Fig-
ure 3. It is obvious that the angular acceleration
ω̇′ points toward the initial position of the body
axis owing to the sinusoid-like swing of the fish-
tail. The direction of the angular acceleration and
hydrodynamic forces (including Ftail and Ffin)
remains coincident during the drive stroke and
opposite during the recovery stroke, which results
in a difference in motor torque between the two
strokes. Specifically, the motor torque during the
drive stroke is significantly less than that during
the recovery stroke, and the motor power exhibits
a similar trend to the motor torque.

Interestingly, the output power of the motor in-
creases significantly during the drive stroke since
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the CFU needs to store energy provided by the
motor. On the contrary, the CFU returns to the
equilibrium state and releases the stored elastic
potential energy during the recovery stroke, which
can reduce the output power of the motor. Hence,
for the whole swing cycle, the output power of the
motor becomes more stable owing to the CFU’s
energy storage. Given that the energy storage
capability of the CFU is directly related to its stiff-
ness, we will establish the stiffness optimization
model with the aim of improving the smoothness
of the output power of the motor.

3.2. Nonlinear optimization model for the
CFU’s stiffness

Based on the above dynamic model, the equivalent
joint torque τJ1 can be obtained. Obviously, the
equivalent torque generated by the pulling force of
the wire is equal to the sum of the equivalent joint
torque of the link L1 and the bending moment of
the CFU, that is,

Twire,eq = τJ1 + Te,1. (23)

Hence, the pulling force of the wire is given by

Fwire =
Twire,eq

rw
, (24)

where positive and negative Fwire represent the
pulling force of the right and left wires, respec-
tively. The torque generated by the wire with
respect to the reel is given by

Twire,r = FwireRD. (25)

Treating the reel, slide way, and pendulum bar
as a single rigid body and neglecting the self-
rotation of the slide way, we can formulate the
dynamic model of the transmission mechanism
according to the law of rotation, that is,

− Tm

d1 cosφm
d2 cosφD + Twire,r

= (JR + JS + JP )φ̈D,
(26)

where JR, JS , and JP denote the moments of in-
ertia of the reel, slide way, and pendulum bar, re-
spectively; Tm represents the motor torque, which
is expressed as

Tm =

− −Twire,r + (JR + JS + JP )φ̈D

d2 cosφD
d1 cosφm.

(27)

To make the motor power smoother, we estab-
lish the following nonlinear optimization model to
minimize the variance of the motor power, that is,

min
κ1

var(Pm(t))∥t0, (28)

where var(·)∥t0 represents the variance of · within
the duration of 0 − t, and Pm = Tmω denotes

the motor power. It is evident that when the av-
erage power of the motor P̄m remains constant,
the smaller the variance of the motor power is,
the more stable the motor power is, meaning that
the peak-to-peak value and peak value of the mo-
tor power are smaller. Hence, it is beneficial to
protect the motor from damage and improve the
maximum output frequency. Similarly, the follow-
ing optimization model can be adopted:

min
κ1

{
max(Pm(t))∥t0 −min(Pm(t))∥t0

}
, (29)

where max(·)∥t0 and min(·)∥t0 represent the maxi-
mum and minimum values of · within the duration
of 0−t, respectively. Specifically, we can determine
the CFU’s stiffness range by

κ1 ∈
{
κ1|var(Pm(t))∥t0 ≤ varm

}
, (30)

where varm denotes the allowable maximum vari-
ance of the motor power.

Figure 3. Swing analysis of the fishtail in one cycle.
(a) The phase division of one cycle. The swing cycle of
the fishtail includes (b) the drive stroke and (c) the
recovery stroke. The drive stroke is defined as the
duration when the fishtail swings from the middle to
the sides, and the recovery stroke is opposite to the
drive stroke. Here, Ftail and Ffin represent the
hydrodynamic forces of the fishtail and caudal fin,
respectively.

3.3. Determination of the CFU’s stiffness
range

For the above optimization model, a reasonable
range of κ1 should be determined. To calculate
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the maximum κ1, static analysis is adopted, that
is, τJ1 = 0 and φ̈D = 0. The motor torque under
static conditions can be expressed as

T s
m =

Te,1RD

rwd2 cosφD
d1 cosφm. (31)

Obviously, the maximum κ1 is determined as

κmax
1 = max{κ1}

s.t. max(T s
m) ≤ Tmax

m

, (32)

where Tmax
m denotes the maximum torque that the

motor can provide.
On the other hand, if a small κ1 is used, the

CFU is not capable of supporting the fishtail ow-
ing to the axial force from the caudal fin. In this
case, there is unexpected deformation of the CFU,
which affects the C-shape swing and amplitude of
the fishtail. In this paper, we use the buckling of
columns to determine the minimum κ1 for given
f and κ2, that is,

κmin
1 (f, κ2) = min{κ1}

s.t.
π2E1IZ1

(µlT,1)2
≥ Fcr

. (33)

where µ represents the length factor and is equal
to 2; Fcr denotes the axial force generated by the
caudal fin during free swimming, and is calculated
as

Fcr = iT [ 1Rw(
wFa,2 + wFd,2)], (34)

where i = [1 0 0]T , and 1Rw denotes the inverse
matrix of wR1.

Finally, the nonlinear optimization model (28)
is rewritten as follows (for given f and κ2):

min
κ1

var(Pm(t))∥t0

s.t. κmin
1 (f, κ2) ≤ κ1 ≤ κmax

1

. (35)

Given that the aforementioned optimization
model has only one variable (that is, the CFU’s
stiffness κ1) to be optimized, we employ a traversal
algorithm for a thorough sweep.

In the aforementioned modeling, we disregarded
the friction loss caused by wire driving. The de-
tailed analysis is as follows. According to the
power formula, Pf = NmµFwire,NVf,N , where Nm

is the number of contact points between the wire
and the oval plate, µ is the dynamic friction co-
efficient, Fwire,N is the normal force exerted by
the wire on the oval plate, and Vf,N is the rela-
tive velocity between the wire and the oval plate.
Equivalently, since the fishtail swings periodically

and symmetrically, the friction loss between the
wire and the oval plate is related to the frequency
(which directly affects the relative velocity Vf,N )
and the average pulling force of the wire. As dis-
cussed in Section 3.1, even if the CFU’s stiffness
varies, the average output torque (equivalently, the
average pulling force of the wire) over one cycle re-
mains unchanged for a given frequency and PFU’s
stiffness. Meanwhile, the proposed optimization
model is formulated for a specified frequency and
PFU’s stiffness. That is to say, the friction loss
does not vary with the CFU’s stiffness and can be
assumed constant , since both the frequency and
PFU’s stiffness are fixed in the proposed optimiza-
tion model. Consequently, the influence of friction
results only in an upward shift of the curves of
average power/power variance versus CFU’s stiff-
ness, without changing the extremum of the power
variance. It should be noted that friction loss is
unavoidable.

4. Numerical simulation

To validate the proposed dynamic model and op-
timization model, extensive numerical simulations
are conducted in this section. The parameters used
in the simulation, including the physical parame-
ters and hydrodynamic parameters, are presented
in Tables 1–3. Note that the thickness resolution
of the spring steel is usually 0.1 mm. All hydrody-
namic parameters are derived from the previously
calibrated values,41 which were calibrated based
on actual aquatic experimental data.

4.1. Simulation of fishtail swing

Based on the above dynamic model, the motor
torque Tm and power Pm are obtained, as shown
in Figure 4, where f = 4 Hz, κ1 = 0.15 N·m,
and κ2 = 1.31 N·m. Due to the constant angular
velocity of the motor, the curve of Tm follows the
same law as that of Pm, and the average torque
and average power of the motor are 0.1277 N·m
and 3.21 W, respectively. The positive work of
the motor is greater than the negative work, and
the total work of the motor applied to drive the
fishtail is greater than 0, which is in line with the
objective law. In addition, according to Figure
5, it is observed that the phase of θ2 lags behind
that of θ1 due to the PFU’s elastic deformation,
and the amplitudes of θs, θ1, and θ2 are 0.21 rad,
0.32 rad, and 0.68 rad, respectively.
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Table 1. Physical parameters of the robotic fish

Name mi li hi wi lc,i Sx,i Sy,i

L̂1 0.058 0.083 0.028 0.004 0.042 1.120 23.240
L2 0.037 0.097 0.052 0.010 0.049 5.200 50.440
Unit kg m m m m cm2 cm2

Table 2. Physical parameters of the spring steel and the transmission mechanism

Name lT,1 lT,2 wT,1 wT,2 Ei JR JS JP

Value 0.083 0.020 0.028 0.025 197000 5.49× 10−6 2.03× 10−6 4.61× 10−5

Unit m m m m MPa kg ·m2 kg ·m2 kg ·m2

Table 3. Hydrodynamic parameters used in the
simulation

Name cm,1 cm,2 cf,1 cf,2 cd,1 cd,2

Value 0.30 0.30 0.35 0.62 4.71 4.78

Figure 6 presents the thrust curve of the
robotic fish. The robotic fish faces the negative di-
rection of the X-axis in the dynamic model. That
is to say, when the fishtail swings, the robotic
fish swims along the negative direction of the X-
axis. As can be seen, the average thrust is -0.525
N, indicating that the thrust magnitude is 0.525
N and the thrust direction aligns with the neg-
ative direction of the X-axis. Since the fishtail
swings symmetrically, the oscillation frequency of
the thrust is twice the swing frequency of the fish-
tail. That is to say, when the fishtail finishes a
drive stroke and a recovery stroke, the thrust un-
dergoes an oscillation cycle. In addition, as can be
seen from Figure 6, the thrust of the fishtail is
mainly produced during the recovery stroke, while
the drive stroke mainly provides the drag force,
which is in line with Figure 3.

The stored energy Ecfu of the CFU is depicted
in Figure 7, from which we observe that the pe-
riod of the CFU’s energy storage is 0.125 s, and
the curve of Ecfu is similar to |sin(8πt)|. Obvi-
ously, the CFU is capable of storing energy from
the motor during the drive stroke, and the stored
energy is released to drive the fishtail during the
recovery stroke. The maximum elastic potential
energy that the CFU can store is about 0.035 J in
this case. As discussed in Section 3.1, the output
power of the motor increases significantly during
the drive stroke since the CFU needs to store en-
ergy provided by the motor. On the contrary, the
CFU returns to the equilibrium state and releases
the stored elastic potential energy during the re-
covery stroke, to reduce the torque required from

the motor to maintain the kinematic trajectory.
Hence, for the whole swing cycle, the output power
of the motor becomes more stable owing to the
CFU’s energy storage.
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Figure 4. Real-time curves of motor torque Tm and
power Pm. Here, f , κ1, and κ2 are 4 Hz, 0.15 N·m,
and 1.31 N·m, respectively.
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Figure 5. Curves of θ1, θ2 and θs. Here, f , κ1, and
κ2 are 4 Hz, 0.15 N·m, and 1.31 N·m, respectively.
The three curves follow a sine-like curve, which is in
line with the swing rule of the fishtail.
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Figure 6. Thrust curves of the fishtail. Here, f , κ1,
and κ2 are 4 Hz, 0.15 N·m, and 1.31 N·m, respectively.
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Figure 7. Stored energy of the CFU versus time.
Here, f , κ1, and κ2 are 4 Hz, 0.15 N·m, and 1.31 N·m,
respectively

To further validate the dynamic model, the
changes in θs and the phase difference ϕs between
θ1 and θ2 are explored, as shown in Figures 8
and 9. When κ2 is relatively small (0.16 - 2.57
N·m), θs and ϕs increase significantly with increas-
ing frequency, which is attributed to the increased
deformation magnitude of the PFU due to the
hydrodynamic forces of the caudal fin. For exam-
ple, when κ2 is 0.16 N·m, the minimum θs and
ϕs are 0.059 rad and 0.003 rad, respectively, and
the maximum θs and ϕs are 0.80 rad and 1.99
rad, respectively. The increments in θs and ϕs are
0.741 rad and 1.987 rad, respectively. However,
when κ2 is relatively large (2.57 - 10.51 N·m), θs
increases slightly with increasing frequency. At
κ2 = 10.51 N·m, θs increases from 0.007 rad to
0.12 rad, and the absolute increment is equal to
0.113 rad. Similarly, ϕs increases from 0.003 rad
to 0.14 rad, and the absolute increment is equal
to 0.137 rad. This phenomenon occurs because
the PFU’s stiffness is very large, and it is difficult
for the hydrodynamic force to bend and deform
the PFU. It is obvious that the above results are
consistent with the objective law, laying a solid
foundation for the following optimization.
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Figure 8. The PFU’s angle θs (rad) versus f and κ2
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Figure 9. The phase difference ϕs (rad) between θ1
and θ2 versus f and κ2

4.2. Validation of the CFU’s stiffness range

In this section, we determine the maximum and
minimum values of κ1. First, according to Equa-
tion (31), it is concluded that the bending mo-
ment of the CFU increases with κ1, resulting in
an increase in max(T s

m). According to Equation
(32), we obtain κmax

1 = 14.46 N·m, based on the
maximum output torque of the motor used, which
is 3 N·m. Second, for different combinations of f
and κ2, we determine the minimum κ1 according to
Equation (33), as depicted in Figure 10. There
is a positive correlation between κmin

1 (f, κ2) and f
at a given κ2, which is attributed to the increased
magnitude of the axial force acting on the CFU.
The minimum and maximum values of κmin

1 (f, κ2)
are 0.0011 N·m and 0.64 N·m, respectively.

According to Equation (22), we can conclude
that the maximum Ecfu exhibits a linear rela-
tionship with κ1, and the maximum energies of
the CFU for the minimum and maximum κ1 are
2.5× 10−4 J and 3 J, respectively. Obviously, by
adjusting the CFU’s stiffness, we can obtain a
significant improvement in the energy storage ca-
pability of the CFU, which is why we adopt spring
steel. The advantage is that when adjusting the
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CFU’s stiffness extensively to meet actual require-
ments, we do not need to redesign the robotic fish
to meet assembly requirements, and the size and
mass of the robotic fish also remain essentially
constant.
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Figure 10. Curve of minimum κ1 (N·m) at given f
and κ2

4.3. Validation of the CFU’s stiffness
optimization

Furthermore, we explore the effect of κ1 on motor
power for given f and κ2, as shown in Figure 11.
Obviously, κ1 does not affect the average value P̄m

of the motor power, which confirms that the CFU’s
stiffness does not affect the swimming speed of the
robotic fish. The average torque of the motor is
also independent of κ1 due to the constant angular
velocity. However, κ1 has a significant influence
on the smoothness of the motor power, which is
represented by the variance δ2Pm

. For example,

according to Figure 11a, δ2Pm
increases sharply

for f = 4 Hz and κ2 = 2.57 N·m, when κ1 is
greater than 3 N·m. This is because the CFU’s
bending moment increases sharply with increasing
κ1, which magnifies the peak value of the motor
power and torque.

From Figure 11, the optimal κ1 and the peak
value of τJ1 are 1.167 N·m and 1.12 N·m, respec-
tively, when f = 4 Hz and κ2 = 2.57 N·m . How-
ever, the optimal κ1 and the peak value of τJ1 are
5.102 N·m and 4.04 N·m, respectively, for f = 6
Hz and κ2 = 10.51 N·m. This phenomenon means
that the peak value of τJ1 also increases with in-
creases in f and κ2, and in order to minimize δ2Pm

,
it is necessary to increase the CFU’s stiffness and
Te,1 correspondingly to respond to the change in
τJ1. In addition, as can be seen from Figure 11,
when f and κ2 are given, δ2Pm

first decreases and
then increases with increasing κ1, and there is an
optimal solution κ∗1 that minimizes δ2Pm

.
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(a) f = 4 Hz, κ2 = 2.57 N·m.
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(b) f = 6 Hz, κ2 = 10.51 N·m.
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(c) f = 6 Hz, κ2 = 10.51 N·m.

Figure 11. Average value P̄m and variance δ2Pm
of

motor power versus κ1. The black dotted line and the
blue pentagram denote κmin

1 (f, κ2) and the optimal
solution, respectively. (c) Sensitivity analysis. A
disturbance with an average value of 0 and a variance
of 0.1 is applied to the motor angle.

To assess the robustness of the optimized model,
a disturbance with an average value of 0 and a
variance of 0.1 is applied to the motor angle, and
the result is shown in Figure 11c. By comparing
Figure 11b with Figure 11c, the disturbance
has an effect on both the average power and the
power variance of the motor. The average power
changes by approximately 0.1 W. The optimal
variance increases from 129.2 to 147.4, indicating
that the power variance is relatively sensitive to
uncertain factors such as disturbances and noise.
It is worth noting that the optimal CFU’s stiffness
barely changes and remains at 5.102 N·m after
rounding. This is because the introduction of dis-
turbance causes the real-time power to exhibit
random fluctuations.
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To illustrate the influence of κ1 on the motor
power intuitively, Figure 12a–c depict the real-
time curves of the motor power when κ1 is 0.35
N·m, 5.102 N·m, and 9.57 N·m, respectively, where
f = 6 Hz and κ2 = 10.51 N·m . Obviously, the
average power P̄m of the motor is 11.092 W, which
is independent of κ1. By contrast, δ2Pm

exhibits

large differences, and the minimum δ2Pm
of 129.192

is obtained when κ1 is 5.102 N·m. Comparing
Figure 12a, Figure 12b and Figure 12c, it is
found that when the variance of the motor power
is small, the negative power is also significantly
reduced. To maintain the same average power, the
peak value of the motor power is correspondingly
weakened, thereby reducing δ2Pm

and improving
the stability of the motor power. In addition, com-
pared with the rigid counterpart that is incapable
of storing energy, the CFU can lower the peak and
fill the valley of motor power by energy storage
and release to respond to motor power fluctuations
effectively, if κ1 is adjusted reasonably, as shown in
Figure 12b. We use δ2Pm,r to denote the variance
of the motor power for the rigid counterpart. Com-
pared with the rigid counterpart, δ2Pm

for the CFU
with a stiffness of 5.102 N·m decreases by 85.99%.
The appropriate κ1 of the CFU is necessary for
improving the power fluctuations. As can be seen
from Figure 12a and 12c, if κ1 is relatively small
or large, δ2Pm

is approximately equal to δ2Pm,r, and
the motor power still fluctuates violently.

Furthermore, κ∗1 and the corresponding mini-
mum variance are obtained by solving Equation
(35), as shown in Figures 13 and 14, respectively.
Figure 15 depicts the peak value of τJ1 at dif-
ferent f and κ2. In Figures 13, 14 and 15, we
traverse all suitable values of κ2 (corresponding
to thicknesses of 0.2:0.1:0.8 mm) to build a com-
plete mapping relationship instead of focusing on
the case at the optimal κ2. This is because the
optimization of κ2 is not the focus of this paper.
The optimal κ2 can be obtained by optimizing the
swimming performance (such as speed and thrust),
which is an important direction for future work.
According to Figures 13 and 15, it is found that
κ∗1 increases with increasing f when κ2 is relatively
small, because the CFU’s stiffness and bending
moment need to be enhanced to respond to the
increase in the peak value of τJ1 for maintaining
smaller variances. In addition, it can be seen that
κ∗1 increases at a given frequency as κ2 increases,
which is also attributed to the increase in the peak
value of τJ1. Over the considered ranges of f and
κ2, the minimum and maximum values of κ∗1 are
0.0443 N·m and 5.21 N·m, respectively, which are
broadly consistent with the stiffness range selected
in practice.
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(b) κ1 = 5.102 N·m.
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(c) κ1 = 9.57 N·m.

Figure 12. Real-time curves of motor power at
different κ1 within 0 - 1 s. Here, f = 6 Hz and κ2 =
10.51 N·m. The red and blue curves represent the
real-time motor power for the controlled flexible unit
with the given stiffness κ1 and the rigid counterpart,
respectively.
Note that the three blue curves are identical in the
three subgraphs. The purple line denotes the average
power.

To validate the advantages of the CFU’s energy
storage, comparisons between the CFU and rigid
counterpart in terms of the average value and vari-
ance of the motor power are performed, as shown
in Figure 16, where the variances for the CFU
are obtained by the nonlinear optimal model 35.
It is obvious that the average power of the motor
for the CFU is equal to that of the rigid counter-
part, that is, the CFU’s energy storage does not
contribute to the propulsion performance of the
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robotic fish. As can be seen from Figure 16a,
both δ2Pm

values for the CFU and rigid counterpart
increase at small κ2 as the frequency increases, and
δ2Pm

for the CFU is slightly smaller than that of
the rigid counterpart. According to Figure 15, it
is found that the peak values of τJ1 are relatively
small, and the maximum value is about 2 N·m at
κ2 = 1.31 N·m, which results in a relatively small
δ2Pm

(less than 200). Hence, the CFU makes only

a small contribution to reducing δ2Pm
through its

energy storage advantages. Since δ2Pm
is relatively

large at κ2 = 10.51 N·m owing to the large peak
values of τJ1, the CFU’s energy storage can adjust
δ2Pm

effectively.

Figure 13. Optimal CFU’s stiffness κ∗
1 at different f

and κ2

Figure 14. Minimum variance of motor power at
different f and κ2

To further evaluate the advantages of the CFU’s
energy storage, two indicators, namely, the rela-
tive decline ratio ηr and absolute decline value ηa
of δ2Pm

are defined as follows:

ηr =
δ2Pm,r − δ2Pm

δ2Pm,r

× 100%, (36)

ηa = δ2Pm,r − δ2Pm
. (37)

For example, when f = 7.5Hz and κ2 = 10.51
N·m, respectively, δ2Pm,r and δ2Pm

are equal to 1538

and 424.9, respectively, and ηr and ηa are 72.37%

and 1113.1, respectively. Figure 17 depicts the
curves of ηr and ηa for different combinations of
f and κ2. It is obvious that, at a given frequency,
the larger κ2 is, the larger ηr and ηa are, which
means that the CFU’s energy storage plays a vital
role in reducing the variance of the motor power.
In addition, ηr decreases and ηa increases with
increasing frequency when κ2 is constant. In par-
ticular, the relative decline ratio approaches 100%
as the frequency is relatively small.
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Figure 15. Peak value of τJ1 (N·m) at different f
and κ2
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Figure 16. Comparison of average value P̄m and
variance δ2Pm

of motor power between the CFU and
rigid counterpart

As analyzed above, the stable output power
of the motor is beneficial for improving the fre-
quency. Figure 18 presents the maximum power
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of the motor for the CFU and rigid counterpart,
where κ2 = 10.51 N·m, and κ1 = κ∗1. Since the
allowable power of the motor used is about 147.34
W, the highest frequencies of the motor for the
CFU and rigid counterpart are about 10.47 Hz
and 10.06 Hz, respectively, without damaging the
motor. The relative increase in frequency is 4.1%,
which is beneficial for improving the propulsion
performance. For example, the thrust of the fish-
tail improves from 3.60 N to 3.66 N, increasing by
0.06 N. In addition, when the frequency is 10.47
Hz, the maximum motor power decreases by 16.13
W (equivalent to 9.9%) due to the CFU’s energy
storage.
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Figure 17. (a) Relative decline ratio and (b)
absolute decline value of the variance δ2Pm

of motor
power

Finally, the average power of the motor for dif-
ferent combinations of f and κ2 is explored, as
shown in Figure 19. P̄m increases as f and κ2
increase, and the maximum P̄m of 21.53 W is ob-
tained when f = 7.5 Hz and κ2 = 10.51 N·m. It
is obvious that P̄m will approach the allowable
power value of the motor gradually if f and κ2
increase further, which means that reducing δ2Pm

and improving the stability of the motor power are
essential for protecting the motor from damage.
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Figure 18. Comparison of the maximum power of
the motor between the CFU and rigid counterpart.
Here, κ2 = 10.51 N·m. The maximum frequencies of
the motor for the rigid counterpart and CFU are 10.06
Hz and 10.47 Hz, respectively. Compared with the
rigid counterpart, the CFU can lower the maximum
motor power by 16.13 W (equivalent to 9.9%).

Figure 19. Average motor power P̄m at different f
and κ2.

4.4. Discussion

Based on the above analyses, we can conclude
that the CFU’s energy storage is incapable of im-
proving the swimming performance of the robotic
fish in terms of swimming speed and propulsion
efficiency, but is beneficial for improving the sta-
bility of the motor power by adjusting the CFU’s
stiffness reasonably. Moreover, there is an opti-
mal CFU stiffness that can minimize the variance
of the motor power for a given frequency and
PFU’s stiffness, and the optimal CFU stiffness is
positively correlated with the peak value of the
equivalent joint torque.

In addition, compared with the rigid counter-
part, the advantages of the CFU’s energy storage
can be fully reflected in the improvement of the
smoothness of the motor power. On the one hand,
it is beneficial to protect the motor from damage
and improve the motor’s service life. On the other
hand, the motor’s performance in terms of maxi-
mum frequency can be improved effectively. Specif-
ically, in the case of using the same motor, since
the rigid counterpart cannot store energy, the peak
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power of the motor easily exceeds the allowable
value, which limits the maximum average power
and frequency. Benefiting from the CFU’s energy
storage, the motor can achieve higher frequency
and average power to improve the swimming per-
formance of the robotic fish without damage by
adjusting the CFU’s stiffness reasonably.

In addition, regarding the applicability of the
optimization model, it mainly includes two aspects.
First, the hydrodynamic model of the robotic fish
derived in this paper is based on the assumption
that the fluid is irrotational and inviscid. Real
fluid environments are very complex. Therefore,
in the vast majority of hydrodynamic analyses
of robotic fish, this widely accepted assumption
is adopted. Second, the maximum operating fre-
quency of the dynamic model constructed in this
manuscript is 7.5 Hz, which has been validated by
experimental data in our previous study.41

5. Conclusions and future work

In this paper, we propose a wire-driven elastic
robotic fish, whose fishlike tail is based on dual
spring steel and includes a CFU and a PFU. As the
fishtail swings, the CFU can generate bending de-
formation under the action of the wire driving and
motor, to realize periodic energy storage. We ana-
lyzed and verified that the CFU’s energy storage
and stiffness do not contribute to the swimming
performance of the robotic fish, but can affect
the smoothness of the motor power. Hence, with
the aim of minimizing the variance of the out-
put power of the motor, we optimized the CFU’s
stiffness by the developed nonlinear optimization
model that is based on the Lagrangian dynam-
ics and cantilever beam model. The results show
that, compared with the rigid counterpart, the
optimized CFU can effectively smooth the motor
power, and reduce the peak value as well as the
variance of the motor power. Hence, the motor
power does not easily exceed the allowable power
value , which is beneficial to protect the motor
from damage and improve the service life of the
motor.

The nonlinear optimization model proposed
herein provides a stiffness adjustment strategy
for the CFU of robotic fish. The real-time adap-
tation of the CFU’s stiffness based on operating
frequency and PFU’s stiffness, enabled by variable
stiffness technology, is key to maintaining stable
motor power output and improving real-world ap-
plicability. However, realizing the capability of
variable stiffness poses a significant future chal-
lenge. Potential solutions, such as shape memory

alloys, electrorheological fluids, or antagonistic ca-
bles, offer promising avenues for achieving tunable
CFU stiffness.
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38. El Daou H, Salumäe T, Toming G, Kruusmaa M.
A bio-inspired compliant robotic fish: Design and
experiments. In: 2012 IEEE International Confer-
ence on Robotics and Automation. 2012:5340-5345.
https://doi.org/10.1109/ICRA.2012.6225321

39. Valdivia y Alvarado P, Youcef-Toumi K. Design
of machines with compliant bodies for biomimetic
locomotion in liquid environments. J Dyn Syst
Meas Control. 2006;128:3-13.
https://doi.org/10.1115/1.2168476

40. Jiang Y, Liu X, Chen H, Gong W, Lu Y, Zhang W.
Design and modeling of a biomimetic wire-driven
soft robotic fish. In: 2019 Chinese Automation
Congress (CAC). 2019:1778-1782.
https://doi.org/10.1109/CAC48633.2019.899666
3

41. Liao X, Zhou C, Wang J, Tan M. A wire-driven
dual elastic fishtail with energy storing and pas-
sive flexibility. IEEE/ASME Trans Mechatron.
2023;29(3):1914-1925.
https://doi.org/10.1109/TMECH.2023.3318219

Xiaocun Liao received the B.E. degree in Detection,
Guidance, and Control Technology from Central South
University (CSU), Changsha, China, in 2019, and the
Ph.D. degree in Control Theory and Control Engineer-
ing from the Institute of Automation, Chinese Academy
of Sciences (IACAS), Beijing, China, in 2024. He is
currently an Associate Professor with the Key Labora-
tory of Cognition and Decision Intelligence for Complex
Systems, IACAS. His research interests include robotic
design and control, etc.

https://orcid.org/0000-0002-9455-7015

Chao Zhou received the B.E. degree in automation
from Southeast University, Nanjing, China, in July
2003, and the Ph.D. degree in control theory and con-
trol engineering from the Institute of Automation, Chi-
nese Academy of Sciences (IACAS), Beijing, China, in
2008. He is currently a Professor with the State Key
Laboratory of Management and Control for Complex
Systems, IACAS. His research interests include robot
motion control, bioinspired robotic fish, and embedded
robot systems.

https://orcid.org/0000-0003-4461-8075
16

https://doi.org/10.1109/IROS.2013.6696463
https://doi.org/10.1109/TMECH.2017.2712820
https://doi.org/10.1088/1748-3190/ac2126
https://doi.org/10.1109/ICRA40945.2020.9196675
https://doi.org/10.1109/ICRA40945.2020.9196675
https://doi.org/10.1109/ICRoM54204.2021.9663484
https://doi.org/10.1109/ICRoM54204.2021.9663484
https://doi.org/10.1109/BIOROB.2010.5626007
https://doi.org/10.1016/j.mechmachtheory.2018.07.012
https://doi.org/10.1016/j.mechmachtheory.2018.07.012
https://doi.org/10.1109/TMECH.2021.3136342
https://doi.org/10.1109/TRO.2016.2593452
https://doi.org/10.4028/www.scientific.net/AMM.300-301.510
https://doi.org/10.4028/www.scientific.net/AMM.300-301.510
https://doi.org/10.1109/ICCIS.2015.7274613
https://doi.org/10.5226/jabmech.6.1
https://doi.org/10.1109/ICRA.2012.6225321
https://doi.org/10.1115/1.2168476
https://doi.org/10.1109/CAC48633.2019.8996663
https://doi.org/10.1109/CAC48633.2019.8996663
https://doi.org/10.1109/TMECH.2023.3318219
https://orcid.org/0000-0002-9455-7015
https://orcid.org/0000-0003-4461-8075


Liao et al. / IJOCTA, Vol.x, No.x, pp.xx-xx (2026)

Junfeng Fan received the B.S. degree in mechanical
engineering and automation from Beijing Institute of
Technology, Beijing, China, in 2014 and the Ph.D. de-
gree in control theory and control engineering from the
Institute of Automation, Chinese Academy of Sciences
(IACAS), Beijing, China, in 2019. He is currently
an Associate Professor in Control Theory and Control
Engineering with the State Key Laboratory of Man-
agement and Control for Complex Systems, IACAS,
Beijing. His research interests include robot vision and
underwater robots.

https://orcid.org/0000-0003-4922-7946

Zhuoliang Zhang received the B.E. degree in automa-
tion from Tongji University, Shanghai, China, in July
2018, and the Ph.D. degree in control theory and con-
trol engineering from the Institute of Automation, Chi-
nese Academy of Sciences (IACAS), Beijing, China, in
June 2023. He is currently a Post doctoral Fellow with
the Laboratory of Cognition and Decision Intelligence
for Complex Systems, IACAS. His research interests
include measurements, sensor signal processing, and
intelligent control.

https://orcid.org/0000-0002-5991-2392

Zhaoran Yin received the B.E. degree in automation
from the School of Control Science and Engineering,
Shandong University, Jinan, China, in 2017, and the
M.S. degree in Electrical Engineering from the Univer-
sity of Texas at Dallas, Richardson, TX, USA. He is
currently working toward the Ph.D. degree in control
theory and control engineering with the Institute of Au-
tomation, Chinese Academy of Sciences (IACAS), Bei-
jing, China. His research interests include bioinspired
underwater robots and intelligent control systems.

https://orcid.org/0000-0003-1643-3495

Liangwei Deng received the B.E. degree in mechanical
design, manufacturing, and automation from the Uni-
versity of Electronic Science and Technology of China
(UESTC), Chengdu, China, in 2020. He is currently
working toward the Ph.D. degree in control theory and
control engineering with the Institute of Automation,
Chinese Academy of Sciences (IACAS), Beijing, China.
His research interests include bioinspired robots.

https://orcid.org/0000-0002-2416-8815

An International Journal of Optimization and Control: Theories & Applications (https://accscience.com/journal/ijo
cta)

This work is licensed under a Creative Commons Attribution 4.0 International License. The authors retain ownership of
the copyright for their article, but they allow anyone to download, reuse, reprint, modify, distribute, and/or copy articles
in IJOCTA, so long as the original authors and source are credited. To see the complete license contents, please visit
http://creativecommons.org/licenses/by/4.0/.

17

https://orcid.org/0000-0003-4922-7946
https://orcid.org/0000-0002-5991-2392
https://orcid.org/0000-0003-1643-3495
https://orcid.org/0000-0002-2416-8815
https://accscience.com/journal/ijocta
https://accscience.com/journal/ijocta
http://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. Mechanism design and dynamic modeling
	2.1. Design of robotic fish
	2.2. Dynamic model

	3. Energy storage analysis and stiffness optimization model of CFU
	3.1. Analysis of the CFU’s energy storage
	3.2. Nonlinear optimization model for the CFU’s stiffness
	3.3. Determination of the CFU’s stiffness range

	4. Numerical simulation
	4.1. Simulation of fishtail swing
	4.2. Validation of the CFU’s stiffness range
	4.3. Validation of the CFU’s stiffness optimization
	4.4. Discussion

	5. Conclusions and future work
	Acknowledgments
	Fundings
	Conflict of interest
	Author contributions
	Availability of data
	AI tools statement
	References

