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Hierarchical Bayesian model selection for
three-dimensional-printed cementitious
materials

Felipe Guerrero*2, Albert R. Ortiz®, Peter Thomson‘®, and Daniel Gomez

School of Civil and Geomatics Engineering, Faculty of Engineering, Universidad del Valle, Cali,
Valle del Cauca, Colombia

Abstract

Three-dimensional (3D) concrete printing presents significant challenges in
accurately modeling mechanical behavior due to the anisotropy induced by layer-
by-layer deposition and variability in inter-filament bonding. This study introduces
a hierarchical Bayesian framework for selecting and calibrating constitutive
models in 3D-printed cementitious materials. Three candidate models—parabolic
(Model 1), Carreira-Chu (Model 2), and plastic-damage (Model 3)—were assessed
using uniaxial compression data from (i) soil-cement pastes with calcium carbonate
additions (0-10%), (ii) cast and 3D-printed mortars, and (iii) 3D-printed concrete
tested under perpendicular and parallel loading orientations. Bayesian inference
combined with information criteria (Watanabe-Akaike Information Criterion and
leave-one-out cross-validation) enabled objective model selection and uncertainty
quantification. The Carreira—Chu model consistently outperformed alternatives
for homogeneous systems (soil-cement and mortars), while the plastic-damage
model best represented anisotropic responses in printed concrete loaded parallel
to the deposition direction. Experimental findings indicate a 44% decrease in elastic
modulus with 10% calcium carbonate, a 9.1% increase in compressive strength
for printed versus cast mortars (8.36 vs. 7.66 MPa), and a 21% strength gain in
concrete loaded parallel versus perpendicular to the deposition direction, despite
a 40% reduction in stiffness. The proposed hierarchical Bayesian approach provides
probabilistic estimates of constitutive parameters (compressive strength, elastic
modulus, and characteristic strain) and data-driven guidance for selecting suitable
models for additive manufacturing of cementitious materials, enhancing the
reliability of structural simulations of 3D-printed elements.

Keywords: Three-dimensional-printed concrete; Cementitious materials; Bayesian
inference; Model calibration

1. Introduction

Three-dimensional (3D) concrete printing represents a pivotal technology in the
digitalization and automation of the construction industry, enabling the fabrication
of structures with complex geometries while optimizing material usage.' 3D concrete
printing offers advantages over conventional concrete, including greater geometric
freedom, reduced waste, decreased reliance on labor, and the potential for faster and
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more cost-effective construction.? Its ability to fabricate
complex structural elements without the need for costly
formwork is undoubtedly one of its most relevant features.’

However, 3D concrete printing introduces significant
challenges in characterizing and modeling its mechanical
properties. The structural performance of printed elements
is affected by anisotropy generated by the layer-by-layer
deposition process and variability in inter-filament
adhesion, as noted by van Zijl et al.* The rheological
performance of printable materials has been identified as
a critical factor in determining printability, as material
behavior during printing directly influences the success
of printed structures.” Ensuring the quality and safety
of printed structures requires an understanding of the
mechanical behavior of the material in both its fresh and
hardened states.® The fresh state influences printability and
dimensional stability, while the hardened state determines
the material’s strength and durability.”

This study implements a Bayesian inference-based
approach to characterize 3D-printed materials, addressing
these challenges. We analyze three types of materials: (i)
soil-cement pastes with varying proportions of calcium
carbonate (CaCO,), (ii) a concrete mix designed for 3D
printing, and (iii) mortars with natural sand. Compression
tests on both molded and 3D-printed samples clearly
indicate that three constitutive models are necessary to
describe the stress—strain relationship.

Bayesian inference was used to estimate the parameters
of each model and quantify their uncertainty. We used
model selection criteria, such as Watanabe-Akaike
Information Criterion (WAIC) and leave-one-out (LOO)
cross-validation, to identify the model that best represents
the mechanical behavior of the evaluated materials. This
approach provides a more robust characterization of
3D-printed materials, ensuring their reliability for use
in structural simulations and the design of construction
elements.

The main contributions of this work are as follows. First,
we applied a hierarchical Bayesian framework to quantify
uncertainty in constitutive model parameters. Second, we
conducted a comparative analysis using WAIC and LOO
to select the most appropriate model for each material.
Finally, we provide recommendations for the use of the
selected models in structural simulations of 3D-printed
elements.

2. Materials and methods

This section outlines the experimental framework
and analytical methodologies employed in this study.
Section 2.1 details the materials characterization through

uniaxial compression testing, while Section 2.2 presents
the constitutive models evaluated. Section 2.3 describes
the hierarchical Bayesian framework used for model
calibration and selection.

2.1. Materials and experimental characterization

This section presents the uniaxial compression test data
used for calibrating constitutive models. Three types
of materials were considered, all intended for potential
application in 3D concrete printing: soil-cement paste
with CaCO, addition, mortar with natural sand, and
3D-printed concrete.

It is worth noting that current test methods and
standards used for the characterization of construction
materials and conventional structures are not fully suitable
for direct application to cementitious materials used in 3D
printing.® Therefore, while different specimen geometries
were adopted for each material type (soil-cement, mortar,
and concrete), the experimental design focused on model
selection within each material group. This approach
enabled the evaluation of specific parameters: the effect
of CaCO, additions in pastes, the manufacturing process
(cast vs. printed) in mortars, and anisotropy in printed
concrete.

All tests were conducted using a Tinius Olsen
(United States) H50KS universal testing machine under
displacement-controlled  conditions. In accordance
with American Society for Testing and Materials C109
guidelines, a testing speed of 1 mm/min was used for all
compressive strength (f) tests. The corresponding stress—
strain curves were recorded for each case.

2.1.1. Soil-cement paste

The term soil-cement paste refers to a mixture composed
of soil and cement, without the inclusion of sand or other
aggregates. In this study, the soil used corresponds to a
natural soil collected in Villa Rica, Cauca (Colombia). The
specimens were prepared in the form of cubes with 20 mm
sides and cured for 28 days.

Three levels of CaCO, addition were evaluated: 0%,
5%, and 10% by mass relative to the dry soil content. For
each level, four specimens were tested to examine the effect
of this additive on the mechanical response of the paste.
Stress—strain curves were computed from the recorded
load and displacement data, as shown in Figure 1A.

2.1.2. Mortar with natural sand

Mortar specimens made with natural sand were tested,
with a focus on the influence of the fabrication method.
Cubic samples with 38 mm sides were prepared using two
approaches: conventional casting and 3D printing. For
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Figure 1. Stress-strain curves. (A) Soil-cement paste with varying calcium carbonate (CaCO,) content (0%, 5%, 10%). (B) Mortar with natural sand (cast
vs. three-dimensional [3D]-printed). (C) 3D-printed concrete under perpendicular (Orientation I) and parallel (OII) loading orientations

each fabrication method, three specimens were tested after
28 days of curing.

The 3D printing process was performed using a
desktop printer (Creality Ender-3, Shenzhen Creality 3D
Technology Co., Ltd., China) with a build volume of 220
x 220 x 250 mm. The printer was equipped with a piston-
based extrusion system, consisting of a cylindrical chamber
and a plunger, with a material capacity of 600 cm’. The
resulting stress—strain curves are shown in Figure 1B.

2.1.3. Three-dimensional-printed concrete

The experimental data correspond to uniaxial compression
tests performed on concrete cubes measuring 50 mm
per side, which were extracted by cutting from a larger
3D-printed element. The specimens were cured under
standard laboratory conditions before testing.

To examine directional behavior in printed concrete,
two loading orientations were considered. In Orientation
I (OI), the load was applied perpendicular to the printing
direction, i.e., across the filament layers. In Orientation II
(OII), the load was applied parallel to the direction in which
the material was extruded. For each orientation, three
specimens were tested under displacement-controlled
conditions. Axial strain was recorded through strain gauges
adhered to the specimen surfaces. The corresponding
stress—strain curves are shown in Figure 1C.

2.2, Constitutive models and approaches

The development of printable materials for concrete
additive manufacturing highlights the urgent need
to investigate and evaluate innovative methods that
enhance interlayer adhesion under large-scale printing
conditions and in real-world environments.” A key aspect
of this development is optimizing key properties of fresh
concrete, such as flowability and cohesion, to ensure the
structural integrity and printing stability. This technique
boasts significant advantages over conventional methods,
offering greater geometric freedom without the need for
costly formwork.”"

The quality of 3D-printed structures depends on the
material performance in both its fresh and hardened
states.”® While the fresh state requires precise control of
rheological properties and hydration to avoid printing
failures, the hardened state must guarantee sufficient
stiffness and strength, which are influenced by printing
conditions, layer thickness, interlayer bonding, and
porosity.”

In its hardened state, 3D-printed concrete exhibits
anisotropic mechanical behavior, where properties vary
according to the loading direction. Paul et al."' examined
cubic and prismatic specimens on the third day of curing,
cutting them from printed elements while accounting for
the print orientation, as illustrated in Figure 2A. Their
study, which conducted compression and flexural tests
in accordance with the British Standard adopted from
European Norm 196-1:2016, showed that printed samples
had lower mechanical properties than molded ones,
confirming anisotropic behavior. Similarly, Ding et al.?
defined a coordinate system to characterize this anisotropy,
taking into account the filament direction and the print
plane, which is shown in Figure 2B.

Further studies have expanded on this understanding.
Kaliyavaradhan et al.® compared printed and molded
specimens, while Chougan et al.'* evaluated prismatic
samples at 7 days of curing, highlighting the effect of
admixtures. Tay et al.’ examined the influence of process
parameters, including printing speed and layer thickness.
To determine properties such as the elastic modulus (E)
and Poisson’s ratio, Kruger and Westhuizen' determined
that core extraction orientation significantly affects the
mechanical properties. Le et al.' and Feng et al."” analyzed
tensile and flexural properties, showing that anisotropy is
closely tied to filament orientation and interlayer adhesion.

Table 1 summarizes the most common experimental
protocols that have been documented in the literature.’® A
preponderance of studieshas demonstrated that mechanical
anisotropy is an inherent property of the 3D printing
process. This finding necessitates the implementation of
characterization protocols that explicitly consider loading
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Figure 2. Loading configurations for mechanical testing of three-dimensional-printed cementitious elements. (A) Layer-dependent compression

orientations for cubes. (B) Print-direction schemes for flexure in prisms

Table 1. Hardened-state mechanical properties and test methods

Property Test Description

References

Compressive Compression test

strength resist compressive load

Flexural Flexural strength test  Measurement of the capacity of 3D-printed concrete layers to
strength resist bending load

Anisotropy ~ Compression, flexural, Application of load parallel and perpendicular to the printed

and tension tests layers

Tensile stress Uniaxial tension test

Measurement of the capacity of 3D-printed concrete layers to

ASTM C39/C39M-18el

ASTM C78/C78M-18, ASTM C293/C293M-19,
ASTM C348/C348M-19, ASTM C1583-19

14,16,19-22

Measurement of deformation and applied force on the specimen ASTM C496/C496M-17

Note: Data adapted from Riaz et al.'®.

Abbreviations: 3D: Three-dimensional; ASTM: American Society for Testing and Materials.

directions relative to print orientation for structural
applications.

The mechanical response of 3D-printed cementitious
materials has been modeled using a wide range of
formulations. Rheological models such as the Bingham
approach®?** describe the viscoplastic behavior of fresh
concrete during extrusion, while for hardened materials,
porosity-based*** and orthotropic formulations”* have been
proposed to capture anisotropic elastic or damage behavior
under multiaxial loading. However, these approaches
mainly address flow or anisotropy under complex stress
states, which are beyond the scope of this study.

Here, we focused on the compressive response of
hardened materials under uniaxial loading, selecting
three constitutive models for Bayesian calibration and
comparison: a parabolic model, the Carreira-Chu model,
and a plastic-damage model.

2.2.1. Model 1: Parabolic model for cementitious
powder-based materials

The model proposed by Feng et al.'” describes the stress—
strain behavior of 3D-printed materials using a parabolic
formulation Equation (1):

fo —Eeé,
o="—1"g"+E (1)

814
In this model, f, denotes the peak compressive strength,
E_is the initial elastic modulus, and ¢, corresponds to
the ultimate strain. The parameter (¢,) must satisfy the
condition in Equation (2):

g > (2)

The parabolic expression captures an initially linear
response that becomes progressively smoother as the
applied stress increases, without exhibiting a clearly
defined horizontal segment in the stress—strain curve.

2.2.2. Model 2: Carreira-Chu model

The Carreira-Chu model is one of the most widely used
and cited empirical models for describing the stress—
strain curve of 3D-printed concretes under uniaxial
compression.”?* This model captures the entire stress—
strain response, including the post-peak softening. As a
proper rational fraction model, its formulation is shown
in Equation (3):
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where the parameter n relates to the initial elastic
modulus (E ) and maximum strength (f)) through Equation

(4):

s+ a

ECEO
n=——-
ECEO _fz

With €, being the strain at peak stress.

(4)

2.2.3. Model 3: Plastic-damage model for concrete

The plastic-damage model originally developed by Saenz*
has been adapted to characterize the nonlinear behavior
of 3D-printed concrete under compressive loading.’
The constitutive formulation describing the stress—strain
relationship is given by Equation (5):

E
G= & (5)

2
Ee
GP SP 81’
Where (ap) and (sp) are the peak stress and the
corresponding strain, respectively. Although tensile
behavior is not addressed in this study, the damage model

proposed by Hordijk** has been applied in previous works?!
to describe the tensile softening of cementitious materials.

Each of these models provides a distinct formulation
of the stress-strain response, from smooth parabolic
hardening (Model 1) to rational fraction softening (Model
2) and damage-based behavior (Model 3). These models
were calibrated through hierarchical Bayesian inference, as
detailed in Section 2.3, to evaluate their ability to reproduce
experimental compressive data from the tested materials.

2.3. Hierarchical Bayesian methodology for model
selection

Bayesian inference is a probabilistic framework used to

update hypotheses about a model as new evidence becomes

available. Using Bayes' Theorem, the probability of a set of

parameters 6, given a dataset D, is expressed as Equation (6):

»(op) 2(20)2(0) o
P(D)

This formulation allows the incorporation of prior
knowledge about parameters through the prior distribution
(P(0)), and it adjusts this hypothesis based on observed
data, resulting in the posterior distribution (P(6D)). In
problems involving limited or noisy data, this approach is

particularly useful, as it provides a flexible mechanism to
quantify uncertainty.

Hierarchical Bayesian inference extends this framework
by introducing structured models with multiple levels of
complexity. In such models, lower-level parameters for
individual samples (e.g., E, f, for specimen i) are treated as
drawn from common higher-level population distributions
(e.g. u, M n ), which are also estimated from data. This

hierarchical structure is well-suited for experimental data
organized into subpopulations sharing common statistical
properties.

In this study, a two-level hierarchical Bayesian
framework was implemented to calibrate three selected
constitutive models: a parabolic model (Model 1), the
Carreira-Chu model (Model 2), and a plastic-damage
model (Model 3). For each material (paste, mortar, and
3D-printed concrete), distinct prior distributions and
hierarchical structures were defined, tailored to the
characteristics of each experimental dataset. Model
selection was carried out using the WAIC* and LOO
cross-validation,™ both of which quantify out-of-
sample predictive performance while penalizing model
complexity. Since the analysis was conducted within a
Bayesian framework, the performance of the different
constitutive models was not evaluated using traditional
metrics, such as the coefficient of determination or root
mean square error. Instead, predictive capability was
evaluated by computing the expected log predictive density
(ELPD) using both WAIC and LOO. These metrics were
specifically chosen to compare the models’ out-of-sample
prediction accuracy, providing a robust basis for selection
that accounts for uncertainty and model complexity.

All materials followed the same two-level structure:
Level 1 (Specimens): 6.~N (u,, 0,), Level 2 (Population):
g ~ 7 (1), o,~m (0) where 6. represents the constitutive
parameters (e.g., strength f, modulus E, strain €) of the i-th
specimen, and 7(-) refers to the prior distributions defined
for each parameter. The hierarchical organization of the
model is summarized schematically in Figure 3, illustrating
the relationships between specimen-level parameters,
population-level hyperparameters, and the observed data
used for Bayesian calibration.

The prior distributions for the constitutive parameters
were defined based on material type, sample size, and
available prior knowledge regarding mechanical behavior.
For all materials, independent priors were used for f,
E, and characteristic strain (¢). Uniform distributions were
selected for population means (y4,) to impose minimal

assumptions within physically plausible ranges, while half-
normal distributions were used for standard deviations
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Figure 3. Schematic representation of the two-level hierarchical Bayesian framework used for model calibration and selection

(0,) to regularize variability. Table 2 summarizes the
distribution types and ranges for each parameter.

For Model 1, the parabolic formulation requires y_< 2
i,/ 1y, to maintain convexity. This condition was enforced
via a logarithmic penalty function added to the models
log-likelihood. In the case of 3D-printed concrete, wider
priors were specified to account for the greater uncertainty
arising from the reduced sample size (n = 3).

2.3.1. Computational implementation

The Bayesian inference process was implemented using
PyMC v5.15* employing the No-U-Turn Sampler
algorithm. For each model and material combination, four
independent Markov chains were executed in parallel, each
with 2,000 iterations, including 1,000 warm-up steps for
tuning. Convergence diagnostics were based on the potential
scale reduction factor (),>*” defined as Equation (7):

Var* (8y)
w

R= (7)

Where Var® (, y) is the marginal posterior variance
and W is the within-chain variance. All parameters satisfied
the convergence criterion R<1.1. Additionally, the
effective sample size for each parameter exceeded 400,
ensuring reliable posterior estimation.

3. Results

This section presents the results of the Bayesian calibration
and model selection processes for each material. The
results are organized as follows: the posterior parameter
distributions are first analyzed to assess uncertainty and
variability in the mechanical response; then, the optimal
constitutive model is selected using WAIC and LOO
criteria; finally, the estimated parameters are summarized.

The Bayesian approach enables robust inference even
with a small number of experimental observations, which

Table 2. Prior distributions defined for each constitutive
parameter by the material

Standard
deviations

Half-normal (0.5)

Material Parameter Population means

Paste (soil-  f, Uniform (2.5, 7.0)

cement)  p Uniform (100, 400)  Half-normal (80)
& Uniform (0.005, 0.012) Half-normal (0.001)
Mortar 1. Uniform (5.0, 11.0) ~ Half-normal (0.2 y,)

E Uniform (80, 300)
Uniform (0.003, 0.1)

Half-normal (0.2 )
Half-normal (0.2 )

™

Three- f. Uniform (10, 40) Half-normal (5.0)
dir_netn;i"nal' E Uniform (500, 2000) Half-normal (150)
printe

concrete € Uniform (0.002, 0.015) Half-normal (0.002)

Abbreviations: ¢: Characteristic strain; E: Elastic modulus;
f.: Compressive strength.

in this case were limited to four specimens per condition
for soil-cement paste, and two to three for mortar and
printed concrete. This methodological choice allows not
only point estimates but full probabilistic descriptions of
each parameter.

Thehighestdensityinterval (HDI) isreported to describe
the most credible parameter ranges, typically covering 90%
of the posterior probability mass. This complements the
maximum a posteriori (MAP) estimates and the residual
parameter o, which quantifies the variability due to both
experimental noise and model uncertainty.

3.1. Soil-cement paste

The posterior distributions of the mechanical parameters
for the soil-cement paste are shown in Figure 4, where the
parameters E, peak strain, f, and residual variability (o)
were compared across three candidate models (rows) and
three CaCO, contents (colors). The Carreira-Chu model
(Model 2) exhibited the narrowest posterior distributions
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Figure 4. Posterior distributions for soil-cement paste parameters. Rows: Models 1-3. Columns: compressive strength (f), elastic modulus (E), peak strain
(¢,), and residual variability (). Colors denote calcium carbonate (CaCO,) content: 0% (blue), 5% (green), 10% (orange)

for E and f, indicating more precise parameter estimation
across all additive levels.

Model selection results in Figure 5 confirm that Model
2 consistently outperformed the alternatives at all calcium
carbonate contents. The ELPD difference between Model
2 and the next-best model exceeded 2,000, particularly
at higher additive contents, demonstrating its superior
predictive capability.

Table 3 summarizes the posterior statistics for the
parameters of Model 2. The E decreased progressively
with higher CaCO, content, from an MAP of 256.9 MPa
at 0% CaCO, to 142.7 MPa at 10%, corresponding to a
44% reduction. The f peaked at 4.0 MPa for 5% CaCO,
and decreased to 3.4 MPa at 10%, suggesting that moderate
additive levels provided optimal mechanical performance.
The ¢ decreased with higher CaCO, content, from 0.262
MPa at 0% to 0.189 MPa at 10%, indicating improved
model fit despite reduced stiffness. Overall, the Carreira—
Chu model (Model 2) provided the most accurate and
stable representation of the compressive response across
all additive levels, effectively capturing the nonlinear
transition from elasticity to plasticity in soil-cement paste.

3.2. Mortar with natural sand

The posterior distributions for the mortar specimens,
shown in Figure 6, reveal differences between cast and
3D-printed samples. In cast mortar, Model 2 produced
concentrated posterior distributions, particularly for €.
In contrast, the 3D-printed mortar exhibited broader
posteriors for f, indicating greater uncertainty in strength
associated with the additive manufacturing process.

Table 3. Comprehensive parameter estimates for Model 2
(soil-cement paste)

Parameter % CaCO, Mean SD 5%HDI 95%HDI MAP
E (MPa) 0 25342 60.76  148.64 347.67  256.89
5 158.06 39.66  94.32 221.39  160.12
10 142.88 20.29 111.23 173.01  142.67
e 0 0.025 0.003 0.02 0.03 0.0246
5 0.029 0.005  0.021 0.037 0.029
10 0.029 0.004  0.023 0.036  0.0299
f.(MPa) 0 3.702 0.385  3.107 4.318 3.713
5 4.095 0.621 3.113 5.064 3.998
10 3497 0.538  2.671 4.406 3.447
o (MPa) 0 0.262 0.003 0.257 0.267 0.2617
5 0.237 0.003  0.232 0.241  0.2377
10 0.189 0.002  0.185 0.193 0.1887

Abbreviations: € Peak strain; o: Residual parameter; E: Elastic
modulus; f: Compressive strength; CaCO,: Calcium carbonate;
HDI: Highest density interval; MAP: Maximum a posteriori;
SD: Standard deviation.

Model selection results in Figure 7 indicate that Model
2 remains the optimal choice for both cast and printed
specimens. The ELPD values were —3,826.05 + 45.65 for
the cast mortar and -3,411.95 + 32.57 for the 3D-printed
mortar.

The parameter estimates in Table 4 indicate that 3D
printingresultedinanincreaseinf andaslightimprovement
in stiffness compared to casting. Specifically, the MAP of f
was 8.35 MPa for the printed mortars and 7.56 MPa for the
cast ones, corresponding to an increase of approximately
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Figure 6. Posterior distributions for mortar parameters

Abbreviations: 3D: Three-dimensional; € : Peak strain; 6: Residual parameter; E: Elastic modulus; f: Compressive strength
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Figure 7. Model comparison for mortar. (A) Cast. (B) 3D-printed

Abbreviations: 3D: Three-dimensional; ELPD: Expected log predictive density; LOO: Leave-one-out; WAIC: Watanabe-Akaike Information Criterion

10.4%. The E was also higher in the printed specimens
(MAP 166.8 MPa vs. 137.3 MPa). Despite these differences,
the o remained similar (~0.75 MPa), suggesting that both
manufacturing methods produced results of comparable
consistency. The broader HDI for €, in printed samples
reflects larger strain dispersion near peak stress, likely

related to interlayer bonding heterogeneity. In summary,
the Model 2 accurately captured the stress—strain response
of both cast and 3D-printed mortars, demonstrating that
the 3D printing process slightly enhances strength and
stiffness without altering the overall constitutive behavior
of the material.
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Table 4. Comprehensive parameter estimates for mortar
(Model 2)

Table 5. Comprehensive parameter estimates for
three-dimensional-printed concrete

Parameter Fabrication Mean SD 5% HDI 95% MAP

method HDI
E (MPa) Cast 135.58 24.71 95.35 177.51 137.31
3D-printed  166.24 16.09 140.41 191.26 166.82
€ Cast 0.060 0.008 0.049 0.073  0.0601
3D-printed 0.056 0.007  0.048 0.067  0.0556
ﬁ (MPa) Cast 7.66  1.27 5.56 9.75 7.56
3D-printed 836 0.54 7.53 9.18 8.35
o (MPa) Cast 0.746 0.009 0.731 0.760  0.745

3D-printed 0.747 0.009  0.732 0.763  0.746

Abbreviations: 3D: Three-dimensional; ¢ : Peak strain; o: Residual
parameter; E: Elastic modulus; f: Compressive strength; HDI: Highest
density interval; MAP: Maximum a posteriori; SD: Standard deviation.

3.3. Three-dimensional-printed concrete

For 3D-printed concrete, posterior distributions in
Figure 8 show substantial anisotropy. In OI, where the load
is applied perpendicular to the printing direction, Model
2 yielded concentrated posteriors for E. In OII, where
loading is parallel to the print direction, the plastic-damage
model (Model 3) better captured the material response, as
evidenced by broader ¢ distributions and a better fit to the
experimental data.

The model selection results in Figure 9
confirm this behavior: Model 2 is optimal for OI
(ELPD = —5,922.56 + 27.73), while Model 3 provides the
best fit for OII (ELPD = —5,678.27 + 60.10).

Detailed parameter statistics in Table 5 show that the f.
was higher in OII (MAP 18.9 MPa) than in OI (MAP 16.0
MPa), representing a 18.1% increase. However, the E was
substantially lower in OII (MAP 260.6 MPa) compared to
OI (MAP 433.1 MPa), reflecting a stiffness—strength trade-
off controlled by the printing direction. ¢ (= 1.16 MPa)
was higher in printed concrete than in the other materials,
consistent with the greater heterogeneity of printed structures.

In summary, the results confirm that anisotropy plays
a dominant role in the mechanical response of 3D-printed
concrete. The Carreira-Chu model (Model 2) adequately
represents the behavior under perpendicular loading (OI),
whereas the plastic-damage model (Model 3) is required
to capture the nonlinear softening and damage evolution
under parallel loading (OII).

3.4. Summary of the Bayesian model selection
results

The Bayesian model selection analysis across all material
systems revealed consistent patterns linking composition,

Parameter Orientation Mean SD 5% HDI 95% HDI MAP

E(MPa) OI (M2) 4353 2743 391.01 479.59 433.05
OII (M3) 263.1 71.48 147.02  381.62 260.57

3 OI (M2) 0.038 0.007 0.028 0.048  0.0382
OII (M3) 0.075 0.053  0.006 0.173 0.04

f,(MPa) Ol (M2) 16.06 1.44 13.69 18.28  16.03
OII (M3) 194 476 11.57 2736  18.86
o (MPa) OI (M2) 1.162 0.013 1.14 1.185  1.1599

OII (M3) 1.166 0.014 1.142 1.189  1.1665

Abbreviations: ¢ : Peak strain; o: Residual parameter; £: Elastic
modulus; f: Compressive strength; HDI: Highest density interval;
M2: Model 2; M3: Model 3; MAP: Maximum a posteriori;

OI: Orientation I; OII: Orientation II; SD: Standard deviation.

manufacturing method, and anisotropy to the optimal
constitutive model and corresponding mechanical
parameters.

For the soil-cement paste, the Carreira—Chu model
was selected as optimal for all CaCO, levels, with the E
decreasing from 256.9 MPa at 0% CaCO, to 142.7 MPa
at 10%, representing a 44% reduction. The f, peaked at 4.0
MPa for 5% CaCo,, while the ¢ declined from 0.26 MPa
to 0.19 MPa, indicating improved model fit and greater
response consistency despite stiffness reduction.

For the mortar with natural sand, both cast and
3D-printed specimens were best described by Model 2. 3D
printing increased the f by approximately 9% (MAP 8.35
MPavs. 7.56 MPa) and the E from 137.3 MPa to 166.8 MPa,
with a similar ¢ (approximately 0.75 MPa). These findings
confirm that additive manufacturing, under controlled
deposition, can enhance densification without introducing
additional variability in the mechanical response.

In the case of 3D-printed concrete, anisotropic behavior
was clearly captured by the Bayesian framework. Model 2
provided the best fit for OI, while Model 3 was optimal for
OII, as supported by the ELPD values (-5,922.6 + 27.7 for
OlIand -5,678.3 = 60.1 for OII). The E decreased from 433.1
MPa (OI) to 260.6 MPa (OII), while f increased from 16.0
MPa to 18.9 MPa, confirming a stiffness-strength trade-
off governed by print orientation. The ¢ (approximately
1.16 MPa) remained consistently higher than in the paste
and mortar systems, reflecting greater heterogeneity of the
printed concrete.

4. Discussion

The Bayesian model selection process revealed how the
mechanical behavior of cementitious materialsis influenced
by both composition and manufacturing method. Each
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material addressed a distinct research question: the effect
of CaCO, content in soil-cement paste, the influence of
manufacturing method in mortar, and the anisotropic
response of 3D-printed concrete under different loading
orientations.

4.1. Soil-cement paste: Effect of calcium carbonate

For soil-cement paste, the Carreira-Chu model
(Model 2) was consistently selected across all CaCO,
contents, indicating that this formulation effectively
captured the gradual transition from elasticity to plasticity
characteristic of this material. The addition of CaCO,
reduced the E significantly (44% reduction from 0% to
10% CaCO,), suggesting a softening effect likely due to
the disruption of the cementitious matrix. Despite this
reduction in stiffness, the f. exhibited a non-monotonic
trend, increasing at 5% CaCO, before decreasing at 10%,
pointing to an optimal additive concentration that balances
matrix disruption and filler effects.

The o decreased with higher additive content, implying
that the mechanical response became more consistent
despite the reduction in stiffness. This behavior could be
attributed to improved particle packing or densification at
intermediate additive levels.

4.2. Mortar: Manufacturing method influence

In the mortar specimens, the manufacturing method had
a notable impact on mechanical properties. Both cast and
printed mortars were best described by the Carreira—Chu
model (Model 2), suggesting a similar constitutive form
despite different fabrication techniques. The 3D-printed
mortar exhibited a 9.1% higher f and slightly greater
stiffness than the cast samples. This improvement may be
associated with enhanced particle alignment and localized

densification induced by the extrusion process.

However, the strain at peak stress showed broader
credible intervals in the printed mortar, reflecting
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greater variability in deformation mechanisms, which
may be related to interlayer bonding or microstructural
heterogeneities introduced during printing. Overall,
these results indicate that 3D printing, under controlled
conditions, does not necessarily compromise mechanical
strength but introduces variability in strain localization.

4.3. Three-dimensional-printed concrete:
Anisotropy from the printing process

The 3D-printed concrete exhibited a clear anisotropic
response depending on the loading orientation. When
loaded perpendicular to the print layers (OI), the Carreira—
Chu model (Model 2) adequately captured the response,
reflecting a gradual post-peak softening. In contrast,
parallel loading (OII) required the plastic-damage model
(Model 3) to reproduce the abrupt softening associated
with interlayer weaknesses.

The f in OII orientation was 21% higher than in OI,
despite a 40% lower E, confirming that stiffness is governed
by layer stacking while strength is controlled by interlayer
cohesion and failure mechanisms. The © remained
comparably high for both orientations, suggesting that
anisotropy introduces heterogeneous fracture patterns
regardless of loading direction.

These findings highlight that the constitutive model
required to describe 3D-printed concrete is orientation-
dependent, reflecting the mechanical anisotropy inherent
to additive manufacturing.

4.4. Implications of small sample sizes and Bayesian
inference

The limited number of specimens tested for each material—
four for each CaCO, content in paste, and two to three
for mortar and concrete—introduces uncertainty in the
parameter estimates. Bayesian inference mitigates this
limitation by providing full probability distributions rather
than relying solely on point estimates, allowing uncertainty
to be explicitly quantified through the HDI and the .

In the mortar results, the small sample size may partially
explain the apparent increase in strength of the printed
specimens. Although printing may improve densification,
limited replication can amplify observed differences between
fabrication methods. These observations underscore
the importance of Bayesian approaches in experimental
contexts with small datasets, where probabilistic inference
enhances result robustness and interpretability.

4.5. General observations on model selection

The results show that the Carreira-Chu model (Model 2)
adequately represented the mechanical response in several
cases: soil-cement paste at all additive contents, both

fabrication methods in mortar, and 3D-printed concrete
loaded perpendicular to the print layers (OI). In these
cases, the stress—strain behavior exhibited a gradual elastic—
plastic transition, which this model effectively captured,
regardless of potential microstructural heterogeneities.

In contrast, the plastic-damage model (Model 3) was
required for 3D-printed concrete under parallel loading,
where the abrupt post-peak softening and damage evolution
were direction-dependent. These findings confirm that
Bayesian model selection not only identifies the most
appropriate constitutive formulation but also clarifies how
different material compositions and manufacturing processes
influence stiffness, strength, and post-peak behavior.

5. Conclusion

This study employed a hierarchical Bayesian framework to
calibrate and select constitutive models for cementitious
materials produced through additive manufacturing and
conventional casting. The probabilistic formulation enables
robust model selection and uncertainty quantification, even
for small experimental datasets. The key findings are as
follows:

(i) Material composition effects: In soil-cement pastes, the

inclusion of CaCO, progressively reduced stiffness while

moderately enhancing f_at intermediate concentrations.

The Carreira-Chu model (Model 2) effectively captured

this smooth elastic—plastic transition.

Manufacturing process influence: For mortars,

3D-printed specimens showed slightly higher f than

cast counterparts, reflecting enhanced densification
during deposition. Both fabrication methods exhibited

similar constitutive behavior represented by Model 2.

(iii) Anisotropy in 3D-printed concrete: Directional
testing confirmed the anisotropic mechanical behavior
induced by layer-by-layer deposition. Perpendicular
loading (OI) was well described by Model 2, while
parallel loading (OII) required the plastic-damage
model (Model 3) to reproduce the abrupt post-peak
softening associated with interlayer weaknesses.

(iv) Methodological contribution: The hierarchical
Bayesian approach provides population- and
specimen-level parameter estimation with credible
uncertainty ranges (HDI, 6). This framework enhances
the interpretability of mechanical characterization in
additively manufactured materials.

(ii)

Opverall, the proposed framework bridges experimental
data and probabilistic modeling, offering a reliable tool
for constitutive model selection in additive construction
materials. Future work will extend this methodology to
tensile and flexural behavior and evaluate the influence of
printing parameters—such as layer orientation, extrusion
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rate, and interlayer time—on the mechanical response.
This will enable a deeper understanding of how process
variables affect anisotropy and structural performance in
3D-printed concrete.
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