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A B S T R A C T
The field of sleep dynamics is a fascinating and complex area of research. The topic of sleep
has attracted widespread interest over the last century. The aim of this concise review is to
provide some essential items for researchers interested in both nonlinear science and sleep
engineering. In particular, the paper focuses on the dynamical modeling of sleep, highlighting
the fundamental mechanisms underlying sleep–wake regulation. A brief literature review is
presented, and some fundamental mathematical models of sleep are reported with numerical
simulations. This review introduces the reader to the fascinating topic of sleep dynamics,
underlining its universality and complexity, and stimulates further research in the field.
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Imprecision, uncertainty, and conflicting criteria often complicate the process
of identifying the optimal conclusions in real-world decision-making scenarios.
This paper suggests a novel multi-criteria decision-making (MCDM) framework
that combines a hybrid logarithmic precursor chain-driven objective weight-
ing–preference ranking organization method for enrichment of evaluations tech-
nique with linear DIOPHANTINE fuzzy sets to address uncertain frameworks.
The selection of the location of a Sustainable Emergency Service Station and
the selection of an investment portfolio are two real-world and socially signif-
icant decision-making challenges where traditional MCDM approaches fail to
address the uncertainties. Our suggested fuzzy-based paradigm demonstrates
the adaptability of both infrastructure design and financial decision-making.
The results provide the optimal solutions based on our requirements, even un-
der unpredictable conditions. The outcomes of sensitivity analysis and com-
parative analysis demonstrate how well the suggested approach handles am-
biguous and imprecise data, particularly when expert opinions are presented
in a linguistically or incompletely articulated manner. This work provides a
solid, scalable, and precise method for resolving MCDM issues in the face of
ambiguity, offering improved support to decision-makers in a range of fields.
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1. Introduction

Data are frequently ambiguous, partial, or im-
precise in many real-world decision-making situ-
ations because of human judgment, measurement
constraints, or a lack of accurate information.
This intrinsic ambiguity makes it more difficult to
choose the best option, particularly in situations
when there are linguistic or subjective evaluations
involved. To overcome these difficulties, Zadeh 1

introduced fuzzy set theory that can handle ambi-
guity and partial truth in information. To better

capture the subtleties of uncertainty, this funda-
mental concept has evolved to incorporate more
sophisticated models. For instance, intuitionis-
tic fuzzy set (IFS) 2 offers an intense modeling
structure by including a value of hesitancy in ad-
dition to membership(MD) and non-membership
degrees (ND). The domain available to decision-
makers is later expanded by pythagorean fuzzy
sets (PFS), which build upon IFS and permit the
squared total ofMD andND to lie between 0 and
1. 3 Furthermore, the q-Rung orthopair fuzzy set
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1. Introduction

Sleep is one of the most fundamental and significant
biological phenomena in the world.1 Here, we briefly
outline why this topic is so compelling and what the
scientific community has learned about the incredible
diversity and universality of sleep.

1.1. The diversity of sleep across the
animal kingdom

Sleep is a behavior observed in nearly every animal group
studied, from mammals and birds to insects, fish, and
even jellyfish.2 However, the nature of the sleep of a
hummingbird is wildly different from that of a human, yet
it serves a similar biological purpose.

∗Corresponding author:
Adriano Scibilia (adriano.scibilia@cnr.it).

Dolphins and whales practice unihemispheric sleep,
in which one hemisphere of the brain rests while the other
remains awake and alert, allowing them to surface for air
while remaining vigilant for predators. Birds also exhibit
unihemispheric sleep, enabling flocks to maintain vigilance
while resting. Interestingly, they can alternate between
non-rapid eye movement (NREM) and REM sleep, but
their REM periods are incredibly short, lasting only a few
seconds.3

Insects such as fruit flies and honeybees enter a
state of metabolic rest and reduced responsiveness that
meets the criteria for sleep. During this time, they become
immobile and require stronger stimuli to awaken them.
Sleep-deprived bees are less effective at foraging and
communicating with their hive, highlighting sleep’s crucial
role even in simpler nervous systems.4 Among large prey
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animals, giraffes and elephants sleep for incredibly short
periods, often just 2-4 hours a day, and may not lie down
to achieve deep sleep. This limited sleep is an evolutionary
trade-off to minimize vulnerability to predators.5 Bats
and opossums, in stark contrast with animals such as
the little brown bat, can sleep for nearly 20 hours a day,
taking advantage of their protected roosting sites to rest
extensively.

1.2. The phenomenon of sleep is a universal biological
imperative

Despite these vast differences in how sleep is manifested
across species, several core, universal properties define it as
a fundamental biological process:

• Behavioral quiescence and posture: An animal in a
sleep-like state is immobile and often adopts a specific
resting posture.

• Increased arousal threshold: A sleeping organism
requires a stronger stimulus to be awakened than when
it is merely resting quietly.

• Homeostatic regulation6: Sleep deprivation leads to a
compensatory increase in sleep duration and/or depth
later, demonstrating a biological need that builds up over
time and must be “repaid.”

• Reversibility: Sleep is easily reversible; the animal can
quickly return to full alertness and function, unlike
hibernation or torpor.

The fact that sleep evolved independently in many
different animal lineages, from invertebrates with simple
neural networks to highly complex mammals, suggests that
it serves a critically important function. Leading theories for
its universality include:

• Brain rest and restoration: Sleep allows the brain to
consolidate memories, repair cellular damage, and
remove waste products and neurotoxins that accumulate
during wakefulness.

• Synaptic homeostasis: During wakefulness, synapses
are constantly strengthened. Sleep acts as a “reset”
mechanism, downscaling and pruning connections to
maintain a stable, efficient neural network for future
learning.7

• Energy conservation: By reducing activity, sleep lowers
metabolic rate and conserves energy, especially for
animals that forage during limited hours.

The complexity of sleep provides a starting point for
investigating its evolutionary8 and functional significance.
The diversity of sleep across organisms does not undermine
its importance; rather, it highlights sleep’s flexibility and
adaptability as a core biological process that all life has
had to optimize in its own unique way. This emphasizes
that sleep is far more than a human experience—it is a
cornerstone of the biological world.9

Dynamical models are the capstone of understanding
complex phenomena like sleep, and a substantial body of
literature has developed on this topic.10 The aim of this
review is to provide a concise overview of the state of
the art in sleep dynamical models. The paper is primarily
intended for people working in nonlinear science and
complex engineering, introducing them to the problem
and encouraging new contributions in this fascinating

field. Section 2 presents a brief review of the literature,
Section 3 discusses selected mathematical models of sleep
dynamics, and Section 4 provides numerical results. The
conclusions emphasize the universality of sleep and explore
the potential for linking it to chaos dynamics, inspiring ideas
in the emerging field of nonlinear sleep technology.

2. A concise state of the art on sleep dynamics

The field of sleep dynamics is a fascinating and complex
area of research that studies the temporal patterns and
transitions of sleep, moving beyond simple metrics such
as total sleep duration. It views sleep not as a static
state, but as a dynamic system with various interacting
components. Research in this area often uses mathematical
models, network analysis, and advanced signal processing
techniques to understand the mechanisms underlying sleep
and elucidate its relationship with health and disease.
Here is a list of influential papers and key research areas
regarding sleep dynamics, categorized for clarity.

The following three contributions address foundational
and theoretical problems and have a key role in shaping the
field. These works laid the groundwork for conceptualizing
sleep as a dynamic system, often through the application of
physical and mathematical models.

The work by Borbély 11 is a landmark contribution that,
while not explicitly about sleep dynamics as a complex
system, remains the single most important conceptual
framework for the field. It proposed that sleep is regulated
by two primary processes: Process S (sleep homeostasis,
which increases during wakefulness and decreases during
sleep) and Process C (the circadian process, which governs
the 24-hour cycle of wakefulness and sleep). This model
establishes the fundamental drives that underpin sleep
dynamics. In this contribution, an oscillatory trend in sleep
characteristics is noted and linked to a single oscillatory
device that drives the interaction between these processes.

The work by Phillips and Robinson12 presents a
physiologically based model of the sleep–wake cycle
using a simplified “flip-flop” switch mechanism. It models
the mutual inhibition between wake-promoting and
sleep-promoting brain regions and demonstrates how the
circadian and homeostatic drives (derived from the Borbély
model) interact to produce realistic sleep–wake dynamics.
This work is a key example of how a dynamical systems
approach can be used to understand the brain’s sleep–wake
regulation.

The work by Comte et al.13 proposes that sleep
dynamics can be understood as a self-organized critical
system, akin to a sandpile. The authors argued that sleep
is a complex system with alternating slow-wave sleep and
paradoxical sleep (REM) episodes, and that the transitions
between these states exhibit properties of criticality. This
perspective offers a new theoretical lens for analyzing the
variability and structure of sleep patterns.

The following three papers contribute to the
understanding of sleep architecture and stage transitions.
They focus on the micro- and macro-structure of sleep,
analyzing the patterns of transitions between sleep stages
through patient-based and clinical studies. This allows us
to focus on sleep dynamics in real cases.

The study by Sorensen et al.14 investigated how sleep
stage transitions differ in patients with narcolepsy. It found
that hypocretin-1 deficiency is associated with increased
transitions between REM and NREM sleep, while cataplexy
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is linked to more frequent transitions between sleep and
wakefulness. This work highlights how analyzing sleep
dynamics can provide insights into the mechanisms of
specific sleep disorders.

An empirical model of behavioral and physiological
dynamics was reported by Prerau et al.15 This study
moved beyond traditional, discrete sleep-stage scoring by
proposing a continuous, dynamic model of the transition
from wakefulness to sleep. It used a combination of
physiological and behavioral data to show that the
sleep-onset process is a continuum rather than a single,
instantaneous event, a finding particularly relevant to
understanding sleep disorders like insomnia.

The study by Yetton et al. 16 examined sleep architecture
dynamics and individual differences using a large-scale
dataset and a Bayesian network approach. It highlights
that traditional measures of sleep architecture (e.g., stage
proportions) fail to capture the full picture of sleep
dynamics. The dynamic, network-based approach reveals
individual differences and patterns related to health and
behavioral variables.

In sleep studies, it is also important to examine the
link between sleep dynamics and cognition/health. The
following contributions explore how the dynamic properties
of sleep affect cognitive function and overall health.

The review article by Basner et al.17 discussed the
dynamic neurobehavioral changes induced by both acute
and chronic sleep restriction. It argued that a dynamic
perspective is necessary to understand how the brain’s
response to sleep loss changes over time and highlights
the long-term neuromodulatory changes that can occur.

The study by Chen et al. 18 investigated the competitive
dynamics underlying cognitive improvements during
sleep, providing evidence that human sleep functions
as a competitive arena for cognitive resources. It used
pharmacological methods and connectivity analysis to show
that different offline neural mechanisms for long-term
and working memories are mutually antagonistic during
sleep, and that a “sleep switch” mechanism may toggle
between them. This work exemplifies a functional, dynamic
perspective on sleep.

A scientific statement from the American Heart
Association19 addressed the impact of sleep disorders
and disturbed sleep on brain health. It emphasized how
conditions such as obstructive sleep apnea, insomnia, and
sleep fragmentation can disrupt the dynamic regulation
of synaptic homeostasis, inflammation, and autonomic
nervous system function, ultimately contributing to
cognitive decline and other health issues.

The following studies focused on developing
mathematical models of sleep and outlining future
directions for advanced theoretical research. This field is
continuously evolving, with new papers leveraging big
data, machine learning, and computational modeling.

Rempe et al.20 reported the basic concepts to build
wake, REM, and NREM models. This contribution is
highly relevant because it provides a framework for
constructing models of varying complexity, offering readers
a clear view of the sleep model paradigm. Various sleep
modeling concepts were also discussed by Kharchenko
and Zhdanova.21 They outlined robust paradigms for
quantitative modeling of sleep dynamics. The study by
Viswanath et al.22 exemplifies modern research on sleep
dynamics. By analyzing an extensive dataset from wearable
devices, the authors identified distinct sleep phenotypes

and showed that these phenotypes are dynamic rather than
static. The findings highlight that temporal sleep dynamics
contain significant, nonrandom information about a range of
health conditions. Robinson et al. 23 proposed a single-wave
model to explain the complex structure of sleep, including
the distinct dynamics of NREM and REM episodes. Their
work provides a highly quantitative and parsimonious
explanation of sleep dynamics.

Next, we highlight recent and relevant contributions
that explore sleep as a dynamical system, with particular
focus on chaos, complexity, and mathematical modeling.
Regarding chaos in electroencephalography (EEG) and sleep
stages, the following five studies were considered.

One of the first studies to apply nonlinear dynamics
to EEG signals, Babloyantz et al.24 reported evidence
of low-dimensional chaotic attractors across sleep stages.
Röschke and Başar25 demonstrated that EEG signals
display deterministic rather than purely stochastic structure,
supporting the idea of chaos in brain activity. Fell et al.26

identified positive Lyapunov exponents in human sleep
EEG, further confirming the presence of chaotic signatures.
Additionally, Fell et al.27 compared spectral versus
nonlinear measures for sleep stage classification, revealing
that nonlinear metrics better capture transitions and
subtle dynamics. Kruglikov and Schiff29 detected unstable
periodic orbits in the EEG during sleep, strengthening the
view that chaotic dynamics underlie sleep microstructure.

Mathematical models of sleep with emerging
complex dynamics have expanded our theoretical
understanding. Behn and Booth ? applied fast–slow
analysis to REM sleep dynamics, revealing complex
oscillatory structures in NREM–REM cycles. Booth et
al.30 presented a reduced sleep–wake regulatory model
as a one-dimensional map, enabling bifurcation analysis
of circadian modulation and explaining irregular sleep
patterns under circadian/homeostatic shifts. The review by
Postnova et al. 31 highlighted nonlinear sleep–wake models,
spanning circadian oscillators to chaos, and emphasized
the connections between physiological processes and
mathematical frameworks.

The topic of chaos at sleep–wake transitions and
neural circuits has also received significant attention.
Hutt and Longtin32 used neural field modeling to
show how anesthesia and neural inhibition can generate
oscillations and chaotic transitions. Paul et al.33 showed
that a thalamocortical circuit model exhibits chaos near
sleep–wake transitions, suggesting that chaos can mediate
instability. Rasmussen et al.34 highlighted that chaotic
dynamics facilitate flexible transitions between sleep and
wake states.

Similarly, studies of spindles and slow-wave sleep
have revealed the importance of chaos. Achermann and
Borbély 35 explored the interplay of noise and nonlinearities
in EEG alpha rhythms, illustrating chaotic features in
spindles. Massimini et al. 36 showed that slow oscillations in
NREM behave as traveling waves, suggesting that the cortex
explores a high-dimensional state space. Foroutannia et
al. 37 modeled thalamocortical up–down states and spindles,
demonstrating transitions into chaos and linking them to
sleep-dependent memory processes.

The roles of the circadian clock and chaos have been
widely studied. Granada and Herzel 38 reviewed chaos and
bifurcations in circadian clock models and emphasized the
role of nonlinear feedback. Yang et al. 39 surveyed nonlinear
phenomena in circadian oscillators, including routes to
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Figure 1. A histogram showing the number of papers across sleep
modeling and chaos categories. Image created by the authors with
MATLAB.
Abbreviation: EEG: Electroencephalography

chaos and multistability, with relevance to sleep timing.
More recent studies in the last two years continue

to push the field forward by integrating theoretical and
mathematical approaches with advanced technology for
sleep modeling. For example, Duarte et al.40 employed
complexity measures that, although not explicitly focused
on chaos, highlight irregular dynamics and provide
a foundation for future research. Skeldon and Dijk41

modernized the two-process model from an oscillator
perspective, incorporating thresholds, hysteresis, and links
to neuronal mutual inhibition, offering a robust basis for
dynamical analysis. Ji et al.42 presented a mechanistic
model showing saddle node on an invariant circle
bifurcation for NREM–REM transitions and Arnold tongue
entrainment to the approximately 90-minute ultradian
rhythm. Yao and Yang43 extended the Phillips–Robinson
framework with time-varying thresholds for bifurcation
analysis of sleep–wake transitions—a useful template for
piecewise/threshold dynamics.

A stochastic-thermodynamics perspective on
REM–NREM ultradian cycling was presented by
Sun et al.,44 providing a framework for noise-driven
dynamics. Data-driven mathematical modeling of
sleep consolidation in early childhood integrated
physiologically based networks with bifurcation sequences
to explain nap-to-no-nap transitions,45 with emphasis on
theoretical and clinical results. Additionally, a predictive
REM-propensity functional derived from NREM time
was introduced, particularly handy for a tractable
NREM-to-REM trigger law.46 Phillips and Robinson47

introduced biomathematical modeling of fatigue due
to sleep inertia, integrating adenosinergic dynamics to
capture post-awakening transients. This model is useful for
modeling short-time dynamics around state switches.

The dynamics of neurobehavioral impairment and
recovery after sleep loss were reported by McCauley et
al.,48 who introduced additional feedback into a model
to better match recovery dynamics—an excellent example
of identifiability and parameter refits. Kinoshita et al.49

reported a unified framework for synaptic homeodynamics
during the sleep–wake cycle—a useful framework for
establishing mechanistic links between network plasticity
and macro-states. Finally, Putilov50 posed the following
question of whether the brain’s thermostatic mechanism
can generate sleep–wake and NREM–REM cycles, offering
a multi-process dynamical scaffold. Figure 1 summarizes
these studies across six key topics, illustrating the
intersection of advances in mathematical modeling and the
detection of chaos in sleep EEG

3. Mathematical models of sleep

The development of dynamic models of sleep follows
the population dynamics of wake (W), NREM (N), and
REM (R) states. More complex dynamics may include
subpopulations within these states. Moreover, a key variable
that must be taken into account is the so-called homeostatic
pressure (h), which accounts for adenosine accumulation
during wakefulness. A circadian oscillator of the Van der
Pol family is generally incorporated.

Sleep is a nonlinear dynamical process: the brain’s
oscillations shift between distinct attractors. These
dynamics emerge from the coupling of the previously
indicated variables, making interacting actions, nonlinearity,
and oscillations the main components that define the sleep
model and trends.

In particular, an interaction mechanism N must be
identified. In a simplified model that considers only the
previous mechanism, six state variables are used. The
circadian oscillator is defined by two state variables and
a classical variable C. A straightforward way to represent
the state–space equations is provided. For the population
dynamics, three similar equations are written:

τWẆ = −W + σ (F1) (1)

τNṄ = −N + σ (F2) (2)

τRṘ = −R + σ (F3) (3)

where τW , τN, and τR are the time constants of the
respective populations. The function σ(·) represents a
sigmoid nonlinear function defining both the nonlinearity
of the process and the interaction among variables. The
following functions are defined:

F1 = A1W + A2N + A3R + A4C + A5h (4)

F2 = B1W + B2N + B3R + B4C + B5h (5)

F3 = C1W + C2N + C3R + C4C + C5h (6)

In general, the generic function is identified as Fi, and
the interaction term among the variables as fij.

The homeostatic pressure evolves as:

ḣ =
(1 − h)W

τhwake
− h (N + R)

τhsleep
, h ∈ [0, 1] (7)

where τh denotes the characteristic time constant of the
homeostatic process that regulates the accumulation and
dissipation rates of sleep pressure. Larger values of τh
correspond to slower homeostatic adaptation, while smaller
values imply faster buildup and decay.

The circadian drive is simplified with a second-order
oscillator:

ẋc = ω

(
yc + µ

(
xc −

x3
c

3

))
(8)

ẏc = −ωxc + Ilight (9)

c = tanh (xc) (10)

The homeostatic pressure builds during the wake phase
and is dissipated during sleep. The presented model is a
six-state–space equation system, where σ (x) is given as:

σ (x) =
1

1 + eαx (11)

4
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With:

α = −ksig (x − θ) (12)

In Equations 1–3, x = F1 in Equation 1, x = F2 in
Equation2, and x = F3 in Equation3, while ksig and θ are
scalar constants. Moreover, in Equations 1–3, a noise signal
can be added, while in the expressions of F1, F2, and F3, a
constant value, such as baseline drive, can be added.
Remark 1. Oscillation dynamics can be a priori fixed as a
sinusoidal function.
Remark 2. NREM and REM activities can be estimated from
the EEG as:

NREM ≈ δ power at t
maxδ power

, with δ∈[0.5, 4]Hz (13)

REM ≈ θ power at t
maxθ power

, with θ∈[4, 8]Hz (14)

More complex models include the so-called
neuromodulator effects. In particular, we have:

Ḟ =
αFW − BFF

τF
(15)

The models could be improved to provide a
higher-state-variable representation if, in the sleep
population, two NREM and two REM components are
introduced. Therefore, the sleep components are now: W,
N1, N2, R1, and R2. N1 indicates the light sleep; N2 indicates
the intermediate stage, sleep spindles, and K complexes; R1
indicates the REM precursor or tonic REM; and R2 indicates
the full phasic REM characterized by bursts of REM, vivid
dreams, and autonomous irregularities.

Subsequently, the numerical results in the next section
are derived from the following three models:

• Model 1: Three state variables (W, R, and N).
• Model 2: Six state variables (W, R, N, homeostatic

pressure, and two circadian oscillators).
• Model 3: Nine state variables (W, N1, N2, R1,

R2, homeostatic pressure, neuromodulator equation, and
two circadian oscillators).

The models discussed in this section are, in a certain
sense, qualitative, and their task is to allow the most
specialized reader to understand the sleep dynamical
process. Each variable must be considered in the context of
a macro system, not as a specific variable in a biochemical
process involving highly complex mechanisms.

Sleep is a complex phenomenon, and the interesting
aspect lies in its unusualness. Each living organism has
its own sleep. Throughout history, the characteristics
of sleep have remained the same. Each organism on a
given day has a different sleep pattern from another
organism. We are in the presence of a phenomenon that
is sensitive to both parameters and initial conditions.
Moreover, sleep is a cooperative action phenomenon that
exhibits spatial diversity; its signature feature is universality.
The universality of sleep can lead to evaluating it as a strong
dynamical process with chaotic, strange attractors. To verify
this conjecture, modeling and simulation are the core of the
next section. The more complex the system, the more likely
it is to discover chaos.

4. Numerical simulations

The results were derived from Models 1–3 (Figures 2-5).
The parameters are included in the Matlab code reported in
Section A1–A3. The numerical integration method adopted
was the Euler method. The simulations were performed
to demonstrate the immediate numerical implementation
of the mathematical model and to encourage readers
to conduct further experiments. Indeed, the chosen
parameters, and in particular the Ksig values, were selected
to discover chaos in the dynamical behavior. The complexity
of the model has a fundamental role in discovering strange
attractors.

4.1. Model 1

Figure 2A presents the trends of wake, NREM, and REM.
In the state–space representation, the attractor is shown in
Figure 2B. The cyclic behavior of the process was remarked.
Moreover, the recurrence plot of variable N is shown in
Figure 5A. Cyclic behavior was also observed, and the
presence of chaos was not evident.

4.2. Model 2

The trends of the state variables are shown in Figure 3A.
Figure 3B, shown in 3D, exhibits an emerging chaotic
attractor. In Figure 5B, the recurrence plot of the R trend is
presented.

4.3. Model 3

The trend of the state variables is presented in Figure 4A,
while the emerging chaotic attractor is shown in Figure 4B.
In Figure 5C, the recurrence plot of the R1 trend is presented.

5. Discussion

The increasing complexity of the mathematical model is
directly reflected in qualitative changes of the attractor
geometry. In Model 1 (three state variables), the phase
profile showed predominantly cyclic and quasi-periodic
behavior, and the recurrence plot featured long, continuous
diagonal lines, indicating strong periodicity and temporal
regularity.

In Model 2, the introduction of homeostatic and
circadian dynamics increased dimensionality and
introduced slow–fast interactions. The recurrence plot
shows fragmentation of diagonal structures, shorter
line segments, and a more irregular recurrence point
distribution. This indicates a partial loss of strict periodicity
and the emergence of sensitive dependence on internal
interactions.

In Model 3, the addition of neuromodulatory feedback
and subdivision of REM/NREM populations further
increased nonlinear coupling. The recurrence plot shows
a highly fragmented texture, with broken diagonals and
complex recurrence clustering, consistent with the presence
of chaotic attractors. The attractor projections in state–space
representation display folding and stretching structures
typical of nonlinear chaotic systems.

Therefore, the comparative analysis confirms that
increasing model complexity enhances dynamical richness
and promotes the emergence of chaotic regimes. The
progressive fragmentation observed in recurrence structures
provides qualitative evidence for the study’s central

5
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Figure 2. Sleep–wake dynamics with circadian drive from Model 1 in the (A) time domain and (B) state–space representation. Image
created by the authors using MATLAB.
Abbreviations: NREM: Non-rapid eye movement; REM: Rapid eye movement

Figure 3. 5D sleep–wake dynamics from Model 2 in the (A) time domain and (B) state–space representation (W–N–R). Image created by the
authors using MATLAB.
Abbreviations: NREM: Non-rapid eye movement; REM: Rapid eye movement

Figure 4. 8D Sleep–wake dynamics from Model 3 in the (A) time domain and (B) state–space representation (sample projection). Image
created by the authors using MATLAB

concept.
The simulation results showed the emergence of chaos.

Moreover, the Lyapunov experiments provide greater
certainty about the existence of chaos. The bifurcation
parameter used was Ksig, even though chaos could be
explored by adding noise. Suggestions for further work

include deriving the bifurcational diagram.
Although the present analysis remains qualitative,

future work will include quantitative recurrence
quantification analysis metrics and Lyapunov exponent
estimation to rigorously characterize chaotic regimes.

6
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Figure 5. Recurrence plots of non-rapid eye movement activity for (A) Model 1, (B) Model 2, and (C) Model 3. Image created by the authors
using MATLAB.

Figure 6. Map of sleep dynamics references. Image created by the authors using Draw.io.Abbreviation: EEG: Electroencephalography

6. Conclusion

This review provides guidelines for studying the dynamical
models of the sleep process. In Figure 6, a map of sleep
dynamics reference is shown. Essentially, it emerges that the
cluster shown in Figure 1. Figure 7 presents the Gantt-style
timeline for the sleep dynamics research theme. From the
authors’ point of view, given the previous graphs, the
issue of chaos in sleep studies will be addressed in the
near future. The contribution of this work is to the field
of sleep technology. This means modeling sleep using a
system-based control. Moreover, people interested in the
implementation of chaotic electronic circuits could derive
new devices from sleep dynamics. This means that sleep
dynamics could help both neuroscience-based technologies
and electronic technologies based on chaos.
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Appendix

A1. Matlab code for Model 1

%% Parameters
aW = 0.8; aN = 0.5; aR = 0.2; % decay rates
bWN = 1.0; bNW = 1.0; % mutual inhibition W-N
bWR = 0.5; bRW = 0.5; % inhibition W-R
bNR = 0.8; bRN = 0.8; % inhibition N-R
cR = 0.6; % NREM drives REM
kC = 0.3; kCN = 0.2; kCR = 0.2; % circadian modulation strengths

I_W = 0.5; I_N = 0.3; I_R = 0.2; % baseline drives
kSig = 12; theta = 0.5; % sigmoid parameters

%% Simulation settings
tspan = [0 400]; % simulation time (hours)
dt = 0.01; % integration step
time = tspan(1): dt:tspan(2);

%% Initial conditions
W0 = 0.11; N0 = 0.12; R0 = 0.13;
X = [W0; N0; R0];
%% Preallocate

W = zeros(size(time));
N = zeros(size(time));
R = zeros(size(time));
%% Sigmoid function
sigmoid = @(x) 1./(1 + exp(-kSig*(x - theta)));
%% Circadian signal (approx 24h sine wave)
C = @(t) sin(2*pi*t/24);
%% Euler integration
for i = 1:length(time)

t = time(i);

% Current state
W_i = X(1); N_i = X(2); R_i = X(3);
% Nonlinear interactions + circadian modulation
dW = -aW*W_i + sigmoid(I_W - bWN*N_i - bWR*R_i + kC*C(t));
dN = -aN*N_i + sigmoid(I_N - bNW*W_i - bNR*R_i - kCN*C(t));
dR = -aR*R_i + sigmoid(I_R - bRW*W_i - bRN*N_i + cR*N_i - kCR*C(t));

% Optional: small noise to induce transient chaos
noiseLevel = 0.01;
dW = dW + noiseLevel*randn;
dN = dN + noiseLevel*randn;
dR = dR + noiseLevel*randn;
% Euler update
X(1) = W_i + dt*dW;
X(2) = N_i + dt*dN;
X(3) = R_i + dt*dR;
% Save
W(i) = X(1); N(i) = X(2); R(i) = X(3);

End

10



The dynamical models of sleep: A brief review

A2. Matlab code for Model 2

%% Parameters
aW = 0.8; aN = 0.5; aR = 0.2; % decay rates
bWN = 1.2; bNW = 1.2; % mutual inhibition W-N
bWR = 0.5; bRW = 0.5; % Wake-REM inhibition
bNR = 0.8; bRN = 0.8; % NREM-REM inhibition
cR = 0.6; % NREM promotes REM
kSig = 14; theta = 0.5; % sigmoid
alphaS = 1.0; gammaW = 0.01; gammaN = 0.05;
% homeostatic dynamics
kC = 0.3; % circadian coupling

noiseLevel = 0.; % optional noise

%% Circadian oscillator parameters (van der Pol type)
muC = 0.2; omegaC = 2*pi/24; % period ∼24h

%% Simulation settings
tspan = [0 800]; dt = 0.01;
time = tspan(1):dt:tspan(2);

%% Initial conditions
W0 = 0.1; N0 = 0.1; R0 = 0.1; S0 = 0.1; C0 = 0.0; dC0 = 0.01;
X = [W0; N0; R0; S0; C0; dC0];

%% Preallocate
W = zeros(size(time)); N = zeros(size(time)); R = zeros(size(time));
S = zeros(size(time)); C = zeros(size(time));

%% Sigmoid function
sigmoid = @(x) 1./(1 + exp(-kSig*(x - theta)));

%% Euler integration
for i = 1:length(time)

t = time(i);

% Current states
W_i = X(1); N_i = X(2); R_i = X(3); S_i = X(4); C_i = X(5); dC_i = X(6);

% Circadian input
circ = C_i;

% Population dynamics
dW = -aW*W_i + sigmoid(-bWN*N_i - bWR*R_i + kC*circ) + noiseLevel*randn;
dN = -aN*N_i + sigmoid(alphaS*S_i - bNW*W_i - bNR*R_i) + noiseLevel*randn;
dR = -aR*R_i + sigmoid(cR*N_i - bRW*W_i - bRN*N_i) + noiseLevel*randn;

% Homeostatic sleep pressure
dS = gammaW*(1-S_i)*W_i - gammaN*S_i*N_i;

% Circadian oscillator (van der Pol)
ddC = muC*(1 - C_i∧2)*dC_i - omegaC∧2*C_i;

% Euler update
X(1) = W_i + dt*dW;
X(2) = N_i + dt*dN;
X(3) = R_i + dt*dR;
X(4) = S_i + dt*dS;
X(5) = C_i + dt*dC_i;
X(6) = dC_i + dt*ddC;

% Save for plotting
W(i) = X(1); N(i) = X(2); R(i) = X(3); S(i) = X(4); C(i) = X(5);

End
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A3. Matlab code for Model 3

%% Parameters
% Decay rates
aW = 0.8; aN1 = 0.5; aN2 = 0.5; aR1 = 0.2; aR2 = 0.2;
% Mutual inhibition / promotion
bWN = 1.2; bNW = 1.2; bWR = 0.5; bRW = 0.5;
bNR = 0.8; bRN = 0.8; cR = 0.6; cN = 0.3; % promotion factors
% Sigmoid parameters
kSig = 14; theta = 0.5;
% Homeostatic
alphaS = 1.0; gammaW = 0.01; gammaN = 0.05;
% Circadian oscillator
muC = 0.2; omegaC = 2*pi/24;
kC = 0.3;
% Neuromodulator
tauD = 50; % slow dynamics
% Noise
noiseLevel = 0.;

%% Simulation
tspan = [0 800]; dt = 0.01; time = tspan(1):dt:tspan(2);

%% Initial conditions
W0 = 0.1; N10 = 0.1; N20 = 0.1; R10 = 0.1; R20 = 0.1; S0 = 0.1; C0 = 0.0; dC0 = 0.01; D0 = 0.1;
X = [W0; N10; N20; R10; R20; S0; C0; dC0; D0];

%% Preallocate
W=zeros(size(time)); N1=zeros(size(time)); N2=zeros(size(time));
R1=zeros(size(time)); R2=zeros(size(time)); S=zeros(size(time));
C=zeros(size(time)); D=zeros(size(time));

%% Sigmoid
sigmoid = @(x) 1./(1 + exp(-kSig*(x - theta)));

%% Euler integration
for i=1:length(time)

t = time(i);

% Current states
W_i = X(1); N1_i = X(2); N2_i = X(3); R1_i = X(4); R2_i = X(5);
S_i = X(6); C_i = X(7); dC_i = X(8); D_i = X(9);

% Circadian input
circ = C_i;

% Population dynamics with nonlinear interactions
dW = -aW*W_i + sigmoid(-bWN*(N1_i+N2_i) - bWR*(R1_i+R2_i) + kC*circ + D_i) + noiseLevel*randn;
dN1 = -aN1*N1_i + sigmoid(alphaS*S_i + cN*N2_i - bNW*W_i - bNR*(R1_i+R2_i)) + noiseLevel*randn;
dN2 = -aN2*N2_i + sigmoid(alphaS*S_i + cN*N1_i - bNW*W_i - bNR*(R1_i+R2_i)) + noiseLevel*randn;
dR1 = -aR1*R1_i + sigmoid(cR*(N1_i+N2_i) - bRW*W_i - bRN*(N1_i+N2_i)) + noiseLevel*randn;
dR2 = -aR2*R2_i + sigmoid(cR*(N1_i+N2_i) - bRW*W_i - bRN*(N1_i+N2_i)) + noiseLevel*randn;

% Homeostatic sleep drive
dS = gammaW*(1-S_i)*W_i - gammaN*S_i*(N1_i+N2_i);

% Circadian oscillator (van der Pol)
ddC = muC*(1 - C_i∧2)*dC_i - omegaC∧2*C_i;

% Neuromodulator / fatigue
dD = (W_i - D_i)/tauD;

% Euler update
X(1) = W_i + dt*dW; X(2) = N1_i + dt*dN1; X(3) = N2_i + dt*dN2;
X(4) = R1_i + dt*dR1; X(5) = R2_i + dt*dR2; X(6) = S_i + dt*dS;
X(7) = C_i + dt*dC_i; X(8) = dC_i + dt*ddC; X(9) = D_i + dt*dD;

% Save
W(i)=X(1); N1(i)=X(2); N2(i)=X(3); R1(i)=X(4); R2(i)=X(5);
S(i)=X(6); C(i)=X(7); D(i)=X(9);

End
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