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The present study investigates the intricate dynamics and emergence
of extreme events in a minimal, nonhyperbolic Lorenz-like chaotic
system, characterized by piecewise linear nonlinearities. By leveraging
standard nonlinear analysis and statistical tools, we explore how the
system parameters govern its dynamical transitions, amplitude control,
and propensity for extreme events. For small values of the control
parameter, the system exhibits chaotic behavior, characterized by frequent,
high-amplitude excursions indicative of extreme events. Statistical analyses
of local maxima and inter-event intervals further characterize these
events, highlighting their rarity and high magnitude through heavy-tailed
probability distributions. The simplicity and controllability of the proposed
model make it a valuable tool for theoretical exploration and practical
applications in fields such as climate modeling, engineering, and nonlinear
dynamics.
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1. Introduction phenomena can be observed in a variety of natural and

engineered systems, ranging from abrupt, drastic climate
Investigations into extreme events—rare, high-impact changes to sudden, abnormal neurological conditions.'™
occurrences that deviate from a system’s canonical ~Whether manifesting as catastrophic market crashes,
behavior—have recently received increased attention. Such  unprecedented weather phenomena, or sudden ecological
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shifts, these events pose significant threats to human
society. Extreme weather events, such as hurricanes,
intense heat waves, prolonged droughts, and torrential
rain, are often cited as typical examples due to their
particularly destructive power and social impact.’>” In
the contemporary scientific paradigm, these events are no
longer regarded as mere random abnormalities. Instead,
they are recognized as consequences of intricate and
nonlinear interactions within the underlying mechanisms
governing a convoluted climatic system.*® This inherent
complexity renders them remarkably challenging to
predict. However, the study of these phenomena is
not limited to theoretical models or climate systems but
is also critical for the safety and reliability of complex
systems such as mechanical structures subject to nonlinear
impacts.'’

The theoretical underpinnings of this paradigm can
be traced back to the seminal research contributions
of the meteorologist Lorenz in the early 1960s."’ In
the course of simulating a highly simplified model of
atmospheric convection, he made a crucial discovery
as follows: his deterministic model, composed of only
three differential equations, could produce an apparently
random and non-repeatable trajectory, which he described
as chaotic.'"™ This pioneering work established the notion
of sensitive dependence on initial conditions (ICs), now
recognized as the butterfly effect, demonstrating that even
an imperceptible alteration in the initial state of a system
could lead to unexpected long-term dynamic behavior. A
major aspect of this discovery resides in the capability of
very simple rules to generate highly complex dynamical
behavior. Dependence on ICs makes long-term weather
forecasting difficult and highlights the challenges posed by
predicting extreme and destructive climate phenomena.'*

Building on Lorenz’s groundbreaking work, a
considerable body of research has proposed simplified
mathematical models that retain the essence of chaotic
dynamics while avoiding the intricacies inherent to
large-scale climate models.”"" These studies commonly
adopt a high level of abstraction by isolating key
parameters and nonlinear mechanisms capable of
triggering the emergence of complex behaviors. A notable
example of this approach is the physically motivated
diffusionless Lorenz equations (DLEs) proposed by van
der Schrier and Maas'® and Dong,' which feature only
five terms, including a pair of cross-product nonlinearities,
and a single parameter. In the framework of elegant
chaos, Sprott*®* demonstrated, using a palette of 19 (A-S)
examples of simple mathematical models, that chaotic
dynamics can occur in low-dimensional autonomous
nonlinear systems simpler than the original Lorenz
equations. It has been demonstrated that the Sprott-B
and Sprott-C systems, which feature only five terms and
two nonlinearities, similar to the DLE, also exhibit a
Lorenz-like butterfly chaotic attractor” Following this
parsimonious modeling framework, Kamdem Kuate et
al.®* introduced a three-dimensional chaotic system that
retained the core feedback loops of the original Lorenz
equations while replacing nonlinear terms with simple
piecewise linear (PWL) functions. This equation design
renders the model amenable to rigorous dynamic analysis,
allowing for simple identification of bifurcations and easier
parametric exploration of chaotic regimes. In contrast
to the smooth nonlinearities of the Lorenz system, sharp
transitions in PWL functions have been shown to engender
distinct and well-defined boundaries in phase space,

thereby fragmenting the system dynamics across different
linear regions‘zs’” However, the transitions between these
regions are recognized to induce highly complex dynamic
behaviors, including chaos, multistability, spikes, and
multiscroll attractors.?>!

The model under consideration is governed by only
two parameters: the bifurcation parameter, which controls
transitions between different operating regimes, and the
amplitude controller, which adjusts the attractor size. This
minimal design in system dimension, nonlinearities, and
parametric space not only serves as a key advantage for
analyzing and investigating the mechanisms underlying
chaos and extreme events but also makes the model an ideal
pedagogical tool and a valuable testbed for developing
characterization techniques that can be generalized to
complex systems. The contributions of the present study
are as follows:

(i) A comprehensive dynamic analysis of a highly
simplified Lorenz-like system was conducted.
Precisely, mapping its phase space and identifying
the conditions under which chaotic behavior and
extreme events emerged.

(ii) The effect of each parameter on the magnitude
and dynamics of this minimal chaotic system was
investigated in both time and frequency domains,
with the aim of identifying the state variables that
support the dynamical complexity.

(iii) Finally, the occurrence of extreme events in
the proposed simplified model was investigated,
demonstrating that such intricate and dynamical
behavior can also manifest in small systems,
described by simple equations and evolution rules.

The remainder of this paper is organized as follows:
Section 2 provides a comprehensive overview of the
nonhyperbolic Lorenz-like system under consideration
and characterizes its equilibrium. Section 3 focuses on
parametric analyses and explores the variety of dynamic
behaviors exhibited by the system. Section 4 includes the
investigations and characterizations of the occurrence of
extreme events. Ultimately, the conclusion is presented in
Section 5.

2. Simplified Lorenz-like system

This section provides a review of the nonhyperbolic
Lorenz-like chaotic system introduced by Kamdem Kuate
et al.,* focusing on its major characteristics and dynamical
features. The model is defined by the following system of
differential equations (System 1):

T 1= A (xz — .Tl)

172 = 7&71$ig1’1 (:Bg)

i’g = |:L’2| — C
where x1, z2, and x3 are the three state variables, A and C
are positive constant parameters. This mathematical model
can be considered a highly simplified PWL version of the
Lorenz system, a classic model for atmospheric convection
and a benchmark for chaotic dynamics."'

The xi-dynamics is structurally identical to its
Lorenz counterpart. However, the other two equations
are significantly simplified. The smooth quadratic
nonlinearities of the Lorenz system z; - 23 and z1 - 2 in
the second and third equations are substituted with much
simpler PWL terms: z1 - sign(zs) and |2?|, respectively.
This modification makes System (1) more amenable to
analytical study and significantly simplifies its electronic
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Figure 1. Block diagram of System 1

implementation, as multipliers are replaced by switches
and rectifiers. As illustrated in Figure 1, the dynamics of the
third state variable are derived from z2, which introduces
the system’s nonlinearities and switching behavior.

The elegance of this model also lies in its amplitude
control and offset boosting capabilities. The system’s
dynamics are mainly controlled by gain A, serving as the
main bifurcation parameter. The constant C, on the other
hand, acts as a convenient total amplitude controller. If
the switching condition is changed from sign(z3) to sign(zs
+ k), with £ € R, the switching plane moves from xz3
=0 to xz3 = —k. This shifts the entire attractor along
the zs-axis by —k, demonstrating an additional, simple
degree of controllability in this model. The divergence
of the flow for System (1) is computed as VF = —A.
The divergence is always negative, and the phase-space
volume contracts exponentially over time, confirming the
dissipative nature of the system. System (1) remains
invariant under the transformation (z1, z2, z3) — (—z1,
—x2, x3). This symmetry is associated with the coexistence
of symmetric attractors. The derivation process of this
system from the Lorenz equations, as well as its topological
similarity with elegant Sprott-B and Sprott-C systems, is
further explored by Kamdem Kuate et al.**

The dynamic behavior of nonlinear systems is closely
related to the nature of equilibrium points. The
occurrence of chaos and other complex dynamics can
often be anticipated by analyzing the stability of these
equilibria. The fixed points of System (1) are computed
as EX(+C, +C, 0), both located on the z3 = 0 plane
and symmetrically placed with respect to the origin.
The PWL nature of the system, particularly the sign
term, makes standard linearization via the Jacobian matrix
problematic. To circumvent this issue, the sign-nonlinearity
is approximated by a hyperbolic tangent term tanh(nx),
which is continuously differentiable. Here, n is a stiffness
parameter chosen to facilitate the analytical study of the
otherwise non-differentiable switching plane; n should be
large enough to suitably fit the sign(z) function. Without
loss of generality, n is set to 100. This leads to the equivalent
smooth system in System (2).

i‘l = A (5132 — xl)
Ty = —xitanh (nl‘g) (2)

x.3 = ‘I2| —C

The Jacobian matrix J of System (2) is computed at
equilibrium points E* as follows Equation (3):

—A A 0
JE=10 0 FnC 3)
0 +1 0

The resulting characteristic equation is derived as
Equation (4):

A+ A4) (A =nC) =0 (4)

This yields a negative real eigenvalue \; = —-A
and a purely imaginary complex conjugate pair \23 =
+ivnC, indicating the nonhyperbolic saddle-foci nature
of equilibrium points E*. The system’s behavior near
these points is oscillatory, but since the eigenvalues have
zero real part, the linear approximation cannot definitively
determine their stability. =~ However, the presence of
a negative real eigenvalue is characteristic of a stable
manifold along one direction. As the system parameters
are varied, these saddle-foci can become involved in
the formation of a heteroclinic orbit, where a trajectory
leaves one saddle point and approaches another, or a
homoclinic orbit, where it returns to the same saddle
point. These types of behaviors are well-known precursors
to the onset of chaos and the formation of a strange
attractor.

3. Dynamic analysis

This section presents an exhaustive numerical analysis
of System (1) using standard tools, such as bifurcation
diagrams, Lyapunov exponents (LEs), frequency spectra,
phase portraits, and time series analyses. Diverse dynamic
behaviors are investigated with a particular emphasis
on bifurcations and amplitude control. = System (1)
was solved using fourth-order Runge-Kutta numerical
methods for a time span ranging from 0 to 10° with
a time-step At = 0.001. The transient regime over
the interval 0-10° was systematically discarded from the
generated time series. Bifurcation diagrams and LEs were
respectively computed following the method described
in Ali et al.** and Wolf’s algorithm.* Combining these
tools provides a comprehensive view of dynamics and
highlights the transitions between chaotic and regular
behaviors.
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3.1. Effect of parameter A on dynamics

Figure 2 illustrates a bifurcation diagram of System (1)
representing the local maxima of x3 for increasing values
of A, with C arbitrarily fixed at 2 and ICs (z10, 20, 30) =
(£1, 0, £1). Only the two largest LEs are plotted, serving
as critical indicators of system dynamics. Positive LE; is
indicative of chaos, while LE; < 0 corresponds to regular
behaviors (periodic or fixed point).

For 1 < A < 1.7, the bifurcation diagram shows a
dense and continuous distribution of maxima, indicating
irregular oscillations covering a wide range of amplitudes.
The LE spectrum confirms the dynamics’ chaotic nature,
with LE; consistently positive.  The time series in
this region appears unpredictable, with frequent random
excursions to extremely large magnitudes. At A ~ 1.7, a
boundary crisis occurs, and the chaotic attractor abruptly
shrinks. Subsequently, the system undergoes a reverse
period-doubling cascade, transitioning from chaos toward
simpler periodic behaviors. The LE spectrum reflects this
behavior, with LE; dropping to zero in these periodic
windows. For A ~ 1.76, the system experiences an interior
crisis leading to a larger chaotic attractor, which persists till
A is approximately 1.95. As the parameter A exceeds 1.95,
the attractor suddenly contracts, and the system undergoes
a new cascade of reverse period-doubling bifurcations,
progressively leading to periodic dynamics for A >
2.06. The system settles into a stable period-1 limit cycle
characterized by LE; = 0. Figure 3 displays the phase
portraits of System (1) projected on the z1-x3 plane for
increasing values of A. The system displays coexisting
symmetric attractors for 1.95 < A < 2.25. Specifically,
Figure 3E and F illustrates typical examples of coexisting
chaotic attractors (Figure 3E, for A = 2.05) and coexisting
period-2 limit-cycles (Figure 3F, for A = 2.2).

Figure 4 shows the evolution of the dynamic behavior
of System (1) in both the time and frequency domains
as parameter A increases. At A = 1.6 (Figure 4A and
B), the system exhibits chaotic behavior, as evidenced
by the broadband frequency spectrum and the irregular
time-domain signal.

As A is increased to 1.75 (Figure 4C and D), the
dynamics shift to a periodic state, characterized by sharp
peaks (noticed at 0.08 and 0.15 Hz) and regular oscillations
in the time domain. For A = 2 (Figure 4E and F), the system
displays chaotic behavior, with a mixed-mode frequency
spectrum and time-domain bursts. Ultimately, at A = 2.5
(Figure 4G and H), the system settles into a stable limit
cycle, with a single dominant frequency of 0.125 Hz. These
transitions highlight the system’s sensitivity to changes in
A, the primary control parameter.

To further substantiate the numerical analyses,
the spectral features of System (1) are investigated
using frequency spectra and parameter-dependent
spectrograms.* These tools provide a comprehensive
perspective on system dynamics, thereby bridging the
gap between time-domain observations and underlying
frequency-based mechanisms. The combination of the
spectrogram and the evolution of dominant frequencies
(fp1, fp2, and fp3) of state variables (x1, z2, and =z,
respectively) in Figure 4 provides a clear representation of
dynamical transitions occurring in System (1) as parameter
A is varied. The spectrogram reveals a broad frequency
distribution for A < 1.7, a signature of chaotic dynamics,
which suddenly transitions to distinct frequency bands,
indicating a shift toward more structured behavior.

Subsequently, the system exhibits another chaotic band
located between 1.76 and 2.06, and progressively stabilizes
into a periodic regime marked by a unique dominant
frequency.

As demonstrated in Figure 5, the dominant frequencies
of each state variable exhibit significant fluctuations for A
< 1.7 and a sharp peak in f,3 at A ~ 1.7, aligning with
the isolated periodic windows between 1.7 and 1.76. As A
increases, x3 shows higher frequencies compared to z; and
x2, which remain low and quite similar. This highlights the
pivotal role of z3 in driving the system’s transition from
chaos to order.

3.2. Effect of parameter C' on dynamics

The bifurcation diagram and LEs in Figure 6 are plotted
for increasing values of C, with A = 1.6. It reveals how
this parameter modulates the magnitude and complexity of
the system’s dynamics while preserving its chaotic nature.
For small values of C (from 0 to ~3), the system exhibits
relatively low amplitudes. Its chaotic trajectory is confined
to a smaller hypervolume around the origin.

As C increases, w3 progressively displays larger local
maxima, reflecting an expanded range and a greater
variability. However, the largest LE; remains consistently
positive with small fluctuations around 0.1, confirming the
system’s chaotic dynamics regardless of the value of C.
This parameter acts as an amplitude controller, broadening
the system’s phase-space exploration while maintaining a
consistent dynamic (fixed by A). Such a feature is relevant
to engineered systems and represents a crucial asset in
signal conditioning and integrated reprocessing.**

The spectral analyses of System (1) with respect to
parameter C' reveal a chaotic dynamic, evidenced by the
broadband spectrogram in Figure 7. While z; and z2
display relatively stable spectral distributions (fp1,2 =~
0.05), x3 shows significant changes in its power spectrum,
accurately captured by the erratic variations of its dominant
frequency, fp3.

Figure 7B further underscores the pivotal role of z3 in
driving the system’s irregularity through the PWL terms.
The switching behavior induced by these nonlinearities
introduces abrupt transitions and amplifies perturbations
in the system dynamics, potentially leading to extreme
events.

As a preliminary investigation, we computed the
peak-to-peak magnitudes (App1 2,3) and the mean values of
all three state variables as functions of parameter C' (Figure
8).

The peak-to-peak magnitudes of all three state
variables exhibit a monotonic increase as C' varies from
0 to 10. The near-parallel trajectories of the three curves
suggest a uniform scaling of all three state variables. Figure
8B illustrates a notable distinction in the mean values of
state variables as C' increases. While the mean values of x;
and x> remain relatively constant, x3 exhibits a significant
shift to negative values, highlighting its unique sensitivity
to changes in C. This feature directly results from the
presence of C'in the z3-dynamics of System (1), modulating
the variations in 3 and contributing to the dynamics of x»
through the sign nonlinearity.

Figure 9 contrasts the dynamical behavior of System
(1) for three values of parameter C' and A = 2. C acts as
a global amplitude controller and can be selectively tuned
to adjust the attractor size. Smaller C' values produce
confined, orderly orbits, while larger values of C' expand
the trajectories, revealing amplified oscillations.
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Figure 2. Dynamic behavior of the minimal Lorenz-like system. (A) Bifurcation diagram for increasing values of A. (B) The two largest
LEs of System (1) computed for increasing values of parameter A. Other parameters are fixed as: C = 2 and (z10, 20, 30) =

(£1, 0, £1).
Abbreviations: ICs: Initial conditions; LEs: Lyapunov exponents.
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Figure 3. x1 — x3 phase portraits of System (1). (A) A =1.6. (B) A =1.75. (C) A =2. (D) A =2.5. (E) A =2.05. (F) A = 2.2. All with

C = 2 and (x10, ¥20, T30) = (£1, 0, £1).

4. Characterization of extreme events

The analysis of extreme events in dynamic systems
is crucial for understanding how minor changes in
parameters can lead to significant shifts in behavior, often
resulting in unpredictable, high-amplitude fluctuations.
Notwithstanding its simplicity, System (1) displays a
propensity to generate high-amplitude signals, especially
for small values of parameter A. The aim of this section
is to investigate and characterize such dynamics through

5

statistical analyses. ~The local maxima of variable x;
are arbitrarily designated as events in the time course of
the system. Within this framework, extreme events are
delineated as local maxima exceeding the significant height
threshold, which is defined as follows Equation (5):

H=p+do (5)

where 1 is the average value of all local maxima recorded
for a long numerical run; o is the standard deviation of
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Figure 4. Frequency spectrum (left) and corresponding time series (right) of System (1). (A, B) A =1.6. (C,D) A =1.75. (E,F) A = 2.
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Figure 5. Spectral dynamics of the minimal Lorenz-like system. (A) Parameter-dependent spectrogram of System (1). (B) Evolution of
dominant frequencies as the parameter A is varied. C' = 2 and (z10, 20, z30) = (1, 0, 1).

these local maxima; and d, generally selected between 4
and 8, is an arbitrarily chosen coefficient determining the
extent to which the observed event is shifted from the
nominal dynamics of the system.35/36 A low value of d
will include nominal fluctuations, failing to isolate extreme
events, while an excessively high value of d will result

in a sample size too small for statistical validity. The
threshold H is chosen based on the system’s dynamical
properties and, therefore, depends on the specific system
under consideration. In the present study, we assume
d = 5.5 as this value provides an optimal balance for
sufficiently isolating the outlier events from the nominal
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Figure 6. Dynamic behavior of the minimal Lorenz-like system. (A) Bifurcation diagram for increasing values of C. (B) The two largest
Lyapunov exponents (LEs) of System (1) computed for increasing values of parameter C. Other parameters are fixed as: A = 1.6 and
initial conditions (ICs) (z10, 20, z30) = (£1, 0, £1).
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Figure 7. Spectral dynamics of the minimal Lorenz-like system. (A) Parameter-dependent spectrogram ofSystem (1). (B) Evolution of
dominant frequencies as the parameter C is varied. A = 1.6 and (z10, 220, z30) = (1, 0, 1).

dynamics while retaining enough data points. However,
it is important to note that extreme events can also be
observed for other values of d.

4.1. Parametric setting

For d = 5.5, C' = 2, and (210, 220, 230) = (1, 0, 1), long-run
simulations were carried out for increasing values of A, and
local maxima were systematically recorded. The obtained
data are used to construct the parameter-dependent

bifurcation diagram in Figure 10A. Local maxima of x1
that exceed the threshold value are identified as extreme
events. Such occurrences are consistently observed for
smaller values of A. As this parameter is increased,
these events progressively become part of the nominal
dynamics. This is further illustrated in Figure 10B, which
shows the distribution of extreme events across different
regions of the A-C' parametric space. Given that C' exerts
no significant effect on the system’s qualitative dynamic
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Figure 8. Amplitude control of the minimal Lorenz-like system. (A) Peak-to-peak values of state variables. (B) Average values of state
variables for increasing values of parameter C. With A = 1.6 and (z10, 20, 30) = (1, 0, 1).
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Figure 9. Parametric control of attractor size. (A) x1 — x3 phase portraits of System (1). (B) corresponding time series, plotted with

A=2and (I’lO,CCQO,CEg()) = (17 0, 1)

behavior, the same trend is observed across almost all
values of this parameter. When A ~ 1, the system displays
complex patterns in the time series and seemingly random
occurrences of high magnitudes across all state variables,
particularly x;. As the parameter A increases, the system
tends to exhibit a moderate, confined dynamic behavior.

Figure 11 illustrates the identification and separation
of extreme events in phase space and time domains for
two discrete values of A. For A = 1.96, the phase portrait
reveals a compact chaotic attractor confined in a specific
region of phase space. Although chaotic, the system’s
trajectory revisits neighboring states. The corresponding
time series further supports this observation, as the variable
z1 fluctuates within a limited range, rarely exceeding the
threshold.

In contrast, for A = 1, the system generates a complex
attractor structure, thereby demonstrating an expanded
trajectory across the phase space. The related time
series corroborates this, showing frequent and significant

excursions beyond the threshold for extreme events. This is
further substantiated by the PoincarA© map and the first
return map of local maxima plotted for the same set of
parameters and ICs.

The Poincaré maps in Figure 12A and B offer a
granular perspective on the system’s behavior by capturing
the intersections of the system trajectory with a defined
plane (z3 = 0). Isolated points deviating from the
nominal dynamics and crossing the PoincarA© section
above the extreme-event threshold are observed for A
= 1. This dispersion suggests a broader exploration
of phase space, consistent with the expanded phase
portrait and frequent threshold crossings in the time
series.  The first return maps in Figure 12C and D
provide further insights into the evolution of extreme
events by illustrating the relationship between successive
maxima of z;. The nominal dynamics exhibit a dense
clustering of points near the origin, with a limited number
of points scattered along the diagonal and below the
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Figure 10. Extreme events map in the A — C parametric plane. (A) Bifurcation diagram of System (1) showing the occurrence of extreme
events for increasing values of A and C = 2. (B) Two-dimensional parametric map of extreme events.
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Figure 11. Identification of extreme events in phase-space and time-domain. (A, B) 1 — =3 phase portraits and time series of System (1)
for A = 1. (C, D) 1 — 3 phase portraits and time series for A = 1.96. All plotted for C' = 2 and (x10, 20, 30) = (1, 0, 1).

threshold. Conversely, a broader distribution with clusters
forming away from the origin and extending toward higher
values of 1 max is indicative of the occurrence of extreme
events.

4.2. Statistical characterization of extreme events

Extreme events are fundamentally defined by their high
magnitude and their rarity.* It is imperative that these
two properties are investigated to achieve a comprehensive
characterization of the dynamics present in System (1). This

is achieved by estimating the probability density function
(PDF) of event height.

Figure 13 presents the PDF of the local maxima of
the variable x1, offering a statistical perspective on the
distinction and identification of extreme events.”” For A =
1.96 (Figure 13A), the distribution displays peaks around
0.35 and 5.00, indicating that most peak values cluster
near these magnitudes. The gradual decline observed
on the right-hand side for increasing x1 max reflects the
smaller probabilities for higher magnitudes. However, no
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Figure 13. Probability density function (PDF) of local maxima of System (1). (A) A = 1.96. (B) A = 1. Both C = 2.
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Figure 14. Characterization of rarity of extreme events in the time-domain. (A) Illustration of inter-event intervals (IEI). (B) Probability

density function (PDF) distribution of these IEL for A = 1 and C = 2.

extreme events are observed for this parameter setting.
The PDF in Figure 13B, plotted for A = 1, shows a
heavy-tailed distribution, with a high probability density
for smaller values of =1 max, and a gradual decay as 1, max
increases, with the majority of local maxima concentrated

10

at lower values. A non-negligible probability of observing
significantly larger values, indicative of extreme events, is
observed. This is further substantiated by the presence
of a long tail extending beyond the threshold. Even
though such events are relatively rare, their occurrence
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is statistically significant, as evidenced by the non-zero
probability density in the tail region. To further characterize
such dynamic behavior, it is necessary to estimate the return
time between successive extreme events. The probability
distribution of inter-event intervals (IEIs) determined for
a substantial numerical run of the system enables the
comprehensive delineation of the exhibited dynamics and
the confirmation of the existence of extreme events in
System (1).

The PDF of IEIs in Figure 14 shows a broad distribution
with many short intervals and a non-negligible probability
of long intervals. This behavior is consistent with statistics
of rare, weakly correlated events and can be approximated
by an exponential (Poisson-process) distribution. The PDF
is then fitted by Equation (6):

P(r) = Xe " 6)
where 7 denotes the IEI and A is the rate parameter whose
estimated value is A ~ 2.46 x 107°.

5. Conclusion

The present study has provided a comprehensive analysis
of a minimal Lorenz-like system featuring only PWL
nonlinearities, focusing on its dynamical complexity and
the emergence of extreme events. The parametric analysis
of the system has been conducted using bifurcation
diagrams, LEs, and statistical tools. It has been
demonstrated that a unique control parameter governs
the system dynamics and the transitions between chaotic,
periodic, and extreme-event regimes. The heavy-tailed
distribution of IEIs has further elucidated the system’s
ability to exhibit rare, high-amplitude fluctuations. The
findings highlight the system’s potential as a simplified yet
powerful model for studying extreme events. Subsequent
studies in this framework should explore the predictability
of such events using machine learning algorithms or
multi-agent systems,®** as well as provide experimental
validation of such intricate behavior.
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