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1. Introduction

The study of coupled systems is an ongoing research
avenue in nonlinear science, with the goal of understanding
and predicting the behavior of complex systems through
the use of mathematical models. Systems in real
life (for instance, networks) can exhibit a large, and
sometimes infinite, number of degrees of freedom, which
render the modeling process extremely complex."? Such
systems are endowed with rich and striking features,
such as chaos, hyperchaos, multi-stability, synchronization,
chimera states, oscillation death, intermittency, and
hysteresis.>> Studying the dynamics of much smaller
networks is sufficient to obtain good agreement between
experimentally collected data and the model.* The results
obtained can be applied to various scientific domains,
including engineering, chemistry, physics, medicine,
ecology, biology, and economics. In a network, the nodes
can interact bi-directionally or unidirectionally, linearly or
nonlinearly, and can be organized in different topologies,
such as star coupling, ring coupling, chain coupling,
or combinations of these basic coupling schemes.>® The
Duffing equation, first introduced by Duffing,” has been
applied in both theoretical and experimental studies by
many researchers owing to its ability to describe various
nonlinear phenomena.

The dynamics of coupled Duffing oscillators (DO)
driven by an external periodic drive have been extensively
investigated, whereas less is known about coupled
excitation-free DO, despite their theoretical and practical
importance. Notably, there has been some interesting
work on the dynamics of coupled DO. Tchakui and
Woafo® discussed the chaos mechanism of three coupled
single-well DOs, distinguishing between the ring and chain
topologies by considering both configurations. Kingston
et al’ described a general scenario leading to the
emergence of hyperchaos with a sudden large expansion
of the attractor size of continuous dynamic systems
(e.g., three coupled DO) at a critical parameter value,
when the temporal dynamics experienced intermittent
large-amplitude spiking or bursting events. Sabarathinam
and Thamilmaran' reported transient chaos in a ring
and a globally coupled system of nearly conservative
Hamiltonian DO. Jaimes-Redtegui et al.! studied the
occurrence of synchronization in the network motif of
three bi-stable DO coupled in all possible configurations.
The most complex dynamics occurred in the unidirectional
chain, where a transition to quasi-periodicity was observed.
Musielak et al.'? reported new findings on the routes
to chaos in increasingly complex DO systems, which
are formed by coupling several oscillators. Clerc et
al.”® reported the occurrence of chimera states in an
array of identical DO coupled to their nearest neighbors.
Jothimurugan et al.k investigated the resonance behavior
in a system composed of n-coupled DOs where only
the first oscillator was driven by a periodic force,
assuming a nearest-neighbor coupling.  Jaros et al."”
examined the dynamics of a ring of three one-way coupled
single-well DO with a polynomial coupling function of
degree 3, focusing on the influence of coupling factors
on different bifurcation mechanisms. Borkowski et al.'®
reported the experimental observation of a three-frequency
quasi-periodic solution in a ring of unidirectionally coupled
single-well DOs.  Barba-Franco et al.” studied the
dynamics of a ring of three coupled double-well DO for
three types of damping coefficients. Balamurali et al.'®

considered the dynamics of two mutually coupled DOs
and reported the occurrence of multi-scroll chaos. Notably,
instability resulting from coupling represents one of the
most important features of systems designed using discrete
interacting oscillators.

Motivated by the above works, this study examines the
collective behavior of a small network composed of three
mutually interacting DOs in a ring topology (RCDO) with
the following key objectives:

(i) To investigate the mechanism of multi-scroll chaos
generation in the coupled system as a function of
both the dissipation and the coupling factors.

(ii) To evaluate the effects generated by the successive
removal of the coupling coefficients on the
bifurcation modes, the different forms of
multi-stability, as well as the topology of the chaotic
multi-scroll attractor in the network.

(iii) To design a microcontroller-based hardware model
to demonstrate the practical feasibility of the
dynamic properties observed in theoretical studies.

The remainder of the article is divided into four
sections. Section 2 presents the mathematical properties of
a ring network of three mutually coupled DOs. The basic
network properties are examined analytically in terms of
fixed points, Hopf bifurcations, symmetry, energy transfer,
and dissipation. Section 3 presents the results of the
numerical investigation connected to the mechanism of
the multi-scroll chaos, focusing on the impact of coupling
coefficients. = Hardware digital implementation of the
network is considered in Section 4 to confirm the salient
features exhibited by the network model. Section 5
summarizes the results and underlines challenges to be
addressed in future studies.

2. The network model and properties
2.1. State equations

We considered three mutually coupled twin-well DO
(Figure 1) whose mathematical model can be formulated
as a collection of three coupled second-order ordinary
differential equations (Equations (1)—(3)):

J'é:m—i—ay—ﬁgz—(z—i—ay—ﬂgz)g—5:'c (1)
j=y-hetaz—(y-fetaz)’ -8y (2

é:z—l—am—ﬁzy—(z—&—ax—ﬁgy)?’—52 3)

Here, the over dots stand for the time derivative «
and B, (n=1,2,3) are the coupling coefficients, while
0 represents the (linear) dissipation. In the network of
DO governed by Equations (1)-(3), it is evident that the
amplitude of one node oscillator evolves according to the
amplitude of its nearest neighboring cells. Notably, the
interaction adopted is of a nonlinear type.'®?! If we adopt
u =% v =y and w = 2, it is possible to rewrite the
three RCDO Equations (1)-(3) using a set of six coupled
first-order ordinary differential equations of order:

i=u @
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y=v (6)
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b=y—piz+az—(y—piz+az)’ - (7)
z=w (8)
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Each of the three DOs is independent and uncorrelated
to the two others for zero coupling parameters (i.e.,, a =
Br = 0 [k = 1,2,3]). Accordingly, each individual DO did
not experience any oscillations. Notably, the coupling term
received by each DO acts as an effective forcing term in the
absence of an external periodic drive, which accounts for
the rich dynamics observed in the entire network.

Notably, Equations (4)—(9) present only cubic
nonlinearities, indicating that they are odd symmetric.
Likewise, the corresponding Lie derivative is always
negative (Equation (10)):
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Vd 0xr 0y 0z 0Op Ou Ov Ow (10)
94
94 _ 4
9 0<0

Hence, the ring network Equations (4)-(9) were
considered dissipative and can be used to develop
attractors accordingly.”** Alternatively, the coupled
Duffing Equations (4)—(9) can be analyzed using an energy
balance. On this line, Equation (5) was multiplied by u,
Equation (7) by v , and Equation (9) by w; then summing
the three results yielded the expressions of the network
energy and the first time derivative dH /dt :

H= 1 (m472m2+2u2+y472y2+2v2+z4
4 (11)
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From the above equations, we deduce that the time
evolution of energy in the coupled DO system has a strong
dependence on the work defined by the values of the
coupling factors and the phasing as well.

2.2. Analysis of the fixed points

The static solutions of the small RCDO systems in
Equations (4)-(9) were reached by setting all time
derivatives (ie., &w =0 = w =0, =y = 2 = 0) and
solving the resulting algebraic equations.”>* Hence, any
fixed point meets w = v = u = 0 and the elongation
variables z, y, and z fulfil a three-variable system:

T+ay—fPsz—(x+ay—F32)° =0 (16)
y—pPiz+az—(y—pPrz+az)®=0 17)
z+o¢x—52y—(z+o¢x—52y)3:o (18)

Table 1 presents the analytical expressions of the 27
equilibrium points of the RCDO system in Equations
(4)-(9). Notably, we discarded the critical situation 1 —
o181 — aef2 = 0 for which the coupled system degenerates
and admits an infinite number of equilibrium points. In the
neighborhood of the point M (z,u,y,v, z, w)? in the state
space,zz’23 the linearization of Equations (4)—(9) generates
the Jacobian matrix:

0 1 0 0 0 0

191 75 a191 0 7,81’(91 0

0 0 0 1 0 0
Mr=1_59, 0 92 - ave o]

0 0 0 0 0 1

a193 0 —B2’l93 0 193 —5

V1 =1-3&+ay—B32)°,92=1-3(y +az— fizx)’,
93 =1—3(z + azx — fay)®
(20)
Based on the above expression of the Jacobian
matrix, we discuss the linear stability of any equilibrium
En(zn,0,yn,0, 2, O)T according to the Routh-Hurwitz
criterion. At any position F,,, the characteristic polynomial
Q (M) = det (My — Al4) (I5 the 6 x 6 identity matrix) has
the form:

QN = A% + ks A’ + k) + kA + koA + ki) + ko (21)

ks = 36 (22)
3
ka =35" = 0 (23)
k=1
3
ks =0 =25 (24)
k=1

3
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(25)

ki=96 Z k0 + ad (819192 + B20293 + B319193) (26)
7k

ko = 919293 (818283 — o’ —afr — afs — ofs — 1) (27)

In Table 1, we compiled the analytical expressions
of the equilibrium points, the characteristic polynomials
associated with each of these points according to the
network’s parameters, as well as the type of stability.
According to the information presented in Table 1, we can
distinguish two categories of equilibrium points: those
that are always unstable (i.e., En[n = 0,9....26]) and
those whose stability changes with the variation of the
network parameters, namely E, (n =1...8). This latter
category shares the same characteristic polynomial (Table
1) and therefore undergoes a Hopf bifurcation at the same
critical parameter value (e.g., the dissipation J, a coupling
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coefficient 8,[n = 1,2,3]). The Hopf bifurcation occurs
simultaneously for eight equilibrium points, giving rise to
eight parallel bifurcation branches.

3. Multi-scroll chaos mechanism
3.1. Numerical computation scheme

In this section, we proceed to the numerical study of
the collective dynamics of the network of three DO
described by the system in Equations (4)—-(9). We used the
Runge-Kutta numerical integration method** of order
four, considering a fixed time step At = 2 x 1075
For each fixed value of the bifurcation parameter, the
system described in Equations (4)-(9) was numerically
integrated, and the solutions were recorded after a
sufficiently long time to discard the transient effects. The
mutual coupling coefficients were set to zero one at a
time to assess their influence on the collective dynamics
of the network. Particular attention was also paid to the
impact of the dissipation parameter. Three special cases
were distinguished. To enhance our understanding of the
collective dynamics of the coupled system as a specific
parameter changes, we utilized a combination of three
graphical methods: the Lyapunov exponent spectrum,
bifurcation diagrams, and phase portrait plots. Given
that the system exhibited numerous attractors at specific
parameter values, the initial conditions were derived
by applying the equations in Table 1 (ie, Epln =
1,3,5,7]), which defined certain equilibrium points within
our integration algorithm, while incorporating a small
initial velocity (e.g., u (0) = 0.1; v (0) = w (0) = 0). When
multiple attractors exist for the same parameter range,
each attractor crosses a distinct region of the state space
unique to it. This criterion facilitates the identification
of the various basins of attraction. Recall that the term
basin of attraction refers to the set of initial conditions in a
dynamical system that lead to a particular attractor as time
progresses.

3.2. Dynamics in the case 52 = 3 = 0

Figure 2 displays four of the eight coexisting bifurcation
branches (Figure 2a) for the process of multi-spiral creation
in the ring network of DO when the dissipation § was swept
downward from the four initial values. Three of these
branches vanished as the parameter decreased due to basin
collapse at specific critical values unique to each branch. We
plotted the variation of the maximum Lyapunov exponent,
denoted as Lya (Figure 2b), connected to each of the
coexisting branches of bifurcation using the same set of
colors in Figure 2a. Other parameters employed for the
computations were selected as o = 1 = 0.6 and B2 = 3 =
0. For this parameter setting, we reported (Figure 3) diverse
types of competing behaviors occurring with varying
dissipation consisting, for example, of eight period-1 cycles
for (Figure 3a); four chaotic attractors and four period-1
cycles for 6 = 0.835(Figure 3c); a pair of two-scroll and a
pair of one-scroll chaotic attractors for ¢ = 0.68 (Figure 3e);
two pairs of two-scroll chaotic attractors for (Figure 3g); and
a single eight-scroll chaotic attractor for § = 0.55 (Figure
3i). Figure 3b, d, f, h, and j shows related basins of attraction
using the same set of colors. To provide further information
about the complexity of the coupled system, we produced
(Figure 4) several two-dimensional views of the eight-scroll
chaotic attractor (Figure 4a—d) depicted in Figure 3i and the
projection of the same attractor in the (z, y, z) space (Figure
4e). These plots serve to better highlight the non-trivial

topology of the eight-scroll attractors. We also examined
how the system dynamics are affected by dissipation.
Accordingly, four of the eight coexisting bifurcation trees
(Figure 5a) associated with multi-spiral formation in the
ring network of Duffing oscillators were obtained when
the dissipation parameter § was swept downward from
the four sample initial values. Three of these branches
vanished as the parameter decreased due to basin collapse
at branch-specific critical values. We plotted the variation
of the Ly exponent (Figure 5b) connected to each of the
coexisting branches of bifurcation using the same set of
colors in Figure 5a. For the latter computations, we fixed
o= 0.6, 5 =0.6,and B2 = 0.60.

3.3. Dynamics in the case 53 = 0

The case §3 = 0 corresponds to the absence of mutual
interaction between the node oscillators labeled X and Z
(Figure 1), whereas coupling is maintained between X and
Y and between Y and Z. Setting the coupling factors a =
B1 = P2 = 0.60, and B3 = 0 resulted in diverse types of
competing behaviors (Figure 6) with varying dissipation,
such as eight period-1 cycles for § = 1.15 (Figure 6a); four
chaotic attractors, two period-1 cycles, and two period-4
cycles for 6 = 0.948 (Figure 6¢); two mutually symmetric
four-scroll chaotic attractors for § = 0.75 (Figure 6e); and
an eight-scroll chaotic attractor for § = 0.65 (Figure 6g).
Figure 6b, d, f, and h shows related basins of attraction
using the same set of colors. Notably, there was a change
in the positions (in phase space) of the equilibrium points
and related limit cycle after the Hopf bifurcation, as well as
the topology of the final chaotic attractor, compared to the
case discussed in the previous section.

3.4. Dynamics in the case 5, = 52 = 53 # 0

The case 51 = B2 = (B3 # 0 corresponds to the situation
where the three-node oscillators interact mutually in the
ring network. The collective dynamics that evolve from the
network are illustrated in Figure 7. More explicitly, Figure
7 presents four of the eight coexisting trees of bifurcation
(Figure 7a) for the process of multi-spiral creation in the
ring network of DO when the dissipation § was swept
downward from the four initial values. Three of these
branches vanished as the parameter decreased due to basin
collapse at branch-specific critical values. We plotted the
variation of the Lya (Figure 7b) exponent connected to
each of the coexisting branches of bifurcation using the
same set of colors in Figure 7a. For these computations,
we fixed a = 0.6 and 81 = B2 = B3 = 0.6. Diverse
types of competing behaviors occurred in this mode of
operation with varying dissipation, such as eight period-1
cycles for 6 = 1.25 (Figure 8a); six chaotic attractors
and two period-1 cycles for § = 1.025 (Figure 8c); two
mutually symmetric mono-scroll chaotic attractors with
a six-scroll chaotic attractor for 6 = 0.81 (Figure 8e);
and an eight-scroll chaotic attractor for 6 = 0.75 (Figure
8g). Figure 8b, d, f, and h shows related basins of
attraction using the same set of colors. Zones of unbounded
dynamics are marked yellow. As mentioned previously,
the distribution of the equilibrium points, the location of
the limit cycle, and the topology of the multi-scroll chaotic
(here, a six-scroll attractor) are different from the two cases
discussed previously.
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Figure 1. The small network of three mutually interacting Duffing oscillators denoted by X, Y, and Z. and By (k = 1, 2, 3) represents
the coupling coefficients. A unidirectional ring was obtained in case 8, = 0 (k = 1,2, 3).
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Figure 2. Four of the eight coexisting trees of bifurcation. (a) The process of multi-spiral creation in the ring network of DO when the
dissipation ¢ is swept downward from four initial values near £ (red), E3 (magenta), Es5 (green), E7 (blue). (b) The variation of the
maximum Lyapunov exponent (Lya) connected to each of the coexisting branches of bifurcation using the same set of colors in (a). Other
parameters employed for the computations are fixed: o = 81 = 0.6 and B2 = 83 = 0.
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Figure 3. The resulting diverse types of competing behaviors with varying dissipation after setting the coupling factors to

a = f1 = 0.60 andfB2 = B3 = 0. (a) Eight period-1 cycles for § = 0.95. (c) Four chaotic attractors and four period-1 cycles for § = 0.835.
(e) A pair of two-scroll and a pair of one-scroll chaotic attractors for § = 0.68. (g) Two pairs of two-scroll chaotic attractor for 6 = 0.65. (i)
A single eight-scroll chaotic attractor for 6 = 0.55. (b, d, e, f, h, j) Related basins of attraction using the same set of colors.
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Figure 4. Two-dimensional views of the eight-scroll chaotic attractor. (a, b, ¢, d) Views of the attractor depicted in Figure 3i and (e) the
projection of the same attractor in the (z, y, 2) space. These plots provide additional information connected to the topology of the

underlying eight-scroll attractor.

4. Microcontroller-based implementation

It is recognized that various techniques exist for performing
analog simulations of the coupled system model
analyzed in this study, including analog computation,
field-programmable gate array cards, and microcontroller

boards. The decision to use Arduino boards in this research
is driven by their straightforward implementation and
versatility. The digital electronic design of the three DO
system in Equations (4)—(9) using an ATMEGA2560-type
microcontroller (Microchip Technology Inc.,, USA) was
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Figure 5. Four of the eight coexisting trees of bifurcation. (a) The process of multi-spiral creation in the ring network of DO when the
dissipation is swept downward from four initial values near E; (red), E3 (blue), E5 (magenta), E7 (green). (b) The variation of the
maximum Lyapunov exponent (Lya) connected to each of the coexisting branches of bifurcation using the same set of colors in (a). Other
parameters employed for the computations are fixed: o = 0.6, 51 = 0.6, and 32 = 0.60.
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Figure 6. The resulting diverse types of competing behaviors with varying dissipation after setting the coupling factors to
a = f1 = B2 = 0.60, and B3 = 0. (a) Eight period-1 cycles for § = 1.15. (c) Four chaotic attractors, two period-1 cycles, and two period-4
cycles for 6 = 0.948. (e) Two mutually symmetric four-scroll chaotic attractors for 6 = 0.75. (g) An eight-scroll chaotic attractor for
0 = 0.65. (b, d, e, f, h) Related basins of attraction using the same set of colors.
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Figure 7. Four of the eight coexisting trees of bifurcation. (a) The process of multi-spiral creation in the ring network of DO when the
dissipation § is swept downward from four initial values nearE (red), E3 (blue), E5 (magenta), E7 (green). (b) The maximum Lyapunov
exponent (Lya) connected to each of the coexisting branches of bifurcation using the same set of colors in (a). Other parameters employed

for the computations are fixed: & = 0.6 and 31 = B2 = 83 = 0.6.

achieved, as exemplified by the photograph of the
experimental setup and the block diagram included in
Figure 9a and b. The microcontroller platform is low-cost,
simple, and enables precise control of parameters and
initial conditions. The code used to solve the network
Equations (4)—(9) according to the fourth-order RK4
method is transferred from the computer to the Arduino
Mega 2560 module (Microchip Technology Inc., USA)
via a Universal Serial Bus cable. The microcontroller’s
output pins (serial clock & serial data) were linked to
a pair of MCP4725 modules (12-bit digital-to-analog
converters) following the serial communication scheme.
The converter outputs were visualized simultaneously

10

using a twin-channel digital oscilloscope (DSO2C10,
Qingdao Hantek Electronic Co., Ltd., China). Because the
digital-to-analog converter module operates with input
in the range of 0-5 V, a conversion scale was applied
internally in the microcontroller’s running code. Figure 10
shows the hardware experimental results (Figure 10a—d)
of the coexistence of two one-scroll chaotic attractors
with two two-scroll chaotic ones realized by using four
distinct values of initial states (0,0, +0.5,0,+0.5,0) and
(0,0,+£0.5,0,70.5,0), taking o« = 0.6, /1 = 0.6,52 =
Bs = 0, and § = 0.68. The results from a direct numerical
integration of the network Equations (4)-(9) are presented
in Figure 10e for comparison purposes. Similarly, we



Network of three-coupled Duffing oscillators

823

0
y ¥(0)

Figure 8. The resulting diverse types of competing behaviors with varying dissipation after setting the coupling factors to

B1 = B2 = B3 = 0.60 and a = 0.60. (a) Eight period-1 cycles ford = 1.25. (c) Six chaotic attractors and two period-1 cycles for § = 1.025.
(e) Two mutually symmetric mono-scroll chaotic attractors with a six-scroll chaotic attractor for § = 0.81. (g) An eight-scroll chaotic
attractor for § = 0.75. (b, d, e, f, h) Related basins of attraction using the same set of colors. Zones of unbounded dynamics are marked
yellow.
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Figure 9. Experimental setup. (a) The setup consisted of an Arduino Atmega board, a pair of MCP4725-type digital-to-analog converters
mounted on a board, and a two-channel digital oscilloscope. (b) A block diagram illustrating the working principle of the whole system.
Abbreviations: SCL, serial clock; SDA, serial data.
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Figure 10. (a—d) Hardware experimental results of the coexistence of two one-scroll chaotic attractors with two 2-scroll chaotic ones,
realized using four distinct values of initial states (0, 0, +0.5,0, +0.5, 0) and (0, 0, £0.5, 0, 0.5, 0) with o = 0.6, 51 = 0.6, B2 = 83 = 0,
and § = 0.68. (e) The results from a direct numerical integration of the network equations.
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(c1) (c2)

Figure 11. Chaotic attractors captured with a double-channel digital oscilloscope from the Arduino microcontroller-based hardware
experiment for three different sets of parameters (a, ¢, e) and related results (b, d, f) obtained from a direct numerical integration of the
network Equations (4)—(9) with the same set of parameters: (a,b) o = 0.6, 81 = 0.6,and f2 = 83 = 0,6 = 0.6; (¢, d) o = 0.6,
B1=82=0.6,83=0,and § = 0.6; (¢, f) « = 0.6, 81 = B2 = B3 = 0.6, and § = 0.6.
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Table 1. The stability properties of the 27 equilibrium positions according to the Routh-Hurwitz criterion

Equilibrium point Stability type
Ej (0,0,0,0,0,0) ks = 30
ks =38 —3
ks = 6% — 66

ko= —35"+a(B1+ B2+ PBs) +3
ki=60B+ ab + afz+ abs)

ko = B1fB2fs — af2 — afs —a® —af — 1
(ksko < 0 unstable)

E1,2 (iml,O, :|:y1,0, :|:21,0)

z1=x (14 Bs — B2B3 + o+ afs + o)
y1 =X (—1+B1+51fs —a—afs +a?)
z1=1—az1 + By

E374 (:I:ac37 0, :|:y37 0, :|:Z3, O)
z3=x(1— B3 — B2fs + o+ afa — o)
ys =X (—1+ b1 — B1fs + a — afs + o)
z3 = —1 —ax3 + Bays

E5,6 (:l:l's7 0, :|:y5, 0, :|:Z5, O)

x5 =X (1— B3+ P23 — o+ affa — o)
ys =X (14 81— f1Bs + a+ afs + a?)
z5 = —1 — axs + P2ys

E773 (iIE7, 0, :ty7, 07 iZ7, O)

z7=x (1 — B3+ B2Bs — a+ af — o)
yr=x (14 1 — f1Bs + a+ afs + a?)
zr = —1—ax7 + Bayr

ks = 36
ks =362+6
ks = 6% +126

ko = 66 + o (461 + 482 + 483) + 12

ki=96 (12 + 4af1 + 40éﬂ2 + 4O¢ﬁ3)

ko = 8aB1 + 8aB2 + 8afBs + 8a® — 8B1628; + 8

(kn >0(n=0,1,2,3,4,5)= depends on parameters)

Eg’lo (:|:$9, 07 :‘:yg7 07 :|:Z9, 0)
zg = x (a® + B3)

Yo = X (P13 — @)

29 =1 — axg + Bayo

ks = 38
k4 = 362
ks =62

k2 = af1 — 2af2 — 2af; — 3,

k1 =0 (—2aps5 + afi — 2ap2: — 3),

ko = 2081 + 2082 + 2083 + 20° — 2618203 + 2
(ksko < 0 unstable)

Ei112 (£211, 0, £y11, 0, £211,0)
z11 = x (—a® + B2f33)

y11 = x (1 +afs)

z11 = —oz11 + eyl

ks =36
kg = 362
ks = &3

ko = —20&51 — 2@52 + 0553 -3

k‘1 = (5 (Otﬁg — 20&51 — 204ﬂ2 — 3)

ko = 2aB1 + 2aB2 + 2085 + 20° — 2818233 + 2
(ksko < 0 unstable)

Ei314 (£213,0, 2913, 0, £213,0)
z13 = x (1 + af2)

Y13 = X (042 + 51)

213 = —ax13 + B2y13

ks = 36
ks = 362
ks =62

ko = 720461 + Oéﬂg — 204,83 -3

ki =90 (—20tﬂ3 —2af1 + afs — 3)

ko = 2af1 + 2a82 + 2a83 + 2a°% — 2818283 + 2
(ksko < 0 unstable)

reported the chaotic attractors captured experimentally e) and related results (Figure 11b, d, and f) obtained from
for three different sets of parameters (Figure 11a, ¢, and a direct numerical integration of the network Equations
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Equilibrium point Stability type
E15.16 (+715,0, Y15, 0, £215,0)
z15 = X (B3 + P2z — a +a?)
yis = x (1 —a+ p1fs + afs)
z15 = 1 — azxis + P2yis ks =36
ks =36%+3

k3:53+65,

ko = 3(52 +« (—261 + 4&2 - 253)/

k1 = 5 (4&62 — 20&ﬂ1 — 2(153),
k() = 4[‘31[‘32[33 — 40452 - 4a,83 — 4&3 — 4aﬁ1 —4
(ksko < 0 unstable)

Ei7,18 (£217,0, £y17,0, £217,0)
Ti7 =X (—53 + B2 —a— a2)
yi7 = x (1 +a— 185 + afbs)
z17 = —1 — az17 + Payir

E19,20 (X219, 0, £y19,0, £219,0)
T19 :X(1+/33+0452+042)
Y19 = X (51 —a+ 1P + a2)
z19 = 1 — ax19 + B2y10

ke =1,
ks = 39,

ks =362 +3,
ks = 6% + 66,

ko = 3(52 + « (72/31 — 2/82 =4 4/33),

k’l = 5 (40553 — 2@,31 — QQBQ),

ko = —401/31 - 4aﬁ2 - 40[53 - 40(3 + 4515253 —4
(ksko < 0 unstable)

E21,22 (+221,0, £y21,0, £221,0)
221 =X (1—Bs+ B2 —a?)
Y19 = X (51 +a— B16s +a2)
z21 = —1 — axa1 + B2y21

Es3.24 (X221, 0, £y21,0, £221,0)
x23 = X (1 — a+ afz + B203)
Y23 :X(1+51+aﬁ3+a2)

Z23 = —aas + Poy23 ks =39
ka=36%+3
k3 = 6% 466

ko = 352 + « (4ﬂ1 — 282 — 2ﬂ3)

k’l = (5 (40&61 — 2aﬂ2 — 2aﬁ3)

k() = *4(1,81 — 4aﬂ2 — 40[,63 — 40(3 + 4516255 —4
(ksko < 0=-unstable)

Es5.26 (X225, 0, +y25, 0, +225,0)
225 = x (1 + o+ afz — B203)
y2s = x (14 B1 — aBs + a?)
225 = —Qas + Poyas

Note: We introduce x = ( and assume . The group of equilibrium points share the same stability property and undergo
Hopf-type bifurcation with the variation of a chosen control parameter.

(4)—(9) with the same set of parameters: Figure 11a and b
fora = 0.6, 1 = 0.6, 2 = B3 = 0, and § = 0.6; Figure
llcand d fora = 0.6, 81 = B2 = 0.6, B3 = 0, and ; and
Figure 11e and f for « = 0.6, 51 = 2 = B3 = 0.6, 5 = 0.6.
The very good agreement observed between the theoretical
phase portraits and those recorded experimentally serves to
validate the theoretical study reported in the present work.

5. Conclusion

This work focused on the collective dynamics of a ring
network comprising three mutually interacting twin-well
DOs.  Both analytical and numerical methods were
employed to shed light on the collective behavior of the
network with respect to its parameters (i.e., coupling
factors, dissipation parameter). We showed that the
route to multi-scroll chaos starts with a sequence of
Hopf bifurcations associated with 8 of the 27 equilibrium
points, followed by a sequence of period-doublings,
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extinction crises, and fusion, ultimately giving rise to the
multi-scroll attractor when one of the parameters (e.g., a
coupling strength) changes monotonically. We reported
various zones of multi-stability where several attractors of
different topologies coexist in varied numbers, depending
on the value of the control parameter. This scenario
was elucidated by applying bifurcation diagrams, phase
portraits, and basins of attraction. Moreover, reducing
the number of interactions in the underlying network was
accompanied by a profound modification of the positions
of the equilibrium points, the mechanism resulting in
chaos, and the structure of the final multi-scroll attractor.
An experimental study was conducted using an Arduino
microcontroller board.

The multi-scroll chaotic signal reported in this work
has the potential to be applied in engineering fields, such
as image encryption, chaotic mixing, and robot control.
Moreover, the results obtained in this article provide the
basic information necessary for understanding a more
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complex network of coupled DOs. The impact of time delay
coupling and the fractional order on the dynamics of the
network studied in this work can be explored in future
studies.
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