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ABSTRACT

Predator–prey interactions are influenced by various ecological factors, including 
cooperative hunting, prey refuges, and harvesting, which can shape population 
dynamics, ecosystem stability, and species survival. This study proposes and studies a 
prey–predator system that interacts in two zones: the protected and the unprotected. 
It is assumed that the predator has the capability of cooperative hunting behavior. 
The objective of this study is to understand the role of a predator’s capabilities in 
the dynamical behavior of the system. All the solution properties are studied. The 
stability analyses of the equilibria are investigated. The impact of perturbing the 
parameters is assessed using local bifurcation analysis. Persistence conditions of the 
system are established. Numerical simulations using the fourth-order Runge-Kutta 
method in MATLAB confirm all analytical results. It was shown that the system 
has at most two boundary equilibrium points, and the positive equilibrium point, if 
it exists, is multiple. In addition, a numerical study shows that the system with only 
point attractors exhibits a wide range of bistability behaviors.
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1. Introduction

Lotka-Volterra systems, first developed by 
Lotka1 in 1925 and Volterra2 in 1926, have 
grown in popularity over the past century in 
biomathematics and other ecological domains. In 
fact, researchers initially used them to investigate 
the dynamic behavior of distinct predator-
prey systems that account for interactions 
among different species in an ecosystem. Later, 
researchers modeled other phenomena, including 
chemical processes,3 hydrodynamics,4 and plasma 
physics,5 using a generic version of Lotka-Volterra 
systems. Many academics have recently presented 
their studies as predator-prey models in relation 
to many impacts, including the Allee effect,6-8 
immigration,9-11 hunting cooperation,12-14 the 
impact of fear,15-17 cannibalism,18-20 competition,21 
disease,22-24 and more.

Predator hunting cooperation is one of 

the most significant effects in mathematical 
modeling. When predators hunt in groups, 
they can defeat prey that is too big, too swift, 
or too deadly for a single predator. At low 
predator densities, this creates positive density 
dependence: the kill rate doubles as the number 
of hunters doubles. Crucially, this can reverse 
the system. The cooperative group becomes the 
main factor influencing prey mortality rather 
than predators, which frequently results in sharp 
boom-and-bust cycles. However, that effect was 
independently suggested by several studies25-27 
that examined their influence on the dynamics of 
the prey-predator model, while other studies that 
examined hunting cooperation in relation to the 
fear effect were grounded in ecological data.28-30 
For example, wolves hunt in packs to encircle and 
pursue elk, frightening them not only because of 
the unexpected threat but also because they must 
remain vigilant and avoid areas where wolves are 
present.31

mailto:Mostafa.Sobhi2503p@sc.uobaghdad.edu.iq
mailto:raid.naji@sc.uobaghdad.edu.iq
https://doi.org/10.36922/IJOCTA026330207


	 2�

A dynamic study of cooperative hunting and a protected zone prey–predator model

The behavior of dynamics in prey-predator 
models with a reserved zone or refuge of prey to 
protect special biological species from extinction 
due to various external ecological forces and 
economic components, such as overpredation or 
harvesting, overexploitation, mismanagement 
of habitat, and pollution, has received a lot 
of attention in recent years in mathematical 
modeling of biology. As a result, several studies 
have examined this subject. For example, 
Dubey32 created and examined a mathematical 
prey-predator model with a reserved zone and 
two distinct functional responses based on 
the predator’s eating strategy. To determine 
the best harvesting benefits with acceptable 
taxes without pushing the ecosystem toward 
exploitation, Huo et al.33 worked with a dynamic 
response model of a fisheries resource system in 
an aquatic setting. Naji and Jawad34,35 presented 
a modified stage-structured predator-prey model 
with partially dependent predator and prey 
conservation after demonstrating the behavior 
and function of a reserve zone in a prey-predator 
system depending on the predator’s eating mode. 
Murthy and Bahlool36 studied the dynamics of 
the predator-prey model, in which the predator is 
assumed to be somewhat dependent on the prey 
for its growth, and the interaction between the 
species is governed by the Beddington-DeAngelis 
functional response. To explore the dynamics 
of an interaction between two species in which 
the predator can target both protected and 
unprotected regions, and to assess harvesting 
efforts on both species in both areas, Agnihotri 
and Nayyer37 focused on a prey-predator model. 
The implications of toxicity and competition on 
the dynamics of the predator-prey model with 
a reserved zone were discussed by Louartassi et 
al.38 Additionally, Rhiati et al.39 analyzed the 
dynamics of an ecosystem model with a single 
predator and two comparable prey species 
interacting in a maritime environment with both 
protected and free regions. They also discussed 
the impact of applied harvesting effort in both 
zones.

Protected areas are designated geographic 
spaces where nature is managed for its long-term 
conservation, such as national parks, nature 
reserves, and marine sanctuaries. They are a 
key pillar in maintaining ecological stability and 
preventing species extinction worldwide. Keeping 
all the above in view, several governments 
around the world have taken serious measures to 
protect special biological species by decreasing 
the interactions of these species with external 

forces, such as restrictions on harvesting, and 
establishing many safe refuges for them, like 
Mudumalai National Park and Wildlife Sanctuary 
in India, England’s marine conservation zones, 
and the United States’ national wildlife refuge 
system. Building on this and the importance 
of cooperation in hunting as a key biological 
factor shaping prey-predator dynamics, we 
propose a new model that accounts for predator 
cooperation in hunting when prey move between 
protected and unprotected areas. This study aims 
to understand the role of predator potential in 
cooperation and its impact on dynamic behavior 
and survival in such an environment. 

In this paper, the theoretical and applied 
aspects of our model are covered. In Section 2, the 
formulation of the model and the boundedness and 
positivity of solutions are presented. Additionally, 
the existence of equilibrium points and their local 
and global stability are investigated in Section 
3. The local bifurcation and the persistence of 
the solutions of Equation 1 are discussed in 
Sections 4 and 5. The numerical simulation for 
our analytical results is presented in Section 6, 
and at the end of the paper, the conclusion is 
presented in Section 7.

2. The model formulation

A mathematical model was constructed to 
simulate the dynamics of an ecological system 
consisting of a prey species living in two zones 
(unprotected and protected) that interacts with a 
predator having a hunting cooperation property. 
It is assumed that the prey grows logistically in 
the absence of a predator, and it transfers between 
the two zones searching for food. The predator 
preys upon the prey in the unprotected zone, 
using its capability of cooperation in hunting 
and following a Lotka-Volterra type of functional 
response. However, it decays exponentially in the 
absence of the prey. 

Let ( )x t , ( )y t , and ( )z t  denote the populations 
of prey in the unprotected zone, protected zone, 
and a predator at time t . Then, the dynamics of 
the described prey-predator model can be written 
as Equation 1:

( )

( )

1 2 1

1 2

1 0

1

1

dx xrx x y z xz
dt k
dy ysy x y
dt l
dz e z xz z
dt

σ σ β γ

σ σ

β γ β

 = − − + − + 
 
 = − + − 
 

= + −

	 (1)
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where ( ) 0x t ≥ , ( ) 0y t ≥ , and ( ) 0z t ≥ . All the 
parameters are assumed to be positive and are 
described in Table 1.

Table 1. Parameter description

Parameter Description

1σ The prey’s migration rate from 
unprotected to protected zones

2σ The prey’s migration rate from protected 
to unprotected zones

,r s The prey’s growth rates for the 
unprotected and protected zones, 
respectively

,k l The carrying capacities of unprotected 
and protected zones, respectively

0β
The death rate coefficient of the predator 
species

1β
The attack rate coefficient of the predator 
species

γ The cooperative hunting coefficient

e The conversion rate

Equation 1 has the following domain:
( ) ( ) ( ) ( ){ }3 , , : 0, 0, 0x y z x t y t z t+ = ≥ ≥ ≥ . Moreover, 

direct computation shows that all the partial 
derivatives of the right-hand side continuous 
functions of Equation 1 are continuous. In 
addition, they are bounded as shown in Theorem 
1. Therefore, the solution of Equation 1 
exists and is unique. Furthermore, according to 
Equation 1, it is easy to verify that:
•	 If there is no migration from protected to 

unprotected zones (i.e., 2 0σ = ) and 1 0r σ− < ,  
then 0dx

dt
< .

•	 If there is no migration from unprotected to 
protected zones (i.e., 1 0σ = ) and 2 0s σ− < , 
then 0dy

dt
<  .

Therefore, in our research, we always assumed 
that 1 0σ > , 2 0σ > , 1 0r σ− > , and 2 0s σ− > .

Theorem 1. All solutions of Equation 1 
that initiate in 3

+  are uniformly bounded.
Proof. Let ( ) ( ) ( )( ), ,x t y t z t  be any solution 

of Equation 1 with non-negative initial 
conditions ( ) ( ) ( ) ( )( )0 0 , 0 , 0R x y z= , where 
( ) ( ) ( ) ( )R t x t y t z t= + + . Then, it is obtained that:

2 2
0

dR dx dy dz r sx rx y sy z
dt dt dt dt k l

β= + + ≤ − + − + − 	 (2)

Further simplification leads to Equation 3:

2 2
0 2 2dR r sR x rx y sy

dt k l
ζ+ < − + − +

0rk sl µ< + =
	 (3)

where { }0 0min , ,r sζ β= . 
Thus, due to Lemma 2.1,40 it is obtained that: 

( ) ( )0 00

0

1 0t tR t e R eζ ζµ
ζ

− − ≤ − +  	 (4)

Therefore, ( ) 0

0

0 R t µ
ζ

< ≤  as t →∞ . Hence, all 

solutions of Equation 1 that initiate in 3
+  were 

confined in the following region (Equation 5):	

( ) ( ) ( )( ) ( ) ( ){ 3, , :x t y t z t R t x t+Ω = ∈ = +

( ) ( ) 0

0.

y t z t µ
ζ


+ ≤ 


	 (5)

Thus, these solutions are uniformly bounded.
Theorem 2. For any 0t > , all solutions of 

Equation 1 with positive initial conditions are 
positive.

Proof. Assume that 
( ) ( ) ( )( )
( ) ( ) ( )

3, , :

0, 0, 0

x t y t z t

x t y t z t
+ ∈ Γ =  

> > >  


 

represents the set of solutions with a positive 
initial point. 

By using the initial condition 
( ) ( ) ( )0 0, 0 0, 0 0x y z> > >  in the equations of 

Equation 1, and then integrating each one 
by dropping the main variable and solving 
the results as a separable equation, we get the 
following results:

( ) ( ) ( ) ( )
( ) ( )( ) ( )1 2 1

0

0 1
t x s y s

x t x exp r z s z s ds
k x s

σ σ β γ
   

= − − + − +   
     
∫

( ) ( ) ( ) ( )
( )1 2

0

0 1
t y s x s

y t y exp s ds
l y s

σ σ
   

= − + −   
     
∫

( ) ( ) ( )( ) ( )1 0
0

0  
t

z t z exp e z s x s dsβ γ β
 
 = + −  

 
∫ 	 (6)

The exponential function indicates that all 
solutions in Γ  with positive initial conditions 
remain in the first octant. Hence, the proof is 
done.
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3. The equilibria with their stability 
analysis

Understanding the “what-if” possibilities of our 
ecosystems is essentially the goal of studying the 
stability of equilibrium points in environmental 
mathematical models. Ecologists and 
mathematicians search for equilibrium points, 
states in which the system is perfectly balanced 
and nothing is changing, when creating models 
to depict populations and their interactions. 
On paper, however, a balance is meaningless if 
the slightest breeze overturns the entire system. 
Stability analysis can help with that.

Direct computation shows that Equation 1 
has at most three nonnegative equilibrium points, 
which can be described as:
(i)	 The trivial equilibrium point ( )r  , which is 

denoted by ( )0 0,0,0E = , always exists.
(ii)	The predator-free equilibrium point ( )T 

, which is denoted by ( )1 , ,0ˆ̂E x y= , is defined 
as:

( )( )1

2

ˆ̂
ˆ

x rx k r
y

k
σ

σ
− −

= 	 (7)

where x̂  represents the positive root of the 
equation:

( )
( ) ( )

( )

2 3 2
1

2
2 2 1

2
2 1 2

2 sr

 k

0

sr x k r x

k lr s s r x

l k rs s r

σ

σ σ σ

σ σ σ

− + −

+ − − − 
− − − =

	 (8)

Consequently, using Descartes’ rule of signs 
shows that   exists uniquely in the first 
quarter of the plane provided that the following 
conditions are met:

( )1 ˆk r rxσ− < 	 (9)

( ) ( )2
1 2 2ks r lr sσ σ σ− < − 	 (10)

( )1 2s r rσ σ− < 	 (11)

(iii)	The positive equilibrium point ( )  is 
denoted by ( )2 , ,E x y z=   

, where:

( )2
2

1

sy ly s
x

l
σ

σ
− −

=
 



	 (12)

( )( )
0 1

1
20 1

l
ey sy l se xz

e x

β σβ
σβ β

γ γ

− +
− −−

= =
 







	 (13)

while y  represents the positive root of the equation:

6 5 4 3
6 5 4 3

2
2 1 0 0

h y h y h y h y

h y h y h

+ + +

+ + + =
	 (14)

where the coefficients are defined as:
2 3

6h e rs γ= − ,

( )2 2
5 23h e lrs sγ σ= − ,

( ) ( )22
4 1 1 23h sl e ks r rl sγ σ σ σ = − − −  ,

( ) ( ) ( )32 2 2
3 2 1 1 1 2 12 2h e l lr s ks r ks rγ σ σ σ σ σ σ = − − − + − 

( ) ( )22
2 1 2 1 0 1 2e e s eh ekl lr s s l lσ γ σ σ γ β β γσ = − − − − 

( )3 2
1 0 1 1 2h ekl sβ β σ σ= − − ,

3 2 3
0 0 1h kl β σ= − .

Using Descartes’ rule of signs shows that 
Equation 14 has either zero positive roots or 
multiple positive roots. However, x  and z  are 
positive if the following conditions are met:

( )2l s syσ− <  	 (15)

0
1 ex

ββ <


	 (16)

Now, the local behavior of Equation 1 for 
each of the previous three equilibrium points will 
be studied. Firstly, the Jacobian matrix () of 
Equation 1 at r   can be determined as:

( )
1 2

0 1 2

0

0
0

0 0

r
J E s

σ σ
σ σ

β

− 
 = − 
 − 

 	 (17)

Then, the characteristic polynomial ( ) of 
( )0J E  is given by:

( ) ( )
( )( )( )

2
0 1 2

1 2 1 2

 

0

r s

r s

β λ λ σ σ λ

σ σ σ σ

− − − − + − +
− − − =

	 (18)

Accordingly, 

( )

( ) ( )( )( )

1 2
01 02

2
1 2 1 2 1 2

,
2

4

2

r s

r s r s

σ σ
λ λ

σ σ σ σ σ σ

− + −
= ±

− + − − − − −

,

and 03 0λ β= −  represent the eigenvalues ( ) of 
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( )0J E . Therefore, r   becomes a saddle point 
due to 03 0λ <  and ( )1 2 0r sσ σ− + − > . 

The   at   can be written as 
Equation 19: 

( )

1 2 1

1 1 2

0 1

2

2 0

0

ˆ ˆ

ˆ0

ˆˆij

rx r x
k

syJ E a s
l

e x

σ σ β

σ σ

β β

 − + − − 
 
  = = − + −   
 − + 
  

	 (19)

Then, the   of ( )1J E  is given by Equation 
20:

( ) ( )
( )

2
1 0 11 22

11 22 12 21

ˆ̂̂

ˆ̂

 

ˆ̂ 0

e x a a

a a a a

β β λ λ λ− − − + +
− =

 	 (20)

Accordingly, 

( ) ( ) ( )2
11 22 11 22 11 22 12 21

11 12

ˆ̂̂
2

ˆ̂̂̂ 4 ˆ
,

a a a a a a a a
λ λ

+ ± + − −
= ,

and 13 1 0ˆe xλ β β= −  represent the   of 
( )1J E . Therefore,   becomes locally 

asymptotically stable ( ) if the following 
conditions are met:

1 0ˆe xβ β< 	 (21)

11ˆ 0a < 	 (22)

22ˆ 0a < 	 (23)

11 22 12 21 0ˆ̂̂̂a a a a− >  	 (24)
The   at   can be written as: 

( )
11 12 13

2 21 22

31 33

0
0

ij

a a a
J E a a a

a a

 
  = =   
  

  

  

 

	 (25)

where:

( )11 1 12 rxa r z z
k

σ γ β= − + − − +


  
 , 12 2a σ=  , 

13 12a xz xγ β= − −   , 21 1a σ= , 22 22 sya s
l

σ= − + −



, 

( )31 1a ez zγ β= +    and 33 0 12a e xz exγ β β= − +   , so 

the   of ( )2J E  can be written as:

3 2
1 2 3 0A A Aλ λ λ+ + + = 	 (26)

where:

( )1 11 22 33A a a a= − + +   ,

2 11 22 12 21 11 33 13 31 22 33A a a a a a a a a a a= − + − +          ,

( )3 33 11 22 12 21 13 22 31A a a a a a a a a= − − +        ,

( )( )
( )( )

( )

1 2 3 11 22 11 22 12 21

11 33 11 33 13 31

22 33 11 22 332

A A A a a a a a a

a a a a a a

a a a a a

− = − + −

− + −

− + +

     

     

    

With  for  all  , 1, 2,3ija i j =  are the elements of 
( )2J E .
According to the Routh-Hurwitz criterion, 

Equation 26 has three   with negative real 
parts provided that the necessary and sufficient 
conditions 1 0A > , 3 0A > , and 1 2 3 0A A A− >  are 
satisfied, and that can be done if the following 
conditions are satisfied:

( ) 2
1 1

2rr x z z
k

σ β γ− < + +  
	 (27)

( )2
2ss y
l

σ− <  	  (28)

1 02e x e xzβ γ β+ <   	  (29)

( )

( )

2
1 2 1 1

2

2

2

r x z z r
k

s y s
l

σ σ β γ σ

σ

 < − − − + − 
 
 − + − 
 

  



	 (30)

Thus, Equations 27–30 guarantee the   
of  .

It is well known that an equilibrium point 
is globally asymptotically stable ( ) in 
the region  , which means that the long-time 
behavior of the system’s solution starting from 
any initial point in the region   will ultimately 
converge to the equilibrium point. Therefore, 
when there are multiple equilibrium points 
in the 3.int + , the   will not be possible. 
Accordingly, in the following, we considered the 
  of the  .  

Theorem 3. The   is   in the 
region

( ) ( ) ( )( ){ ( ) ( ) ( ) }3, , : 0, 0, 0ˆ x t y t z t x t y t z t+Γ = ∈ > > ≥

if the following condition holds:

01ˆ maxx z
e
ββγ

γ
 

+ < 
 

	 (31)
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where maxz  is the upper bound of the variable z  
that results from Theorem 1. 

Proof. Consider the following positive definite 
candidate Lyapunov function on the region Γ̂ :

( ) (1 2 3ˆ̂̂̂
ˆ̂

, , x yV x y z c x x xln c y y yln c z
x y

 = − − + − − + 
   	 (32)

where 1c , 2c , and 3c  are positive constants, then:

( )

) ( )

( )

2
1 1 2 1

2 2
2 2 1

2
3 1 0

ˆ

ˆ

dV x x rc x r x y xz
dt x k

y y sxz c y s y x
y l

c e xz e xz z

σ σ β

γ σ σ

β γ β

− = − + − + − 
 

 −  − + − + − +  
  

+ + −

	 (33)

By the use of some mathematical manipulation, 
it is obtained that:

( ) ( )( )

( ) ( )

( )( )

2 2
1 1

22 1
1 2

21 1
2 3 3 0

ˆ̂̂̂
ˆ

ˆ̂

ˆ̂̂
ˆ

dV rc x x c x x xy xy
dt k xx

sc x x z z c y y
l

c y y xy xy c e x z z c z
yy

σ

βγ
γ

σ βγ β
γ

= − − + − −

 
− − + − − + 

 
 

− − + + − 


	 (34)

Selecting the positive constants as 1 1c = , 
2

2
1

ˆ
ˆ
yc
x

σ
σ

= , and 3
1c
e

= , and substituting into the 

above equation yields:

( ) ( )( )

( ) ( )

( )( )

2 2

22 1 2

1

2 02 1

ˆ̂̂̂
ˆ

ˆˆ̂
ˆ

ˆ̂̂
ˆ

dV r x x x x xy xy
dt k xx

syx x z z y y
lx

y y xy xy x z z z
xy e

σ

β σγ
γ σ

βσ βγ
γ

= − − + − −

  
− − + − −  

   
 

+ − − + + − 
 

	 (35)

Further simplification leads to:

( ) ( )

( )

2 22

1

20 1 2

ˆˆ̂
ˆ

ˆ̂̂
ˆ

sydV r x x y y
dt k lx

x z z xy xy
e xxy

σ
σ

β β σγ
γ

 
= − − − − − 

 
  − + − −   

	 (36)

Thus, 
dV
dt  is negative definite under Equation 

31. Therefore, due to the Lyapunov direct 
method,    is  . 

4. Local bifurcation

Local bifurcation is a qualitative shift in the local 
dynamics of an ecological system that happens 
when a biological parameter surpasses a particular 
threshold. Understanding, anticipating, and even 
controlling abrupt, severe changes in ecosystem 
status is the main goal of research on local 
bifurcation. It shifts ecology from a seamless 
transition to one that considers tipping points. 
Thus, the possibility of a local bifurcation in 
Equation 1 is examined in this section.

Equation 1 can be rewritten in a vector form 
as:

( ),d
dt

µ=
X F X  , ( ), , Tx y z=X  

( ) ( ) ( ) ( )( )1 2 3, , , , , ,
T

f f fµ µ µ µ=F X X X X 	 (37)

where ( ), , , 1, 2,3if x y z i∀ =  are given by:

( ) ( )2
1 1

2
2 1

, rf x r x
k

y xz xz

µ σ

σ β γ

= − + − +

− −

X ,

( ) ( )2
2 2 1, sf y s y x

l
µ σ σ= − + − +X ,

( ) 2
3 1 0,f e xz e xz zµ β γ β= + −X .

Moreover, µ +∈  is the possible bifurcation 
parameter to be determined. 

Now, for any vector ( )1 2 3, , TV v v v= , a direct 
calculation was made to obtain the second and 
third derivatives of vector F, as:

( ) ( )

2 2
3 1 3 1 1 1 3

2 2
2

2
3 1 3 1 1 3

22 4 2

2, ,

2 4 2

rv x v v z v v v
k

sD V V v
l

e v x e v v z e v v

γ γ β

µ

γ γ β

 − − − − 
 
 ⋅ = − 
 + +  
 

F X 	 (38)

while:

( ) ( )
2

1 3
3

2
1 3

6
, , , 0

6

v v
D V V V

e v v

γ
µ

γ

 −
 

⋅ =  
 
 

F X 	 (39)

Theorem 4. When the parameter e  crosses 

the value 0

1

ˆ
ˆ

e
x

β
β

= , Equation 1 near   has 

a transcritical bifurcation ( ) if the following 

conditions hold:
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1 11 0x̂ vγ β+ ≠ 	 (40)

11 22 12 21 0ˆ̂̂̂a a a a− ≠ 	 (41)

It has a Pitchfork bifurcation ( ) when 
Equation 40 is violated.

Proof. The   at  , which is given 
in Equation 19, at ( )1 ˆ,E e  transfers to the form:

( )
11 12 13

1 21 22

ˆ̂̂
ˆ ˆ̂ 0ˆ,

0 0 0

a a a
J J E e a a

 
 = =  
  

Therefore, Ĵ  has a zero   that is given 
by 13

ˆ 0λ = . Assume that ( )1 11 21 31, , TV v v v=  
and ( )1 11 21 31, , TW w w w=  are the eigenvectors 
of Ĵ  and ˆTJ  corresponding to 13

ˆ 0λ = ,  
respectively. Straightforward computations 

lead to 13 22 13 21
1

11 22 12 21 11 22 12 21

,
ˆ̂̂̂

ˆ
,

ˆ̂̂̂̂̂̂
1

T
a a a aV

a a a a a a a a
 

= − − − 
 and 

( )1 0,0,1 TW = .
Moreover, according to Sotomayor’s Theorem,41 

the following results are obtained:

( ) ( ) ( )e 1
2

1

0 0
,

, 0 , 0
e

0
ˆe

d e
e E e

d
xz xzβ γ

   
   = = ⇒ =   
   +   

F X
F X F

Consequently, it is obtained that ( )1 1, 0ˆT
eW E e =F . 

( ) ( )1 1
2

1 1 1

0 0 0 0
, 0 0 0 , 0

0 2
ˆ

ˆ
e eD e D E e V

z z x xz xβ γ β γ β

   
  = ⇒ ⋅ =   
  + +   

F X F

 

Consequently, it is obtained that

( )1 1 1 1ˆ, 0ˆT
eW D E e V xβ⋅ = ≠F  

Furthermore, by the use of Equation 38, it 
results in:

( ) ( )

2
11 1 11

2 2
1 1 1 21

1 11

22 2

2, ,

2

ˆ

ˆ 2

ˆ

rx v v
k

sD E e V V v
l

e x e v

γ β

γ β

 − − − 
 
 ⋅ = − 
 +  
 

F

Consequently, due to Equations 40–41, it is 
obtained that:

( ) ( )2
1 1 1 1 1 11, , 2 2 0ˆ̂TW D E e V V e x e vγ β⋅ = + ≠F

Then, Equation 1 near   has a  . 

When Equation 40 is violated, then by the 
use of Equation 39, it results in:

( ) ( )
11

3
1 1 1 1

11

6
, , , 0

6
ˆ

v
D E e V V V

e v

γ

γ

− 
 ⋅ =  
 
 

F

Therefore, it is obtained that:

( ) ( )3
1 1 1 1 1 11, , , 6 0ˆTW D E e V V V e vγ⋅ = ≠F .

Then, Equation 1near   has a  . 

Theorem 5. When the parameter 0β  crosses 
the positive value ( )

13 22 31
0 1

11 22 12 21

2 a a ae xz ex
a a a a

β γ β= + −
−

  



 

   

,  

Equation 1 near   has a saddle-node 
bifurcation ( N  ) if the following conditions are 
held:

( )

2
12 12 12 1 12 22

2
22 12 1 12

22 4 2

2 2 4 2 0

rw x v z v v w
k

s v e x e v z e v
l

γ γ β

γ γ β

 − − − − + 
 

 − + + + ≠ 
 

 

 

	 (42)

11 22 12 21 0a a a a− ≠     	 (43)

Proof. The   at  , which is given in 
Equation 25, at ( )2 0,E β  transfers to the form:

( )
11 12 13

2 0 21 22
*

31 33

, 0
0

a a a
J J E a a

a a
β

 
 = =  
  

  



 

 

where ( )*
33 33 0 0a a β= =

   and  for  all  , 1, 2,3ija i j =  are 
the elements of ( )2J E .

It is simple to prove that the determinant of 
J  at 0 0β β=   equals zero. Hence, the   of J  
has a zero  , say 3 0λ = . Thus,   becomes 
a non-hyperbolic point when 0 0β β=  .

Now, assume that ( )2 12 22 32, , TV v v v=  and 
( )2 12 22 32, , TW w w w=  are the eigenvectors 

of J  and TJ  corresponding to 3 0λ = ,  
respectively. Straightforward computations 
lead to 13 22 13 21

2
11 22 12 21 11 22 12 21

, ,1
T

a a a aV
a a a a a a a a

 
= − − − 

   

       

 and 

22 31 12 31
2

11 22 12 21 11 22 12 21

, ,1
T

a a a aW
a a a a a a a a

 
= − − − 

   

       

. 

Moreover, according to Sotomayor’s Theorem,41 
the following results are obtained:
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( ) ( ) ( )0 0

0
0 2 0

0

0 0
,

, 0 , 0
d

E
d

z z
β β

β
β β

β

   
   = = ⇒ =   
   − −   





F X
F X F

Consequently, it is obtained that

( )02 2 0, 0TW E zβ β = − ≠

F

Furthermore, by the use of Equation 38, it 
results in:

( ) ( )

2
12 12 1 12

2 2
2 0 2 2 22

12 1 12

22 4 2

2, ,

2 4 2

rx v z v v
k

sD E V V v
l

e x e v z e v

γ γ β

β

γ γ β

 − − − − 
 
 ⋅ = − 
 + +  
 

 

 

F

Consequently, due to Equations 42–43, it is 
obtained that: 

( ) ( ) (

( )

2
2 2 0 2 2 12

2 2
12 12 1 12 22 22

12 1 12

, , 2

2 24 2

2 4 2 0

TW D E V V w x

r sv z v v w v
k l

e x e v z e v

β γ

γ β

γ γ β

⋅ = − −

  − − + − +  
  

+ + ≠





 

F

Then, Equation 1 near   has a N  .

5. The persistence

Understanding the long-term survivability and 
stability of species, populations, or the system 
as a whole in the face of disruptions, changes in 
the environment, or internal dynamics is the goal 
of researching persistence in ecological systems. 
More precisely, researching persistence changes 
the focus of ecological inquiry from “Do species 
exist today?” to “Will they continue to exist for 
some time to come?” This change is crucial for 
both basic science and practical environmental 
decision-making.

In this section, the persistence of our biological 
system is presented, and this is done by showing 
that Equation 1 has no omega limit set on the 
boundary planes. 

Theorem 6. Assume that:

0 1 ˆe xβ β< 	 (44)

Then, Equation 1 is uniformly persistent if 
Equation 44 holds.

Proof. Suppose that u  is a point in the 
3.Int +   and ( )o u  is the orbit through u . Let 

( )uΩ  be the omega limit set of ( )o u . Note that 
( )uΩ  is bounded due to Theorem (1). Now, to 

show that ( )0E u∉Ω , assume the contrary.
Since 0E  is a saddle point, by the Butler-

McGhie lemma,42 0E  cannot be the only point in 
( )uΩ , and hence there is at least one other point 

v  such that ( ) ( )0
sv E uω∈ ∩Ω , where ( )0

s Eω  is 
the stable manifold of 0E .

Furthermore, since ( )0
s Eω  is the positive 

z axis−  and the entire orbit through v , say ( )o v
, is contained in ( )uΩ . It follows that the positive 
specific axis (that contains v ) is contained in 
( ) ,uΩ  which contradicts its boundedness. Thus, 

we obtain that ( )0E u∉Ω .
Now, to prove that ( )1E u∉Ω , we assume the 

contrary too. Since 1E  is a saddle point under 
Equation 44, then again by the Butler-McGhie 
lemma, there is another point ( ) ( )1 1

sv E uω∈ ∩Ω
. Moreover, due to Equations 22–24, ( )1

s Eω  is 
the first quadrant of the xy plane− , say  .

Note that if 1v  is on either boundary axis of 
 , then we get a contradiction as in the first 
part of the proof. Otherwise, in case 1v  belongs 
to the interior of  , since 1E  is an equilibrium 
point in the interior of  , then ( )1o v  either is 
unbounded, which gives a contradiction, or has 
a nonempty alpha limit set denoted by ( )1vα , 
with ( )1 1v Eα = . Hence, we have a contradiction 
too, as an unstable point may not be in an omega 
limit set.

Therefore, it is obtained ( )1E u∉Ω . Thus ( )uΩ  
must be in the ( )3.Int xyz+ , which guarantees 
the persistence of Equation 1.

6. Numerical simulation

The numerical solution of ecological systems 
complements the analytical solution obtained 
from the study of stability, persistence, and 
bifurcation. It confirms these results and shows 
how they are affected by slight changes in the 
parameter values. Thus, the numerical solution 
determines the set of parameters affecting 
the dynamics of the ecosystem. Therefore, the 
fourth-order Runge-Kutta method was utilized 
through MATLAB version R2021a code to solve 
Equation 1 starting from 16 positive initial 
points and the following biologically feasible set 
of estimated parameter values. 

1 2 1

0

2, 20, 0.4, 0.6, 0.2 
0.15, 1, 10, 0.1, 0.2

r k
s l e
σ σ β

γ β
= = = = =
= = = = =

	 (45)
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The obtained numerical solutions were 
presented in the form of a three-dimensional phase 
plot that explains the solutions of Equation 1 
in its domain and a two-dimensional long-term 
behavior plot of the solution versus time that 
explains the solutions in the direction of each 
variable as a function of time. All the initial 

points are represented in blue, while the final 
state equilibrium points are represented in red. 

For Equation 45 with different positive initial 
points, the solutions of Equation 1 approached 

( )1 1.72,5.3,0E =  and ( )2 0.45,4.41,5.92E = , which 
indicated a bistable behavior (Figure 1).

  

  
Figure 1. The numerical solutions of Equation 1 utilizing Equation 45 and various positive initial points. 
(a) Three-dimensional phase plot shows bistable behavior. (b) Two-dimensional (2D) long-term behavior of 
( )x t . (c) 2D long-term behavior of ( )y t . (d) 2D long-term behavior of ( )z t . 

The absence of the positive point’s global 
stability is depicted in Figure 1. Furthermore, 
it implies that under the same environmental 
circumstances, an ecosystem can live in two 
distinct stable states.

Altering the parameter r  in the ranges 
0.94r <  and 0.94r ≥  makes Equation 1 

approach 2E  and bistability between 1E  and 2E ,  
respectively (Figure 2).

Figure 2 explains that when 0.94r < , 1E  
disappears, and the system will approach 2E ;  
otherwise, the system undergoes bistability 

behavior. This indicates that, for low values of 
the prey’s growth rate in the unprotected zone, 
under the same environmental circumstances, an 
ecosystem can live at a positive stable state.

It is observed that varying the parameters k  
and 1σ , while keeping the other parameter values 
as in Equation 45, has a quantitative influence 
on the dynamical behavior of Equation 1. 
However, altering the parameter 2σ  in the 
ranges 2 0.16σ <  and 2 0.16σ ≥  makes Equation 
1 approach 1E  and bistability between 1E  and 

2E , respectively (Figures 1 and 3).
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Figure 2. The numerical solutions of Equation 1 
utilizing Equation 45 and various positive initial 
points. (a) Three-dimensional (3D) phase plot 
approaches ( )2 0.5, 4.45,5.31E =  when 0.75= . (b) Two-
dimensional long-term behavior of populations when 

0.75= . (c) 3D phase plot shows bistable behavior 
between ( )1 2.14,5.54,0E =  and ( )2 0.49,4.44,5.43E =  
when 1r = . 

Figure 3. The numerical solutions of Equation 1 
utilizing Equation 45 and various positive initial 
points. (a) Three-dimensional phase plot approaches 

( )1 1.31,9.09,0E =  when 2 0.15σ = . (b) Two-
dimensional long-term behavior of populations when 

2 0.15σ = .

Figures 1 and 3 explain that for the range 
2 0.16σ < , the transferred population from protected 

to unprotected zones is reduced, which leads to a 
reduction in the population of prey in the unprotected 
zone, and that is causing extinction in the predator 
species. Therefore, the positive equilibrium point 
disappears, and the solution approaches 1E . Otherwise, 
Equation 1 undergoes bistability behavior. 

Now, altering the parameter 1β  in the ranges 
1 0.26β ≤  and 1 0.26β >  makes Equation 1 

approach bistability between 1E  and 2E , and 2E ,  
respectively (Figures 1 and 4).
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Figure 4. The numerical solutions of Equation 1 
utilizing Equation 45 and various positive initial 
points. (a) Three-dimensional phase plot approaches 

( )2 0.42,4.38,5.9E =  when 1 0.3β = . (b) Two-
dimensional long-term behavior of populations when 

1 0.3β = .

It is clear from Figures 1 and 4 that if 
1 0.26,β >  then Equation 21 fails to be satisfied, 

and hence 1E  becomes an unstable point, which 
leads to stabilizing Equation 1 at 2E . This 
indicates that, for high values of the attack rate 
coefficient of the predator species, under the 
same environmental circumstances, an ecosystem 
can live at a positive stable state.

Moreover, altering the parameter γ  in the 
ranges 0.05γ ≤ , 0.05 0.44γ< < , and 0.44γ ≥  
makes Equation 1 approach 1E , a bistability 
between 1E  and 2E , and 2E , respectively 
(Figures 1 and 5).

Figure 5. The numerical solutions of Equation 
1 utilizing Equation 45 and various positive 
initial points. (a) Two-dimensional (2D) long-term 
behavior when 0.04γ =  in which the solutions 
approach ( )1 1.72,5.3,0E = . (b) 2D long-term behavior 
when 0.5γ =  in which the solutions approach 

( )2 0.17,4.16,5.42E = .

Figures 1 and 5 explain that if 0.05,γ ≤  then 
2E  disappears due to the extinction of z , and 

Equation 1 approaches 1E . If 0.44γ ≥ , then 1E  
becomes unstable, and the basin of attraction 
of 2E  is extended to include all the interior 
domain except those multiple unstable positive 
equilibrium points. Otherwise, the solutions 
of Equation 1exhibit bistability behavior. A 
dynamic behavior similar to what happens with 
the change of the γ  parameter is observed when 
changing the parameters , , and s l e . This indicates 
that, for high values of the cooperative hunting 
coefficient, under the same environmental 
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circumstances, an ecosystem can live at a positive 
stable state.

Finally, altering the parameter 0β  in the ranges 
0 0.07β ≤ , 00.07 0.14β< ≤ , and 0 0.14β >  makes 

Equation 1 approach 2E , a bistability between 
1E  and 2E , and 1E , respectively (Figures 1 and 

6).

Figure 6. The numerical solutions of Equation 1 
utilizing Equation 45 and various positive initial 
points. (a) Two-dimensional (2D) long-term behavior 
when 0 0.05β =  in which the solutions approach 

( )2 0.13,4.13,10.65E = . (b) 2D long-term behavior 
when 0 0.2β =  in which the solutions approach 

( )1 1.72,5.3,0E = .

Figures 1 and 6 explain that if 0 0.07,β ≤  
then 1E  becomes unstable, and the basin of 
attraction of 2E  is extended to include the 
entire interior domain except for the multiple 
unstable positive equilibrium points. If 0 0.14β > ,  
then 2E  disappears due to the extinction of ,z  
and Equation 1 approaches 1E . Otherwise, 

the solutions of Equation 1 exhibit bistability 
behavior. This indicates that, for low values of 
the death rate coefficient of the predator species, 
under the same environmental circumstances, an 
ecosystem can live at a positive stable state.

7. Conclusion

In this study, an ecological model was proposed 
that simulates the prey and predator system when 
there is an unprotected area where the prey lives 
and where the predator can prey on it, especially 
when the predators cooperate when hunting, and 
a protected area where the prey resorts to shelter 
from predators, where the predator is unable to 
enter that area. We have studied the stability 
and bifurcations of the proposed ecosystem, as 
well as studied and found the conditions for the 
persistence of the system. It was noted through 
the analysis that the system contains at most two 
boundary equilibrium points, while the positive 
equilibrium point, if it exists, is multiple.

On the other hand, a numerical study for 
Equation 1 using Equation 45 with different 
positive initial points shows that although the 
system has only point attractors, it has a wide 
range of bistability behaviors. Moreover, it is 
observed that lowering the prey’s growth rate 
for the unprotected zone or the death rate 
coefficient of the predator species below a certain 
value stabilizes Equation 1 at the   
and guarantees persistence. However, raising 
the attack rate coefficient of the predator, the 
cooperative hunting coefficient, the prey’s growth 
rate for the protected zone, carrying capacities 
of the unprotected zone, or the conversion rate 
above a certain value stabilizes Equation 1 
at the   and guarantees persistence. In 
addition, lowering the prey’s migration rate from 
protected to unprotected zones loses persistence 
and makes the system stable at  .
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