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Nonlinear multi-input multi-output (MIMO) systems are difficult to control be-
cause of input—output coupling, measurement noise, and parameter variations.
This study proposes a Runge—Kutta (RK) model-based predictive adaptive
MIMO fuzzy proportional-integral-derivative (PID) controller for nonlinear
dynamical systems. A fourth-order Runge-Kutta (RK4) model predicts fu-

Keywords: ture outputs and provides the sensitivity information required to update the
Adaptive control fuzzy PID scaling parameters online using the Levenberg—Marquardt (LM) al-
Levenberg-Marquardt gorithm. An additive correction mechanism provides supplementary control
Lyapunov stability action during transient conditions and plant—-model mismatch. Furthermore,
MIMO fuzzy PID controller a discrete-time Lyapunov-based stability analysis is established, guarantee-
Parameter estimation ing the uniform ultimate boundedness (UUB) of the tracking errors and the
Runge-Kutta model boundedness of adaptive parameters under aggregate disturbances. The pro-
AMS Classification 2010: poseq 'controller is evaluateq on a nor?linear tbree—tank syst.em under.nominal
93C10; 93C40; 93C42; 65106 conditions, measurement noise, and time-varying parametric uncertainty. For

comparative evaluation, an existing RK model-based adaptive MIMO PID con-
troller is employed as a benchmark under the same operating scenarios. Both
controllers maintain bounded tracking responses, control inputs, and adaptive
parameters. The composite performance-index values obtained with the pro-
posed fuzzy PID controller are 0.2660, 0.2701, and 1.0739, corresponding to
improvements of 6.11%, 6.12%, and 3.59%, respectively, over the benchmark
controller. In the parametric-uncertainty case, the RK-based parameter esti-
mator follows the variations in the uncertain inter-tank flow coefficient and re-
duces the resulting plant—model mismatch. Although the benchmark adaptive
PID controller has lower computational requirements, the average and maxi-
mum cycle times of both controllers remain substantially below the sampling
period. The results demonstrate that the proposed adaptive MIMO fuzzy PID
controller improves the combined tracking and control-variation performance
while retaining computational feasibility.

(@her |

1. Introduction tion in one control input may affect several con-
trolled outputs, and the control action generated
for one output may influence the behavior of the
remaining output channels. Such nonlinear in-
teractions have been demonstrated in intercon-
nected three-tank systems, Van de Vusse chem-
ical reactors, magnetic-levitation systems, and
other nonlinear MIMO control applications.’ 3 In
addition to input—output coupling, measurement

Nonlinear MIMO systems are encountered in
various industrial and engineering applications,
including interconnected liquid-level processes,
chemical reactors, and electromechanical systems.
The control of such systems is challenging because
their manipulated inputs and controlled outputs
are dynamically coupled. Consequently, a varia-
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noise, modeling inaccuracies, disturbances, and
variations in plant parameters may significantly
deteriorate closed-loop control performance.!?4
Therefore, adaptive control mechanisms capable
of modifying the controller parameters according
to changes in the plant dynamics and operating
conditions are required.

PID-type controllers are commonly preferred
in industrial control applications because of their
simple structure, relatively low computational
requirements, and straightforward implementa-
tion.>% Nevertheless, the performance of a PID
controller strongly depends on the proper selec-
tion of its PID parameters, and the simultaneous
satisfaction of potentially conflicting transient-
response, stability, and robustness requirements
makes PID tuning a nontrivial design problem.’
Fixed controller parameters may provide satisfac-
tory performance only within a limited operat-
ing region and may become inadequate when the
operating point, reference trajectory, plant pa-
rameters, or nonlinear system dynamics change.
Adaptive control addresses this limitation by up-
dating the controller or model parameters online
according to the observed behavior of the con-
trolled system.?6 Such adaptation is particularly
relevant in the presence of plant-parameter uncer-
tainty and changing operating conditions. How-
ever, adaptation mechanisms relying only on cur-
rent or previously measured tracking errors can-
not explicitly consider the future effects of the
generated control signals.

In recent literature, additional progress has
been made in understanding and designing PID-
type controllers for uncertain nonlinear systems
from a theoretical perspective. Zhao and Guo’
derived explicit regions of stabilizing PID param-
eters for a particular class of second-order MIMO
non-affine uncertain nonlinear systems, which led
to the achievement of global stability and ex-
ponential regulation of the closed-loop system
with some upper limits of the system Jacobian
and a positive lower limit of control effectiveness.
Zhao® extended the previous work by considering
semiglobal stabilization and asymptotic regula-
tion when the nonlinearities of the systems are al-
lowed to be super-linear with respect to the state
variables and introduced a PD controller with pre-
scribed steady-state compensation for known re-
quired input at an equilibrium point. Zhao et
al.? studied the limitation of classical constant-
gain PID, PD, and PI controllers and designed
robust nonlinear PID-type controllers with state-
or error-dependent gains for classes of highly non-
linear uncertain systems not capable of global sta-
bility by classical PID control. A comprehensiv-

e overview of recent nonlinear PID structures,
adaptive tuning methods, intelligent optimization
approaches, and applications is provided in.'°

Fuzzy control provides a useful alternative
for nonmlinear systems by generating the con-
trol action through a nonlinear rule-based map-
ping rather than a fixed linear input—output re-
lationship. Qiao and Mizumoto analyzed a two-
input product-sum crisp-type fuzzy controller and
showed that its local behavior resembles that of
a time-varying PD controller.!! To eliminate
the steady-state error associated with the PD-
type structure, they introduced PI- and PID-type
fuzzy controllers by incorporating integral action
into the fuzzy -controller output. They also de-
veloped a peak-observer-based adaptation mech-
anism to adjust selected input and output scaling
parameters according to the extrema observed in
the tracking-error response.!!

Several fuzzy PID structures and design
methodologies have subsequently been investi-
gated. Mann et al. analyzed different direct-
action fuzzy PID structures and examined their
equivalent linear and nonlinear PID character-
istics.!?  Carvajal et al. developed an analyt-
ically implementable nonlinear fuzzy PID con-
troller and evaluated its control performance and
bounded-input bounded-output stability proper-
ties.!3 These studies indicate that fuzzy inference
can be combined with PID-type control charac-
teristics to obtain nonlinear controller structures
suitable for systems that cannot be adequately
controlled using fixed linear relationships.

The behavior of a fuzzy PID controller can be
tuned through the scaling factors of its input and
output values. Input scaling factors define the
range of operation of the tracking error and dif-
ference of errors for which the signals are fed into
the fuzzy inference engine. Output scaling factors
define the magnitude of contribution in terms of
PID control actions. Thus, tuning of these fac-
tors online becomes an effective way to tune the
behavior of the fuzzy controller.

Different adaptation mechanisms have been pro-
posed to adjust the scaling parameters of fuzzy
PID controllers. Woo et al. introduced a PID-
type fuzzy controller with self-tuning scaling fac-
tors, in which the scaling parameters are adjusted
online to improve both transient and steady-state
control performance.!* This study demonstrated
the importance of scaling-parameter adaptation
but did not employ an explicit multi-step plant
prediction model in the parameter-update mecha-
nism. Ucak and Oke introduced an adaptive fuzzy
PID controller based on an online least-squares
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support vector regression model.!® In their struc-
ture, the online regression model predicts the fu-
ture behavior of the nonlinear plant and approx-
imates the system Jacobian required for parame-
ter adaptation. The input and output scaling pa-
rameters of the fuzzy PID controller are then ad-
justed by minimizing a multi-step prediction-error
objective through the LM algorithm. Although
this structure incorporates predictive adaptation
into fuzzy PID control, it is formulated for a
single-input single-output (SISO) system and em-
ploys a data-driven regression model rather than
the known nonlinear differential equations of the
plant.

Ucak and Arslantiirk extended the peak-
observer-based scaling-parameter adaptation
mechanism from SISO systems to MIMO sys-
tems.'8 The proposed MIMO fuzzy PID con-
troller is composed of main and coupling fuzzy
subcontrollers, and the input and output scaling
parameters of these subcontrollers are updated
according to the peak values observed in the
tracking-error responses. In this manner, both
direct control contributions and cross-coupling
effects are considered. However, the adaptation
mechanism is activated according to previously
observed tracking-error extrema and does not ex-
plicitly incorporate predictions of the future plant
behavior.

Adaptive fuzzy and adaptive fuzzy PID con-
trol structures have been continuously studied by
recent researchers on nonlinear and multivariable
systems. Zhou and Wang!” designed a fuzzy com-
mand filtered adaptive controller for constrained
nonlinear MIMO systems and proved the closed-
loop signals’ semiglobal uniform ultimate bound-
edness. In the case of interacting liquid level sys-
tems, Puviyarasi and Murukesh!® introduced an
adaptive mixed fuzzy controller with distinct di-
rect and coupling controllers.

Other recent hybrid designs include an adaptive
fuzzy finite-time PID backstepping controller for
uncertain nonlinear systems with unmodeled dy-
namics'” and a fuzzy-augmented model-reference
adaptive PID controller with online adjustment
of its adaptation rates.? These studies con-
firm the continuing interest in adaptive fuzzy
PID control while also illustrating that the un-
derlying adaptation mechanisms, control archi-
tectures, and stability objectives vary consider-
ably among existing approaches, ranging from
finite-time backstepping-based designs to model-
reference adaptive frameworks with fuzzy online
gain regulation.

Model-based predictive adaptation provides a
systematic way of accounting for the future con-
sequences of the applied control signal. In this
approach, a dynamical model of the controlled
system is propagated over a finite prediction hori-
zon to estimate future outputs, construct a multi-
step tracking objective, and determine the control
or parameter adjustments through model-based
optimization.?! The prediction objective can in-
corporate both future tracking errors and penal-
ties on excessive control variations, thereby al-
lowing tracking performance and control effort to
be treated within a unified optimization frame-
work.>?! For continuous-time nonlinear systems
represented by known differential equations, nu-
merical integration offers a direct means of con-
structing a discrete-time prediction model while
preserving the nonlinear physical structure of the
plant.!

In recent works on adaptive predictive con-
trol, model mismatch and time-varying param-
eter issues have been resolved using different
model representations. Chen et al.?? presented
an adaptive Koopman operator-based MPC tech-
nique, wherein the nonlinear system model is up-
dated online by accounting for the unknown time-
varying parameters. Asvadi-Kermani et al?
used the LM-based online model updates in the
context of adaptive sliding mode predictive con-
trol. Unlike these approaches using data-based or
hybrid model updates, the current approach in-
volves propagation of the plant equations through
the RK4 algorithm with the resultant analytical
sensitivities used for updating the fuzzy PID tun-
ing parameters.

Iplik¢i introduced an RK model-based adap-
tive predictive control mechanism for nonlinear
continuous-time processes.! In this method, the
classical RK4 algorithm is used to construct
a discrete-time approximation of the nonlinear
plant dynamics. The resulting RK model is em-
ployed for multi-step output prediction and de-
rivative calculation. The framework also includes
an extended Kalman filter (EKF) based on the
RK model for online state estimation and an RK-
based estimator for unknown or varying plant pa-
rameters. The effectiveness of the method was
demonstrated on nonlinear MIMO processes, in-
cluding an interconnected three-tank system and
a Van de Vusse chemical reactor.!

Cetin and Iplikci extended the RK model-based
predictive framework to the online adjustment
of PID-controller parameters.? In their RK-PID
mechanism, the RK model generates multi-step
future output predictions, and the corresponding
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prediction errors are used to construct a finite-
horizon objective function. The sensitivities of
the predicted outputs with respect to the con-
trol signals and PID parameters are calculated
through the RK model. The PID parameters are
then updated using the LM algorithm. An addi-
tive correction mechanism is also incorporated to
supplement the PID control action when the cur-
rently adjusted controller parameters are inade-
quate because of changes in the reference trajec-
tory, disturbances, or modeling errors.? The pro-
posed method was experimentally evaluated on
both SISO and MIMO nonlinear systems.

RK structures have also been combined with
intelligent nonlinear controllers. Ucak proposed
a model-predictive RK neural-network controller
for nonlinear MIMO systems.? In this structure,
the nonlinear learning capability of a radial-basis-
function neural network is integrated with RK-
based state propagation, while a system model
predicts the future behavior of the controlled
plant. The controller parameters are adjusted ac-
cording to a multi-step prediction-error objective.
The results demonstrate that RK-based predic-
tion and intelligent nonlinear control structures
can be integrated for the control of coupled non-
linear MIMO systems.3

Another direct application of RK integration
within adaptive control is due to Ucak,?* where,
in addition to using RK integration for plant mod-
eling, the RK4 discretization of a certain ODE
was used to parametrize the control law. Inas-
much as the controller function itself was not
known a priori, the stage-slopes obtained through
RK integration were used as parameters of the
controller. The predictor model based on RK in-
tegration was applied to obtain finite--horizon pre-
dictions and their corresponding system sensitiv-
ities. Using such predictions, the LM algorithm
updated the controller parameters, minimizing an
objective that includes multi-step tracking errors
and control increments. Therefore, RK integra-
tion was used both within the controller and pre-
dictor models, with the latter also supplying Ja-
cobians needed for the controller update.

In adaptive control, a critical fundamental step
toward achieving accurate control-system perfor-
mance is to obtain an accurate system model. For
this purpose, data-driven, LM-based neural net-
work, and physics-informed neural network struc-
tures have been proposed in the literature for es-
timating system dynamics by considering the sys-
tem ODEs and input-output data. Haring et al.?
proposed a Levenberg—Marquardt-based method
for the sparse identification of nonlinear dynam-
ical systems described by ordinary differential

equations. Waseem et al.?6 employed a physics-

informed neural network approach for the data-
driven solution of a nonlinear infectious-disease
model. Khan et al.?” employed a neural network
trained using the Levenberg—Marquardt back-
propagation algorithm for the numerical solution
of a nonlinear electromagnetohydrodynamic bio-
convection flow model. These studies represent
selected examples from a broader body of related
literature.

In contrast to the above-mentioned approaches,
this research uses the nonlinear dynamical equa-
tions of the plant in the RK4 prediction model
and employs the LM algorithm for online tuning
of the scaling factors of the MIMO fuzzy PID con-
troller based on multi-step prediction errors.

The existing literature therefore presents
three complementary research directions: RK
model-based multi-step prediction, state estima-
tion, parameter estimation, and PID tuning;!?
prediction-model-based adaptation of fuzzy PID
scaling parameters;'® and adaptive MIMO fuzzy
PID control based on direct and cross-coupling
subcontrollers.'® Nevertheless, these components
have not been integrated into a unified architec-
ture in which an RK model constructed from the
known nonlinear plant equations provides multi-
step predictions and structured sensitivity infor-
mation for the online adjustment of the input and
output scaling parameters of a MIMO fuzzy PID
controller.

To address this need, this study proposes
an RK model-based predictive adaptive MIMO
fuzzy PID controller for nonlinear and coupled
systems. In the RK-based framework introduced
by Iplikci' and subsequently extended by Cetin
and Iplikci for predictive PID tuning,? the RK
model is used to generate future output pre-
dictions and the sensitivity information required
for controller-parameter optimization. The com-
plete RK framework is structured around three
fundamental subblocks: the RKgkr, RKestimator,
and the raw RK,ode1. Specifically, the RKgkr
estimates the system states from measured in-
put—output data, while the RKegtimator identifies
unknown or slowly varying system parameters
that cannot be explicitly derived from the mathe-
matical model. Thus, the RK4 model of the con-
trolled system predicts the future outputs over a
finite horizon and provides the sensitivity infor-
mation required for controller adaptation. The
input and output scaling parameters of the direct
and cross-coupling fuzzy PID subcontrollers are
updated online using the LM algorithm.?® An
additive correction mechanism is also included
to provide supplementary control action during
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initial transients, abrupt reference changes, and
plant—-model mismatch.

The liquid levels of two tanks are controlled by
manipulating their inlet flow rates in the three-
tank system.?? The controller is examined under
nominal operation, measurement noise, and time-
varying parametric uncertainty.®3% In the uncer-
tainty case, the varying inter-tank flow coefficient
is estimated online using the RK-based parameter
estimator (RKestimator)-

For comparative evaluation, the existing RK
model-based adaptive MIMO PID controller re-
ported in? is employed solely as a benchmark in
the simulation studies. Both controllers are evalu-
ated under the same nominal, measurement-noise,
and parametric-uncertainty scenarios to compare
their control performance and computational re-
quirements.

The main contributions of this study can be
summarized as follows:

e To the best of the authors’ knowledge, this
study presents the first application of the
RK nodel framework proposed by Iplikci to the
design and optimization of a fuzzy PID con-
troller. This work extends the applicability
of the original RK framework to intelligent
control systems.

e A novel RK-based fuzzy PID controller is
developed by integrating the RKgkp, the
RKestimators and the raw RKi.oqe into a
unified control framework. The RKgkp is
employed for online state estimation, while
the RKestimator €stimates unknown or time-
varying system parameters, enabling adap-
tive tuning of the parameters of the fuzzy PID
controller.

e The proposed controller is comprehensively
evaluated on the nonlinear three-tank bench-
mark system under three representative oper-
ating scenarios, namely nominal conditions,
measurement noise, and parametric uncer-
tainty.

o Fxtensive simulation results demonstrate
that the proposed RK-based fuzzy PID con-
troller achieves accurate reference tracking
while maintaining strong robustness against
disturbances and model uncertainties, con-
firming its effectiveness and practical appli-
cability in nonlinear process control.

e The mathematical novelty of the proposed
framework lies in replacing the conventional
PID structure of the existing RK-based adap-
tive PID framework with a nonlinear fuzzy
PID control structure and formulating the
online optimization of its input and output
scaling parameters. Specifically, the scaling

parameters K., Kg., a, and § are adapted
through the LM algorithm using the predic-
tion and sensitivity information provided by
the RK model. This formulation enables the
nonlinear behavior of the fuzzy PID controller
to be adjusted online according to the pre-
dicted closed-loop response.

e The proposed RK-based adaptive MIMO
fuzzy PID controller is systematically com-
pared with the previously developed RK-
based adaptive MIMO PID controller? un-
der identical operating conditions. The com-
parison evaluates reference-tracking perfor-
mance, control signals, adaptive parameter
variations, correction terms, quantitative per-
formance indices, and computational require-
ments.

e A discrete-time Lyapunov-based stability
analysis is established for the closed-loop sys-
tem, proving the uniform ultimate bounded-
ness (UUB) of the tracking errors and the
boundedness of the parameters in the pres-
ence of aggregate disturbances, RK trunca-
tion errors, and parameter-estimation mis-
match.

e The mathematical novelty of the design is
the substitution of the classical PID struc-
ture in the existing RK-based adaptive PID
framework with a nonlinear fuzzy PID control
structure, followed by online optimization of
the input and output scaling factors of the
control structure. In particular, the scaling
factors K., K4., o, and 8 are tuned via the
LM algorithm based on the predictions and
sensitivity information provided by the RK
model.

e A systematic comparison of the newly de-
signed RK-based adaptive MIMO fuzzy PID
controller with the existing RK-based adap-
tive MIMO PID controller? is performed un-
der the same operating conditions. The as-
pects being considered for comparison include
reference tracking, control inputs, adaptive
parameter changes, correction terms, perfor-
mance indices, and computational require-
ments.

The remainder of the paper is structured as
follows. Section 2 provides a detailed descrip-
tion of the RK-based system identification frame-
work proposed by Iplikci.! Section 3 presents the
development of the RK-based adaptation mech-
anism for the fuzzy PID controller along with
its discrete-time Lyapunov stability analysis. The
performance of the proposed RK-based fuzzy PID
controller is evaluated in Section 4. Finally, Sec-
tion 5 concludes the paper and outlines potential
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directions for future research.

2. Runge—Kutta model-based system
identification

This section presents the RK model-based identi-
fication framework employed to obtain a discrete-
time representation of the continuous-time non-
linear system. The resulting model is used for
state estimation and the online identification of
uncertain system parameters.! This identifica-
tion structure provides the state, parameter, and
model information required for the fuzzy PID con-
trol system considered in this study.

Section 2.1 briefly introduces the fundamentals
of the RK integration method. Subsequently, Sec-
tion 2.2 describes the RK-based system identifica-
tion framework in detail, including its two prin-
cipal functional modules: the RKgkp for online
state estimation and the RKestimator fOr estimat-
ing unknown or time-varying system parameters.

2.1. An overview of Runge—Kutta
integration

Consider a nonlinear continuous-time system rep-
resented by

() = £(x(t), (1), 0), 1)
where x(t) is the state vector, u(t) represents the
input vector, # denotes an uncertain system pa-
rameter, and f(-) defines the nonlinear system dy-
namics.! A similar continuous-time MIMO repre-
sentation without an explicit parameter term has
also been adopted in.? Since estimation and con-
trol algorithms are implemented at discrete sam-
pling instants, the RK4-based discretization ap-
proach is employed to obtain a suitable discrete-
time representation.!?

The classical RK4 method is widely regarded
as providing an effective compromise between nu-
merical accuracy and computational complexity,
as higher-order methods generally achieve greater
accuracy at a correspondingly higher per-step
computational cost. Let Ts denote the sampling
period. Assuming that the input remains con-
stant over one sampling interval, the RK4 incre-
ments are calculated as'™

K = T.f(x[n], u[n], ),

K, = Tsf(x[n] + % u[n],9>,
K; = Tsf(x[n] v % u[n],9>,
K, = Tsf(x[n] +Ks, u[n],e).

The one-step-ahead state is then approximated
by173

x[n+ 1] = x[n] + é(Kl + 2K, )
=+ 2K3 —+ K4)

Accordingly, the RK4-based discrete-time tran-

sition model can be written in compact form
as:1:3,30

x[n + 1] = frx (x[n], un], ), (4)
where fri(-) denotes the nonlinear state transi-
tion obtained through RK4 integration.! This
representation forms the basis of the state-
and parameter-estimation procedures used in the
identification framework.! 330

2.2. System identification based on
Runge—Kutta

The overall structure of the RK model-based sys-
tem identification framework is illustrated in Fig-
ure 1. The framework consists of three principal
components: the RK prediction model (RKyodel),
the RK model-based extended Kalman filter
(RKgkr), and the RK model-based online param-
eter estimator (RKestimator)-> >°

The available input-output measurements are
processed by RKgkp to reconstruct the system
states that are not directly measured. The cor-
rected state estimate is supplied to both RKodel
and RKestimator- Using the corrected state, the
applied control input, and the current parame-
ter estimate, RK 041 generates a one-step-ahead
state prediction. The estimator subsequently
compares this prediction with the corrected state
available at the next sampling instant and up-
dates the uncertain parameter according to the
resulting state-prediction error.

2.2.1. MIMO systems and the Runge-Kutta
method

Consider a continuous-time nonlinear MIMO sys-
tem with N states, R inputs, and Q outputs: 1330

x(t) = £(x(t), u(t),0),
y(t) = g(x(t),u(t)),

x(t) = [1(2) en ()], (5)
u(t) = [ua(t) ur(t)]",
y(t) = [1n(t) yo()]"

The nonlinear state and output mappings f(-)
and g(-) are assumed to be known and continu-
ously differentiable with respect to their relevant
arguments.! This modeling assumption enables
the analytical evaluation of the Jacobian matri-
ces required by RKgkr and RKestimator. > 2°
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Runge-Kutta System Model
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Figure 1. General structure of the Runge-Kutta model-based system identification framework, adapted

fI‘OHll’B’ 30

The state estimate corrected by RKgkr at sam-
pling instant n is represented by

%[n] = [#1[n] a[n] anil]t. (6)

The corrected state estimate provides the initial
condition for the RK prediction model, while the
current parameter estimate determines the model
dynamics. The nonlinear MIMO formulation of
the resulting discrete-time prediction model is
presented next.

Applying the RK4 method introduced in Section
2.1 to the nonlinear MIMO system in (5) yields
the following one-step-ahead discrete-time predic-

tion model:1>3:30

x[n + 1] = frx (X[n], uln], d[n]),
A A (")
yin+1] = g(x[n + 1], uln]).

The discrete-time model in (7) preserves the
nonlinear state dynamics and the coupled in-
fluence of the multiple inputs on the predicted
states and outputs. Within the identification
framework, this model generates the nonlinear
prior state prediction required by RKgkpr. It
is also used to calculate the state-prediction

error and parameter sensitivities required by
RK ot 1,3,30
estimator-

2.2.2. The Runge-Kutta model-based EKF

RKgkr estimates the unavailable system states
by combining the nonlinear state prediction gen-
erated by RK0qe1 with the available output mea-

surements. The discrete-time system is given
by1:3:30

= fri (x[n — 1], u[n — 1],
[ — 1) + wln —1], (8)
y[n] = g(x[n], uln — 1) + vin,

where w[n—1] and v[n] denote zero-mean process-
and measurement-noise vectors with covariance
matrices Q and R, respectively.! The process
noise represents modeling errors and unmodeled
disturbances, whereas the measurement noise rep-
resents uncertainty in the available output mea-
surements.

The recursive operation of RKgkp consists of
two principal stages: the time-update stage and
the measurement-update stage. During the time
update, RK,oqe1 is used to calculate the prior
state estimate and its error covariance. During
the measurement update, the prior estimate is
corrected using the output innovation and the
Kalman gain.!3:30

Time-update (prediction) stage: RKgkp com-
bines the prior state and covariance estimates

as:1:3,30
)~(7[ ] = fRK( [n — 1]
P, = A, P, AT +Q,

where the RK state-transition Jacobian is

ufn — 1],0[n —1]),
) (9)

Ofri
Ap = ——|x=x[n-1] - (10)
Ox u:u%n—l%
6=0[n—1]

Here, P denotes the prior state-estimation
error covariance, and A,, describes the local sen-
sitivity of the RK state-transition mapping to the
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state vector. Equations (9)—(10) constitute the
time-update stage of RKggp." 330
Measurement-update stage: The measurement

Jacobian is given by! 330
og
H» = 87X x=x[n—1] (11)
u=u[n—1]

Using H,, in (11), the measurement-update (cor-
rection) stage jointly computes the Kalman gain,
the corrected state estimate, and the updated co-
variance matrix as:330

K, = P, H} (H,P H + R)%’
%[n] = %~ [n] + Kn, [y[n] —g(% [n],un — 1})}, (12)

P, — (I - Kan)P;.

The term enclosed in square brackets in (12)
is the output innovation, namely, the difference
between the measured output and the output
predicted from the prior state estimate. Thus,
RKgkr recursively reconstructs the current state
vector by correcting the nonlinear RK prediction
according to the available output measurements.!
The corrected state estimate is subsequently sup-
plied to RKpoder and RKestimator~3730

2.2.3. The Runge—Kutta model-based online
parameter estimation

The accuracy of the RK prediction model is
fundamentally determined by the fidelity of the
underlying ordinary differential equation (ODE)
model, which, in turn, depends on the accuracy
of the physical system parameters. Therefore,
RKestimator updates the uncertain parameter 6 on-
line using the state-prediction error, defined as the
difference between the state corrected by RKgkw
and the corresponding one-step-ahead state pre-
dicted by RKpodel- 123 Accordingly, parameter
estimation is driven by the state-prediction error
rather than directly by the output-tracking error.

The one-step-ahead state prediction used for
parameter estimation is obtained from the RK
model in (7). The corresponding state-prediction

error is defined as! 330
eoln] = x[n + 1] — x[n +1]. (13)

For the scalar uncertain parameter considered
here, the Jacobian for RKestimator 18 obtained from

the sensitivity of the state-prediction error to §33°
Oeg[n
Joln] = aee[f[n]]
. (14)
_ OX[n +1]

00

In (14), the corrected state x[n + 1] is treated
as independent of the current parameter update.
Consequently, the Jacobian is determined by the
negative sensitivity of the one-step-ahead RK pre-
diction to 6.

Because the RK4 update in (7) advances the
state recursively, the sensitivity of the one-step-
ahead prediction to 8 also depends on the sensitiv-
ity of the initializing state x[n] to 6. Accordingly,
the RK prediction sensitivity is expressed as! 330

8K2 [n]
90[n]

_0x[n] 1 0K;n]
= o0 6( aofn]

Under the independence assumption stated
above, the term 0x[n]/d00[n] is set to zero,
so that (15) reduces to the form used in
(14).  The individual increment sensitivities
0K 1[n]/00[n],...,0K4[n]/00[n] are evaluated re-
cursively by applying the chain rule to the four
RK4 stages, following the same recursive differ-
entiation strategy used for Jacobian computation
in RK-based model-predictive frameworks.!™3:30

Using the state-prediction error and its Jaco-
bian, the parameter estimate is updated accord-

ing tol»3,30
. . Tinleg[n
Oln +1] = 0[n] — M (16)

Equation (16) has the structural form of
a Gauss—Newton-type correction for the scalar
uncertain parameter, in which the Hessian of
the least-squares objective is approximated by
J5 [n]Jg[n].31 The numerator projects the state-
prediction error onto the parameter-sensitivity di-
rection, while the denominator scales the correc-
tion by the squared magnitude of this sensitivity.

The recursive parameter update enables the
RK 0del to continuously adapt to uncertain or
time-varying system parameters while reducing
the state prediction error.!33% This adaptive
mechanism ensures accurate estimation of the
physical system parameters, thereby improving
the accuracy of the underlying ODE model.! 330
Consequently, future system trajectories and the
corresponding Jacobian matrix can be predicted
more precisely.! 339 The updated state estimates
provided by the RKgkp, together with the param-
eter estimates generated by the RKestimator, pPro-
vide the state and model information required by
the RK-based fuzzy PID controller (RKyzzy—pID)
presented in the following section.
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3. Adaptation mechanism for the fuzzy
PID controller

This section presents the RK model-based adap-
tation mechanism developed for the MIMO fuzzy
PID controller. First, the nonlinear fuzzy PID
control law and its adaptive scaling parameters
are formulated in Section 3.1. The predictive
adaptation mechanism, which uses the RK out-
put predictions, is then derived in Section 3.2.
Finally, Section 3.3 provides a discrete-time Lya-
punov stability analysis to prove the uniform ulti-
mate boundedness of tracking errors and param-
eter boundedness under aggregate modeling and
disturbance effects.

3.1. An overview of the fuzzy PID

controller

The general structure of the RK model-based
adaptive MIMO fuzzy PID controller is illustrated
in Figure 2. The fuzzy PID block generates the
nominal control vector, following the fuzzy PID
controller structure of;'® RKjodel provides the
required predictions, as in the RK-model-based
prediction framework of;*30 and the adaptation
mechanism updates the controller parameters on-
line based on the LM optimization algorithm, con-
sistent with.? 330,32

Consider a nonlinear MIMO system with R con-
trol inputs and () controlled outputs. The track-
ing error vector is defined as

ri[n] Runge-Kutta System Model
roln] ! uj[n . N
1 Runge - [Piln+ 1] ..91[n+ K]
* Kutt - s
I Adaptation Law ug[n] Mlc:d:l [yq [n+1]..50n+ K]]
|| Levenberg Marquardt Algorithm Runge - Kutta | 0
| Model based
prev = pald + Ap Parameter
pp=—(TJ + ”1)‘1116 Estimation
Ap(n + 1) = Proj(p(n), Ap(n) L) 5
!l Correction Term *1 [n] *¥ [n]
|| sun] = —(JTJ,) The Runge - Kutta
Model based
suln] EKF EE‘ Eﬂ
ri[n] Fuzzy PID Controller o
ey[n] Ke,, ->.—>®—> ~
To[n] 81["1*911"*11 %:ncu ® Eﬂ
Y1 [n] 7 eqn—1]
- ' £
Yolnl: : yi[n+1]
: . ) 1
exln] ] . © o/
o L %ncm g © Z _,® STL:;L Yoln +1]
Kaeng v
eR[n—l]
w(n—1] ' =y
1
ug[n—1] 1
1 —
21
I—I E
Figure 2. Runge Kutta model-based adaptive MIMO fuzzy PID controller structure? 16
e[n| = yret[n] — y[n], (17) eq[n] = yres,[n] = yqlnl,
where yef[n] and y[n]| denote the reference and Aeg[n] = eq[n] — eq[n — 1], (18)

measured output vectors, respectively. The track-
ing error and its discrete-time difference associ-
ated with the ¢-th controlled output are defined
analogously to the scalar tracking error of,'® ex-
tended to each output channel of the MIMO sys-
tem, as

g=1,...,Q.

For each input—output pair of subcontrollers,
the normalized fuzzy controller inputs are calcu-
lated by extending the SISO input-scaling formu-
lation of 1% to every (7, q) pair of the MIMO struc-
ture, consistent with the multiple-input—multiple-
output fuzzy PID architecture of,'6 as
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en,rq[n] = Kerg[n]eq[n],

én,rq[n] = Kge,rq[n]Aeg[n].
where K. rq[n| and Kge,q[n] are the input scaling
parameters of the fuzzy subcontroller connecting
the g-th controlled output to the r-th control in-
put, extending the SISO scaling-coeflicient defini-
tion of1® to each (r, ¢) pair of the MIMO structure
introduced in this work. The notation é, ,4[n]
represents the normalized discrete-time error dif-
ference rather than a continuous-time derivative.
Since the scaling parameters are adapted online,
the normalized inputs are saturated to the uni-
verse of discourse before defuzzification,

(19)

€n,rq|n] < sat (emrq [n]),

énrq[n] < sat(€nrqn]), (20)

sat(z) = max(—1, min(1, z)),

so that the membership degrees remain well de-
fined during large reference transitions, consis-
tent with the fundamental requirement that fuzzy
membership functions be defined over a bounded
universe of discourse,?3% and with the normal-
ized [—1, 1] universe of discourse adopted for the
triangular membership functions in.'? !0 Qutside
the saturation region, the corresponding deriva-
tives in (19) vanish, which prevents unbounded
growth of the input scaling parameters.

Triangular membership functions are defined
over the normalized universe of discourse us-
ing the core points (—1,—0.4,0,0.4,1), extend-
ing the SISO core-point definition of'® to each
fuzzy subcontroller of the MIMO structure, con-
sistent with.'0 Assume that e, -o[n] lies between
the neighboring core points e; and e; 1. The cor-
responding membership degrees are obtained by
extending the SISO membership-degree formula-
tion of ! to each (r,q) pair, as

Cit1 = n,rq[n)]
Ailenrqn]) = —————
'L( n,rq[ ]) Cit1 — € )
€n,rq [n] — €
Aivi(enrgln]) = ————.
e
Similarly, if é,, »4[n] lies between the neighboring
core points €; and é;41, the membership degrees
are, following the same SISO-to-MIMO extension
of, 1%

(21)

. €; 1 — é n
Bj(én.rqlnl) = lef;q”
il =i 2D
) é n| —é;
B (Enrglnl) = = 7=
J J

10

Since the triangular membership functions over-
lap only pairwise, at most two membership func-
tions are active for each fuzzy input, and hence ex-
actly four neighboring rules are fired at any sam-
pling instant, as in the original PID-type fuzzy
controller of.'16 Furthermore, the neighboring
membership degrees sum to unity within each ac-
tive interval, so that the center-of-gravity defuzzi-
fication reduces to the plain weighted sum of the
four active rule outputs, extending the SISO de-
fuzzification formulation of'® to each (r,q) fuzzy
subcontroller of the MIMO structure,

upcrq[n] = AiBjuij + Aiy1Bjuit,;
+ AiBjui 11 + Aip1 Bjriuig 11,
(23)

where the arguments of the membership func-
tions have been omitted for compactness. Equa-
tion (23) represents the weighted interpolation of
the four active singleton rule outputs, consistent
with.1®

The rule values are generated from a sigmoid-
based nonlinear control surface as given in'® in-
stead of a conventional rule table in.'16 The rule
value at the core point (e;,¢;) is defined as'®

Ujj = S; + Sj — 1, (24)
where
1
S; = T TR
1+ e e (25)
S; = 71
T 1 ek

The sigmoid slope parameters have been empir-
ically selected as ki = ko = 3! based on an ob-
servational evaluation of the resulting fuzzy rule
surface, as these values provided an appropriate
nonlinear characteristic while maintaining smooth
transitions between the fuzzy rule regions.

As illustrated in Figure 3, the resulting control
surface exhibits a smooth, continuous, and non-
singular transition across the input space, con-
firming that the selected sigmoid slope parame-
ters yield a well-behaved fuzzy mapping without
abrupt switching discontinuities.

The fuzzy mapping can consequently be repre-
sented in compact form as

urCyrg[n] = fr(enrglnl; énrqlnl),  (26)
where fp(-) represents the nonlinear map-
ping produced by the membership functions
and the sigmoid-based control surface.'® The
subcontroller-wise fuzzy PID control contribution
is calculated as
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Control Surface

de/dt

-1

Figure 3. Nonlinear fuzzy control surface'®

Uc,rg[n] = arg[n]urc rqn]

+ 57”(1 [n} (UFC,rq [n] + UFC,rq [n - 1])a (27)

where a,q[n] and f(,4[n] are the output scaling

parameters of the fuzzy subcontroller connecting
the ¢-th controlled output to the r-th control in-
put, extending the SISO output-scaling formu-
lation of!® and the main/coupling subcontroller
structure of!® to each (r,q) pair of the MIMO
system.

As established for PID-type fuzzy controller
structures in,!1-15:16 the two terms in (27) provide
complementary control actions: the first term,
arg[n|upcrq[n], provides a nonlinear PD-type
control contribution because the fuzzy controller
output is generated from the scaled tracking er-
ror and its discrete-time difference, whereas the
second term, B,q[n](upc,rq[n] + upcrqln — 1), in-
troduces an integral-like contribution through the
incremental implementation of the control law;
therefore, the combination of these two contribu-
tions yields the PID-type behavior of the fuzzy
subcontroller associated with the (r,¢) input—
output pair. This formulation extends the SISO
PID-type fuzzy controller structure in'® to the
incremental MIMO fuzzy PID architecture con-
sidered in.!® The r-th control input is obtained
by combining the direct control contribution with
the cross-coupling contributions associated with

11

the remaining controlled outputs. Accordingly,
the contributions of all output-related subcon-
trollers are combined to generate the r-th con-
trol input, consistent with the main-and-coupling-
subcontroller architecture of:!6

Q
ur[n + 1] = up[n] + Z {arq [nJurc rq[n]
q=1
+ qu [n] (uFC,rq [n] + UFC, rq [n - 1])] )
r=1,...,R.

Thus, all Q controlled outputs contribute to
the increment of each control input, allowing the
controller to represent the coupled behavior of the
MIMO system.'6

In vector form, the nominal MIMO fuzzy PID
control law is

(28)

uln + 1] = un] + Aupfn + 1], (29)

where
Aup[n+1] = [Auy[n + 1]

Motivated by the
PID parameter matrix structure introduced
in,2 in which each (r,q)-indexed control-
input /controlled-output pair is assigned a dedi-
cated set of PID gains, the adaptive input scaling
parameter matrices of the MIMO fuzzy PID con-
troller are defined analogously as

Augln+1]]". (30)
R x 3Q MIMO
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[ Ke11[n] Keaqln]
Ke[n] = . J
:Ke,Rl [n] Ke rgln] (31)
Kge1[n] Kae10[n]
Ke[n] =
| Kde,r1[n] Kie rq(n]

Similarly, the output scaling parameter matrices
are defined as

[ a11[n] a1g[n]
a[n] = )
:am [n] arg[n] (32)
Bui[n] Bigln]
Bln] = : :
| Br1[n] Brqln]

The adaptive parameters of the MIMO fuzzy
PID controller are collected into the composite
parameter matrix @[n] € R**F? or, equivalently,
into the stacked parameter vector p[n] € R9:

vecT K. [n] T
T
O[n] = |:vec Kde[n]] ’

vecT afn]

vecT B[n] (33)

pln] = vec(®[n]) = [p1[n]  p2(n] PARQ [n]]Ty
where vec(-) denotes the column-stacking vector-
ization operator. For the considered 2 x 2 MIMO
three-tank system (R = @ = 2), p[n] contains 16
online-tunable parameters.

To guarantee parameter boundedness and main-
tain numerical well-posedness, each adaptive pa-
rameter is confined to a strictly defined compact

admissible interval:
Hmin,l < [n] < gmax,h l= 17 ) 4RQ7 (34)

where Oyin; and 0,51 denote the lower and upper
bounds of the [-th parameter component, respec-
tively. Consequently, the admissible parameter
space forms the compact hyper-rectangle:

4RQ

R = H [Hmin,ly emax,l] C
=1

RAEQ (35)

3.2. Predictive controller adaptation
mechanism

RKnodel, introduced in Section 2, predicts the sys-
tem outputs over the prediction horizon x. These
predictions are used to calculate the future track-
ing errors and model sensitivities required for con-
troller adaptation.®:?

The predicted output sequence over the predic-
tion horizon can accordingly be expressed as

12

Yn] = [3%[n + 1] T +x]]",  (36)
following the multi-step prediction structure em-
ployed in.%?2

In the iterative computation of (36), the
candidate control vector u[n + 1] is assumed to
remain unchanged over the prediction interval
[t+Ts, t+KkTs], so that the k-step-ahead outputs
are obtained by applying u[n + 1] repeatedly to
RKodel.> This assumption renders the predicted
outputs explicit functions of a single control vec-
tor and therefore makes the model sensitivities in
(47) well defined.

The predicted tracking-error vector at the p-th
prediction step is defined as!1?

&y[n+p| = yret[n+p|=y[n+pl,p=1,..., k. (37)
Its g-th component is
éq[n + p] = Yreg, [0+ p] — Jg[n + pl, (38)
p=1,...,K, qg=1,...,Q.

The control objective includes the predicted
tracking errors and a quadratic penalty on the

control increments: 13 32
ko Q
Flufn+1 Z ég[n + pl
iU:1 q=1
1 B ) (39)
5 2 A (ur[n 4 1] = upln])”,

3
—

where A, > 0 is the control-increment penalty
associated with the 7-th control input.b332 The
first term (3) penalizes the predicted tracking er-
rors, whereas the second term (3 ;) limits exces-
sive control-input variations.?® For compact nota-
tion, the stacked prediction-error vector is defined
as

éy[n] = [é)[n+1] (40)

The control increment and its weighting matrix
are

é, [n+ KHT € R,

Auln + 1] = u[n + 1] — uln], (41)
and

A= diag()\la .. '7)\R)7

(42)
respectively.
The extended prediction-error vector is then

defined as
éln] = [ evin
AY2Auln +1]
Consequently, the objective function can be ex-
pressed as

] € RROTE, (43)

Fufn + 1)) = %éT[n]é[n]. (44)
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The Jacobian required for parameter adaptation
is defined as! 3

o0éln]
dprpiD[n]

Since the predicted outputs depend on the fuzzy
PID parameters through the control vector, the

J[n] = R(FQHR)XARQ (45)

chain rule gives!' 3
Iln) = dé[n] Ouln+1]
du[n + 1] dprpip[n] (46)
= I [n]IL P[0l
where
Jm[n] _ 8@[77,] c R(HQ+R)XR’
Ouln + 1] (47)
JEPID [ duln + 1] c REX4RQ
dprpin[n]

Here, J,,,[n] contains the RK model sensitivities,
whereas JEPTP ] represents the sensitivity of the
control vector to the fuzzy PID parameters.!™

Since the parameters associated with the s-th
controller do not directly affect u,[n+1] for s # r,
the corresponding derivatives are

Ourln+1]  Ouy[n+ 1]
8Ke,sq aI(de,sq

~ Oug[n +1]

N OJagg
_ Oup[n + 1] .

8Bsq

Extending the SISO output- and input-scaling
derivative formulations of the fuzzy PID con-
troller in'® to the MIMO case, the output-scaling
derivatives for the parameters associated with the

r-th control input and the g-th controlled output
are obtained as

=0,s

Our[n + 1]

T — uFC,rq[”]?

ou [nrj— 1] (49)
:%ﬁ = chyrq[n] + UrCrq [n — 1].

Similarly, extending the SISO input-scaling de-
rivative formulation of!® to the MIMO case, the
derivatives with respect to the input scaling pa-
rameters are

dur[n +1] _ M
oK., ol Anlnl)
P+ 1)
OupC,rqn
Oen rq(n] (50)
OKerq
ou, [n + 1] . auFC’mq [n]
m = ( rq[n] “"ﬁrq[n])m

Aeg[n].

In these derivatives, the previous fuzzy out-
put upc rq[n — 1] is treated as stored data and is
independent of the current parameter update.

The membership-function sensitivities required
within the active membership interval follow di-
rectly from the triangular membership definitions
of,1? generalized to each input—output pair (r,q),
as

04; 1
dep rqn] €it1 — €
0Ait1 1
Oenrqn] e — e (51)
oB; 1
Oénrqln] — éje1 — ¢
OBji1 1
TN o e

Consequently, applying the product rule to the
fuzzy-controller output defined analogously to,'?
but extended to each (r,q) pair of the MIMO
structure, the local fuzzy-controller sensitivities
are obtained as

Ourcyrgn] fji B "

den rqln] pr 867”«(1 bTab, .
Och,qqn gig:lA o
Fenrl ~ 2 2 AT

These sensitivities follow directly from the
piecewise-linear triangular membership functions.
Using the total Jacobian in (46), the fuzzy
PID parameter vector is updated by the LM
method.? 33032

Using the extended prediction error &[n] and the
total sensitivity Jacobian J[n] = J,[n]JEFIP[n]
defined in (46), the raw parameter increment is
computed using the Levenberg—Marquardt opti-
mization algorithm:

Ap™Mn) = — (3T [n]3[n] + 1) IT[nleln],  (53)

where p > 0 is the LM damping factor used to
improve numerical conditioning and to balance
the Gauss—Newton and gradient-descent charac-
teristics of the adaptation process.?® The uncon-
strained parameter-adaptation increment is sub-
sequently scaled by an adaptation learning rate

€ (0,1]:

Apln] =~ Ap™M[n]. (54)
An additive correction term is included to im-

prove the control action during transients and un-
der model uncertainty:?

suln + 1) = —n(IL 3, n]) " Thmleln],  (59)
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where 0 < n < 1is an adjustable correction coefli-
cient, which is selected as the largest value within
this interval that keeps the control signals, their
rates of change, and the system outputs inside
their admissible bounds.?

The corrected control vector before actuator
saturation is given by:2

ucorr[n + 1] = u[n + 1} + 511[71 —+ 1]

= ufn+ 1] (S nldln)) " (56)
JT [n]é[n].

To account for physical actuator limitations,
the corrected control input is subjected to actua-
tor saturation constraints:

U= {ueRR:ur,mm < Uy < Upmax, T = 17“'7R}' (57)

The control signal injected into the plant is
therefore given by

u,[n + 1] = saty (ucorr[n + 1]), (58)

where saty/(-) enforces componentwise saturation
between U, min and U, max-

To ensure that the controller parameters strictly
remain within the compact admissible set R with-
out introducing abrupt derivative discontinuities,
an online projection operator with a boundary
transition layer is employed, building upon the
projection mechanisms utilized for robust adap-
tive control.36  For each parameter component
Il € {1,...,4RQ}, let the parameter range be
A0 = Omaxi — Oming. A boundary layer thick-
ness is specified as ¢, = §.Af;, where 6. € (0,0.5)
denotes the boundary layer ratio (chosen as 0.05
in the implementation).

The directional projection modifier adjusts the
parameter update direction near the boundaries

if Pl [TL] > Gma&l — €

as follows:36
and Ap[n] > 0,

(PPt ) s

if Pl [n] < Omm,l + €
and Ap;[n] <0,

emax,l — Pl [n]

~200) Apal

A i) =

Apy[n],

otherwise.

Using the projected increment in (59), an inter-
mediate candidate parameter is generated as:

cand [

pi*™[n] = piln] + Apf™ ). (60)

14

Because discrete-time updates with finite sam-
pling intervals may occasionally overshoot the
boundary under severe transients, a discrete-time
boundary guard is applied as a safeguard:

Pl [’I’L + 1] = Sat[emin,h Omax,1] (plcand [n])
cand

= max (emin,la min (emax,h P

61
-

The combination of (59)—(61) ensures that
the compact parameter set R is strictly forward-
invariant:

pl0] e R = p[n] € R, Vn > 0. (62)

Moreover, the effective parameter increment
applied to the controller at instant n satisfies
Ap*Piedn] = pln + 1] — p[n].

At each sampling instant, the fuzzy PID con-
troller generates a nominal control vector using
the current tracking errors. RK,oqe1 then predicts
the future outputs and calculates the required
sensitivities, following the RK-model-based pre-
diction and Jacobian computation framework of.?
The fuzzy PID parameters are updated by the LM
method, analogous to the LM-based fuzzy PID
parameter adaptation of,'® and the corrected con-
trol vector is applied to the nonlinear MIMO sys-
tem. Thus, the controller parameters are adapted
according to the predicted tracking behavior of
the controlled system, extending both frameworks
to the MIMO fuzzy-PID case addressed in this
work.

3.3. Stability analysis

Motivated by the Lyapunov-based stability
framework employed in the Runge-Kutta sparse
identification (RK-SINDYc)-based MPC study,?”
a stability analysis tailored to the proposed adap-
tive controller is developed in this section. The
stability of the introduced adaptive controller is
examined using a discrete-time Lyapunov frame-
work. Closed-loop adaptive control systems are
affected by system modeling errors, numerical ap-
proximation errors, estimation errors, measure-
ment noise, reference variations, and residual non-
linear effects; therefore, exact convergence of the
tracking error to zero may not always occur.
Thus, in this analysis, our aim is to establish uni-
form ultimate boundedness (UUB) of the tracking
error while ensuring the boundedness of the adap-
tive fuzzy PID parameters.
The tracking-error vector can be defined as

e[n] = yret[n] — y[n], (63)
and let p[n] € RNr stand for the parameter vector
composed of fuzzy PID scaling coefficients.
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To prevent parameter drift, the controller pa-
rameters are adapted using the projection algo-
rithm, so the parameter vector is bounded as
shown below.

lp[nlll < p < oo. (64)
Moreover, since
I 3[n] + pl = pd, (65)
if [|J[n][| < J, then
J .
[Ap[n]]| < Elle[nlll (66)

Hence, LM regularization limits the uncon-
strained parameter increment for bounded pre-
diction errors, whereas the projection mechanism
prevents unbounded parameter drift.

The local one-step closed-loop tracking-error
dynamics can be defined as:

eln+ 1 = Ac(pln], n)e[n] + dln],  (67)

where A (p[n],n) is the local closed-loop error-
transition matrix and d[n| stands for the aggre-
gate disturbance given as:

d[n] = dodel [n] + dgrk [n]
+ destimation [n] + dnoise [n]
+ dreference [n] + dnonlinear [n] (68)

Thus, in the error term, uncertainties aris-
ing from model mismatch, RK truncation error,
state/parameter-estimation errors, measurement
noise, bounded reference variations, and higher-
order or unmodeled nonlinear effects can be rep-
resented by d[n].

The fourth-order Runge—Kutta method satisfies
the following truncation error condition:

ldrk[n]]| < erxT?

under the usual smoothness assumptions.

Assuming that all disturbance components
are uniformly bounded, the aggregate disturbance
satisfies

(69)

ld[n]]| < d < o, (70)
where
d= Jmodel + CRKTS5 + Jestirnation
+ Jnoise + Jreference + Jnonlinear- (71)

In the remainder of the analysis, d is used as
the uniform upper bound representing all aggre-
gate disturbance effects.

The quadratic Lyapunov candidate can be ex-
pressed as follows:

V[n] = eT'[n]Pe[n).
Since P > 0,
Prinlefn]||* < V1] < pmax|le[n]

(72)

= (73)
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where Pmin = )\min(P) and Pmax = Amax(P)- Us-
ing (67), the one-step Lyapunov difference is

AVn] = e’'[n] (Al[n]PA.[n] — P) e[n]

-Q
+ 2eT[n] AL [n)Pd[n] (74)
+ d?[n]Pd[n].

where
qmin = Amin(Q) > 0. (75)

For stability, AV[n] < 0 must be satisfied as
follows:

AV[n] < —el'[n]Qe[n]
+ 2eT[n]AL [n)Pd[n]
+ dT[n]Pd[n].

The upper bound for the first term in (76) can
be obtained as follows:

—e’[n]Qe[n] < —gminlle[n]]? (77)

and, over the considered compact operating re-
gion,

(76)

[Ac(pln],n)| < A. (78)
The cross term in (76) satisfies
2e" ATPd < 2[e]|[| A ||| P]]]|d]|
< 2Apmax|lell||d]]- (79)

By defining ¢ = Apmax and using d7’Pd <
Pmax||d||?, (76) can be rewritten as follows:
AV[n] < — gmin|le[n]®
+ 2c[le[n] [[[|d[n]]| + pmax/ld[n][*. (80)
Using ||d[n]|| < d, (80) is given as:
AV[n] < = guinlle[n]|* + 2cd] e[n]]
+ Pmaxd”. (81)

The second term on the RHS of (81) can be
written as follows via Young’s inequality:

2

_ c

2cd|le[n]|| < erlle[n]]* + ;CF, (82)

L

where 0 < e, < @min- Thus, (81) can be obtained

as:

AV[TZ] < - (Qmin - 5L) ||e[n]||2
—_——

«

2
+ <pmax + > Jz . (83)
€L
0
Then, (83) is reduced as:
AVn] < —alle[n]||* + 6. (84)

In conclusion, AV[n] < 0 is satisfied as long as

et > /%

(85)
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and (85) indicates that the Lyapunov function de-
creases outside a bounded neighborhood of the
origin.

To obtain an explicit UUB result, from (73),
the following expression can be obtained:

Vin
el > ) (50
pmax
Hence, using (86), (84) can be given as:
AV[n] < —kV[n] + 4. (87)
where o
n:p , 0<k<l, (88)
Thus,
Vin+1] < (1 —k)V[n]+ 0. (89)

As a result of recursive application of (89), the
following is obtainedacquired:
Vin] < (1 —&)"V]0]
)
—-1—-(1-r)"].
+ -

Since 0 < k < 1, the upper limit can be derived
as:
)

limsup V[n] < —

n—00 K
Since |le[n]|? < %V[n], the tracking error
satisfies the following inequality:

(90)

_ DPmax0
-

(91)

lim sup ||e[n]|| < ruus, (92)
n—oo

where ryyp denotes the radius of the uniform ul-
timate bound (UUB) on the tracking error and is
given as follows:

1/2

Pmax (pmax + 02/5L) d

(Qmin - EL)
Thus, the closed-loop tracking error is uniformly
ultimately bounded by ryup in the presence of
bounded aggregate disturbances d.
For the nominal disturbance-free case, d[n] = 0,
AVn] < —e"[n]Qe[n] < —gmin/le[n]|> <0 (94)
for every e[n] # 0. Hence, e[n] — 0.

(93)

TuuB =

Pmin

4. Simulation results

In this study, the proposed adaptive MIMO fuzzy
PID controller based on the RK model is compar-
atively analyzed with respect to the RK model-
based adaptive MIMO PID controller presented
by Cetin and Iplik¢i.? These two controllers are
tested on the same nonlinear three-tank liquid-
level control problem, with the same plant pa-
rameters, initial conditions, reference trajectories,
sampling times, input constraints, and operating
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conditions. The plant and the prediction models
are propagated numerically via the RK4 scheme.

All simulations were implemented in MAT-
LAB R2019b and executed on a 64-bit computer
equipped with a 13th-generation Intel Core i7-
1370P processor operating at 1.90 GHz and 16 GB
of RAM under the Windows 11 Enterprise oper-
ating system. The computation times reported
in Section 4.5 were obtained using this computa-
tional environment.

Three simulation scenarios are considered.
The first scenario represents nominal operation
without measurement noise and parameter un-
certainty. In the second scenario, measurement
noise is added to the measured liquid levels. In
the third scenario, the inter-tank flow coefficient
azy3 is varied over time to introduce plant-model
mismatch. The three scenarios are used to eval-
uate tracking accuracy, noise sensitivity, online
adaptation, parameter-estimation capability, and
computational performance. For a fair compari-
son, the same measurement-noise realizations and
the same time-varying parameter profile are ap-
plied to both controllers in the corresponding sce-
narios. The comparative evaluation considers the
tracking responses, control inputs, adaptive con-
troller parameters, additive correction contribu-
tions, composite performance indices, and com-
putation times.

4.1. Three-tank system model

The three-tank system is a widely adopted bench-
mark for assessing the control performance of
MIMO controller architectures developed for non-
linear MIMO systems in the literature.!™ Its
schematic representation is shown in Figure 4.
The setup consists of three identical cylindrical
tanks connected in series, two pumps responsi-
ble for circulating water from the reservoir at
the base, interconnecting valves that regulate the
flow between adjacent tanks, and a common water
reservoir located beneath the tanks.

The state, input, and controlled-output vectors
are defined as

x(t) = [hi(t) ha(t) hs(t)]",
u(t) = [a(t) @),
y(t) = [h(t) ha(t)]".

The nonlinear model is derived from the mass-
balance equations of the three tanks.?? Assuming
that the tanks have the same cross-sectional area
A, the liquid-level dynamics are described by!=3:30

(95)



I. K. Giindogan and K. Ucak. / IJOCTA, Vol.z, No.x, pp.za-zx (2026)

N 77N\
—(=) O
Pump1 l l Pump2
Q1 92
- D >
-
—
S
tank; taik
hy tanks |h, }\LZ
\ X N X
azyq Sn:l 4713 azso Sn:l 4232 azyo
7’
| L LI

Figure 4. Schematic representation of the three-tank liquid-level system

hi(t) = % :Q1(t) — Qu3(t) — Qlo(t)},
ho(t) = 4 [20) + Q) — Qul0)],  (99)
hs(t) = % :Q13(t) — Q32(t) — Q30(t)}-

Here, Q13(t) and Q32(t) denote the inter-tank
flow rates, whereas Q10(t), Q20(t), and Q3o(t)
denote the outlet flow rates.! 330 According to

Bernoulli’s law, the inter-tank flows are expressed
1-3,30
as >

Q13(t) = az135, sgn(hl(t) — h3(t))
X \/2g[ha(t) = ha(D)],

Q32(t) = az32Sy, Sgn(hg(t) — hg(t))
X /29 h3(t) — ha(t)].

1-3,30

(97)

The outlet flows are given by
Quo(t) = 2108,/ 29k (1),
Q20(t) = az20Sn\/2gha(t),
Qs0(t) = az305n\/2ghs(t).

In these equations, S, is the outlet cross-
sectional area, g is the gravitational acceleration,
and az;; denotes the corresponding flow coeffi-
cient.! 32939 The sign functions in (97) allow
the inter-tank flow directions to vary according
to the relative liquid levels.!3:2%30 The nonlin-
ear model in (96) is discretized using the RK4
method presented in Section 2.1.

The nominal plant parameters, initial condi-
tions, and controller settings used in the simula-
tions are summarized in Table 1. In the nominal
and measurement-noise cases, the plant and RK
model use the same nominal parameters. In the
parameter-uncertainty case, the actual value of

(98)
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1-3,29, 30

az13 is varied while RK},04e1 is initialized with its
nominal value.

Several prediction horizon lengths were inves-
tigated during the controller design stage. While
extending the prediction horizon enables the con-
troller to anticipate system behavior further into
the future, it also increases the computational
burden associated with solving the online opti-
mization problem. Based on extensive simulation
studies, a prediction horizon of k = 5 was found
to provide a favorable balance between predictive
capability and computational efficiency, and was
therefore adopted in the final controller configu-
ration.

The damping parameter of the LM algorithm,
denoted by i, was determined through a series of
preliminary numerical experiments involving dif-
ferent candidate values. Within the LM frame-
work, the damping factor improves the numerical
properties of the approximated Hessian matrix by
reducing ill-conditioning and facilitating a stable
matrix inversion process. The simulation results
indicated that p = 1 ensured reliable convergence
characteristics and robust matrix inversion with-
out introducing excessive damping effects. Con-
sequently, this value was selected for the proposed
controller.

The weighting coefficient associated with the
control increment term, A, was selected by con-
sidering the relative numerical magnitudes of the
terms appearing in the cost function. Since the
manipulated variables of the system are typically
on the order of 1074, the contribution of the con-
trol effort term remains significantly smaller than
that of the tracking error term unless an appropri-
ate scaling factor is introduced. For this reason,
A = 10* was employed to increase the influence
of the control component within the optimization
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criterion. Without this weighting adjustment, the at the expense of large variations in the manipu-

cost function would be dominated by the track- lated variables, which may result in undesirable

ing error term, potentially encouraging the opti- chattering behavior. The projection algorithm

mizer to achieve improved tracking performance parameters deployed in the adaptive fuzzy MIMO
PID are tabulated in Table 2.

Table 1. System parameters, initial conditions, common predictive-adaptation settings, and
controller-specific initialization values used in the comparative simulations! 3>3°

Parameter Description Value

az13 Flow coefficient between Tanks 1 and 3 0.5

az32 Flow coefficient between Tanks 3 and 2 0.55

az1o Outlet flow coefficient of Tank 1 0.26

az20 Outlet flow coefficient of Tank 2 0.28

az3o Outlet flow coefficient of Tank 3 0.45

A Tank cross-sectional area 0.0154 m?2

Sn Outlet cross-sectional area 5% 107° m?2

g Gravitational acceleration 9.81 ms™2

Ts Sampling period 1s

Ngim Number of simulation samples 1800

h1(0) Initial liquid level of Tank 1 0.02 m

h2(0) Initial liquid level of Tank 2 0.02 m

hs3(0) Initial liquid level of Tank 3 0.02 m

q1(0) Initial inlet flow rate of Tank 1 1.0x 1074 m3s~!
q2(0) Initial inlet flow rate of Tank 2 1.0 x 1074 m3s~!
Gmin Minimum control input 0m3s1!

QJmax Maximum control input 1.0 x 1074 m3s—1

Adaptive fuzzy PID controller settings

Ke,rq(0) Initial error scaling parameter 1.0 x 10725
Kge,rq(0) Initial error-difference scaling parameter 1.0 x 1072°
arqg(0) Initial output scaling parameter o 1.0 x 10—25
Brq(0) Initial output scaling parameter 3 1.0 x 10—25
K Prediction horizon 5

A1 Control-increment penalty for g1 1.0 x 10*
A2 Control-increment penalty for g2 1.0 x 104

“w LM damping parameter 1

n Additive correction coefficient 0.9

Adaptive PID controller settings

Ky rq(0) Proportional gain parameter 1.0 x 10725
K; rq(0) Integral gain parameter 1.0 x 10725
Kgrq(0) Derivative gain parameter 1.0 x 10—25
K Prediction horizon 5

A1 Control-increment penalty for ¢ 1.0 x 10%
A2 Control-increment penalty for gz 1.0 x 10%

”w LM damping parameter 1

n Additive correction coefficient 0.9

EKF Parameters (Measurement-Noise Scenario)

Q Process-noise covariance 10713
R Measurement-noise covariance 5 x 10~ %I,
Py Initial state-estimation error covariance 10~313

18
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Table 2. Projection algorithm parameters used in
the adaptive fuzzy MIMO PID controller

Parameter [Omin Omaz]

Ke,, [-0.04 0.02]

Kae,, [-5x 1076 0.02]

i [~4 x 107> 0.015]

B [-0.05 0.05]

Ke,, [-0.03 0.035]

Kae,, [—0.0005 0.025]

Q12 [—0.01 0.0035]

P12 [5x 10721 0.1]

Ke,, [5x 10721 5 x 10710]
Kaes, [5x1072 5 x 1071
Q91 [5x 10721 25 x 10711
Bo1 [5x 1072 35 x 10710]
Ke,, [5x 10721 0.035]
Ke,, [5x 102" 0.003]

022 [5x 10721 0.03]

B2 [-0.04 0.04]

€ 10~4

Similarly, the projection algorithm parameters
utilized in the adaptive MIMO PID are given in
Table 3.

Table 3. Projection algorithm parameters used in
the adaptive MIMO PID controller

Parameter [0min Omaxz]

Ky Kpyy Kp,, [—0.002 0.002]
K, Kiy, Kiy, [—0.002 0.002]
Kay, Kayyy Kay, [—0.002 0.002]
Ky, Kiy, Ka,, [—0.0002 0.0002]
€ 1074

4.2. Nominal case

In the nominal case, the proposed RK model-
based adaptive MIMO fuzzy PID controller and
the benchmark RK model-based adaptive MIMO
PID controller are evaluated without measure-
ment noise or parametric uncertainty. For both
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controllers, the plant and the corresponding RK
prediction model use the nominal system parame-
ters. The comparative results include the tracking
responses, control inputs, adaptive controller pa-
rameters, and additive correction contributions.

Figure 5 shows that h(t) and ha(t) closely fol-
low their staircase reference trajectories. Small
transient deviations occur when the references
change because of the dynamic coupling induced
by the inter-tank flows. Nevertheless, the track-
ing errors rapidly decrease, and the control inputs
q1(t) and ¢a(t) remain within the specified limits
throughout the simulation.

Figure 6 shows that both liquid levels closely
follow their staircase reference trajectories under
the adaptive MIMO PID controller. Small tran-
sient deviations occur during reference changes
because of the dynamic coupling between the
tanks. Nevertheless, the tracking errors rapidly
decrease, and both control inputs remain within
the specified limits throughout the simulation.

To evaluate the effectiveness of the correction
term and its influence on the overall control ac-
tion, the percentage contributions of the main
controller output and the additive correction term
to the total control signal were analyzed for both
controllers. Figures 7 and 8 show these contri-
butions for the adaptive fuzzy PID and adaptive
PID controllers, respectively.

For both controllers, the correction terms pro-
vide supplementary control action mainly during
the initial transient and reference changes. Dur-
ing steady-state operation, their contributions de-
crease, and the adapted main controllers generate
most of the required control action.

Figures 9—-12 present the online evolution
of the fuzzy PID scaling parameters. FPIDq;
and FPID9y represent the direct subcontrollers,
whereas FPID 9 and FPID9; compensate for the
cross-coupling effects. The parameters are mainly
adjusted during the initial response and the ref-
erence transitions. All parameter trajectories re-
main bounded, and no continuous parameter drift
is observed under nominal conditions.

Figures 13—16 present the online evolution of
the adaptive PID gains. PID;; and PIDsy repre-
sent the direct subcontrollers, whereas PID;5 and
PIDy; compensate for the cross-coupling effects.
The proportional, integral, and derivative gains
are mainly adjusted during the initial response
and reference transitions. All gain trajectories re-
main bounded, and no continuous parameter drift
is observed under nominal conditions.
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Figure 5. Comparison of the reference and actual liquid levels hy (A) and he (C), and the corresponding
control inputs ¢; (B) and g2 (D) in the nominal case for fuzzy PID

Figure 17 illustrates the Lyapunov function
V[n] and its forward difference AV [n] for the pro-
posed controller over the 0-180s simulation in-
terval in the nominal case. The Lyapunov can-
didate V[n] decays rapidly after reference tran-
sitions and approaches zero during steady-state
tracking, while AV[n] < 0 is consistently main-
tained, corroborating the asymptotic convergence
established in Section 3.3 for the nominal-case sce-
nario.

Overall, the nominal-case results demonstrate
that both the proposed RK model-based adap-
tive MIMO fuzzy PID controller and the bench-
mark RK model-based adaptive MIMO PID con-
troller achieve accurate reference tracking with
bounded control inputs and adaptive parameters.
The direct and cross-coupling subcontrollers of
both control structures effectively compensate for
the nonlinear and coupled dynamics of the three-
tank system.
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4.3. Measurement noise case

In this case, measurement noise is added to the
feedback signals, while the plant parameters are
kept at their nominal values. The reference tra-
jectories are identical to those used in the nominal
case. The noise is modeled as zero-mean additive
white Gaussian noise corrupting the measured lig-
uid levels,

him,iln] = hi[n] + vi[n],
vi[n] ~ N(O, Ufm) ,

where h;[n] and hy, ;[n] denote the noise-free and
the measured levels of the i-th tank, respectively.
The noise variances are selected such that each
measurement attains a signal-to-noise ratio of 30
dB,32’38

99
i=1,2. (99)

022-
g

,%

) dB,  (100)
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Figure 6. Comparison of the reference and actual liquid levels hy (A) and he (C), and the corresponding
control inputs ¢; (B) and g2 (D) in the nominal case for PID
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Figure 7. Comparison of the fuzzy PID and additive correction contributions to the control inputs ¢; (A)
and ¢ (B) in the nominal case
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Figure 8. Comparison of the PID and additive correction contributions to the control inputs ¢; (A) and go
(B) in the nominal case
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Figure 9. Evolution of the adaptive scaling parameters K. 11 (A), Kge,11 (B), a11 (C) and 511 (D) of the
direct FPID;; subcontroller in the nominal case for fuzzy PID
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Figure 10. Evolution of the adaptive scaling parameters K. 12 (A), Kge12 (B), @12 (C) and 12 (D) of the
cross-coupling FPID;5 subcontroller in the nominal case for fuzzy PID

where aii and 012)71- denote the variances of the
noise-free output and of the injected noise, re-
spectively, evaluated over the entire simulation
horizon. The two noise sequences are mutually
independent. The corrupted measurements are
supplied to both control structures and therefore
affect the tracking errors, the RKgkp state es-
timates, the RK-model predictions, and the on-
line adaptation of the controller parameters. This
scenario is used to comparatively evaluate the
tracking, adaptation, and control-input behavior
of both controllers under identical noisy-feedback
conditions.

Figures 18 and 19 present the tracking re-
sponses and control inputs obtained using the
adaptive MIMO fuzzy PID and adaptive MIMO
PID controllers, respectively, at an SNR. of 30 dB.
For both controllers, the liquid levels hq(t) and
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ha(t) closely follow their staircase reference trajec-
tories. Small fluctuations are observed around the
reference levels, particularly during steady-state
intervals, because of the measurement noise. Nev-
ertheless, both controllers maintain stable track-
ing, and the control inputs ¢;(t) and ga2(t) re-
main within the specified limits without signifi-
cant noise-induced chattering.

Figures 20 and 21 show the percentage con-
tributions of the main controller outputs and the
additive correction terms for the adaptive fuzzy
PID and adaptive PID controllers, respectively.

For both controllers, the correction mechanism
provides supplementary control action mainly
during the initial transient and reference tran-
sitions.  Although measurement noise intro-
duces small variations in these contributions, the
adapted main controllers continue to generate the
dominant part of the control action.
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Figure 11. Evolution of the adaptive scaling parameters K. 21 (A), Kge 21 (B), @21 (C) and 821 (D) of the
cross-coupling FPID2; subcontroller in the nominal case for fuzzy PID
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Figure 12. Evolution of the adaptive scaling parameters K. 22 (A), Kge 22 (B), ag2 (C) and S22 (D) of the
direct FPIDss subcontroller in the nominal case for fuzzy PID
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Figure 13. Evolution of the adaptive PID gains K, 11 (A), K; 11 (B) and Kg11 (C) of the direct PIDy4

subcontroller in the nominal case for PID
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Figure 14. Evolution of the adaptive PID gains K, 12 (A), K; 12 (B) and K412 (C) of the cross-coupling
PID;5 subcontroller in the nominal case for PID
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Figure 15. Evolution of the adaptive PID gains K, 21 (A), K; 21 (B) and K421 (C) of the cross-coupling
PID3; subcontroller in the nominal case for PID
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Figure 16. Evolution of the adaptive PID gains K, 22 (A), K; 22 (B) and K422 (C) of the direct PIDgs
subcontroller in the nominal case for PID
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Figure 17. Lyapunov-based stability indicators under nominal operating conditions during the 0-180s
simulation period. (A) Evolution of the Lyapunov function V[n]. (B) Incremental Lyapunov difference
AV[n], demonstrating the monotonic decrease of the Lyapunov function and the stability of the proposed
adaptive fuzzy PID controller.
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Figure 18. Comparison of the reference and measured liquid levels hy (A) and hy (C), and the
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Figure 21. Comparison of the PID and additive correction contributions to the control inputs ¢; (A) and g9

(B) in the measurement noise case for PID

Figures 22—-25 present the adaptive scal-
ing parameters of the four FPID subcontrollers.
FPID1; and FPID9s represent the direct subcon-
trollers, whereas FPID 5 and FPID9; compensate
for the cross-coupling effects. The parameters re-
spond mainly to the initial transient and reference
changes, with additional small variations caused
by the noisy feedback signals. All scaling param-
eters remain bounded throughout the simulation.

Figures 26—29 present the online evolution
of the adaptive PID gains of the four subcon-
trollers. PIDq; and PIDsy represent the direct
subcontrollers, whereas PID{5 and PIDs; com-
pensate for the cross-coupling effects. The pro-
portional, integral, and derivative gains are con-
tinuously adjusted in response to the reference
transitions and exhibit additional fluctuations due
to the noisy feedback signals. More pronounced
gain variations occur at several reference changes;
nevertheless, all gain trajectories remain bounded
throughout the simulation.

Figure 30 presents the corresponding Lya-
punov stability indicators under noisy feedback
over the 0-180s simulation period. Although
measurement noise induces small residual oscilla-
tions around zero in AV[n], the Lyapunov func-
tion V[n] remains bounded within a compact re-
gion throughout the simulation, consistent with
the uniform ultimate boundedness (UUB) prop-
erty established in Section 3.3.
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Overall, the results demonstrate that both the
RK model-based adaptive MIMO fuzzy PID con-
troller and the benchmark adaptive MIMO PID
controller preserve stable reference tracking un-
der noisy feedback conditions. The bounded con-
trol inputs, adaptive parameters, and correction
terms indicate that the direct and cross-coupling
subcontrollers of both controller structures main-
tain regular adaptation behavior in the presence
of measurement noise.

4.4. Parametric uncertainty case

In this case, measurement noise is not in-
cluded. To introduce time-varying parametric un-
certainty, the inter-tank flow coefficient az3 is

varied sinusoidally® around its nominal value as
2Ty

500 )

where T is the sampling period. The variation
has a period of 500 s and drives the parameter over
the interval [0.2, 0.8], corresponding to a £60%
deviation from the nominal value of 0.5 on which
the controllers are designed.

The variation profile in (101) is not available
to either controller. For both control structures,
the time-varying parameter is estimated online
using the same RK-based identification mecha-
nism, and the corresponding prediction model is
updated at each sampling instant. This scenario

aziz[n] = 0.5+ 0.3 sin( (101)
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comparatively evaluates the tracking, parameter-
estimation, controller-adaptation, and control-
input behavior of both controllers under the same
time-varying plant—-model mismatch.

Figures 31 and 32 present the tracking re-
sponses, control inputs, and online parameter-
estimation results obtained using the adaptive
MIMO fuzzy PID and adaptive MIMO PID con-
trollers, respectively, under time-varying para-
metric uncertainty. For both controllers, the lig-
uid levels hq(t) and ho(t) closely follow their ref-
erence trajectories despite the continuous varia-
tion in the inter-tank flow coefficient az13. Small
tracking deviations occur during the initial tran-
sient and during variations in azj3. Neverthe-
less, the tracking responses remain stable and
bounded, while the control inputs ¢;(¢) and g2(t)

remain within their specified limits throughout
the simulation. Moreover, the estimated pa-
rameter closely follows its actual time-varying
value, demonstrating the effectiveness of the on-
line parameter-estimation mechanism for both
control structures.

The parameter-estimation results presented
in panel E of both Figures 31 and 32 show
that the online estimate azig[n] closely tracks
the sinusoidal variation of the actual parameter
az3[n] over the entire [0.2, 0.8] range, with a
slight lag near the extrema of the sinusoidal tra-
jectory. Therefore, the RK-based identification
mechanism updates the prediction model accord-
ing to the changing dynamics and reduces the re-
sulting plant-model mismatch.
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Figure 22. Evolution of the adaptive scaling parameters K. 11 (A), Kge11 (B), @11 (C) and i1 (D) of the
direct FPID;; subcontroller in the measurement noise case
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Figure 23. Evolution of the adaptive scaling parameters K. 12 (A), Kge 12 (B), a12 (C) and S12 (D) of the
cross-coupling FPIDq5 subcontroller in the measurement noise case
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Figure 24. Evolution of the adaptive scaling parameters K. 21 (A), Kge 21 (B), @21 (C) and 821 (D) of the
cross-coupling FPIDs; subcontroller in the measurement noise case
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Figure 25. Evolution of the adaptive scaling parameters K 22 (A), Kge 22 (B), aga (C) and S22 (D) of the
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Figure 26. Evolution of the adaptive PID gains K}, 11 (A), K; 11 (B) and Kg11 (C) of the direct PIDy4
subcontroller in the measurement noise case
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Figure 27. Evolution of the adaptive PID gains K, 12 (A), K 12 (B) and K412 (C) of the cross-coupling
PID;5 subcontroller in the measurement noise case
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Figure 28. Evolution of the adaptive PID gains K, 21 (A), K; 21 (B) and K421 (C) of the cross-coupling
PID5; subcontroller in the measurement noise case
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Figure 29. Evolution of the adaptive PID gains K, 22 (A), K; 22 (B) and K422 (C) of the direct PIDgs
subcontroller in the measurement noise case
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Figure 30. Lyapunov-based stability indicators under measurement noise operating conditions over the
0-180's simulation interval. (A) Evolution of the Lyapunov function V[n]. (B) Incremental Lyapunov
difference AV [n], illustrating the decreasing Lyapunov trend and stability of the proposed adaptive fuzzy PID
controller.
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Figure 31. Comparison of the reference and actual liquid levels hy (A) and he (C), the corresponding
control inputs ¢; (B) and ¢z (D), and the actual time-varying flow coefficient az13 and its online estimate az13
(E) in the parametric uncertainty case for fuzzy PID
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Figure 32. Comparison of the reference and actual liquid levels hy (A) and he (C), the corresponding
control inputs ¢; (B) and ¢z (D), and the actual time-varying flow coefficient az13 and its online estimate az13
(E) in the parametric uncertainty case for PID
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Figures 33 and 34 present the percentage con-
tributions of the main controller outputs and the
additive correction terms for the adaptive fuzzy
PID and adaptive PID controllers, respectively.
For both control structures, the correction mecha-
nism provides supplementary control action, par-
ticularly during the initial transient and in re-
sponse to variations in az13. Although the relative
contributions vary with the time-varying para-
metric uncertainty, the adapted fuzzy PID and
PID controllers generate the dominant part of the
total control action over most of the simulation
period.

Figures 35—38 show the adaptive scaling pa-
rameters of the four FPID subcontrollers. FPID{;
and FPIDsy represent the direct subcontrollers,
whereas FPID15 and FPID2; compensate for the
cross-coupling effects. The scaling parameters re-
spond to the reference changes and variations in
az13 but remain bounded throughout the simula-
tion.

Figures 39—42 present the online evolution
of the adaptive proportional, integral, and de-
rivative gains of the four PID subcontrollers un-
der time-varying parametric uncertainty. PIDqq
and PIDgo represent the direct subcontrollers,
whereas PIDj2 and PID2; compensate for the
cross-coupling effects. The PID gains undergo

their most pronounced adjustments during the
initial transient and subsequently evolve smoothly
in response to the reference changes and varia-
tions in azy3. Most gain trajectories approach
constant or slowly varying bounded levels. No
persistent gain oscillation or continuous parame-
ter drift is observed throughout the simulation.

Figure 43 presents the evolution of Vn]
and AV[n] over the 0-180s simulation period
under time-varying parametric uncertainty. De-
spite the severe +=60% continuous variations in
az3, the Lyapunov function V[n] dissipates
rapidly after reference transitions and remains
uniformly bounded within the predicted UUB re-
gion throughout the entire simulation horizon,
further supporting the theoretical stability guar-
antees established in Section 3.3.

Overall, the results indicate that both the
proposed RK model-based adaptive MIMO fuzzy
PID controller and the benchmark RK model-
based adaptive MIMO PID controller maintain
stable and bounded tracking behavior under time-
varying parametric uncertainty. For both control
structures, the online estimation of azi3 reduces
the plant—-model mismatch, while the bounded
adaptation of the direct and cross-coupling sub-
controllers compensates for the resulting varia-
tions in the coupled nonlinear flow dynamics.
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Figure 33. Comparison of the fuzzy PID and additive correction contributions to the control inputs ¢; (A)
and g2 (B) in the parametric uncertainty case for fuzzy PID
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Figure 34. Comparison of the PID and additive correction contributions to the control inputs ¢; (A) and go
(B) in the parametric uncertainty case for PID
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Figure 35. Evolution of the adaptive scaling parameters K. 11 (A), Kge 11 (B), @11 (C) and 11 (D) of the
direct FPIDq; subcontroller in the parametric uncertainty case
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Figure 36. Evolution of the adaptive scaling parameters K. 12 (A), Kge12 (B), 12 (C) and 12 (D) of the
cross-coupling FPIDq5 subcontroller in the parametric uncertainty case
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Figure 37. Evolution of the adaptive scaling parameters K. 21 (A), Kge 21 (B), g1 (C) and 821 (D) of the
cross-coupling FPIDs; subcontroller in the parametric uncertainty case
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Figure 38. Evolution of the adaptive scaling parameters K, 22 (A), Kge 22 (B), aga (C) and B2 (D) of the
direct FPID9y subcontroller in the parametric uncertainty case
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Figure 39. Evolution of the adaptive PID gains K, 11 (A), K; 11 (B) and Kg11 (C) of the direct PIDy4
subcontroller in the parametric uncertainty case for PID
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Figure 40. Evolution of the adaptive PID gains K, 12 (A), K 12 (B) and K412 (C) of the cross-coupling
PID15 subcontroller in the parametric uncertainty case for PID
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Figure 41. Evolution of the adaptive PID gains K, 21 (A), K; 21 (B) and K421 (C) of the cross-coupling
PID2; subcontroller in the parametric uncertainty case for PID
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Figure 42. Evolution of the adaptive PID gains K, 22 (A), K; 22 (B) and K422 (C) of the direct PIDgs
subcontroller in the parametric uncertainty case for PID
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Figure 43. Lyapunov-based stability indicators under parametric uncertainty operating conditions over the
0-180's simulation interval. (A) Evolution of the Lyapunov function V[n]. (B) Incremental Lyapunov
difference AV'[n], illustrating the decreasing Lyapunov trend and stability of the proposed adaptive fuzzy PID
controller.
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4.5. Overall performance evaluation

The overall performance of the proposed RK
model-based adaptive MIMO fuzzy PID con-
troller and the benchmark RK model-based adap-
tive MIMO PID controller are evaluated using the
same composite performance index, Jeomp. The
index considers both the liquid-level tracking er-
rors and the variations in the control inputs.?32
The same simulation horizon, reference trajecto-
ries, weighting coefficients, and performance defi-
nition are used for both controllers.

Nsim
Jcomp = Z [(hl[n] - hl,ref[n])Q
n=1
+ (h2[n] - h2,ref [n])Q] (102)

s

Nsim
+ > [AlAqf [n] + A2 Ags [n]]-
n=2

The first term of (102) represents the track-
ing cost, whereas the second term represents the
control-variation cost. Therefore, a lower value of
Jeomp indicates a better balance between tracking
accuracy and control smoothness.

Tables 4 and 5 compare the overall perfor-
mance of the RK model-based adaptive MIMO
fuzzy PID controller and the adaptive MIMO PID
controller, respectively. In all simulation cases,
the adaptive MIMO fuzzy PID controller achieves
a lower Jeomp value than the adaptive MIMO
PID controller. Specifically, the fuzzy PID con-
troller reduces the performance index from 0.2833
to 0.2660 in the nominal case, corresponding to
a 6.11% improvement. In the measurement-noise
case, Jeomp decreases from 0.2877 to 0.2701, yield-
ing a 6.12% improvement. Under time-varying
parametric uncertainty, the performance index is
reduced from 1.1139 to 1.0739, corresponding to
a 3.59% improvement.

Both controllers attain their lowest performance
indices under nominal conditions and exhibit only
a limited performance degradation in the pres-
ence of measurement noise. The higher Jeomp val-
ues obtained under parametric uncertainty result
from variations in the inter-tank flow coefficient
az13, which alter the plant dynamics and require
larger tracking and control adjustments. Nev-
ertheless, the consistently lower performance in-
dices demonstrate that the adaptive MIMO fuzzy
PID controller provides better combined tracking
and control-variation performance than the adap-
tive MIMO PID controller in all three simulation
cases.
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Table 4. Overall performance of the RK
model-based adaptive MIMO fuzzy PID controller

Simulation case Jcomp
Nominal case 0.2660
Measurement noise case 0.2701
Parametric uncertainty case 1.0739

Table 5. Overall performance of the RK
model-based adaptive MIMO PID controller

Simulation case Jcomp
Nominal case 0.2833
Measurement noise case 0.2877
Parametric uncertainty case 1.1139

Tables 6 and 7 compare the average compu-
tation time per control cycle of the RK model-
based adaptive MIMO fuzzy PID controller and
the adaptive MIMO PID controller, respectively.
In all simulation cases, the adaptive MIMO PID
controller requires less computation time than the
adaptive MIMO fuzzy PID controller. In the
nominal case, the average cycle time decreases
from 0.1297 ms to 0.0770 ms, corresponding to
a 40.63% reduction. In the measurement-noise
case, it decreases from 0.1485 ms to 0.0998 ms,
yielding a 32.79% reduction. Under time-varying
parametric uncertainty, the average cycle time is
reduced from 0.1774 ms to 0.1269 ms, correspond-
ing to a 28.47% reduction.

Table 6. Average computation time per control
cycle of the RK model-based adaptive MIMO fuzzy
PID controller

Simulation Avera'ge
case cycle time
Nominal case 0.1297 ms
Measurement-noise case 0.1485 ms
Parametric-uncertainty case  0.1774 ms

Table 7. Average computation time per control
cycle of the RK model-based adaptive MIMO PID
controller

Simulation Avera'ge
case cycle time
Nominal case 0.0770 ms
Measurement-noise case 0.0998 ms
Parametric-uncertainty case  0.1269 ms

For both controllers, the nominal case
has the lowest computational cost, whereas the
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parametric-uncertainty case has the highest aver-
age cycle time because it additionally involves on-
line estimation of the time-varying inter-tank flow
coefficient azy3. The higher computation times
of the adaptive MIMO fuzzy PID controller are
mainly associated with the additional fuzzy infer-
ence operations. Nevertheless, the average cycle
times of both controllers remain substantially be-
low the sampling period of Ts = 1 s, demonstrat-
ing their suitability for real-time implementation.

Tables 8 and 9 compare the maximum
computation times per control cycle of the RK
model-based adaptive MIMO fuzzy PID con-
troller and the adaptive MIMO PID controller,
respectively. In all simulation cases, the adap-
tive MIMO PID controller exhibits a lower maxi-
mum computation time than the adaptive MIMO
fuzzy PID controller. In the nominal case, the
maximum cycle time decreases from 26.119 ms
to 10.914 ms, corresponding to a 58.21% reduc-
tion. In the measurement-noise case, it decreases
from 28.551 ms to 14.638 ms, yielding a 48.73%
reduction. Under time-varying parametric un-
certainty, the maximum cycle time is reduced
from 32.619 ms to 17.586 ms, corresponding to
a 46.09% reduction.

Table 8. Maximum computation time of the RK
model-based adaptive MIMO fuzzy PID controller

Simulation Maximum
case cycle time
Nominal case 26.119 ms
Measurement-noise case 28.551 ms
Parametric-uncertainty case  32.619 ms

Table 9. Maximum computation time of the RK
model-based adaptive MIMO PID controller

Simulation Maxinqum
case cycle time
Nominal case 10.914 ms
Measurement-noise case 14.638 ms
Parametric-uncertainty case 17.586 ms

For both controllers, the lowest maximum com-
putation time is obtained in the nominal case,
whereas the parametric-uncertainty case produces
the highest value because of the additional on-
line estimation of the time-varying inter-tank flow
coefficient azi3. The higher maximum computa-
tion times of the adaptive MIMO fuzzy PID con-
troller reflect the additional computational bur-
den associated with the fuzzy inference opera-
tions. Nevertheless, even the largest recorded
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computation time, 32.619 ms, remains substan-
tially below the sampling period of 75 = 1 s, con-
firming that both controllers satisfy the computa-
tional requirements for real-time implementation.

Overall, both the RK model-based adap-
tive MIMO fuzzy PID and adaptive MIMO PID
controllers maintain bounded tracking responses,
control inputs, adaptive parameters, and addi-
tive correction terms under nominal, noisy, and
time-varying uncertain operating conditions. The
performance-index comparison shows that the
adaptive MIMO fuzzy PID controller provides
better combined tracking and control-variation
performance in all three cases, whereas the adap-
tive MIMO PID controller achieves lower average
and maximum computation times. Nevertheless,
the maximum computation times of both con-
trollers remain substantially below the sampling
period of Ts = 1 s. These results confirm the
tracking effectiveness, robustness, regular adap-
tation behavior, and real-time computational fea-
sibility of both control structures.

5. Conclusions

This study proposed an RK model-based predic-
tive adaptive MIMO fuzzy PID controller for non-
linear and coupled systems. The RK4 prediction
framework was used to propagate the known non-
linear plant dynamics and to provide the model
sensitivities required for online adaptation. The
input and output scaling parameters of the direct
and cross-coupling fuzzy PID subcontrollers were
adjusted using the LM method. An additive cor-
rection mechanism was also incorporated to pro-
vide supplementary control action during tran-
sient operation and plant-model mismatch. For
comparative evaluation, the existing RK model-
based adaptive MIMO PID controller reported in?
was employed solely as a benchmark.

The proposed controller and the benchmark
adaptive MIMO PID controller were evaluated on
the same nonlinear three-tank liquid-level system
under nominal operation, measurement noise, and
time-varying parametric uncertainty. Both con-
trollers maintained bounded tracking responses,
control inputs, and adaptive parameters in all
three scenarios, confirming the uniform ultimate
boundedness established by the Lyapunov stabil-
ity analysis. For both control structures, the ad-
ditive correction mechanism contributed mainly
during the initial transient, reference changes, and
parameter variations, whereas the adapted main
controller generated the dominant part of the con-
trol action during most of the simulation period.

The performance-index values obtained with
the RK model-based adaptive MIMO fuzzy PID



I. K. Giindogan and K. Ucak. / IJOCTA, Vol.z, No.x, pp.za-zx (2026)

controller were 0.2660, 0.2701, and 1.0739 for
the nominal, measurement-noise, and parametric-
uncertainty cases, respectively. The correspond-
ing values obtained with the adaptive MIMO
PID controller were 0.2833, 0.2877, and 1.1139.
Thus, the adaptive MIMO fuzzy PID controller
reduced the performance index by 6.11%, 6.12%,
and 3.59%, respectively, compared with the adap-
tive MIMO PID controller. The limited increase
observed under measurement noise indicated that
both controllers maintained regular tracking and
adaptation behavior under noisy feedback. In
the parametric-uncertainty case, the online esti-
mate closely followed the variations in the actual
inter-tank flow coefficient azi3, thereby reducing
the resulting plant-model mismatch. Although
this case produced higher performance-index val-
ues for both controllers, all tracking responses,
control inputs, and adaptive parameters remained
bounded.

The average computation times per control cy-
cle of the adaptive MIMO fuzzy PID controller
were 0.1297 ms, 0.1485 ms, and 0.1774 ms for
the nominal, measurement-noise, and parametric-
uncertainty cases, respectively. The correspond-
ing average cycle times of the adaptive MIMO
PID controller were 0.0770 ms, 0.0998 ms, and
0.1269 ms, representing reductions of 40.63%,
32.79%, and 28.47%, respectively. Similarly, the
maximum computation times were 26.119 ms,
28.551 ms, and 32.619 ms for the adaptive MIMO
fuzzy PID controller and 10.914 ms, 14.638 ms,
and 17.586 ms for the adaptive MIMO PID con-
troller. Although the fuzzy PID structure re-
quired additional computation due to its fuzzy
inference operations, the average and maximum
cycle times of both controllers remained sub-
stantially below the sampling period of T
1 s. These findings demonstrate that the adap-
tive MIMO fuzzy PID controller provides im-
proved tracking and control-variation perfor-
mance, whereas the adaptive MIMO PID con-
troller offers lower computational cost, with both
approaches remaining computationally feasible
for the selected sampling period in the tested sim-
ulation environment.

In addition, a discrete-time Lyapunov-based
stability analysis was established to evaluate
closed-loop stability in the presence of aggregate
disturbances, including plant-model mismatch,
RK truncation errors, measurement noise, and es-
timation errors. The theoretical derivation guar-
antees the uniform ultimate boundedness (UUB)
of the tracking error and ensures the boundedness
of the adaptive scaling parameters via the projec-
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tion algorithm, with asymptotic tracking con-
vergence achieved in the disturbance-free nomi-
nal case. The Lyapunov stability indicators eval-
uated across the nominal, noisy, and uncertain
simulation scenarios fully validate these theoreti-
cal findings. Future work will address experimen-
tal validation on physical laboratory testbeds and
extension of the theoretical analysis to the com-
plete interconnected closed loop.
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