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Tuberculosis (TB) remains one of the most prevalent infectious diseases world-
wide and continues to pose a major public health challenge. This study presents
a TB model using a nonstandard finite difference (NSFD) scheme that incorpo-
rates nonlinear incidence, relapse, reinfection, and saturated treatment effects.
The discrete model is designed to preserve the key qualitative properties of

Keywords: the continuous system, including positivity, boundedness, and invariance of
Tuberculosis the feasible region. The disease-free and endemic equilibria are analyzed, and
Nonstandard finite difference scheme  their local stability conditions are established using the Jury criterion. The
Saturated treatment basic reproduction number is derived and is consistent with that of the cor-
Backward bifurcation responding continuous model. Furthermore, the bifurcation analysis reveals
Real data that the model can exhibit either forward or backward bifurcation, indicat-
Parameter estimation ing the possibility of bistability and disease persistence even when the basic
AMS Classification 2010: reproduction number is less t_han one. To bett(?r r'eﬂect real-world dynamic_s,
39A28; 92D30; 37N25 the model parameters are estimated using TB incidence data from Indonesia

for the period 2000-2024. Numerical simulations, including the dynamical be-
havior around equilibria, global sensitivity analysis, epidemiological outcome
sensitivity, and bifurcation diagrams, further support the analytical results.
The robustness of the proposed NSFD scheme and its performance relative to
classical numerical methods are also examined. The results highlight the im-
portance of incorporating treatment saturation and nonlinear transmission in
understanding TB dynamics while providing a reliable discrete-time modeling
framework.

(o) T

1. Introduction and mortality each year. The burden falls dis-
proportionately on middle- and low-income coun-
tries, where malnutrition, poverty, and limited ac-
cess to healthcare are widespread.* % Global con-
trol efforts are being implemented through the Di-
rectly Observed Treatment, Short-course (DOTS)
strategy and the End TB Strategy of the World
Health Organization (WHO). Nevertheless, the
disease burden remains high because of various
epidemiological and socioeconomic challenges.”®

The persistence of TB is driven by multiple
factors, including relapse, reinfection, drug resis-
tance, and limited healthcare capacity. These

Tuberculosis (TB) remains one of the most sig-
nificant infectious diseases worldwide and con-
tinues to pose a major public health challenge,
particularly in middle- and low-income coun-
tries. Caused by Muycobacterium tuberculosis,
the disease primarily affects the lungs but can
also involve other organs, resulting in extrapul-
monary TB.'3 Transmission occurs through air-
borne droplets generated by coughing, sneezing,
or speaking, with the risk being higher in crowded
and poorly ventilated environments.!'3 TB im-
poses a substantial global burden of morbidity
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factors give rise to highly nonlinear transmission
dynamics that are difficult to investigate using
purely empirical approaches. Moreover, the emer-
gence of multidrug-resistant strains,® ! TB/HIV
co-infection,'>1* and limitations in healthcare
systems, such as inadequate diagnostic capacity
and treatment follow-up, further complicate dis-
ease control.’®> These challenges highlight the
need for mathematical models that can capture
the key mechanisms governing TB dynamics and
provide insights into effective intervention strate-
gies.

Mathematical modeling has become an in-
dispensable tool for studying TB transmission
and control. Various modeling approaches, in-
cluding ordinary differential equation models and
fractional-order models, have been developed to
represent key biological and epidemiological pro-
cesses. 6718 Other models have demonstrated that
mechanisms such as relapse and reinfection play
an important role in sustaining disease transmis-
sion, while social and environmental factors sig-
nificantly influence its spread.'®2! Furthermore,
several modeling studies have suggested that in-
terventions such as vaccination, early diagnosis,
and improved treatment adherence can substan-
tially reduce TB incidence, although their effec-
tiveness depends strongly on the underlying sys-
tem dynamics and parameter interactions.'®22-27

Most classical TB models rely on simplify-
ing assumptions, such as linear incidence and un-
limited treatment capacity, which may not ade-
quately represent real-world conditions. In prac-
tice, healthcare systems are resource-constrained
and often have limited treatment capacity, which
can substantially alter disease dynamics. Mod-
els incorporating saturated treatment have shown
that such limitations can lead to complex dy-
namical behaviors, including backward bifurca-
tion and bistability, where the disease persists
despite the basic reproduction number remaining
below unity.?®3% Moreover, insufficient health-
care resources may promote the emergence of
drug-resistant strains and reduce the effective-
ness of intervention strategies, highlighting the
importance of incorporating nonlinear incidence
and treatment capacity constraints into TB mod-
ols.31-33

In addition to model formulation, the choice of
numerical discretization plays a crucial role in the
accurate simulation of epidemiological systems.
Standard finite difference methods often fail to
preserve critical qualitative properties of the con-

tinuous model, such as boundedness, stability,
and positivity, which may lead to unrealistic nu-
merical solutions.?%3% These limitations have mo-
tivated the use of the nonstandard finite difference
(NSFD) scheme, which is designed to preserve the
dynamical consistency of the original system.363?
NSFED schemes preserve key qualitative features,
such as the stability of equilibria and the posi-
tivity of solutions, while allowing relatively large
time steps without compromising numerical sta-
bility.20-43 These properties make NSFD schemes
particularly suitable for epidemiological models,
where preserving biological feasibility and numer-
ical stability is essential.*%4® Reliable finite dif-
ference schemes are therefore essential for such
simulations.*6:47

Motivated by these considerations, this study
introduces an NSFD scheme for a TB model that
incorporates relapse, reinfection, nonlinear inci-
dence, and saturated treatment. Our model is
based on the study by Aldila,?® which consid-
ered a susceptible-infected-recovered TB model
with relapse, reinfection, and nonlinear incidence.
The model is given in (1), and its formulation
and derivation are presented in the next section.
In this paper, we extend the TB model of?° by
incorporating saturated treatment and develop-
ing an NSFD scheme. This constitutes the first
novelty of our work. The discrete model is con-
structed to preserve the key qualitative properties
of the continuous system. Second, we establish
the positivity and invariance of the feasible re-
gion of the NSFD TB model, analyze the local
stability of the equilibria, and investigate bifurca-
tion phenomena. In particular, we demonstrate
that the model is capable of exhibiting backward
bifurcation. Third, we estimate the model pa-
rameters using real-world data and provide sev-
eral numerical simulations to validate the the-
oretical results and to examine the robustness
of the proposed NSFD scheme. From a practi-
cal perspective, the proposed NSFD scheme can
support computational studies of TB models, en-
abling more reliable evaluation of public health
intervention strategies.

Fractional-order models have recently at-
tracted considerable attention in TB modeling be-
cause they can incorporate memory and hered-
itary effects associated with disease progression
and treatment history.** 2 Such models are par-
ticularly useful when past states substantially in-
fluence the current dynamics. Nevertheless, the
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objective of the present study is not to inves-
tigate memory effects but to develop and ana-
lyze an NSFD scheme that preserves the essen-
tial qualitative properties of the underlying epi-
demic model. A classical integer-order formu-
lation provides a well-established framework for
these theoretical analyses and enables direct com-
parison with the continuous model of Aldila,2°
which serves as the basis of the present work. Al-
though fractional-order models may offer a richer
description of certain epidemiological processes,
they generally introduce additional mathemati-
cal complexity. Therefore, the classical-order for-
mulation adopted in this study is appropriate for
achieving the objectives of developing a dynam-
ically consistent NSFD scheme and investigating
its qualitative dynamics.

The structure of the paper is as follows. Section
2 outlines the governing equations of the model
by first introducing the previous model with re-
lapse, reinfection, and nonlinear incidence, fol-
lowed by its extension incorporating saturated
treatment and its dimensionless formulation. Sec-
tion 3 presents the NSFD scheme for the proposed
model. Section 4 analyzes the NSFD model, in-
cluding the basic properties, the disease-free equi-
librium and its local stability in relation to the
basic reproduction number, the endemic equilib-
rium, and the potential for both forward and
backward bifurcations. To confirm the analytical
results, Section 5 presents the model parameter
estimation together with several numerical simu-
lations, including the dynamics around the equi-
libria, sensitivity analysis of the basic reproduc-
tion number, epidemiological outcomes, bifurca-
tion diagrams, and the robustness of the NSFD
scheme in comparison with classical numerical
methods. Finally, Section 6 presents the conclu-
sions.

2. Mathematical model

This section begins by recalling the time-
continuous TB model from our previous study,
which is formulated as a susceptible—infected—
recovered (SIR) system with nonlinear incidence,
relapse, and reinfection. We then extend this
framework by incorporating a saturated treat-
ment effect to represent the limited capacity of
healthcare systems as the number of infected in-
dividuals increases. Finally, we derive the corre-
sponding dimensionless form of the model.

2.1. The previous SIR tuberculosis model

For every time ¢, let S(¢) denote the number
of susceptible individuals, I(t) the number of
infected individuals, and R(¢) the number of

treated /recovered individuals who have left the
active infectious state. The total population is
N(t) = S(t) + I(t) + R(t).

Following the study of Aldila,?’ the popula-
tion is divided into these three compartments,
and the disease transmission process incorporates
nonlinear incidence, relapse of recovered individ-
uals, and reinfection of r ecovered individuals.

Individuals enter the susceptible class through
recruitment at a constant rate A, while all indi-
viduals experience natural death at rate p. New
infections arise through effective contact between
susceptible and infected individuals. To capture
the increased risk of transmission as the number
of infective individuals grows, the incidence is as-
sumed to be

061 (1 + VI)I,

where (1 is the baseline transmission coeffi-
cient and v is a correction parameter. The
nonlinear factor 1 + vI is introduced to rep-
resent population-level amplification of effective
exposure that may arise from clustering of in-
fectious individuals, repeated exposure in high-
transmission settings, or other unobserved hetero-
geneities in contact intensity.

Infectious individuals leave the active infectious
class following successful treatment at rate v. Re-
covered individuals may lose immunity and re-
lapse to the infected class. If o denotes the relapse
rate and p € (0,1) is the proportion of recovered
individuals who relapse, then paR represents the
flow from R back to I, while (1 — p)aR repre-
sents those who leave the relapse process without
returning to the infected class. In addition, recov-
ered individuals may become reinfected through
contact with infective individuals, with reinfec-
tion rate

B2(1+vI)IR,
where (39 is the reinfection coefficient.

Thus, the TB model is given by?°

dsS
o =A—-p51(1+vDIS+ (1 —p)aR — puS,
ﬂ—ﬁ (1+vI)IS —~I + paR
+ B2(1 +vI)IR — pul,
dR
o = —aR= B +vD)IR—pR.
Since IN
— =A—uN
dt lu’ )
the total population converges to the constant
level A
N=—.
7
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Under this assumption, the model can be nondi-
mensionalized and reduced to a lower-dimensional
System.

2.2. The proposed model with saturated
treatment

Although the recovery term ~I in system (1) is
mathematically convenient, it assumes that the
treatment capacity increases proportionally with
the number of infective individuals. In practice,
however, treatment resources, such as medical
staff, diagnostic facilities, drug availability, and
patient monitoring systems, are limited. Conse-
quently, the healthcare system may become over-
burdened when the number of infected individuals
increases substantially, causing the effective treat-
ment rate to no longer increase linearly with 1.

To account for this effect, we replace the linear
recovery term I with the saturated treatment
function

~I
1+al’

where a > 0 measures the level of treatment
saturation. The saturated treatment represents
the rate at which actively infectious individu-
als successfully complete or respond to treatment
and move to the post-treatment class. Treat-
ment saturation reflects limitations in diagnos-
tic, treatment, and follow-up capacity. When [
is small, the term behaves approximately as I,
whereas for large I, the treatment effect increases
more slowly because of limited healthcare capac-
ity. See, for example,?8737°8 for studies highlight-
ing the role of saturated treatment in tuberculosis
modeling.

Accordingly, the modified TB model is formu-
lated as

dsS

= A—pBi(1+vI)IS+ (1 —p)aR — uS,

dl ~I

© B+ vDIS —
gr = VIS =y pakt 2)
+ Bo(1+vI)IR — pul,
dR ~vI
W T1xal —aR — (1 +vI)IR — pR.
The initial conditions are assumed to be
S(0) >0, 1(0) >0, R(0) > 0.
Summing the equations in (2) yields
dN
— = A —uN.
dt a

Hence, as in the previous model, if the total
population remains constant, then

N=2
W

2.3. Dimensionless form of the model

To obtain a dimensionless system, we introduce
the normalized variables

S

$1:N7 T2 = T3 =

I
N’ N’
so that

T+ x9 + 23 = 1.

We further define the dimensionless parameters
b1 = 1N, by=psN, v=vN, a=al.

Since I = N9, the saturated treatment term
becomes
v yNwza N
l+al 1+4+aNzy 1+azy
Dividing system (2) by N and using A = uN,
we obtain

dx

ditl =p—b1(1 4+ vzy)zize + (1 — plaxs — pry,

d.l?g VT2

&2 b1 _

LRk we azs (3)
+ pazxs + ba(1 + vag)woxs — pxs,

d

% =1 ngxz — axz — ba(1 + vag)xoxs — prs.

Using the relation
r1=1—x9 — 13,

the three-dimensional system (3) can be reduced
to the following two-dimensional system:

dl‘g VT2
M2 (1= as — a3)(1 _
i 1(1 =20 —23)(1 + vao)xs T4 2y
+ paxs + ba(1 + vag)roxs — pxs, (4)
da-
% = : lx;xQ — ars — b2(1 + vxo)Tox3 — pT3.

The dimensionless system (4) serves as the ba-
sis for constructing the discrete-time model in the
following section using the nonstandard finite dif-
ference scheme.

3. Nonstandard finite difference scheme

This section develops a discrete-time version of
system (4) using the nonstandard finite difference
(NSFD) method proposed by Mickens.33% The
scheme is designed to preserve the key qualitative
properties of the continuous model, including the
invariance of the feasible region and the positivity
of solutions.

Let h > 0 denote the time step, and let t,, = nh,
n=0,1,2,.... Define

Toy & x2(th),

Following Mickens’ approach, the time deriva-
tive is approximated by

T3n <= T3 (tn)

dﬁ ~ In+1 — Tn
at =~ ¢(h)
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where the denominator function is chosen as
¢p(h) =1—e",
which is a standard nonlocal denominator satis-
fying
o(h) =h+O(M?* and 0<¢(h)<1.

This choice preserves the consistency of the fi-
nite difference approximation while allowing rela-
tively large time steps and maintaining important
qualitative properties of the continuous system,
such as positivity and boundedness of the solu-
tions.

To ensure dynamical consistency, we separate
each equation into gain and loss terms. For sys-
tem (4), define

F, =b1(1 — x9 — x3)(1 + vxa)za + pazxs
+ ba(1 + vag)waws,

YX2.n
H,=—
"l ara, (5)
Y
G, = _
" H + 1+ CNL.%'Qm

Ky, = a4+ p+ba(l 4+ vxepn)ron.

Here, F,, and H,, represent the nonnegative gain
terms, whereas G,, and K, represent the corre-
sponding loss rates.

The NSED scheme is then constructed as

T2.n + ¢(h) F,

£L'2,n+1 = 1 + ¢(h) Gn 5 (6)
_ T3n + ¢(h) Hy,
T T T G(h) Ky

System (6) defines a nonlinear discrete dynam-
ical system, which will be analyzed in the subse-
quent sections.

4. Model analysis

This section investigates the equilibrium points of
the discrete system (6), analyzes their local stabil-
ity using the Jury criterion, examines the occur-
rence and direction of bifurcations, and discusses
the global stability of the equilibria.

4.1. Positivity and invariant region

This subsection demonstrates that the NSFD
scheme preserves the essential qualitative prop-
erties of the continuous model, namely the posi-
tivity of the state variables and the invariance of
the biologically feasible region.

Theorem 1. Let
Qr = {(332,333) e R?I- 0< Ty < 1’
0<az3<r(l-az)},

where 0 < r < 1 and define d, = (1 — )by + rbs.
Suppose that ba > by and

rpa + (1 +v)d, <1, (7)

rminu 0,00} > L2 ()
where
Yo = (o + p)(1 = rpa) — rpa,
Y1 = (o +p+b2) [1 = rpa— (1+v)dy]
— [rpa+ (1+v)d,].
If (x2,0,230) € Qp, then (2, x3,) € Q, for all

n > 0 and h > 0. Consequently, 2, is positively
invariant under the NSFD scheme (6).

Proof. Assume that (zg,,x3,) € . Since
0 < a3, < r(1 —z2,) < 1— x2,, we have
F, >0, H, >0,G, >0, K, > 0. Hence, from
system (6),

Ton+1 > 0, T3n4+1 > 0.
It remains to prove x3 5,41 < r(1 — 2z p41). For
fixed x2,, we have

0F,
8553,11

= pa + (bg — bl)(l + ’UCUQJL)II:Q’”.

If b > by, then aaxl; - > 0, and consequently
6332,71-!—1 _ Qb(h) a-Fn
83:37” 1+ (b(h)Gn a:L’37n -
Also, we have

O%ani1 _ L > 0.
8.%3," 1 + (ZS(h)Kn

Thus, for fixed x2,, both x2,1 and x3,1

are nondecreasing functions of x3,. Therefore,

r(1—x2 n4+1)—3n41 is nonincreasing with respect

to 23.5,. Its minimum over 0 < 3, < r(l—xzy,)is

consequently attained at z3 , = r(1—x2,). Hence,

it is sufficient to verify the invariance condition on
this boundary.

Let x = x2,. On the boundary z3, = (1 —

x2p), we have F, = (1 — z) [d,(1 + vx)x + rpaf .

After substituting into system (6), the inequality

341 < 7(1— T2 p41)
is equivalent to
A(z) + ¢(h)B(z) = 0,
where
Alz)=r[1—-2)K, +2G, — F,] —
B(z) =rK,(G, — F,) — H,G,,.
Using the expressions for F,,, Gy, H,, and K,,
we obtain
A(z) =ru+ra(l —rp)(1 —z)
+7r(1—=7)(b2 —b1)(1 + vz)z(1l — )

(1—r)yx
14ax

Hy,
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Hence, by assumption (8), we have

(I—7r)y

A(z) > rp — = > 0.

Furthermore,
A(w) + B(x) = r(1 — 2)E(x) + rua — “‘67“)7
where
E(z) = (a+ p+box) [1 — rpa — (1 4 v)d, 7]
— [rpa+ (1 4+ v)d, 2] .
Using assumption (7), E(z) is concave on [0, 1]
and

E(z) > min{to, ¥1 }.

Therefore,

A(w) + Ba) > rmin{p, 0,0} - L2 >0

Since 0 < ¢(h) < 1, the inequalities A(x) > 0
and A(z) 4+ B(x) > 0 imply
A(x) + ¢(h)B(z) = 0.
Thus,
31 < 1(l—T2041),

and hence (225,41, 23n+1) € . The conclusion
follows by induction. O

4.2. Local stability of the disease-free
equilibrium

An equilibrium E* = (23, 23) of system (6) satis-
fies

* *
L2 n+1 = L2n = L9, L3 n+1 = T3 n = L3

Substituting into (6), we obtain
= x5 + ¢(h) F (x5, x%)
1+ ¢(h)G(a3)

x5 + ¢(h) H(x3)
1+ ¢(h) K(x3)
which simplifies to

0 = F(x3,23) — G(x3) 3, ©)

0 = H(x;) — K(x3)23.

The discrete model and the corresponding con-
tinuous system share the same equilibrium points.
The disease-free equilibrium (DFE) is given by

Ey = (0,0).
We now examine the local stability of the DFE

Ey = (0,0) for the discrete system (6). For sim-
plicity, let

x5 =

¢=o(h)=1-e"
Differentiating the right-hand sides of system
(6) and evaluating them at the DFE Ey = (0,0),
we obtain the Jacobian matrix. Hence, after
straightforward differentiation and simplification,

the Jacobian matrix at Ej is

1+ b Ppa
J(Eo) = 1+¢q(5:+v) 1+¢(1M+7) (10)
L+ gla+p) 1+4+o¢(a+np)
For simplicity, define
0 1+ ob _ Ppa
L+ ¢(p+7) 1+ ¢(p+7)
P o S S S
1+ ¢(a+p)’ 14+ ¢(a+p)

The trace and determinant of J(Ey) are
Tr J(Ey) = a+d, det J(Ep) = ad — be.
The characteristic polynomial of J(Ey) takes
the form
M — (a+d)\+ (ad — be) = 0.
Its discriminant is
A = (a — d)? + 4bc > 0.

Hence, both eigenvalues are real.

According to the Jury stability criterion, Fy
is locally asymptotically stable if and only if the
following conditions hold:

1—(a+d)+(ad—bc) > 0, 1+(a+d)+(ad—bec) > 0,
1 — (ad — bc) > 0.

The stability conditions are derived from the
general Jury stability criterion.”® For a second-
order characteristic polynomial, these conditions
reduce to the above inequalities.

Denote the common denominator of Tr.J(Ep)
and det J(Fp) by

D= (1+¢(n+7)1+d(a+p).
Clearly, D > 0.
Next,

1—(a+d)+ (ad —bc)
(¢2[(a + )+ —br) —pcw]),
a+d)+ (ad — be)

S|~

1+

_

(4+2¢>(b1+a+2,u+’y)

S

+ @@+ p)(p+br) + py + (L= par] )
1 — (ad — be)

1
:5(¢(a+2u+7—b1)

+¢*[(n+ ) (e + p) +pa7]) :
Condition 1 — (a + d) + (ad — bc) > 0 can be

written as
(a+p)(p+vy—b1) —pay>0.  (11)

Observe that the condition 1+ (a + d) + (ad —
bc) > 0 always holds. Meanwhile, the condition
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1 — (ad — bc) > 0 is equivalent to

(a+2p+y=b1)+d[(ut+7) (a+p)+pary] > 0. (12)
If (11) holds, then (12) also holds. Therefore,
condition (11) is sufficient for all three Jury in-
equalities.
Define the threshold parameter

b
Ro = atp) . (13)
(v + p)(e + p) = pay
Then the condition (11) is equivalent to
Ro < 1.

Therefore, the following result holds.

Theorem 2. The DFE of system (6) Ey = (0,0)
1s locally asymptotically stable if Ro < 1.

Remark 1. For the corresponding continuous di-
mensionless system (3), the next-generation ma-
triz method®% %1 s used to derive Ry. Consid-
ering the infected subsystem (xo,x3) at the DFE,
linearization and separation of the new infection
and transition terms yield the matrices

_ (b1 0 _(v+twu —pa
F(O O)’ V<7 a+pu)’

Hence, Ro equals the spectral radius of FV™1,
namely

R bi(a+ p)
0= .
(v + p)(a+ 1) — pay
Notably, this expression coincides exactly

with the threshold parameter obtained for the
NSFD scheme. This agreement shows that the
NSFD discretization maintains the epidemiolog-
ical threshold dynamics of the continuous model,
ensuring consistency between both formulations.

Loss of stability occurs when one of the Jury
stability conditions becomes an equality.

(i) Crossing through A\ = 1.

The condition

1—(a+d)+ (ad—bc) =0
yields
(a+p)(p+7—b1) — pay =0,
or equivalently
* pay
bl =pu+~v— . 14
e (14)
Thus, one eigenvalue satisfies A = 1 when

by = b}, or equivalently when Ry = 1.
(ii) Crossing through A\ = —1.

The condition

14+ (a+d)+ (ad —bc) =0

cannot be satisfied for positive parameters and
h > 0. Hence, a flip bifurcation does not occur at
Ey.

(iii) Neimark—Sacker bifurcation.

Since both eigenvalues are always real (A > 0),
a complex-conjugate pair cannot arise. Therefore,
a Neimark—Sacker bifurcation cannot occur at Ey.
The results are summarized in the following the-
orem.

Theorem 3. At the DFE Ey = (0,0):

(1) Stability is lost when Ro = 1.
(2) A flip bifurcation cannot occur.
(8) A Neimark—Sacker bifurcation cannot occur.

4.3. Endemic equilibrium

We now derive a scalar equation for the endemic
equilibrium (EE), which is subsequently used to
determine the direction of the bifurcation at Rg =
1.

Let E* =

where

(«3,2%) denote the EE of system (6),

x5 >0, x5 > 0.
From (9), the equilibrium coordinates satisfy

(b1(1 — 25 — a3) + bo}) (1 + vad)z} + paa}

B 0 .
- (“+ 1+ax§)xz’

*

VLo
1+ az3

(15)

= (a4 p+ ba(1 + vay)e}) .

From the second equation of (15), we obtain
VT
(1+ax3) (o + p+ bo(1 +vas)as)
Substituting (16) into the first equation of (15),
and letting

z3 = (16)

T =T,
we obtain the scalar equation
F(x):= (1 +vx)b (1 —2)(1+ ax)
(a—l—u—i—bg 1+ovx)z )
+ (1 +vx)(bg — by)yx + pary
— (p(1 +ax) + )
X (a—l—u—l—bg(l—i—vx)x) =0. (17)

Therefore, every positive root x = x3 of (17)
determines an EE through (16).
Evaluating F(z) at x = 0, we obtain
F(0) = (b 4+ 7) (e + ).
Hence,

(a+ p)br + pary —

F0)=0 < b =,
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where
pary

. (18)
a—+
This threshold coincides with that obtained
from the local stability analysis of the DFE.

by =p+7y—

4.4. Bifurcation analysis

To determine the bifurcation direction, we ana-
lyze the EE branch near the DFE using a local
expansion approach (see, e.g.,%263). By express-
ing the bifurcation parameter b; as a function of
the endemic state variable and performing a Tay-
lor expansion about z = 0, we obtain a first-order
approximation that characterizes the bifurcation
direction. Solving (17) for by yields

1
a0

bl = bl(l’) = =5y (19)
b

where
it = (n(1+az) + ) (a + 4 bo(1+ v:c)x)
— (1 + vz)byyx — pary,
p? = (1+ vz) [(1 — 2)(1 + az)

X <a+,u+b2(1+v:n)m) —yx}.

Clearly,
b1(0) = b].
Differentiating (19) at x = 0, we obtain

1
b, (0) =
1(0) = -

—bi(@+v-1a+m+b-7)]. (@)
Hence, in a neighborhood of z = 0,
bi(x) = bj + b1 (0)x + O(a?).

This expansion determines the bifurcation di-

rection:

e if b1 (0) > 0, then b; > b} for sufficiently small
x > 0. Consequently, the EE emerges when
Ro > 1, and the bifurcation is forward;

e if b}(0) < 0, then by < b} for sufficiently small
x > 0. Consequently, a positive EE exists
even when Ry < 1, and the bifurcation is
backward.

The result is summarized in the following the-

orem.

o [&u(a + 1) + bap

Theorem 4. Let by be the bifurcation parameter,
and let b} be given by (18). Then the EE branch
near Ey satisfies

b1 = b} + b1 (0)z5 + O((x3)?),
where b} (0) is given by (20). Consequently,
(1) if b5(0) > 0, the bifurcation at by = b} is for-

ward;

(2) if b1(0) < 0, the bifurcation at by = b is back-

ward.

The occurrence of backward bifurcation is pro-
moted by mechanisms that enhance disease per-
sistence following recovery, particularly relapse
and reinfection. In particular, the parameters p,
a, by, and the treatment saturation parameter a
appear explicitly in (20), indicating that they can
alter the bifurcation direction even though some
of them do not appear in the expression for the
threshold parameter Ry.

Because the model may exhibit backward bi-
furcation, establishing a complete global stabil-
ity result for the DFE becomes considerably more
challenging. In particular, the condition Rg < 1
is no longer sufficient to guarantee convergence to
the DFE, since a stable EE may coexist with the
DFE. Consequently, the global dynamics depend
on the initial conditions, and a complete char-
acterization of the global stability requires addi-
tional analysis beyond the scope of the present
study.

5. Numerical simulations

This section presents numerical simulations that
demonstrate and support the analytical results
obtained in the previous sections. Specifically, we
first estimate the model parameters using TB in-
cidence data from Indonesia. We then analyze the
dynamical behavior of the system through time-
series simulations around the equilibria. Next, we
investigate the sensitivity of the basic reproduc-
tion number using partial rank correlation coeffi-
cients and illustrate its dependence on key param-
eters through contour plots in selected parame-
ter planes. Furthermore, we explore the epidemi-
ological implications of the transmission rate by
by examining the epidemic size, peak timing, and
peak prevalence. The nonlinear dynamics of the
model are further characterized through forward
and backward bifurcation diagrams with respect
to b;. Finally, we assess the numerical robust-
ness of the proposed NSFD scheme under different
time-step sizes and compare its performance with
classical numerical methods, namely the forward
Euler and fourth-order Runge-Kutta methods.

5.1. Parameter estimation

First, we estimate the parameter values of the
NSFD model given by (5)—(6). To this end, we
use annual TB incidence data (per 100,000 popu-
lation) for Indonesia from 2000 to 2024, obtained
from the World Bank database,%* which is based
on the World Health Organization (WHO) Global
Tuberculosis Report. From the baseline model of
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Aldila,?® we adopt the parameter values p = 0.5,
v = 0.1, and o = 0.2. Meanwhile, according
to United Nations data,%® the average life ex-
pectancy in Indonesia over the period 2000-2024
is 68.62 years. Therefore, we set the natural mor-
tality rate to = 1/68.62. The time-step size of
the NSFD scheme is fixed at h = 1. The remain-
ing parameters, namely b1, ba, 7y, @, and the initial
conditions x2 9 and x30, are estimated.

Based on system (4), we define the dimension-
less instantaneous incidence rate by

Z(x,23) = b1(1 — 22 — 23)(1 + vra)T2 + pOrt3
+ ba(1 + vxa)xows.
This expression coincides with F}, in (5), namely,
F, =T(xopn, 23.).

Here, F,, is referred to as the as model-predicted
TB case incidence. Since the World Bank indica-
tor reports new and relapse TB cases occurring
each year, including the relapse term is appropri-
ate. Reinfection is also incorporated by assuming
that a reinfected recovered individual is counted
as a new recurrent TB case in the model.

Let

be the model-predicted incidence per 100,000
people in year 2000 + n, and let 0 =
(b1,b2,7,a,x2,0,x3,0) be the vector of parameters
and initial conditions that needs to be estimated.
The objective function for the parameter estima-
tion procedure is

Jo)=>
n=0

where Y, is the TB incidence data for year 2000+
n.

We used the particle swarm optimization (PSO)
algorithm% to estimate the vector # that mini-
mizes the objective function J(#). We utilized the
PSO package function in MATLAB with the fol-
lowing specifications: swarm size 300, maximum
iterations 500, maximum stall iterations 100, and
function tolerance 10719, We set the parameter
bounds for the estimation procedure as follows

107 < b <10, 0< by <10,
1073 <~y<5, 0<a< 1000,
1078 < 290 <0.05, 0<x30<0.5.
The PSO algorithm is terminated after reach-
ing its maximum of 500 iterations. The conver-

gence behaviour of the objective function 7 () is
reported in Figure 1.
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Figure 1. PSO convergence of the objective function J ()
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After we obtained the estimated parameter val-
ues, we calculated three goodness-of-fit measures:
root mean square error (RMSE), mean absolute
percentage error (MAPE), and coefficient of de-
termination (R?):

R v \2

RMSE =, | o > (V- Y2
n=0

100% <A | v, — ¥,

MAPE = 0 n_n

Yot o (Yo = Ya)?

2314:0 (Yn - Y)2

where Y is the average of TB incidence data.
The results of the parameter estimation are pro-

vided in Table 1. The goodness-of-fit statistics

indicate that the proposed NSFD model (6) pro-

vides a good representation of the observed TB
incidence data. The model yields an RMSE of

R*P=1-

11.95 indicating relatively small prediction errors.
Moreover, the MAPE is only 2.56%, which corre-
sponds to excellent predictive accuracy. The coef-
ficient of determination, R? = 0.7222, shows that
approximately 72.2% of the variability in the ob-
served data is explained by the model. This result
is supported by the plot of the model fit versus the
observed data and the fitting residual in Figure
2. From the figure, it is observed that the TB in-
cidence in Indonesia decreased steadily from 2000
to 2020, followed by a sharp increase between 2021
and 2023, before declining slightly in 2024. This
change in trend may be associated with the im-
pact of the COVID-19 pandemic, which began in
2020. Using parameter values from Table 1, the
estimated basic reproduction number (Rg) for the
Indonesian TB data is Rg ~ 0.2269. It should be
noted that the estimated parameters may be af-
fected by the quality of the data for example un-
derreporting, changes in diagnosis, and variation
in TB case detection over time.

Table 1. Parameter and initial values of the NSFD model of TB (6) with bootstrap 95% confidence intervals

and the goodness-of-fit of the parameter estimation

Parameter Value Lower bound Upper bound Source

b1 0.0863 0.0803 0.1073 Estimated using
PSO

ba 6.0106 4.5974 9.9999 Estimated using
PSO

~y 0.6846 0.0631 1.8544 Estimated using
PSO

a 1000 2.22 x 1071 1000 Estimated using
PSO

o 0.2 20

0.5 20
0.1 20

I 1/68.62 UN datab®

Initial condition

2,0 1.00 x 1076 1.00 x 1076 0.0035 Estimated using
PSO

3,0 0.0365 0.0248 0.0382 Estimated using
PSO

Goodness-of-fit

RMSE 11.9531 Calculated

MAPE 2.56% Calculated

R? 0.722 Calculated




Moch Fandi Ansori / IJOCTA, Vol.x, No.z, pp.xz-zx (2026)

390

380

3700

360

350

340

330

TB incidence per 100,000 population

320

(]
310 - 95% bootstrap confidence band i
s NSFD model fit Y
@® Observed incidence
300 | | 1 |
2000 2005 2010 2015 2020
Year
(a)
30
®
20 —
8 10+ —
c
: AREA T
ra T 1
5 -10 - .
o
<
[0}
8
O -20 - _
-30 -
[
40 L1 | | I |
2000 2005 2010 2015 2020

Year

(b)

Figure 2. Data fitting of TB incidence in Indonesia from 2000-2024 using parameter values from Table 1.
(a) The NSFD model fit versus the observed data with 95% bootstrap confidence interval. (b) The fitting

residual.

5.2. Dynamics around equilibria

Figure 3 illustrates the time-series behavior of
the proposed NSFD model (6) for three differ-
ent values of the transmission rate b;. In Figure
3(a), where Ry = 0.0263 < 1, both the infected
and recovered populations gradually converge to
zero, confirming that the DFE is locally asymp-
totically stable. In contrast, Figure 3(b) shows
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that, although Rg = 0.2269 < 1, the infected pop-
ulation does not die out but instead converges to a
positive steady state. This behavior confirms the
occurrence of a backward bifurcation, in which a
stable endemic equilibrium coexists with the DFE
even when Ry < 1. Finally, Figure 3(c) shows
that when Ry 1.3154 > 1, the infected pop-
ulation rapidly converges to a positive endemic
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equilibrium, while the recovered population ap-
proaches its corresponding steady-state value.

It should be noted that the high endemic level in
Figure 3(c), where 3 approaches one, does not
represent the current epidemiological situation in
Indonesia. The parameter value by = 0.5 is se-
lected to illustrate the qualitative behavior of the
model when Rg > 1 and the solution converges
to an EE. Current Indonesian TB data indicate a

high disease burden, but not an infectious propor-
tion close to the entire population. Moreover, the
reported TB data correspond to annual incidence,
whereas xo represents the proportion of the pop-
ulation in the infectious compartment; therefore,
the two quantities are not directly comparable.
Thus, Figure 3(c) is interpreted as an illustra-
tive high-transmission scenario.

0.04 1 1
0.035 5 ) f
: 08 2 08} :
0.03
o @ 2
3 0025 S o6 B 06
= f— —_
€ o002 g g
<] &) [<}]
[47] w w
0.01
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0 0 0
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
n n n

(a)

(b)

(c)

Figure 3. Time series of xo and x5 when (a) the DFE is stable and Ry = 0.0263 < 1, (b) the DFE is
unstable despite Rg = 0.2269 < 1, and (c¢) the EE is stable and Ry = 1.3154 > 1. We used the parameter
values in Table 1, especially (a) b; = 0.01, (b) by = 0.0863, and (c) b; = 0.5.

5.3. Sensitivity analysis of the basic
reproduction number

Using the basic reproduction number (Rg) as the
threshold quantity, we perform a global sensitiv-
ity analysis to identify the model parameters that
have the greatest influence on TB transmission.
To this end, we employ the partial rank corre-
lation coefficient (PRCC) method proposed by.%”
The PRCC values are computed using Latin hy-
percube sampling with 3000 samples. The model
parameters are varied over biologically reasonable
ranges centered around the baseline values given
in Table 1:

0.001 <5 <0.5,01<p<0.9,0.01l <a<0.5,

1/90 < <1/50,0.1 <~ <1.

Figure 4 presents the PRCC values of Ry with
respect to the model parameters. It can be ob-
served that b; and p exhibit strong positive cor-
relations with Rg, indicating that higher trans-
mission and relapse rates substantially enhance
disease transmission. In contrast, v exhibits a
strong negative correlation, suggesting that in-
creasing the recovery rate effectively reduces the
transmission potential. The parameter o has a
moderate positive influence, whereas p exhibits
only a weak negative effect on Ry. In general,
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the results identify by, v, and p as the dominant
parameters governing disease transmission, which
is consistent with their prominent roles in the
model. These findings suggest that TB control
in Indonesia should prioritize reducing transmis-
sion and relapse while improving effective treat-
ment. These three parameters are further exam-
ined through contour plots of the basic reproduc-
tion number.

To further investigate the interaction among the
most influential parameters, we present contour
plots of Rg in selected parameter planes. Specif-
ically, we consider the parameter pairs (b,7),
(b1,p), and (v,p). Figure 5 illustrates the de-
pendence of Ry on these parameter pairs. Fig-
ure 5(a) shows that R increases with b; and de-
creases with -, reflecting that higher transmission
rates promote disease spread, whereas higher re-
covery rates suppress transmission. Figure 5(b)
shows that R( increases as both b; and p in-
crease, indicating that transmission and relapse
reinforce each other in sustaining disease spread.
Conversely, Figure 5(c) shows that R decreases
as « increases and increases as p increases, illus-
trating the opposite effects of recovery and relapse
on disease transmission. These contour plots pro-
vide a clear visualization of the threshold condi-
tion Ry = 1.
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Figure 4. Partial rank correlation coefficients (PRCC) of the basic reproduction number Ry with respect to
the model parameters
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Figure 5. Contour plots of the basic reproduction number Rg in (a) the (b1, ) plane, (b) the (b1,p) plane,

and (c) the (v, p) plane. The dashed curves represent the threshold Ry = 1. The other parameter values are
given in Table 1.

5.4. Epidemiological outcomes the peak prevalence is

The results of the previous subsection identify P = o HAxX T2n;
b1 as the most influential parameter. We now -

investigate its impact on three epidemiological and the peak timing is

outcomes: epidemic size, peak timing, and peak T, = argmax oo .
prevalence. 0<n<M
To this end, for each value of by, we compute Figure 6 illustrates the dependence of these epi-

three epidemiological quantities from the numer- demiological outcomes on the transmission rate
ical solution. The epidemic size is defined as the 1. Throughout this analysis, we set M = 400.

cumulative infectious burden, As shown in Figure 6(a), the epidemic size in-
M creases monotonically with b;, indicating that

&= Z Tom, higher transmission rates result in a substantially

0 greater cumulative infectious burden. This sug-

gests that even relatively small increases in the

13
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transmission rate can, over time, lead to a con-
siderably larger epidemic.

Figure 6(b) shows a nonlinear relationship
between b; and the peak timing. For small val-
ues of by, the disease is rapidly eliminated with-
out producing a major outbreak. As b; increases
to intermediate values, the epidemic peak occurs
later, indicating more sustained disease transmis-
sion and a longer epidemic duration. For larger
values of by, the peak occurs much earlier, corre-
sponding to a rapid and more explosive outbreak.
This transition reflects a threshold-type behavior
around the critical value b}, consistent with the
bifurcation analysis.

Figure 6(c) shows that the peak prevalence
increases with b1, indicating that a larger propor-

tion of the population becomes infected at the
epidemic peak. From a public health perspec-
tive, this finding is particularly important because
higher peak prevalence places greater pressure on
healthcare resources and service capacity. Over-
all, these results demonstrate that b; plays a cen-
tral role not only in determining whether an out-
break occurs, but also in shaping its magnitude,
duration, and timing. Therefore, interventions
aimed at reducing b1, such as strengthening infec-
tion control measures, reducing effective contact,
improving treatment effectiveness, and enhancing
early case detection, are essential for reducing the
overall epidemic burden, delaying or preventing
the epidemic peak, and alleviating pressure on
healthcare systems.
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Figure 6. Epidemiological outcomes, such as (a) epidemic size, (b) peak timing, and (c) peak prevalence, as
functions of the transmission rate b;. The other parameter values are given in Table 1.

5.5. Bifurcation diagrams

Here, we verify the bifurcation analysis presented
in Theorem 4 by illustrating both forward and
backward bifurcations using parameter sets that
produce positive and negative values of b (0), re-
spectively. To illustrate a forward bifurcation, we
select a parameter set satisfying v} (0) > 0. Con-
versely, to illustrate a backward bifurcation, we
choose a parameter set satisfying b} (0) < 0. All
simulations are performed using the time-step size
h = 1. Figure 7 illustrates the bifurcation behav-
ior of the endemic equilibrium x5 as the transmis-
sion parameter by varies.

Figure 7(a) shows a forward bifurcation, where
the EE emerges continuously from the DFE at
the critical threshold b; = b]. For b; < b, only
the DFE exists and is locally asymptotically sta-
ble. When b; > b}, a unique stable EE appears
and increases smoothly as b; increases. In con-
trast, Figure 7(b) exhibits a backward bifurca-
tion, characterized by the coexistence of multiple
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equilibria for b; < b]. This indicates that a stable
EE may persist even below the threshold, imply-
ing that reducing b; below b] alone is insufficient
to eliminate the disease. This phenomenon re-
flects bistability and suggests that more stringent
control measures are required to drive the system
toward the DFE. The occurrence of backward bi-
furcation has also been reported in the baseline
model of Aldila,?° where the treatment rate is as-
sumed to be linear.

From an epidemiological perspective, back-
ward bifurcation implies that reducing the basic
reproduction number below unity may not be suf-
ficient to eliminate TB, since a stable endemic
equilibrium can persist when Ry < 1. There-
fore, TB control should combine transmission-
reduction measures with interventions that reduce
relapse, reinfection, and the number of existing in-
fectious individuals through early detection and
effective treatment.

We emphasize that the parameter sets used
in Figure 7 are selected to illustrate the forward
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and backward bifurcation structures. In partic-
ular, the use of @ = 1 does not satisfy the suffi-
cient condition (8) of Theorem 1. In Figure 7(a),
we instead consider the equilibrium branches ob-
tained from the algebraic equilibrium equations
and retain only biologically admissible equilibria
satisfying x5 > 0, 3 > 0, and x5+ 23 < 1. Hence,
Figure 7 is intended to illustrate the equilibrium
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and bifurcation structure. In Figure 7(b), un-
der the parameter values in Table 1, we also re-
port that the bistable region for the basic repro-
duction number is 0.045 < Rp < 1. A larger
treatment saturation parameter @ weakens the ef-
fective treatment response at high infection levels
and may promote backward bifurcation and bista-
bility.
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Figure 7. Bifurcation diagrams of the endemic equilibrium (x%) with respect to the transmission rate b; for
(a) forward bifurcation and (b) backward bifurcation. The black dashed line indicates the threshold

by = 0.3801. The blue solid line is for stable equilibria, and the blue dashed line is for unstable equilibria. The
remaining parameter values are given in Table 1, except by = 0.7 and @ = 1 in panel (a).

5.6. NSFD robustness and comparison
with other schemes

Since this study employs an NSFD scheme, it is
important to examine its numerical robustness for
different time-step sizes. Figure 8 demonstrates
the robustness of the proposed NSFD scheme for
time-step sizes ranging from h = 0.1 to h = 5.0.
In both panels, the solutions converge to the
same equilibrium values regardless of the differ-
ent time-step sizes. This indicates that the pro-
posed discretization preserves the qualitative be-
havior of the underlying co ntinuous model for any
choice of h. Although smaller values of h lead to
slower convergence, all trajectories remain posi-
tive and bounded while converging to the same
EE. These results demonstrate that the proposed
NSFD scheme is dynamically consistent and nu-
merically stable even for relatively large time-step
sizes.

Further observations are depicted in Figure 9,
which compares the numerical solutions obtained
using the proposed NSFD scheme (6), the forward
Euler method, and the fourth-order Runge-Kutta
(RK4) method for two different time-step sizes.
For the relatively small step size h = 0.1, all three
schemes produce stable and almost identical time-
series solutions for both zo and z3, indicating
that they accurately approximate the continuous
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model. However, when the step size is increased
to h = 5, the numerical behavior becomes signifi-
cantly different. The proposed NSFD scheme still
produces stable, positive, and bounded solutions,
whereas the forward Euler and RK4 methods fail
to preserve these qualitative properties. In par-
ticular, the RK4 method generates negative val-
ues for the infected population and exhibits unre-
alistic growth in the recovered population, while
the forward Euler method also deviates from the
NSFED solution. These results demonstrate that
the proposed NSFD scheme is more robust than
the forward Euler and RK4 methods for large
time-step sizes. Our findings are consistent with
previous studies, which also reported that the
NSFD scheme is superior to conventional numeri-
cal methods in preserving the qualitative proper-
ties of the underlying continuous model.5%-7°

To verify that the assumptions of Theorem
1 are satisfied for the numerical experiment in
Figure 9, we use the parameter values in Ta-
ble 1 together with r = 0.05. The estimated
initial condition also satisfies x39 = 0.0365 <
0.05(1 — 1079), so that (z2,0,230) € Qo.05. First,
by = 6.0106 > by = 0.0863. Moreover, d, =
0.382515, and hence rpa+(1+v)d, = 0.4257665 <
1. Furthermore, 1y = 0.2085001, whereas
3.1489364. Since p = 0.0145730, we

_1_
68.62
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have min{u,vo, Y1} 0.0145730. Therefore,
A-—r)y _

rmin{u, Eo, E1} = 7.2865 x 1074, while =

6.5037 x 1074, Thus, rmin{y, Ey, 1} > U=,
Hence, all conditions of Theorem 1 are satisfied
for the parameter values used in Figure 8. Since
the theorem holds for every h > 0, it applies in

particular to both step sizes considered in Fig-
ure 8, namely h = 0.1 and h = 5. Therefore,
the NSFD trajectories starting from the estimated
initial condition remain in g5 C €2, and conse-
quently preserve nonnegativity and the biological
feasibility condition x, + 3, <1 for all n > 0.
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Figure 8. Robustness of the NSFD scheme with respect to the step size h for variables (a) x2 and (b) z3.
The other parameter values are given in Table 1.
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Figure 9. Time-series comparison of zo and x3 obtained using the proposed NSFD scheme, the forward

Euler method, and the fourth-order Runge-Kutta (RK4) method for two different time-step sizes: (a) h = 0.1
and (b) h = 5. The other parameter values are given in Table 1.
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6. Conclusion

In this study, a discrete-time tuberculosis (TB)
model was developed using a nonstandard finite
difference (NSFD) scheme based on a continuous
model incorporating relapse, reinfection, nonlin-
ear incidence, and saturated treatment. The pro-
posed NSFD scheme preserves the essential quali-
tative properties of the continuous model, includ-
ing boundedness, positivity, and the invariance
of the feasible region, while remaining consistent
with the biological interpretation of the disease
dynamics.

The analysis showed that the NSFD model
shares the same basic reproduction number as
the corresponding continuous model and exhibits
identical local stability properties of the disease-
free equilibrium. Moreover, the model can exhibit
both forward and backward bifurcations, which
have also been reported in the baseline model of
Aldila,?? where the treatment rate is assumed to
be linear. In particular, the combined effects of
relapse, reinfection, and saturated treatment may
give rise to backward bifurcation, leading to bista-
bility and disease persistence even when the basic
reproduction number is less than one. This find-
ing indicates that reducing the basic reproduction
number below unity alone may not be sufficient
to eliminate TB and that more comprehensive in-
tervention strategies may be required.

Using TB incidence data from Indonesia for
the period 2000—2024, we estimated the model pa-
rameters. The analytical results were further sup-
ported by numerical simulations, which demon-
strated the dynamical behavior around the equi-
libria, the global sensitivity of the basic reproduc-
tion number, and the dependence of key epidemi-
ological outcomes on the transmission parameter.
The proposed NSFD scheme was shown to be ro-
bust with respect to the time-step size and to
outperform classical numerical methods such as
the forward Euler and fourth-order Runge-Kutta
methods.

The main limitations are the absence of
HIV co-infection, age structure, drug-resistant
TB, and population heterogeneity. The model
also assumes homogeneous mixing and uses a re-
duced three-compartment structure, so it does
not explicitly represent latent infection, diagnosis
stages, or detailed treatment pathways. Future
work may extend the proposed model by address-
ing those limitations or by adding optimal con-
trol strategies into the discrete model to further
enhance its realism and applicability.
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